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Maximal invariant subspaces for a class
of operators

Kunyu Guo, Wei He and Shengzhao Hou

Abstract. In this note, we characterize maximal invariant subspaces for a class of opera-

tors. Let T be a Fredholm operator and 1−TT ∗ ∈ Sp for some p≥1. It is shown that if M is an

invariant subspace for T such that dim M �TM<∞, then every maximal invariant subspace of M

is of codimension 1 in M . As an immediate consequence, we obtain that if M is a shift invariant

subspace of the Bergman space and dim M �zM<∞, then every maximal invariant subspace of

M is of codimension 1 in M . We also apply the result to translation operators and their invariant

subspaces.

1. Introduction

Let H be a separable Hilbert space, and let T ∈B(H), the set of bounded linear
operators acting on H. A subspace M of H is called invariant for T if it is closed
and TM ⊆M . The well-known invariant subspace problem is the following.

Question 1. Does every bounded linear operator on a separable Hilbert space
have a nontrivial invariant subspace?

The invariant subspace problem has an equivalent form on the Bergman space.
Recall that the Bergman space L2

a(D) over the unit disk D is the closed subspace of
L2(D, dA) consisting of analytic functions, where dA is the normalized area measure
on D. Let Mz be the Bergman shift, i.e., the operator of multiplication by the
coordinate function z. The invariant subspace problem is equivalent to the following
question (cf. [2] and [8]).

Question 2. For two Mz-invariant subspaces M and N of the Bergman space
L2

a(D) with N ⊆M and dim M �N ≥2, is there another Mz-invariant subspace L

such that N �L�M?
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Using methods from function theory and operator theory, Hedenmalm [6] got
an affirmative answer to Question 2 in the case M=L2

a(D), by showing that every
maximal invariant subspace of L2

a(D) is of codimension 1 and of the form

Mα = {f ∈ L2
a(D) : f(α)= 0}, α ∈ D.

Using completely different methods from classical operator theory, Trent [10] ob-
tained the same result and generalized that result to the C

n-valued Bergman space.
The result was also obtained in Atzmon’s paper [1].

In this note, enlightened by [6] and [10], we will study the invariant subspace
problem in a much more general setting. Let T ∈B(H) and let M be an invariant
subspace for T . A T -invariant subspace N is called a maximal invariant subspace
of M , if N �M and there is no T -invariant subspace L such that N �L�M .

One motivation for studying maximal invariant subspaces lies in the analogy
between maximal invariant subspaces and maximal ideals of commutative Banach
algebras in the Gelfand theory. Another motivation is that, if for any invariant
subspace M for the Bergman shift Mz , the maximal invariant subspaces of M are
of codimension 1 in M , then Question 2 will be answered affirmatively.

Our main result is as follows.

Theorem 1.1. Suppose T is a Fredholm operator and 1−TT ∗ ∈ Sp for some
p≥1. If M is an invariant subspace for T such that dimM �TM<∞, then every
maximal invariant subspace of M is of codimension 1 in M .

Applying the above theorem to the Bergman shift Mz , we get an affirmative
answer to Question 2 in the case dimM �zM<∞. This covers the result of Heden-
malm [6]. In a sense, our result provides weak support for the invariant subspace
problem. Obviously, the case dim M �zM=∞ is the obstacle to the invariant sub-
space problem.

In Section 2, we will give the proof of the main theorem. It is worth mentioning
that the proof will make essential use of a classical result from operator theory (see
Lemma 2.2 below), which was brought into our sight by Trent’s paper [10]. We also
use some techniques in Trent’s paper [10].

In Section 3, we will apply the main theorem to concrete operators, which are
closely related to the invariant subspace problem.

2. Proof of the main theorem

In this section, we will give the proof of the main theorem. To this end, we
first establish some lemmas.
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For p>0, we use the notation Sp to denote the set of Schatten-p class operators.
Recall that an operator T ∈ Sp if and only if the trace of (T ∗T )p/2 is finite.

