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Area, coarea, and approximation in W

David Swanson

Abstract. Let QCR"™ be an arbitrary open set. We characterize the space Wl’l(ﬂ) using

loc
variants of the classical area and coarea formulas. We use these characterizations to obtain a norm

approximation and trace theorems for functions in the space W1 1(R").

1. Introduction

Let QCR" be an open set and let p>1. The Sobolev space W1?(2) consists
of all functions ue LP(§2) whose first order distributional partial derivatives also
belong to L”(2). The space W1P(Q) is a Banach space with respect to the norm

(1) lullpie = (1l gy + 1Dl )7,
where Du is the distributional gradient of v. When Q=R"™ we write || - ||1,, in place
of || - |l1,prn. The space Wlif(Q) consists of all functions u defined on Q which

belong to the space W1P(Q)') for every open set ' whose closure is a compact
subset of . It is not hard to verify that ueWI})’Cp(Q) if and only if ue WhHP(Q)
for every open n-cube ) whose closure is contained in €2. The space VVO1 P(Q) is
defined as the closure of C§°(£2) in the norm of W1P(Q2). Associated with the space
WLP(R™) is the p-capacity 7,, defined for each set ECR" as

(2) Yo(E) =inf{|[ul|f ,:u e W"P(R") and E C int{u>1}}.

Here and throughout the paper we abuse notation when we by {#>1} mean the
set {z:u(xz)>1}. It is well known (cf. [6] and [16]) that -, is an outer regular outer
measure on R™. Throughout the paper we will write v in place of ;.

In this paper we consider several geometric and analytic properties of functions
in the space VVlic1 (Q). The area and coarea formulas for Lipschitz mappings (cf. [7,
Theorem 3.2.3] and [7, Theorem 3.2.5]) are fundamental results in geometric mea-

sure theory. In Section 3 we consider the area and coarea of functions ueri)Cl(Q)
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Extensions of the area and coarea formulas to mappings in Sobolev spaces have
previously been obtained in [12] and [11]. A basic technical issue in problems of
this sort is that such functions w are generally not continuous, and one must use
care to formulate the theorem for the so-called precise representative of u. We show
that the area and coarea formulas as obtained in [11] may be cast in such a way as
to be independent of any particular representative of u, and in fact may be used
to characterize the space WI})’Cl (). Our argument draws ideas from the theory of
functions of bounded variation and sets of finite perimeter.

An important property of functions in the Sobolev space W1P(R") is that of
quasicontinuity: for every u€W P(R") and £>0 there exist an open set U and
a continuous function v defined on R™ so that v,(U)<e, and v coincides with the
precise representative of u off of U. It was proved in [4] and [14] that if p>1,
then the approximator v may in fact be selected so that ve C(R™)NWLP(R™) and
lu—v|l1 p<e in addition to the above stated properties. Thus v may be approxi-
mated simultaneously pointwise and in norm by a continuous function v. In Sec-
tion 4 we give a proof of this result in the case p=1. The argument relies on the
results obtained in Section 3, along with a smoothing operator first developed in [5]
by Calderén and Zygmund and used in [14].

Finally in Section 5 we characterize the space W, (2) as a subspace of W11(Q).
Bagby [2] and Havin [10] proved independently that if ue WHP(R™), p>1, then
ueW,P(Q) if and only if u vanishes off € in the sense that

lim u(y)| dy =0

r—0t B(w,r)

for y,-quasievery z€R"™\ Q. A variant of this was obtained by the author and Ziemer
who proved in [15] that if u€ WP(Q), then ueW,?(Q) if and only if

1
lim — dy=0
e L

for yp-quasievery €0€. This condition may be described by stating that v has
inner trace 0 at quasievery point x€0€2. We extend both of these results to the
case p=1.

2. Preliminaries

Definition 2.1. Given ECR™ and s>0, we denote by H*(E) the s-dimensional
Hausdorff measure of E and by H_ (FE) the s-dimensional Hausdorff content, defined
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as

oo

Hgo(E):inf{Z(diamEk)s EC G Ek}.

k=1 k=1
Observe that H?(E)=0 if and only if HS (E)=0.

