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1. Introduction

Letpy,...,pm€Z[zy, ..., 2,]=2Z[z] without common zeros in C". Hilbert’s Nullstellensatz
ensures that there is D€Z* and polynomials g, ..., g,, € Z[z] such that for every z€C"

(1.n d=p,2) ¢(D+...4+p,(2) q,(2)-

The explicit resolution of the Bezout equation (1.1) consists in giving an algorithm
to find such polynomials g, ..., g,,. One such algorithm is due to G. Hermann [18] and
Seidenberg [33]; another one, very effective, has been developed by Buchberger [12].
Masser-Wiistholz [28] used Hermann’s method to estimate the degree and the size of
the polynomials g;, and the size of d. Denote by A(P) the logarithmic size of a
polynomial P € Z[z], i.e., h(P)=the logarithm of the modulus of the coefficient of P of
largest absolute value. They showed that using the Hermann algorithm one could find
q1s .-, qm satisfying:

(1.2) max(degg) <2D)*"', D=max(degp)
1.3) max(log|d], k() < (8D)*¥"'~'.(h+8Dlog8D), h=max h(p)).

Recently, using a combination of methods from elimination theory and several
complex variables, Brownawell [10] has obtained an essentially sharp bound for the
degrees of polynomials g; satisfying (1.1):

(1.9 max(degq) <unD*+uD, p=inf{n, m}.

(!) This research has been supported in part by NSF Grant DMS-8703072 and by the AFOSR-URI Grant
870073,
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Later on, Kollar [22] has succeeded in obtaining an even sharper bound using only
algebraic methods:

(1.5 max(deg g) < D*,

with x4 as in (1.4). To be completely correct, the inequalities (1.4) of Brownawell and
(1.5) of Kollar are slightly more precise, we refer to the respective papers for the
details. Later on we will state the precise version of the Nullstellensatz from [22,
Corollary 1.7].

To be able to compare the nature of the algorithmic approach in [12] and the
construction from [10], a word is necessary about Brownawell’s polynomials g;. (The
polynomials in (1.5) are obtained by a non-constructive argument.) First one proves
that there exist g€ C[z] satisfying the equation (1.1) with =1, with degrees bounded
as in (1.4). These g} are obtained as integrals over the whole space C" of some
conveniently constructed kernels. In some sense we whould say the gff are given by
explicit formulas, but these formulas do not constitute an algorithm. One also obtains
an upper bound for the absolute value of the coefficients of the g} This follows from
the effective bounds for the constant ¢, appearing in the Lojasiewicz’ type inequality
[10], [30]

m 172
(1.6 (E !p,-(z)V) = ¢, (1+jzf)y=""2"
j=1

Since the p; have integral coefficients, the existence of g implies the existence of
DEZ, g;€Z[z] satisfying (1.1) and (1.4); this is simply linear algebra. Namely, the
equation (1.1) (with d=1) can be written as a system of linear equations with integral
coefficients for the unknown rational coefficients of the g;, once the degree of them has
been estimated. Therefore, we might as well apply this principle with the estimates
(1.5). One could then ask what is the size of DEZ™* and of the polynomials g;€ Z[z]
obtained by solving this system of equations. Setting d=D*, and using a lemma of
Masser-Wiistholz ([28], Lemma 1, section 4) one obtains the estimate

(1.7) max(logd, h(g)) < m(”;‘s){hﬂog m+log<n;6>}.

For m=n the order of magnitude of the right hand side of (1.7) is essentially

2
me"D"

(1.8) =2

(h+log m+n*log D).
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Note that in special cases where a better estimate than (1.4) is possible, then this
same Lefschetz’ principle provides a better bound in (1.7). Such is the case studied by
Macaulay [23], [25], when the polynomials py, ..., p,, have no common points at infinity.
Then one can find g; satisfying the estimate

(1.9) degg;< n(D-1).
The corresponding estimate for a and h(g)) is essentially
(1.10) max(log d, h(g;)) < mn"D"(h+log m+nlog n+nlog D).

As soon as there is even a single common point at « for py, ..., p,, the estimate (1.9) is
false. This is precisely the situation for the example of Masser—Philippon in [10]

1) py=2, py=2~2, - Pay=2,,-2Ly P,=1-2,,227,

for which the best estimate possible for degq; is D"~D""'. This example shows that
(1.5) is practically best possible (cf. [22] for an optimal version).

One of the objectives of this paper is to obtain a better bound than (1.8) for the size
of b and the g;. The idea is to use that the choice of g; is not unique and that by losing a
little bit in the estimate of the degrees of g;, »,n’D" instead of D", the size estimate is
basically (1.8) where D" is replaced by D™" (,, %, absoslute constants), see Theorem
5.1 below.

Our method also depends on complex function theory, except that we have
succeeded in obtaining by this method a solution g, d lying directly in Z{z}, Z respec-
tively. Z can be replaced by the ring of integers of any number field. The formulas we
introduce can also be used to study the question of finding a division formula in C{z} as
we have done elsewhere [7].

The interest of sharp estimates for the degree and size of the polynomials g;
appearing in the Nullstellensatz lies in applications to Transcendental Number Theory
and Computational Geometry. For the last application, it would seem that the algo-
rithms of Buchberger type can be modified to take into account estimates of degree and
size (see [13]). Purely algebraic methods appear to be able to improve bounds obtained
by analytic methods as well as give insight into the algorithmic questions. Such has
been the case in the period between the two versions of this paper, and we have
certainly profited from the work of Kollar [22], Ji, Kollar and B. Shiffman [21], and
Philippon [32] that appeared between August 1987 and now. One particularly simple
and tantalizing question which we would like to pose is finding the sharp estimate for
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the number of arithmetical operations needed to decide whether a system of n quadratic
equations (with integral coefficients) in n variables has or does not have a solution in C"
(or in R").