Lemma 2.1. If R is Fredholm and 1−R∗R∈ Sp, then 1−RR∗ ∈ Sp.

Proof. Since R is Fredholm, there is an operator Q∈B(H) and a finite-rank
operator F such that RQ=1+F . Then

R(1−R∗R)Q = (1−RR∗)RQ

= (1−RR∗)(1+F )

= 1−RR∗ +(1−RR∗)F.

As both R(1−R∗R)Q and (1−RR∗)F are in Sp, we have 1−RR∗ ∈ Sp. �

Lemma 2.2. ([9], p. 107) Suppose T ∈B(H) and 1−TT ∗ ∈ Sp for some p≥1,
then T has a nontrivial invariant subspace.

In the following, we use the notation PM to denote the orthogonal projection
form H to the closed subspace M .

Lemma 2.3. Suppose T is Fredholm and 1−TT ∗ ∈ Sp for some p≥1. If M and
N are two invariant subspaces for T such that dimM �N ≥2 and dim M �TM<∞,
then there is an invariant subspace L for T such that N �L�M .

Proof. Consider the operator S=PM �NT |M �N . To prove the lemma, we first
prove the following claim.

Claim 1. There is an invariant subspace L for T such that N �L�M if and
only if there is an invariant subspace L0 for S such that 0�L0�M �N .

In fact, if L is an invariant subspace for T such that N �L�M , put L0=L�N .
Then

SL0 =PM �NT |M �N (L�N) ⊆ L�N =L0.

Conversely, if L0 is an invariant subspace for S such that 0�L0�M �N , put L=
L0+N . Since PM �NT |M �NL0 ⊆L0, we have PN ⊥ TL0 ⊆L0. Hence

TL0 =PNTL0+PN ⊥ TL0 ⊆ N+L0 =L,

and then

TL =TL0+TN ⊆ L.
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By Claim 1, it suffices to show that the operator S has a nontrivial invariant
subspace. By Lemma 2.2, the proof will be accomplished if the following claim is
true.

Claim 2. 1−SS∗ ∈ Sp.

Let R=T |M . To prove the claim, we first show that 1−RR∗ ∈ Sp.
Since T is Fredholm and 1−TT ∗ ∈ Sp, we have 1−T ∗T ∈ Sp by Lemma 2.1.

Thus

1−R∗R =1−PMT ∗TPM =PM (1−T ∗T )PM ∈ Sp.

Since kerR⊆ker T , we have dim ker R<∞ and

dim cokerR =dim M �RM =dim M �TM < ∞.

So R is Fredholm. Using Lemma 2.1 again, we have 1−RR∗ ∈ Sp.
Since T ∗N ⊥ ⊆N ⊥, we have

SS∗ = PM �NTPM �NT ∗PM �N

= PM �NT (PM −PN )T ∗PM �N

= PM �NTPMT ∗PM �N −PM �NTPNT ∗PM �N

= PM �NTPMT ∗PM �N .

Then

1−SS∗ = PM �N (1−TPMT ∗)PM �N

= PM �N (1−(TPM )(TPM )∗)PM �N

= PM �N (1−RR∗)PM �N .

As we have proved that 1−RR∗ ∈ Sp, we obtain that 1−SS∗ ∈ Sp. So Claim 2 is
true and the proof is complete. �

Now the main theorem is a direct consequence of the above lemma. For the
convenience of the reader, we restate it here.

Theorem 2.4. Suppose T is a Fredholm operator and 1−TT ∗ ∈ Sp for some
p≥1. If M is an invariant subspace for T such that dimM �TM<∞, then every
maximal invariant subspace of M is of codimension 1 in M .
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Remark 2.5. In Theorem 2.4, if the conditions on the operator T is replaced
by 1−T ∗T ∈ Sp for some p≥1, and T has a finite generating set, then the conclusion
still holds. In fact, the assumption that 1−T ∗T ∈ Sp implies that the range of T ∗

is closed and has finite codimension. Thus T is left semi-Fredholm. Moreover,
the fact that T has a finite generating set implies that the range of T has finite
codimension. Therefore, T is Fredholm. This reasoning is essentially due to [3]. By
Lemma 2.1, 1−TT ∗ ∈ Sp. Thus the conditions on T in Theorem 2.4 are satisfied
and the conclusion follows.