It was proved by Fleming [8] that
H" Y (E)=0 ifand onlyif ~(F)=0.
In fact, there exist constants C; and Cy depending only on n with the property that
) CLHE (E) <7(B) < Co(HE (E) + HI (B V)

holds for all ECR™. A simple proof of the inequality on the left-hand side of (3)
was given in [11]. The inequality on the right-hand side of (3) follows easily from
the observation that

Y(B(wo,1)) < Ca(r" +7"71)
for all zpeR™ and >0, and a simple covering argument.

Definition 2.2. Let u€LL (R™), and let z€R". For r>0 we define

loc

i) =1 Ly

We define the precise representative of u by

u(x) = T1_1>r61+ Up(x)

at all points z where the limit exists.

Any point « where @(x) exists is called a Lebesgue point of u. It is well known
that almost every point x€R™ is a Lebesgue point of a function ue L] (R™), and if

uEVVlicl (R™), then in fact H"~!-almost every point x€R" is a Lebesgue point of .
We will use the following somewhat stronger fact, see e.g. [6, proof of Theorem 1,

pp. 160-162].

Proposition 2.3. Suppose that ue WH1(R™). Then u(x) ewists for H" -
almost every €R™, and for every e >0 there exists an open set U with H Y (U)<e
such that

lim Ju(y) —a(x)| dy =0

r—0t B(z,r)

uniformly for xteR™\U.
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Note that H% ! and v may be used interchangeably in the conclusion of Prop-
osition 2.3.

Definition 2.4. Let ECR"™ be measurable. The density of E at a point z€R"™
is the quantity

. |B(z,r)NE]|
4 D(E,z)= lim ———
@ (B = B, B )
provided that the limit exists. The measure-theoretic interior of E is the set of all
points x where E has density 1, and the measure-theoretic exterior of E is the set of
all points  where E has density 0. The measure-theoretic boundary of E, defined

by
(5) O E=R"N{z:D(E,z) #0}n{z: D(E,z)#1},

consists of all points which are neither measure-theoretic interior nor measure-
theoretic exterior points of E.

In our development we will use the space BV(Q2) consisting of all functions u€
L1(Q) whose first order distributional partial derivatives are signed Radon measures
on  with finite total variation. The distributional gradient of a function u€BV(2)
is the vector-valued measure Du=(u1, ..., ttn,), with total variation measure || Dul|.
The total variation || Du/|| is absolutely continuous with respect to Lebesgue measure
if and only if each of the measures p; is, in which case the partial derivatives may
be represented by L! functions. This observation implies the following result.

Proposition 2.5. Let ueBV(Q). Then ue WhY(Q) if and only if ||Dul is
absolutely continuous with respect to Lebesgue measure, in which case

1Dul() = [ 1Dulde.

Definition 2.6. A Lebesgue measurable set ECR" is said to have finite perime-
ter in Q if and only if x5 €BV(2). The perimeter of E in € is defined as the quantity

P(E, Q) = Dxl|().

The following characterization of BV(2) in terms of the perimeters of level sets
was obtained by Fleming and Rishel [9].

Proposition 2.7. Let u€ L}(Q2). Then ueBV(Q) if and only if

/* P{u>t},Q)dt < oo,
R
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in which case t— P({u>t}, Q) is measurable and
IDul(@)= [ Pl{u>t),2) d
R

Here, and throughout the paper, [ * is used to denote the upper Lebesgue
integral. The Hausdorff measure of the measure theoretic boundary of a set E is
closely related to its perimeter. We will require the following background results.

Proposition 2.8. ([6, Theorem 1, p. 222]) Let ECR"™ be measurable. If
H" 1 (0pE)<oo, then E has finite perimeter.

Proposition 2.9. ([16, Theorem 5.8.1 and Lemma 5.9.5]) Let ECR™ be mea-
surable. If P(E,§))<oo, then

P(E,Q)=H""1Y(QNoyE).

3. Area and coarea

Throughout this section we assume that QCR" is an open set, n>2. The fol-
lowing extensions of the classical area and coarea formulas to precise representatives
of functions in the space W, () were proved in [11].

Proposition 3.1. (Area formula) Suppose that u€WI})’C1 (Q). Then

H"({(z,y) eR"™ ' :2 € E and u(x) /\/1+|Du|2dx

for every Lebesgue measurable set ECS).

Proposition 3.2. (Coarea formula) Suppose that ueVVlicl (Q). Then

/H” Y dt—/ |Du| dx

for every measurable set EC ().

Next we introduce the idea of upper and lower approximate limits. The nota-
tion is adapted from [7, Theorem 4.5.9].