Apart from the intrinsic interest of the result obtained here, we would like to point
out the power of the explicit integral representation formulas of the Henkin type, even
when dealing with problems that are algebraic in nature. Another feature of this paper
is the crucial role played by multidimensional residues, used as a tool in computations
and not purely as an abstract concept, as they had been used essentially until now (see
also [1] and [7]).

This paper was written while C. Berenstein was on a sabbatical leave supported by
the General Research Board of the University of Maryland and A. Yger was a visiting
professor in that institution. An announcement of the results herein appeared in [9].

We would like to thank Dale Brownawell, Patrice Philippon and Bernard Shiffman
for many useful remarks.

§2. Residue currents

We incorporate in this section some results of Complex Analysis which form the basis

for the rest of the paper. We start by fixing some notation that will be used throughout.
Let f=(fi,....fr) be a C"-valued function, m€EN" a multi-index of length

|m|=m;+...4+m,. For an integer p EN* we let p=(p, ..., p). Then we denote

112
fr=f e F=ffy ||f||=<2|13-|2)

n r. of.
of = fiA...AOf,= A &, a,:Za—ﬁdzk
=1 k=1 %%k

2.1
@.1) o e ey
&f=8fin..A8f,= NSf, 3= =2Ldz
j=1 k=1 9%

df=df\A...Adf,, df;=3f+3f,

where 8/3z,, 8/, are the standard first order complex derivative operators [17], [20],
and the functions f; are continuously differentiable. Note that dz=dzA...Adz, and
dZ=dz;n...AdZ, are particular cases of (2.1). Also note AL, is always understood in
increasing order.

IfQisa(1,0) form,i.e. 20)=XL, Qj(C) dt, then 8Q is a (1, 1) form, and there is no
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ambiguity in writing for kEN
(2.2) BQ*=380n...A8Q (k times)

since (1, 1) forms commute for the wedge product ((3Q)°=1).

The space of differential forms of type (j, k) with smooth coefficients of compact
support in C" is denoted P, @€, is called a test form. The dual space of
Dy nt> D' pj n—t» 18 called the space of currents of type (j, k). It can be identified to
the space of differential forms of type (j,k) with coefficients in the space @' of
distributions in C" [24].

Given n entire holomorphic functions f; defining a discrete variety V=V(f),
Vi={z€C" fi(z)=...=f(2)=0}, we can define the Grothendieck residue current 3(1/f)
as the current of type (0, n) defined on test forms @ € D, o by

_ 1yn(n=-12
2.3) <8-—}—,<p>=lim( e

~—— " | |Ff*Y3fnrg,
is0 Q)" Lnl | re

where F=f,, ..., f, and the meaning of the integral on the right hand side of (2.2) is the
following. First, it is well defined as a holomorphic function of A for ReA>1. Then, the
product 4"f , |[F**~Y3fA @ can be analytically continued to the whole complex plane to
become a meromorphic function of A, which is holomorphic in a neighborhood of A=0.
In fact, the limit in (2.3) is just the evaluation of this analytically continued function at
A=0 (cf. [7]). This coincides with the usual definition of the Grothendieck residue
current [15]. If we want to emphasize the components of f we will write

=1 51 s 1
8—=30—A...A0—.
f A t
In particular
S =3t n L.
f v £

Note there is no contradiction between this notation and (2.1). If the holomorphic
function f; is such that 1/f; is differentiable, it means that f; has no zeros. Therefore the
usual differential form é(l/fj)=0, but the Grothendieck residue will also be zero since
V=0. Furthermore, this observation holds in a local sense also, that is, if supp ¢ N V=
we have (3(1/f), ¢)=0.

If fi, ..., f, are polynomials defining a discrete (hence finite) variety V and if 4 is a
function which is C” in a neighborhood of V we can define the action of 3(1/f) on the
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-1 - 1
a—,hdz> = <8—, hdz>,
< 5 7Y
where ¢ € 9, =1 on a (small) neighborhood of V. When # is actually holomorphic in a
neighborhood of V then

form hdz by

s 1 g 1 dz 1 1 dz
¢y <87’ hdz> T Gy | f,=£h(2)f1(z) D e Gy e "
where {|f|=¢} is the smooth cycle {zEC":|f;(z)|=¢, 1sj<n)} defined (by Sard’s theo-
rem) for 0<e outside a negligible set, and it is taken to be positively oriented (that is
d(arg f)A...Ad(arg f,)=0 on |f|=¢) (cf. [17], [37]). Furthermore, once 0<e<<l, the
limit coincides with the integral over {|f|=¢}.
1t follows from the fact that the current 3(1/f) has support in V that for g € P

2.5) <a~ (pdz> (2 > e ;6‘“)> @),

(EV a

where the interior sum takes place over multi-indices a, |a|<N, ¢, :€C. In case the
point { €V is a simple zero then ¢, ;=0 for a0 and ¢, ,=1/J({), J({)=the determinant
Jacobian 3(f,...f,)/3(z, ... z,) at z=§. More generally, we have the identity ([14], §1.9)
for p € Z:

(2.6) <Ja—, (pdz> (Z m.o ) (@)= Z m; (&)

LEV eV

where m; is the multiplicity of { as a common zero of fj,...,f,. Here we use the fact
that a current can be multiplied by a smooth function g by the rule (gd(1/f), @):=
(8(1/f), gg). Note this multiplication will also make sense if g is of class C" in a
neighborhood of V, N the integer from (2.5). We remark that in (2.5) the only
derivatives that appear are with respect to the variable ¢ and not & (cf. [14], [7]).