3. Applications

In this section, we will apply the main theorem to concrete operators on sepa-
rable Hilbert spaces, which are closely related to the invariant subspace problem.

Example 3.1. Consider the Bergman shift Mz . As mentioned in the introduc-
tion, the invariant subspace problem is equivalent to Question 2 about the invariant
subspaces for the Bergman shift Mz . Now let us see what information we can get
from the main theorem.

Obviously, Mz is Fredholm. Let en=zn/‖zn‖. Then {en} ∞
n=0 is an orthonormal

basis of L2
a(D). It is easy to verify that

1−MzM
∗
z =

∞∑

n=0

1
n+1

en ⊗en,

so 1−MzM
∗
z ∈ Sp for any p>1. Hence, if M is an invariant subspace for Mz such

that dimM �zM<∞, then by Theorem 1.1, every maximal invariant subspace of
M is of codimension 1 in M . This answers Question 2 affirmatively in the case
dim M �zM<∞.

Given an invariant subspace M of L2
a(D) such that dimM �zM<∞, what do

the maximal invariant subspaces of M look like? To discuss this, we first need a
fact. Let ϕλ(z)=(z −λ)/(1−λ̄z) be the Möbius transform. If M is an invariant
subspace such that dim M �zM<∞, then

dim M �ϕλM =dim M �zM for any λ ∈ D.

In fact, since dim M �zM<∞, σe(Mz |M )=∂D (cf. [11]). Hence for any λ∈D,
λ−Mz is Fredholm. Thus

dim M �ϕλM = − Index(λ−Mz) = − Index Mz =dim M �zM.
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Now consider the case dim M �zM=1. By the above fact, for any λ∈D, ϕλM

is an invariant subspace of codimension 1 in M , and thus maximal in M . In fact,
there are no other forms of maximal invariant subspaces of M , which is the following
theorem.

Theorem 3.2. Let M be an invariant subspace of the Bergman space L2
a(D)

such that dim M �zM=1. Then all the maximal invariant subspaces of M are of
the form ϕλM for some λ∈D.

Proof. Let N be a maximal invariant subspace of M . By Theorem 1.1, N is
of codimension 1 in M . This implies that there is a unit vector e in M such that
M=N ⊕Ce. Define a linear functional ψ on the disk algebra A(D) by

ψ(f) = 〈fe, e〉 for f ∈ A(D).

We claim that ψ is multiplicative. To see this, note that for g ∈A(D), ge∈M .
Thus ge can be decomposed as ge=ge− 〈ge, e〉e+〈ge, e〉e, where ge− 〈ge, e〉e∈N and
〈ge, e〉e⊥N . Since N is invariant for Mz , we have f(ge− 〈ge, e〉e)∈N for f ∈A(D).
Hence

ψ(fg) = 〈fge, e〉

= 〈f(ge− 〈ge, e〉e+〈ge, e〉e), e〉

= 〈f(ge− 〈ge, e〉e), e〉+〈fe, e〉 〈ge, e〉

= 〈fe, e〉〈ge, e〉

= ψ(f)ψ(g).

As ψ is multiplicative, there is a λ0 ∈D such that

ψ(f) = 〈fe, e〉 = f(λ0).

We claim that λ0 ∈D. To complete the proof, suppose that |λ0|=1. Put

B = {f ∈ A(D) : f(λ0)= 0}.

For any f ∈B, we have

〈fe, e〉 =
∫

D

f |e|2 dA= f(λ0)= 0.