Definition 3.3. Let u: Q—R be Lebesgue measurable.
(1) The upper approximate limit of u at a point z€€Q is

() =aplimsup u(y) =inf{s: D({u > s},x) =0}.

Yy—x
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(2) The lower approximate limit of u at a point z €€ is

Ao () =apliminf u(y) =sup{s: D({u < s},x) =0}.

Yy—x

(3) The extended graph of u over a set EC is
Gu(B)={(z,t) eER"™ :z € E and \,(2) <t < pu(2)}.
(4) The extended level set of u at level ¢ in a set ECSQ is
{zeE:\(x) <t <p,(z)}.

Remark 3.4. If u=v almost everywhere in 2, then by definition A\,=\, and
fy =, everywhere in 2. Moreover, if x is a Lebesgue point of u, then A, (x)=
() =gy (x). If ue W, (Q) then H" '-almost every z€( is a Lebesgue point of w,

loc

which implies that
H"(Gu,(E)=H"({(z,y) eR":2z € E and u(x) =y})
and
H" Y Ena ') =H" '({z € E: \(z) <t < pu(z)})
for any set E'C().
In light of this remark, Propositions 3.1 and 3.2 may be restated as follows.

Proposition 3.5. Suppose that u€WI})’C1 (Q). Then

H"(G.(F / vV 1+|Du|? dx

for every Lebesgue measurable set ECS).

Proposition 3.6. Suppose that ue W;=!(Q). Then

loc

/H” Yz e B (z) <t <jpy(z dt—/ | Du| dx
for every measurable set EC ().

The novelty of Propositions 3.5 and 3.6 is that neither formula depends on
any particular representative of u. It turns out that both of these formulas have
converse statements which may be used to characterize the Sobolev space VVl(l) Cl Q).
The following lemma states a general sufficient criterion for membership in W1(Q).
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Lemma 3.7. Suppose that u€ L] () and that there exists h€ Li () such
that

(6) /R H"’l({er:)\u(x)§t§uu(x)})dt§/Ehdx

for every measurable set ECQ. Then ue W' ().

loc

Proof. Tt suffices to prove that u€ W11(Q) for every open n-cube Q compactly
contained in Q. Fix ), and define v=uxq. Then

I Dull(Q) = IDv](Q)
and
QNonv{u>t} =QNou{v>t}.
Since v vanishes outside @, it follows that
(7) Ouf{v>t} ClQNan{u>t}UoQ, t#0.

Let teR and let z€0p{u>t}. Then D({u>t}, x)#0, hence D({u>s}, x)=0implies
s>t. Thus p,(x)>t. Likewise, D({u>t},x)#1 implies that D({u<t},z)#0, in
which case D({u<s},z)=0 implies s<¢. Thus A, (z)<t. It follows that

(8) QNov{u>t} C{ze@: Au(x) <t <pu,(z)}.

Now, assumption (6) implies that H"~*(QNdn{u>t})<oco for almost every t€R,
and therefore (7) implies

H" ' Op{v>t}) <oo, ae. teR.

For all such ¢, Proposition 2.8 implies that P({v>t}, Q)<oo, and Proposition 2.9
implies in turn that

IDX o> 1(Q) = H" =1 (@QNdar {v > 1}).

It follows from (8) and (6) that
[ 100 @ de= [ 1 Qrowto> thde= [ H1Qnow{u> 1)) di
R R R

g/ H”*l(Qm{/\ugtguu})dtg/ hdz < co.
R Q
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Therefore, Proposition 2.7 implies v€BV(Q), and

1Du](@) < /Q .

Since u and v coincide on @ it follows that u€BV(Q) and

1Dull(Q) < /Q .

This argument may be repeated with any n-cube Q' C(Q, in which case a simple
covering argument yields

IDul(B)< [ his
E
for every Lebesgue measurable set EC Q. In particular
satisfies Luzin’s condition (N). Proposition 2.5 implies that ue WH1(Q). O

Theorem 3.8. Suppose that u€ L] () and that there exists g€ L, .(Q) with
the property that

/H"il({er:)\u(x)§t§uu(x)})dt:/ gdx
R E

for every measurable set ECS). Then ueWI})’Cl(Q) and |Du|=g almost everywhere.