The identity (2.6) allows us to write Cauchy’s formula in terms of residues.
Namely, let <p€C(1,(C") and consider the functions f;(§)=¢;—~z;, j=1,...,n, for zeC”
fixed. Then we have

<é EéZ () dc> = 9(2).

In fact this is a particular case of (2.6), where V={z}, m,=1, J=1.
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Another property that will play a role is that

2.8) ﬁé%:o, j=1,..n.

Therefore, 3(1/f) vanishes on the Cy-submodule of Dy, o) geNerated by fi, ..., fr.

The three properties (2.5) (conveniently modified), (2.6), and (2.8) hold also for
entire functions f;.

LEMMA 2.1. Let K be a subfield of C, f1, ...,f. € K|z] defining a discrete variety V,
g€KI[z]. Then

>, megQEK.

CEV

Proof. By (2.6) we have

Z m, (L) = <J€§%, g dz>.

LEV

By elimination theory [36] there are polynomials qy,...,q,€Kl[z], ¢; a polynomial
depending only on the jth variable such that

2.9) a= D b f, h €KIZL.
J=1

Let us denote A=det(h, ;) ;. The transformation law for the residue states that for any
function g smooth in C” one has:

<8_i, gdz> = <Aa_i, gdz>,
f q

(cf. [7, Proposition 2.5]). In particular
> m.g0)= <a‘ %, AJg dz>.

To finish the proof, it is enough to show that for any monomial z°=z;"...z,", we have
(8(1/q), z*dz) € K. To compute this value we can apply (2.4):

<E§—l*,z“dz> =lim 1_ b dz
q e—0 (2.7[1)” lgl=¢ qdi---4,
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= . i 1 ‘.‘j&
j=1 £—0 2.7Ti |‘Ij|=€ J qJ(Zj)
n

= H( >, res t“f/q,-(t)),
=1 \g(B=0

where resg h denotes the usual one variable residue of the function 4 at the point 8. The
easiest way to compute the inner sums is to recall that, for rational functions of one
variable, the sum of the residues over all the poles plus the point at « is zero. Therefore

2 res /g (1) = —res gy =a_,,
4;(8=0 ®

where 1Y/q(f)=a,f'+...+ay+a_,jt+a_,/+... in a neighborhood of =. The coefficients
a are rational linear combinations of the coefficients of ¢;. Hence each sum is in K. O

CoOROLLARY 2.2. Let K be a number field of degree e, fi, ...,f,, g as in Lemma 2.1.
Let §0=(§?,...,§?I)EV, then g(8) is an algebraic number of degree <e(T.cymy). If
max;deg ;=D then the degree of g({y)<eD".

Proof. Let M=Y tevme=total number of finite zeros of fi,....f,, and denote
€1, ..., &m these zeros, each repeated according to its multiplicity. Then the polynomial
H}Zl(x—g(Cj)) has coefficients in K. In fact, the symmetric functions of g(¢) can be
written as rational combinations of the elementary symmetric functions (Newton sums)
[36], i.e., as rational combinations of

M
> e@)’ = mOYEK

j=1 LEV

by Lemma 2.1. The last statement follows from Bezout’s theorem.

LEmMMA 2.3. Let K, fi, ....f, as in Lemma 2.1. Let r € K(z) without any poles on V,
then (8(1/f),rdz) EK.

Proof. Let qy,...,q, be the same as in the proof of Lemma 2.1. Let r=g/p, g,p
coprime polynomials in K[z], V(p, fi, ..., f,)=2. The difficulty in carrying over the proof
as in Lemma 2.1 consists in that p could vanish on some points of V(g,, ...,g)\\V. (In
the application of the transformation law for the residue one had to assume 4 was
globally smooth, it would be enough to know it is smooth in a neighborhood of
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V(qy, ..., q,) but if r has a pole there we cannot apply that formula.) We first show we
can in fact assume this is not the case.
Let N be the integer defined by (2.5) and consider the polynomial

2.10) P=2gp+2, I 442,

By Lemma 1 from ({28], section 4), we can choose A, ...,4,€Z such that P does not
vanish on V(qy, ..., ¢,). In particular 19%0. Therefore we can set =1 and 4,, ...,4,€Q.
From (2.5) it follows now that

5= (075
0—,2dz)=(0—,=>dz
< fp f P
since g/p and g/P coincide and have the same derivatives up to order N at each point
of V.

Since we are now assuming that r has no poles on V(q,...,q,) we have, as in

Lemma 2.1,
=1 < 1
<8—,rdz> = <8—,Ardz>.
f q

This time Ar is a rational function, hence we cannot reduce ourselves to the case of
monomials as in Lemma 2.1. To overcome this difficulty let us factorize each g; in K[¢]
into irreducible factors:

(2.10) 4=q; -9, 4K, s=s(j), n,€L".

From (2.4) we can take 0<e<<1 so that A(z)r(z) is holomorphic in {jg|<e, Isj<n}=
{lq|<e} and

<a‘i’ Ardz> =1 j A2)r(z) dz .
q Q)" Jigi=e 4,(zy) ... q,(z,)

This integral can be computed one variable at a time. Fixing z’, z'=(z,, ..., 2,), We have

’ s(1) f n,
@ - h(ZI’Z)dz1=2< > resh(z"zVM]QI)MLAZ])]).