Since B is weak-star dense in H∞(D), we have
∫

D

f |e|2 dA=0 for any f ∈ H∞(D),

and hence
∫

D
|e|2 dA=0, a contradiction. Therefore, we have λ0 ∈D as desired.
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As 〈ϕλ0e, e〉=ϕλ0(λ0)=0, we have ϕλ0e⊥e, and thus ϕλ0e∈N . Hence

ϕλ0M =ϕλ0(N ⊕Ce) ⊆ N ⊆ M.

Noting that as dim M �ϕλ0M=1 and N is maximal in M , we have N=ϕλ0M ,
completing the proof. �

If M=L2
a(D), the above theorem is Hedenmalm’s result [6].

Now consider the case dim M �zM=n>1. By the fact preceding Theorem 3.2,
for any λ∈D, dim M �ϕλM=n, and thus ϕλM is not maximal in M . Given λ∈D,
for any f ∈M , there is a nonnegative integer nf such that f=ϕ

nf

λ g for some analytic
function g with g(λ) 
=0. Let

n0 = inf{nf : f ∈ M }.(3.1)

Then M can be written as M=ϕn0
λ M ′. Let

M ′ ′ = {f ∈ M ′ : f(λ)= 0}.

Then ϕn0
λ M ′ ′ is of codimension 1 in M , and thus maximal in M . But unlike the

case dim M �zM=1, these are not all the maximal invariant subspaces of M . Here
is an example.

Example 3.3. For any positive integer n, there is a sampling sequence A for
L2

a(D) and a decomposition of it as a finite disjoint union A=
⋃n

j=1 Aj , with the
property that each A\Aj is an interpolating sequence for L2

a(D) (cf. [5] or
[7, Lemma 6.3]). This can be used to construct an invariant subspace I such that
dim I �zI=n. Assume without loss of generality that 0 /∈A, for if 0∈A, we can
replace A with ϕλ(A) for some λ /∈A.

For 1≤j ≤n, let Ij be the set of functions in L2
a(D) vanishing on A\Aj , then

Ij is a zero-based invariant subspace. Let Gj be the extremal function of Ij ,
by [7, Theorem 3.31 and Corollary 6.16], we have Gj(0) 
=0 and Ij =[Gj ], the invari-
ant subspace generated by Gj . Let I=I1 ∨...∨In, then I is an invariant subspace
with the property dim I �zI=n [7, Theorem 6.4].

Let N=zI ∨CG2 ∨...∨CGn. Since I=zI ∨CG1 ∨CG2 ∨...∨CGn and G1, ..., Gn

are linearly independent [7, Theorem 6.4], N is of codimension 1 in I and thus
maximal in I . Note that the functions in I have no common zeros, so n0=0, where
n0 is as defined in (3.1). We claim that N is a maximal invariant subspace of I that
cannot be written as {f ∈I :f(λ)=0} for any λ∈D. In fact, since G2(0) 
=0, N cannot
be written as {f ∈I :f(0)=0}. Moreover, N cannot be written as {f ∈I :f(λ0)=0}
for any 0 
=λ0 ∈D either, because the functions in zI have no other common zeros
except 0.
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Now we turn to another operator whose invariant subspaces are also closely
related to the invariant subspace problem, and see what the main theorem tells us
about this operator.

Let F1 denote the Fock type space

F1 =
{

h ∈ Hol(C) : ‖h‖2 =
1
2π

∫

C

|h(z)|2e−2|z| dA(z) < ∞
}

,

where dA is the area measure over the complex plane C. The translation operator
Tb on F1 is defined by

Tbf(z) = f(z+b) for f ∈ F1.

Let D=d/dz be the differential operator. By [4], both Tb and D are bounded on F1.
A closed subspace M of F1 is called translation invariant if it is invariant for all
the translation operators. Since Tb=ebD, one can verify that a closed subspace M

is translation invariant if and only if it is invariant for D [4].
It is shown in [4] that the invariant subspace problem is equivalent to the

following question on translation invariant subspaces of F1.