Proof. Appealing to Lemma 3.7 we have ueVVlicl(Q) Proposition 3.6 then
implies that

/gdx:/ |Dul| dx
E E

for every Lebesgue measurable set EC(Q. Thus |Du|=g almost everywhere. [

Lemma 3.9. Suppose that u€L{ () and that there exists he L () with
the property that

H"(G.(E)) §/ hdx

E

for every measurable set ECS). Then u€WI})’Cl(Q),
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Proof. Let ECQ. Define the projection p: QxR—R by p(x,t)=t, so that
Lip(p)=1 and

Gu(E)Np(t) = {x € Q: X () <t < p ()} x {1}

for all t€R. The Eilenberg inequality (cf. [13, Theorem 7.7]) asserts the existence
of a constant C' depending only on n with the property that

[ G Ene ) @< o 6u(e)).
Next let 7: R"*1 —R" denote the projection 7(z,t)=x so that
7(Gu(B) w1 (1) = {2 € B Au() < £ < ()}
Since Hausdorff measure is non-increasing on projection it follows that
H" ' ({z € B:y(2) <t < pu(2)}) < H"H(Gu(B)Np~ (1))
for all teR. Therefore
/ B ({2 € B () <t < piu(2) dt</ N (Gu(B)p~ (1)) dt
<CH"(Gu(E)) < C/ hdz

for any measurable set EC(). Finally apply Lemma 3.7 to conclude that uée
whl@). O

loc

Theorem 3.10. Suppose that u€ L}, .(Q) and that there exists g€ L{ () with
the property that

H”(%(E)):/E VIT@de

for every measurable set ECQ. Then ue W,2(Q) and |Du|=|g| almost everywhere.

loc

Proof. Lemma 3.9 implies that uEVVlicl (Q). Tt follows from Proposition 3.5
that

/\/1+|Du|2dx:/ V1+g?dx
B B

for every measurable set EC{). Therefore |[Du|=|g| almost everywhere. [
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Denote the zero extension of a function u: Q—R by

e ) oul), xeQ,
) u(x)—{()’ o

The characterizations obtained above may be used to prove a simple sufficient condi-
tion for the zero extension of a function ue WI})’Cl (€2) to belong to the space WI})’Cl (R™).

Theorem 3.11. Let ue W2  (Q). If u*(2)=0 for H" -almost every z€dQ,

loc

then u* €W, (R™) and Du*=(Du)* almost everywhere.
loc

Proof. Let ECR"™ be a measurable set. In light of Theorem 3.8 it will suffice
to show that

10 [ Eee B @ <t <p @ D= [ |(D]da.
R E
By (9) we have Ay =M\, and gy =, in Q, and by assumption
N () = s () = () =0
for H™ l-almost all x€R™\Q. For any t#£0 it follows that
H" Y EN{ M- <t <py})=H"HENQN{\ <t < pin}),

and therefore Proposition 3.6 implies

/H”_l(Eﬁ{)\u* gtgpu*})dt:/H”_l(EﬂQﬁ{)\ugtguu})dt
R R

:/ |Du|dm=/ | Du|* dz.
ENQ E

Since |Du|*=|(Du)*| we obtain (10), completing the proof. [

4. An approximation theorem

In this section we will prove the following theorem.

Theorem 4.1. Let uc WHH(R™) and let e>0. Then there exists an open set
UCR" with v(U)<e and a function ve WHL(R™)NC(R™) with the property that
lu—vl|11<e and u(z)=v(z) for all xteR™\U.

This theorem extends the classical notion of quasicontinuity in the space
WLHL(R™). The approximator v is constructed using a smoothing procedure de-
veloped by Calderén and Zygmund. The following was proved in [5].
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Proposition 4.2. Let UCR™ be an open set with |U|<1. Then there exist
a function §€C>(U) and positive constants C1 and Cs depending only on n (and
in particular independent of U) with the property that

Cy dist(z, 0U) < o6(z) < dist(x, 0U)
and

sup |Dd(x)] < Cs.
zeU

For the remainder of this section we will denote by C), a generic constant whose
value may change from line to line, but whose value in any specific instance depends
only on n.

Proposition 4.3. Suppose that ue L*(U), w: U—R is measurable, and that

wia)|< f u(2)] dz.
B(z,6(x)/2)

Then we LY (U) and ||w||1 <Cp||lull1-

Proof. Integrate the stated inequality over U and apply Fubini’s theorem to

obtain
/|w ) da < Cr //a "X Bastey2) () |uz)] dz do

(11) :Cn/ |u(z)|/U5(x)*"XB(x75(x)/2)(z)dxdz.