271 J g epl=e 9120 k=1 \g; (@)=05=% (q, 2™

Fix k, let v=n, Q=4q, ;, A=numerator in the interior sum of (2.11). The zeros of Q
are all simple, let them be a;, ..., a,. We can factorize Q(f) as follows:

Q) = (t—a)(Q'(a)+...)= (t=a) R\(1),
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R/(?) is a polynomial in ¢ with coefficients in K[a,]. For a different root o; we will have
0@)=(t—ap) R;(t), where the coefficients of R; are obtained by replacing a; to o;
everywhere in the computation of R;. The function A is holomorphic at t=ay, ..., a,,
since the different irreducible factors of g; have no common zeros. Therefore A(2)/Q(?)

has a pole of order exactly v at r=q;.

2.12) res AW ___1 &7 A® |
=a (Q(t))v (v=1! dr ! (Rl(t))v 1=a,

This expression is now a rational expression in a; (and z') with coefficients in K, such
that the residue at t=q; is obtained simply by replacing a, by a; everywhere. Therefore

res_é_(’_)T
ql,k(a)=0 a (qu(t)) ,

is a rational function in K(z'). Furthermore, we note that the portion of the denominator
of A(#) which depends on z’ is p(t,z'). The expression (2.12) will have a common
denominator which is p(a;, z')". Hence the inner sum of (2.11) has no poles for 7’ a zero
of the product gx(z,) ... g.(z,). The same thing holds therefore for the expression (2.11).
Now we can iterate the procedure and conclude that (3(1/q), Ardz) €K. Hence
(8(1/f),rdz) EK. |

Remark 2.4. Later on we will need a quantitative version of the fact that
(8(1/f), rdz) € K. For this purpose we will use the local character of the residue current
3(1/f). That is by using a partition of unity {¢;} we have

(3(1/f),rdz) =L,y (3Q1/f), @ rdz),

@.=1 near {. We can further assume that { is the only zero of V(q,, ..., q,) lying in the
support of ¢, and that r is holomorphic on supp ¢;. Therefore for each term of this sum
we can apply the transformation law for residues without changing r at all, i.c.,

=1 -1 -1
(2.13) <8—, rdz> = <8 —, Arg dz> = <a—, Ardz> ,
f CEZV gt q v
where we have introduced the last notation to indicate it is only the points of V that
count. Note there are many less points in V than in V(qy, ..., q,). In the first case one
has at most D" points, while in the second one might have as many as p” points.
In Section 3 we will need the following result from [7]:
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THEOREM 2.5 (cf. [7, Proposition 2.4]). Let f,, ..., f. be n polynomials in C" defining
a discrete variety V, @ a test function, m an n-tuple of non-negative integers. Then the
Sfunction defined for Re A sufficiently large by

(_l)n(n—l)/Z |F2(n+|m|)1 e
(2.14) b ﬁllwlml) frafapdt

has an analytic continuation to the whole plane as a meromorphic fuction. Moreover,
this continuation is holomorphic at A=0 and its value at this point is given by

m! s 1
&1 (n+{m)} <af"’+l’¢d§>’

where m!'=m;!...m,!, m+1=(m+1,...,m,+1).

§ 3. Division formulas

The division formula we obtain here generalizes our previous representation formulas
for solutions of the algebraic Bezout equation. We had originally considered them from
the point of view of deconvolution (cf. [3], [5], [6]). The same techniques can be applied
to entire functions, but to simplify we will only consider the algebraic case [7].

Throughout this section we will assume we have M polynomials py, ..., py € Clz]
such that
3.1) M=n,

and that the first n satisfy the following property:

3% >0, ¢ >0 and d >0 such that when ||§|| = » we have
n 1/2
(2 ,,,j@z) = cliell”.
Jj=1

Since the first n polynomials play a special role, it is convenient to adopt the
notation f=(f;,...,)=(p1, ...,pn), hence (3.2) can be written as || f(&)||=c||¢|| and it
implies that the variety V=V(f) is discrete. We also let

(3.2)

3.3) max (deg f) = D.

1sj<n

For every polynomial p; (1j<M) we can find polynomials g; of 2n variables,
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with degree <degp; in each variable, such that for every z, { €C" we have

(3.4) p,@D=p,©) =, 8 (2 O) (2,5
k=1

For instance, we can take

( 5 eeey _15 % ,~--,Zn)_ ( PEEXTY » L ""7Zn)
24z C)___I’J & k10 2 17 & Cr Zir .
Z=&,
prjG Z[z], degp;=D;, then gj,kEZ[z, €1, degg; <D, and h(gj’k)sh(pj)+2n log(Dj+1).

THEOREM 3.1. Assume (3.1) and (3.2) hold. Let P be a polynomial in I(p, ...,px)
and let uy, ..., uy be any functions holomorphic in a neighborhood Q of V such that

(3.5) P=u,p+...+uypy in Q.
Then for gEN satisfying

(3.6) dg=deg P+(n—1)2D—-d)+1,
and, for any z€C" we have

g1z ) o gai@ ) gz )

dg | f™(2)

1 M
P(z)= Z 3 z u;

|m|{gq—n fm+l, j=1 gl,n(z’ ) gn,n(z’ ) gj,n(z’ )
H@-AC) ... f@-£C)  p@)
3.7

where mEN", m+1=(m+1,my+1,...,m,+1), and the dot in the determinant repre-
sents the variable ¢ on which the residue current 3(1/f™"") acts.