Question 3. Given two translation invariant subspaces M and N of F1 with
N ⊆M and dim M �N ≥2, is there another translation invariant subspace L such
that N �L�M?

Intuitively, Question 3 is similar to Question 2 and we may get similar conclu-
sions as in Example 3.1. But the following theorem contradicts the intuition.

Theorem 3.4. The space F1 has no maximal translation invariant subspace.

Proof. Suppose that N is a maximal translation invariant subspace of F1. This
turns out to be equivalent to the fact that N is a maximal invariant subspace for the
differential operator D. Obviously, the operator D is Fredholm. Let en=zn/‖zn‖.
Then {en} ∞

n=0 is an orthonormal basis of F1. A direct computation shows that

1−DD∗ =
∞∑

n=0

1
2n+3

en ⊗en.

So 1−DD∗ ∈ Sp for any p>1. Note that dim F1 �DF1=0<∞, and hence if there ex-
ists a maximal invariant subspace, say N , then by Theorem 1.1, N is of codimension
1 in F1, that is, dimN ⊥ =1.
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To reach a contradiction, let

F 2(D) =
{

f =
∞∑

n=0

anzn ∈ Hol(D) : ‖f ‖2
F 2(D) = |a0|2+

∞∑

n=1

|an|2√
n

< ∞
}

.

Then Mz is a bounded multiplication operator defined by the coordinate function.
By [4], there is an invertible operator S : F1→F 2(D) such that

SD∗S−1 =Mz.

Since N is invariant for D and N 
=F1, SN ⊥ is a nontrivial invariant subspace
for Mz , and thus dim SN ⊥ =∞. This implies that dimN ⊥ =∞, a contradiction.
Therefore, the space F1 has no maximal translation invariant subspace, which is
the desired conclusion. �

In view of the above theorem, it is not feasible to study maximal translation
invariant subspaces of F1. However, the following definition is natural in this setting.
Let T ∈B(H) and let N be an invariant subspace for T . A T -invariant subspace
M is called minimal over N if N �M and there is no T -invariant subspace L such
that N �L�M . We have the following proposition which is a direct consequence
of Theorem 1.1.

Proposition 3.5. Suppose T is a Fredholm operator and 1−TT ∗ ∈ Sp for some
p≥1. Let M and N be two T -invariant subspaces. If M is minimal over N and
dim N ⊥ �T ∗N ⊥ <∞, then dim M �N=1.

Applying the above proposition to the differential operator D on F1, we get
that if M and N are two translation invariant subspaces of F1, M is minimal
over N and dim N ⊥ �D∗N ⊥ <∞, then dimM �N=1. This answers Question 3
affirmatively in the case dimN ⊥ �D∗N ⊥ <∞.

Given a translation invariant subspace N of F1 with the property that

dim N ⊥ �D∗N ⊥ < ∞,

what do the minimal translation invariant subspaces over N look like? Here are
two examples.

Example 3.6. The minimal translation invariant subspaces of F1 are exactly
those minimal translation invariant subspaces over {0}. By Proposition 3.5, they
are all one-dimensional. An easy computation shows that they are of the form Ceλz

for λ∈D.
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Example 3.7. By [4], the space F1 possesses a class of translation invariant
subspaces of the form

N =span
{ ∞⋃

k=1

eλkz Pnk

}
,(3.2)

where Λ={λk } ∞
k=1 is a sequence of distinct points in the unit disk D, {nk } ∞

k=1 is a
sequence of nonnegative integers and Pnk

is the set of polynomials of degree less
than or equal to nk. Suppose N 
=F1. We will describe all the minimal translation
invariant subspaces over N .

To this end, recall that in the proof of Theorem 3.4, there is an invertible
operator S : F1→F 2(D) such that

SD∗S−1 =Mz.