Given z, 2€U, we have z€ B(z, 16(z)) if and only if z€ B(z, 16(z)), in which case
dist(z,0U)>16(z) and

dist(z,0U) < |z—z|+dist(x, 0U) < Cpd(x).
It follows that
0(2) " XB(@,5(x)/2) (2) < Cnd(2) " XB(2,0m(2)) (2);
and therefore

/ 0(2) " XB(x,5(x)/2)(2) dx < O,
U

for every zeU. With reference to (11) we conclude that

/Ulw(x)ldrcgcn/Um(x)mx. O
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Next we define a smoothing operator on L] (U) which is bounded in the
Sobolev norm. The argument presented here is adapted from that given in [14].
Let peC§°(B(0,1)) have the property that P=Px¢. for every e>0 and every de-

gree one polynomial P, where ¢.(x)=e "p(x/e). For z€U and z€R" define

(12) V2 (T) = 052y j2(x—2).

Since 0 and ¢ are smooth it is clear that ¢, €C>(U) for all z€R™. Moreover it can
be shown that | D, (z)|<C,,6(x) "1 for all z€U. Given u€L] (U) we define the

loc

smoothing Su of u by
(13) Su(x)= [ Y.(x)u(z)dz.
]Rn

It follows from the construction that SueC>(U). We will show that S is bounded
on WH(U). The proof will use the following result of Bojarski and Hajtasz [3].

Proposition 4.4. Let BCR™ be an open ball and let u€ WH(B). Let

(14) TBu(y):][ u(z)+Du(z)-(y—=z)dz.
B
Then
o la-Duta)l .
(15) ) ~Tou()| <, [ S5l

for almost all ye B, and for any vector acR™.
Lemma 4.5. Letue WHY(U). Then Sue WHL(U) and || Sull1,1.0 <Chllull1,10-

Proof. Let x€U. By (13) we have

Su@i<f e
B(z,6(x)/2)

so Proposition 4.3 implies that Su€ L} (U) and || Sul|; <Cp|lul/1. On the other hand,
if P is a polynomial with degree one then

Su(y)=P(y)+ | ¥:(y)(u(z)—P(2)) dz
]Rn
for all yeU because . commutes with P. This implies

(16) DSu(z)=DP(z)+ - Dy, (x)(u(z)— P(2)) dz,
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and therefore

Chp
6(x) ]{3@; 3(x)/2) lulz) = Plz)] de.

Let B=B(z, 15(z)) and define P(y)=Tpu(y), so that

(a7) DSu(a)| < |DP(a)

(18) |DP(x)] §][ |Du(z)| dz.
B
On the other hand, Proposition 4.4 with a=0 implies

| Du(w
<
ue)-PEI<C, [ 2 g

for almost every z€ B, and Fubini’s theorem implies in turn that

D
/|u |dz<C//|u dw dz
|'lU Z|n 1
1
:C’n/ Du(w /7dzdw.
R A

Now, if w, z€ B(z, 16(z)) then z€ B(w,§(z)), and thus

1 1
B lw—=z|"" B(w,8(z)) |w—z|
It follows that
(19) /|u 2)|dz < Cré(z /|Du )| dw.

Finally, we combine (17), (18), and (19) to conclude
|DSu(x)| < Cn][ | Du(w)| dw.
B(z,6(x)/2)

As above, Proposition 4.3 implies that DSue LY(U) and that ||DSul; <C,, | Dul;.
Thus Sue WH1(U), and

[Sullo < Callulliiw. O

Proof of Theorem 4.1. After these preliminaries we are prepared to prove
Theorem 4.1. We divide the proof into several steps. Let ue WH(R") and let £>0
be given. Fix ¢ >0.
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Step 1. Definition of U and v. Let K CR™ be a closed set with v(R"\ K)<d
such that @(z) exists for all z€ K and

(20) ][ u(y)—a(2)| dy =0, asr— 0",
B(z,r)

uniformly for x€ K, cf. Proposition 2.3 above. Define U=R™\ K. We may assume
with no loss of generality that |U|<1. Let Su denote the smoothing of v in U, and
define v by

Su(x), z€l,
v(z) =
a(z), zekK.
Clearly v=1 is continuous on K, v€WH1(U), and by Lemma 4.5,
[vll0 < Crllull o