Remark 3.2. (i) The only term in the sum (3.7) that a priori might not belong to
I(p1, ...,py) is that one corresponding to m=(0, ..., 0). In that case the development of
the determinants along the last row shows that either one has a multiple of p;(z) for
some j, 1<5j<M, or a multiple of £;(§) for some j, 15j<n. This last type of term vanishes
since 3(1/f) annihilates the ideal generated by the f.. Therefore (3.7) has the form

P(2)=A (D p,(2)+...+A,(2) py(2).

(i) In the case M=n+1 and V(p,, ..., p;)=% this theorem improves upon Theorem
3 [6] and its applications in [3].
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(iii) Note that the conditions (3.5) and PE€I(p,, ..., pa) are equivalent by Cartan’s
Theorem B [20].

Example 3.3. Let M=n+1, V(p,,...,p,.)=9, p;€Ziz). For P=1 we can take
u=...=u,=0, u,,,=1/p,,,- In that case Lemma 2.3 implies that (3.7) gives a Bezout
formula in Q[z], that is

1=p QA @D+...4+p, (DA, (D

with A;€Q[z]. Note that the result remains true if Q is replaced by a number field K and
Z by the field of integers Ok of K.

Proof of Theorem 3.1. The germ of the idea of this proof goes back to our papers
on deconvolution [5], [6] except that here we have to deal inevitably with multiple
zeros in V. In the recent past we have found that the best way to treat this question is
through the principle of analytic continuation of the distributions | f [> as functions of A
[7]. We also use the recent work of Andersson-Passare on integral representation
formulas [2].

Let us fix once and for all ¢4 € 2(Q), ¥=1 in a neighborhood of V.

Let ¢>1 so that Q,={EC": ||{|[<o}2suppPU{z}. Let x € B(L,) such that y=1in
a neighborhood of supp9U {z}, Osy<1.

Consider the differential form Qy=0Q(z, {) given by
L. 1(61'_2/‘) dg;

(3.8) = (1 (@)L
Qo= O

If w is an open set such that zEw and y=1 on w then Qy is C* in wXC". Let
(3.9) L=+,

with N any integer >n.

For A€C, ReA>141/n, let 0,=0(z, ¢, A) be the differential form (with the nota-
tion of (2.1)):

L f©G;
AN

where the differential forms G;=Gj(z, {) are given by

(3.10) 0,:=|FO

>

3.11) Gyi= > g, dE.
k=1

6—918285 Acta Mathematica 166. Imprimé le 15 février 1991
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The coefficients of G; are therefore polynomials in z and . Q) is of class C'and a
polynomial in z. If we let Re A>>1, we can make (, of class C'for any ! given. With g as
in (3.6) let

(.12) T, = (1+1).

Finally, define a third differential form Q,=0,(z, £) by

M

(3.13) Q=90 D, 4, G,
j=1

and let

(3.14) T,(0):=t.

These three differential forms are of type (1,0) in £, hence they can be associated
to C"-valued functions, simply take the coefficient of dg; as its jth component. Using
their bilinear products with the vector valued function z—¢ we can construct three
auxiliary functions ®;. We have

(3.15) @):=(0y(z,8),z-¢) =(—ﬁ§l—iﬁ?—2 (€-2)(z=5) =x(©)—1,
—ZP &

F(C)Zl no
- 250620

FOP & ( " )
(3.16) = j( ) {1 @ &)( —CJ)
o 270 2806

24 n
=%Zﬁ@ GACEIA(9))
j=1

®,:= (0, &, A),z-E)

by (3.3).
The last one is given by

M
B.17)  @,;:=(0y(z, 8),2-8) +P(&) = $(Q) >, 4;(8) (p,(D—p; (D) +P (D).

j=1

Note that in a neighborhood of V we have <I>2=Zj.‘il uj(C) p;(2).
As a function of { consider the product

(3.18) Ers @ = Ty(@y) T,(®,) To(D,),
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for z fixed and A fixed, ReA>>1, this is a C**' function of compact support since
[(®y)=x()". Furthermore

(3.19) @(2) = P(2).

We need one more piece of notation: for 0<j<2, and a a non-negative integer
denote

(3.20) @ =19z, 5 :=-L 1)

=000
(Recall that ®, depends also on 4.)
The following lemma will allow us to compute P(z) with the help of Cauchy’s

formula (2.7) applied to ¢ (cf. [2]). Its proof will be postponed to the end of the proof of
Theorem 3.1.

LEMMA 3.2. With the above notation we have, for ReA>>1,

(ao)r(al) . )
P&= oy j 0,00 3 (00 DI AG Q16 £ A)"
3.21) 1 r(ao) r“‘l’
j > (aéQo(Z, D)®AG, 0,z &, AN A8, 0z, ).

(27”) Q, ag+a;=n—1

The next step will be to study the analytic continuation of this formula as a
function of A. For that purpose, we compute explicitly (8:Q,)%, l<a<n, always for
ReA>>1. To simplify we simply write 3 for 8. Let us write first

_LLSG

TR

Then

(3.22) (3Q)) = |[FI*™(BA) +AkF|* PF3F AAABAY .

A is a C* form off the variety V. The form (3Q;)" can be written in a slightly different
way by denoting

Ew, Y=

fj.