One can also verify that

〈f, zleλz 〉 =
dl(Sf)

dzl
(λ̄) for f ∈ F1.(3.3)

By the above equality, we can deduce that if N is a translation invariant subspace
of the form (3.2), then

SN ⊥ = {g ∈ F 2(D) : g(λ̄k) = ... = g(nk)(λ̄k)= 0, k =1, 2, ...},

and SN ⊥ is invariant for Mz . Noting that N 
=F1, we obtain that SN ⊥ is nontrivial.
Since SN ⊥ is zero based, we have dimSN ⊥ �MzSN ⊥ =1. Similar to the proof

of Theorem 3.2, every maximal invariant subspace L of SN ⊥ is of the form ϕλSN ⊥

for some λ∈D. More precisely, if λ /∈Λ, then

L = {g ∈ F 2(D) : g(λ̄) = g(λ̄k) = ... = g(nk)(λ̄k)= 0, k =1, 2, ...}.

If λ∈Λ, say λ=λk0 for some k0, then

L = {g ∈ F 2(D) : g(nk0+1)(λ̄k0) = g(λ̄k) = ... = g(nk)(λ̄k)= 0, k =1, 2, ...}.

Applying equality (3.3) again, we get that if λ /∈Λ, then the minimal translation
invariant subspace M over N is

M =span
{ ∞⋃

k=1

eλkz Pnk
, eλz

}
.

If λ=λk0 for some k0, the minimal translation invariant subspace M over N is

M =span
{ ∞⋃

k=1

eλkz Pnk
, eλk0z Pnk0+1

}
.
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2. Bercovici, H., Foiaş, C. and Pearcy, C., Dual Algebras with Applications to In-
variant Subspaces and Dilation Theory, CBMS Regional Conference Series in
Mathematics 56, Amer. Math. Soc., Providence, RI, 1985.

3. Douglas, R. and Sarkar, J., Essentially reductive weighted shift Hilbert modules,
Preprint, 2008. arXiv:0807.3922v1

4. Guo, K. and Izuchi, K., Composition operators on Fock type spaces, Acta Sci. Math.
(Szeged) 74 (2008), 807–828.

5. Hedenmalm, H., An invariant subspace of the Bergman space having the codimension
two property, J. Reine Angew. Math. 443 (1993), 1–9.

6. Hedenmalm, H., Maximal invariant subspaces in the Bergman space, Ark. Mat. 36
(1998), 97–101.

7. Hedenmalm, H., Korenblum, B. and Zhu, K., Theory of Bergman Spaces, Graduate
Texts in Mathematics 199, Springer, New York, 2000.

8. Hedenmalm, H., Richter, S. and Seip, K., Interpolating sequences and invariant
subspaces of given index in the Bergman spaces, J. Reine Angew. Math. 477
(1996), 13–30.

9. Radjavi, H. and Rosenthal, P., Invariant Subspaces, Springer, New York, 1973.
10. Trent, T., Maximal invariant subspaces for A2

α(D), Proc. Amer. Math. Soc. 132
(2004), 2429–2432.

11. Zhu, K., Restriction of the Bergman shift to an invariant subspace, Q. J. Math. 48
(1997), 519–532.

Kunyu Guo
School of Mathematical Sciences
Fudan University
Shanghai
P.R. China
kyguo@fudan.edu.cn

Wei He
Department of Mathematics
Southeast University
Nanjing, Jiangsu
P.R. China
051018010@fudan.edu.cn

Shengzhao Hou
Department of Mathematics
Suzhou University
Suzhou, Jiangsu
P.R. China
shou@suda.edu.cn

Received September 23, 2008
published online October 1, 2009

http://arxiv.org/abs/0807.3922v1
mailto:kyguo@fudan.edu.cn
mailto:051018010@fudan.edu.cn
mailto:shou@suda.edu.cn

	Maximal invariant subspaces for a class of operators
	Abstract
	Introduction
	Proof of the main theorem
	Applications
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