Step 2. The function v is continuous. Since v|y and v|x are continuous and U
is open, it suffices to show that

(21) lim o(z) = v(y)

zeU
at each point ye K. Let y€ K and let z€U. Let 2’ € K satisfy |x—a'|=dist(z, OU).
Then |z—2'|<|z—y|, hence

ly—a| < |z —a'|+]|z—y[ < 2]z —y].
Since §(x) <|z—2'| and
v(@)—v(@)= | 1.(2)(u(z)-u(a’))dz,
R’!L
we have
@ —o@)<f ue)-a)]de< f ju(e)—a(a")| d.
B(z,6(xz)/2) B(z'3|lz—x'|/2)

It follows that

[v(2) —v(y)| < Jv(@') —v(y)+|v(z) —v(a’)]

ShE @l f, el

Since |2’ —y|<2|x—y| and |z —2'|<|z—y]|, the continuity of v|x and the uniformity
of the limit (20) imply that

|v(x')—v(y)|+][ |u(z)—u(z")| dz — 0,

B(z',|lz—z'])

as |[xt—y|—0%. This establishes (21), and proves the continuity of v at y.
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Step 3. We must show that the piecewise definition of v implies v€ W (R™).
By construction v—ueW11(U). Let z€ K. Then

v(y)—u(y)| dy < v(y)—v(z)| d u(y)—a(z)| dy,
Lo w-uwlavs - pw @l f -l

hence

lim lv(y) —u(y)|dy=0
r—0+ B(z,r)

by (20) and the continuity of v. Since v—u=0 a.e. on K, we have (v—u)*=(v—u),
where * denotes the zero extension off U as in (9) above. It follows that

(o= w)(2) = (v=w)(2) =0
for all z€ K. Theorem 3.11 implies (v—u)*€ W11 (R™), hence
v=(v—u)"+uecWH(R").
Step 4. Norm approximation. Observe that
lu=vll11=llu—vllr v < [ulli v +llvllse < Cllullo.

Finally >0 must be specified. Simply select ¢ so that § <e and v(U) <6 implies
C|ull1,1,0<e. This concludes the proof of the theorem. O

A consequence of Theorem 4.1 is a fairly straightforward proof of the following
result.

Theorem 4.6. Let uc WH1(R™) and suppose that {vj}521 is a sequence of

continuous functions in WH(R™) which converges to u in the W11 norm. Then
there exists a subsequence y;, with the property that

H" ({2 @), (x) » a(x)}) = 0.
Proof. Let j,k>1 and define
_ 1
Eir=<z:|pjx)—a(z)] > [
Let §>0. Choose an open set U and a function ve WHH(R")NC(R™) with the
property that v(z)=u(z) for all zeR"\U, v(U) <9, and ||a—v||11<6. L zeE; ;\U,
then [¢23(2) —0(2)|=|; (v) ()] > 1 /k, so that

(k+0)lp; () —v(x)[ > 1.
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Since |¢;—v| is continuous, this implies that |p;—v|>1 on a neighborhood of
E; x\U. Thus

V(B \U) < (k+9)|[pj—vl1,1-

It follows that
V(Ejk) Sv(Ejp\U)+v(U) < (k+6)[[¢;—vll1,1+6

<
< (k+0)llpj—alli a1+ (k+08)[[a—vll1,1+0 < (k+0)l; —all1,1+ (k+6)d+0.

Now pass to the limit as §—0 to conclude that v(E; ;) <kl|¢;—ull1,1. Choose ji so
that

Let F'=J;2, Ej, k- Then v(F')<1 and ¢ F"' implies that ¢;, x(z)—u(z). Label
this subsequence by {4,0]1 521 Now apply a diagonalization procedure. Inductively,
having obtained a set F'™ with v(F")<1/m and a sequence ¢!* with the property
that 7" =@ off F™, repeat the argument above to find a set F™™ ! with (F™+") <
1/(m+1) and a subsequence {Lp?”‘l}j:l of {¢}"}32, with the property that 4,037”“+1—>
@ off F™+1. The sequence {gog };‘;1 is the desired subsequence, converging to @ off
a set F' with v(F)=0. O

Corollary 4.7. Suppose that ue Wy (). Then @(x)=0 for H* *-almost ev-
ery t€R™\ Q.