H I”
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Then
BQ) = (2 a‘«ijGj) = (= 1) ""2p; A a'wjx\'/\l G,
i=1 i= i=
We have
2 ) W= __  |\p@
5y, =L 57 f,(“F‘ " par- 15 nfnZ)
(hal! I £l LA
Hence
no_ IFlZln__ |F|2(ln—l) no o .
Ady.= of +4 FY £ A3f.ASFA N Of,
ASu= A e A N T N
F2}.n n
- |w|f|s|2<"+" 5 AFASISIF AN T

Note that 3F=%7_,(F/f,) 3f, and 3||f])*=L £, 3f,. Sincedf,A3f,=0 we have

no_ |F|21.n |F|21n . |F|21n ) =
Aoy, = of +ni of - —|I£11* f
=1 % “fHZn h ”f“zn “fnz(n n ”
(3.23) "
o 7
llf I
_ | |2).n __n
(324) (aQ )'l_( 1)(n Hni2 nlnd~—— f

IL£1P”

Following the principle we introduced in [5] we have to transform, using Stokes’
theorem, some terms in (3.21) to make them more singular. In this case we apply this
idea to the second term of (3.21), the term with ay=0, a;=n—1. Then

AP T PEQ)" " AQy) =T IT 30" 50,
+TP T U8y AGQ) ' AQ+TP T 0@, A(BQ)" ' AQ,.

Recall that T has compact support in Q, and that 3y AQ,=0, since y=1 on supp ¥
Therefore

j YT N00,) ' A8Q, = - j P80, A(00)" ' A Q,.
Q Q

o 4
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To simplify the computation of this last integral, let' us introduce polynomials A;;
(Isj=n, I1<IsM), and A, by

(3.25) G A...AGA..AG,AG = A, ,dE,
and
(3.26) G A...AG,= A,dL.

Note that A, ,=(—1)"7 A,.
Now we can compute the integrand above as follows:

n n n—1
—30,ABQ) 'AQ,=— (E (f;—£;(O) éwj) A (2 5%/\@) nQ,
Jj=1 1

=(—1)<n—2><n—'>/2(n—1)z( A éwj)AE(—l)f(f,(z>—fj(§)) (k;‘\l Gk)AQz
= i=t k:j

_ (_ 1)('1_2)("_1)/2”!1 |F,2M ﬁ'
71"

n M
A (E D=V f@-FEN A,z D) m(@)) dz.

j=1 i=1

Recall that we have already computed in (3.24) the term with ay=0 in the first integral of
(3.21). Let us write now (3.21) as a sum of the contributions from a,=0 in both integrals
and the other terms put together:

(_1)(n—l)n/2 J' © ()IFlu”_
Pgy=——"——ni | IY'IT"——2
O ey L Y
(3.27)
A [‘I’z A0+(—1)"_1 19(2 (—1)1‘(13,(2)_13_)Aj,,u,)] dC+R(4, 7).

il

Let us call 7(z, £) the term between brackets in (3.27). Let us show that in the set
where ¥=1 this term is exactly the determinant that appears in the final formula (3.7).
First we observe that since on supp® we have P(C)=Zj"1, u; (5 p; (%) then

M

D,z 5 = D, u; () p;(2)-

J=1
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Now we can expand the determinants in (3.7) by the last row and obtain 7(z, £). This
function is therefore holomorphic on ¢ in a neighborhood of V.

To evaluate (3.27), we will use the fact that both terms are holomorphic functions
of A for ReA>>1 and that they have analytic continuations to the whole plane as
meromorphic functions. We will further see that they are both holomorphic at 1=0,
hence P(z) will appear as

limR(@4, z)+11m (of the first term in (3.27)).
A—0

We proceed now to verify these statements for the first term of (3.27). We have

q—n

ny _ q' = q’ S
F(l)—( _n)!((Drl'l)q —m((l‘wlu)"'; 1/"J'(C)fj(z))

q—
q-n 2tyg-n—k I S
o Z,( >(‘ e ”f”nlg,k R Y
q! 9" q—n |F|21-k (q n—k q—n—k N 2/1j)< . . )
- ">';,< )Ilfllz" 2 ( j )‘ DIF E‘k = mOf"@)

In order to apply Theorem 2.5, we fix a k, a multi-index m, |m|=k, and an index j in
the expansion of I'{". The corresponding term in (3.27) is then, up to a factor f"(z),

(_ l)n(n—l)/2 |F|2j.(j+k+n)

3.28 S (VT g
( ) Q2ri)" N4, ”f||2(n+|m|)f fa(x"T)dg,

where

g ()
“ums = D Tt UVl I )

+
( " |m| > i
Jtk+n
we are in the situation of (2.14) up to the new constant
o = ( n+k ) c
kmi =\ n+k+j) omI

(Note y=1 in a neighborhood of V, hence y"T is holomorphic there.) Therefore, by
Theorem 2.5, the analytic continuation exists, it is holomorphic at A=0 and its value at

Replacing A by
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this point is

, m! S |
(3.29) Clom,j et )] <a T , XNTd§>.

Note that the value in (3.29) is independent of the choice of y. We need to evaluate the
constant obtained by adding over all values of j.

q—n—k g-n—k
. n+k
Coom™= 2 Clomi ™ 2 (n+k+j)ck,m,j

j=0 Jj=0
n—k(—l)j<q—n—k) m+k
=0

__at _kL(q-n) S
(g—m)' m' \ k 4 J n+k+j’

(3.30)

This sum can be computed in terms of the beta function. Namely,
qon-k o 1
2 (1) (q " k) —1—— = f (=) *um = gy
j=0 J n+k+j  J,

(n+k—1)!(g—n—-k)! .

=Bn+k,qg—n—k+1)= |
q!

We find

m!
(3.31) mckm=l.
Therefore, the value at A=0 of the first term in (3.27) is exactly the right hand side of
(3.7). We stress once more that the value we obtained is independent of the choice of x.
To end the proof we need to study the analytic continuation of R(4, z) and evaluate
it at A=0. We assume first that ReA>1+1/n. In R(4, z) we have all terms (3.21) where
0=>0. Introducing the auxiliary differential forms

§=,Gra)dg, S=2, G2 dE;
j=1 J=1

we have

' < AS (E;=ld§j/\dcj _ SAS )
3.32 50 = — - _
32 = e P\ T e e

This shows that 3Q, is identically zero in a neighborhood of supp#U{z} by the
conditions imposed on x. Since there is a factor ¢ in Q,, it follows that all the terms with
ao>0 in the second integral of (3.21) are identically zero.
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Consider now the term with ay=n in the first integral. Let us rewrite

(3.33) ®,+1=1-|FP+|F? > 6,f(2) = 1-|F*+|F*B,

J=1

where 8;=0,5)=F(O)/l F(OII*. On the support of 3Q, we have that B is C*, since y=1 on
a neighborhood of the singular points of || f(¢)|| ", namely V. Since F is a polynomial, it
follows (for instance by the Weierstrass’ Preparation Theorem or Hironaka’s Resolu-
tion of Singularities) that on the ball Q, we have that |[F|™* is integrable for some £>0.
Whence, the term with ay=n, which is given by

N) f @, x V(14D )U3Q,)"
QQ

(3.34) | 1 (
iy’

n
for ReA>1+1/n, and depends on A only in the factor (1+®,)¢, is holomorphic for
ReA>—¢. Its value at A=0 is obtained simply by taking A=0 in the expression of ®;.
That is, the value at A=0 of (3.34) is

1 (N - 5
3.35 ( )f @, N "BU3Q,)".
(3.35) G o) J, KO0

We now have left the case O0<ay<n, a;=n—ay, to consider. By (3.22) we have
(3Q,)™ as the sum of two terms. We study first the one that does not contain the factor
A. As we have just shown, A is smooth on the support of 3Q, and the whole integral is
holomorphic for A=0. Its value, obtained by simply setting A=0, is the following

(3.36) 1 <N> (q ) ] ¢2xN—ang_a1(a'Q0)a0A(a'A)al.
99

Qni)" \G/ \y

The other term can be written as a linear combination of integrals of the form
i f |F*"*=YF3FAC,
QQ
r an integer =a;, C a smooth form of compact support. By Theorem 1.3 {7], this

function has an analytic continuation as a meromorphic function of 1, whose value at
4A=0 is, up to multiplicative constants

<a‘ L FC>
F
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which is the residue on the hypersurface F=0. Since F divides the test form FC, this
residue is zero.

At this point we can summarize what we have just done by saying that A—R(4, 2)
has an analytic continuation which is holomorphic at A=0, and

(3.37) Ry=RWA,2)|;.0= (2 )n 2( )( )(I) N B~ (n—J)(aQ ) A(BA).
Q j=1

By now we are essentially in the same situation as in the new Andersson-Passare proof
of the Andersson-Berndtsson integral representation formula (cf. formula (6), proof of
Theorem 2, [2]). They show we can let y tend to the characteristic function of €2, and
use the fact that for a smooth form ¢, and r integral =1, one has

f éx’A¢—> —f @
Q, s,

Since B=(®,+1)|,_, and A=0)|;_,, the formula (3.37) is just the boundary term in the
Andersson-Berndtsson formula for the single pair (4, 1) (cf. [2], [7]):

n—1 _ . - .

1 1 q vitl—n SABS)Y A(BA)Y

(338)  R,= j > @ .-( .)B‘“ " A"
0 Q)" oq, =0 2 it \n—1—j ”C_ZHZ(j-H)

where 8=3;.
The last step of the proof is to verify that the estimates on A, B that we can obtain
from the hypotheses are enough to let p— in (3.38).

Since | f(Q)||I=c|ig))? if ||&]|=» we have that for o> the following two estimates
hold:

|B| < const. ||Z]|7¢,
largest coefficient of (§A)"~'~/| < const.||g||*P~4~D(=1=),

Furthermore ®,=P on 3Q,. If follows that the worst term in the sum corresponds to
J=0. From this we conclude that, since

deg P+(n—1)(2D-d)+1<dgq

by (3.6), the integral in (3.38) tends to zero when p— .
This concludes the proof of Theorem 3.1, except for the proof of Lemma 3.2. O
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Proof of Lemma 3.2. The defining properties (3.18) and (3.19) show that ¢ is a crtl
function of compact support in Q, which for a fixed z satisfies ¢(z)=P(z). Cauchy’s
formula (2.7) states that

(3.39) <5_C1—Z’ @) d§> = @(2) = P(2).
The proof of this lemma consists in evaluating the residue in the left hand side of (3.39)

using the particular form of . It simplifies the computation of this residue to consider
the slightly more general form of ¢:

(3.40) @) =T, (Qz 8),z~L)),

where I is an entire function of n+v variables (g, 1), @=(Q;, ..., @,) a vector of (1,0)-
differential forms in &, of class C"*!, (Q,z—¢):=({Qy,z2-&),...,{Q,, z—¢)). For a
multi-index o of v components, we write, as above,

aa
ort

(3.41) :=p{...Dr:=—T

t=(Q(z,8),2-¢)
Let ¢, =(—1)""Y"2/(27i)". From (2.3) we see that

[T
Jj=1

2u-1)

P(©) dEnde.