Proof. By definition there exists a sequence {(; }32; CCg°(£2) with the property
that p;—u in WHHR™). If z€R™\Q, then ¢;(z)=0 for all z. By the preceding
theorem, this implies that @(z)=0 for H"~!-almost all zeR"\Q. O

5. Trace theorems
The proof of the following theorem closely follows the argument given in Section 9.2

of [1].

Theorem 5.1. Let uc WHY(R™) and let QCR™ be an open set. Then ue
Wol’l(Q) if and only if u(x)=0 for H" '-almost all zeR™\Q.

Proof. Suppose first that uer’l(R")ﬂWS’l(Q). Corollary 4.7 implies that
u(x)=0 for H" !-almost all z€R™\ .
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Conversely, assume that 4(z)=0 for H" 1-almost all zeR"\Q. Fix e>0. It
will suffice to prove that there exists we W, (Q) with ||u—w||;,;<e. Define

K=R"\Q and B=K\{z:u(x)=0}.

For every positive integer j, appeal to Theorem 4.1 to select v; e W11 (R")NC(R™)
so that y({v;#u})<1/j and ||u—wvj||1,1<1/j. Define

Ej={v; #u}UB,

let V; D E; be an open set with v(V;)<1/4, and let ¢; € W11 (R™) have the property
that 0<¢ <1, ;=1 on V;, and

1
(22) [ Gesl+1Dgdo< .
R™ J
Let 0<d<1 and define the truncation

5-1-5,  ifa>o,

r—0, if <<t
Ts(x)=< 0, if || <4,
x4+, if —6~t<z<—4,

57145, ifa<—051

so that Ty is Lipschitz, |[DT5|<1, and | T5v—v]|1,1—0 as § =0 for any ve W1 (R").
Since v; is continuous and vanishes on K\Vj, it follows that Tsv; vanishes on
a neighborhood of K'\V;. As ;=1 on V; and Vj is open we conclude that

ws j =T5v;(1—p;)

vanishes on a neighborhood of K. Moreover, since u=v; off V;, we may write
ws,j=Tsu(l—;) for all § and j. This implies that

23)  llu—wsjllia = llu=Tsu+(Tsu)pjll11 < llu=Tsull1,1 +[[(Tsu)p;l1.1-
Choose § sufficiently close to 0 so that

(24) lu—Tsul|1,1 <e/2.

To estimate ||(Tsu)p;||1,1 we note that |(Tsu)p;| <5~ 1|p;| and

|D((Tsu)e;)] < [D(Tsu)l |l +|Tsul | Dipj| < | Dul ;] +67" | Dgy]
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because |DTs|<1. This implies that

| (T 1 = / ((Tsw); |+ | D((Tru)e)]) de

R"
<3 | Geil+iDglydot [ 1Dullg .
and by (22) we may choose j sufficiently large so that
(25) [(Tsu)ejllin <e/2.
Finally, we may combine (23), (24), and (25) to conclude that
lu—wsll11 <e.

This implies that ws ;€ WH1(R™). Since ws; vanishes on a neighborhood of K it
follows that ws ;€ W, " (Q). This completes the proof. []

Finally we present a variant of Theorem 5.1 which extends the main result
of [15] to p=1.

Theorem 5.2. Let ucWh'(Q). Then ue Wy () if and only if

1
(26) i = [ )l dy=0
B(xz,r)NQ

r—0+ 7"
for H™-almost all x€0f.

Proof. If ue Wy (), then u* € W1(R"). Theorem 5.1 implies that

1 1
lim — dy= lim — ()| dy =0
Jlim - /B(x,r)r‘]Q [uly)ldy = lim = /BW) lu*(y)| dy

for H"~!-almost all x€R™\Q, and in particular for H"~!-almost all x€9Q. Con-
versely, if (26) holds, then

1 1
lim —/ u*(y)| dy = lim —/ u(y)|dy=0
r—0+ 7’ B(z,r) | ( )| r—0+ rt B(z,r)NQ | |
for H"~1-almost all €S, and thus

li “(y)|dy=0

A e u*(y)] dy
for H" 1-almost all x€R™\Q since u* vanishes outside . Theorem 3.11 implies
that u*e€ W' (R"), and Theorem 5.2 implies in turn that u*eW;"' (). Since u
and u* coincide on {2 we conclude that uEVVO1 1(Q), as desired. [
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