(3.42) <a‘ L o0 d?;> = lim ¢, 1" f
C_Z u—0

We compute the analytic continuation of this integral which is originally defined for
Reu>0.
One can easily verify that:

n—1
d U — |2u
( (CI_ZI) |Cl le

Jj=1

n—1
_1y1 M —7 |
+(-1y 62, (S

-1

ﬁ (Cj—zj‘)
Jj=2

Au—1)

@& dindt

H (Cj—zj‘)
j=2

@(0) dC"ZA...Adi,,Ad;>

=#n

A=) o
dGn...AdC,NOpAdE.

Here d,3 are only computed with respect to . Since the first term is the exact
differential of a form of compact support, we have by Stokes’ Theorem:
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Au—1)

(&) dfAdg

H(c ~z)

o

Cj_Zj)

(3.43)

2Au—1)

=(- 1)"j—iC1 7, dE,A ... AdE,AOpAdE.

From (3.40) we have
dp= ZDkr<Z ~£)8Q, @ o)
k=1 j=1

where we recall 9, =Y, 0, ,dC;. Let us rewrite 3¢ as follows

(3.44) dp= ‘(C}‘Z;)EDkra-Qk,l+Rl'
k=1

The analytic continuation of the two separate terms obtained by replacing (3.44) into
(3.43) exists by Theorem 1.3 [7]. The second one is a sum of integrals of the form:
(Isk<v, 2<i<n).

1 1&—=[*
fartet )

Since the two distributions

|§1_Z1|2I4
&~z ’

Apu—1)

dE,n...AdE,AOQ, ;AdE.

2u-1)
n—1

ﬁ &—2)
j=2

depend on different variables, their analytic continuations as distribution-valued
meromorphic functions can be multiplied (this is just their tensor product). The
first one is holomorphic for 4=0, the second one leads to the residue current
31 /Er—z))A ... A8(1/(E,~2,)). But the remaining differential form is in the ideal gener-
ated by the functions defining this current. Therefore the value of this product at u=0is
null.

We can therefore forget R, and consider only
[1¢-2
j=2

In ([7], Proof of Theorem 1.3), we have shown, in a much more general situation,
not only that the analytic continuation of (3.45) is holomorphic at u=0, but its value is

2(u-1)

(3.45) (—1)”“1u"’1f |6, —2,*

dEon .. N A (2 D,Ié0, I)Adg.

k=1
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exactly the same as the one obtained from
11&-2
j=2

(This also follows from the above remark on the product of the distributions of separate

2u—-1)

(3.46) (—1)"_ly""f diyn ... ndE A <2 D,T3Q, ,) AdE.
k=1

variables.) It is clear now what the general procedure is, the only point to verify is that
the factor (z;—&;) does not reappear when we apply Stokes’ theorem. For this, it is
enough to compute I;_,(3D, L A3Q, ).

EaD rsQ, = 221) D,T (Z @-8)dQ, ,)Aan -
k=1 j=1
The term (z;—¢;) is the coefficient of I}, ,D;D,T3Q, A5Q, ; which is 0 by the
anticommutativity of the wedge product.
After iterating this procedure a total of »n times, and some algebra, one obtains,
(a=(a;, a,,...,), al=a,!...a,!)

1 a

<a_, P@dey=—Lo | 3 Lrace) ...nE0)"
&— 2n t) aj=n &

Note that 5Qj are (1,1) forms which absorb the d term from (3.44). For a detailed

version of this algebraic computation see ([2], Proof of Theorem 1). The statement of

the lemma follows from the explicit form of I in this case, we just use that D3['=0. O

§4. On the Noether’s Normalization theorem

In this section we reconsider the classical Noether’s Normalization theorem [38].
Before we do that we need to recall some well known facts about the heights of
polynomials in Z[z].

For a polynomial p(z)=L <, ¢, 2" €Z[z], we let

4.1 H(p)=max|c,), h(p)=1logH(p),

h(p) is called the (logarithmic) height of p. Some easy properties of the height follows.

Let C)= ("*“") number of monomials in »n variables of degree exactly 4 and
C =(”+‘i)=dimen51on of the vector space of polynomials in n variables of degree at
most d. We have C/<(1+d)""! and C,<(1+d)".
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Let p, g€ Z[z], degp<d, then
4.2) H(pq) < C,H(p) H(g).

If one changes coordinates by z=Aw, A an invertible matrix with integral coeffi-
cients, and defines g € Z[w] by q(w)=p(Aw), then degp=deggq and

4.3) H(q) < Cn||AID‘H(p),
where ||Alj=max|g, |, A=(a, ).

ProrositioN 4.1. Let py,...,pu€Zlz4, ..., 2,] defining a variety V in C". Assume
dim V=k, O0sksn—1 (for the sake of simplicity, we take here k=0 to mean that V is
either empty or discrete). Let d=max, .\ degp; and h=max, ), h(p). One can find
an invertible nXn matrix A=(a; ;) with integral coefficents such that

() llAlsxd®* 02,

(i) After the change of coordinates z=Aw, q;(w)=p;(Aw), let § be the ideal
generated by the q; in Z[w]. There are n—k polynomials Q;€ ¥ such that '

d d-1
QW) =q w,'"+w,' q; (W,,...,w)+...

d dy-1
Q,(w) = q, qwy+w,’ gy (Wi, ..., w)+...

4.4
QW) =G, ;o w‘:’f,f+w:"_‘,j‘l Gyt 1 Wyeps1s s W)+
with
“4.5) d,=degQ,<d, d,=deg(Q@)<uxd"' (i=2)
and
(4.6) Q) < xd*'(§+dlogd),

where x=x(n) is an effective constant that depends only on n.

This proposition is the usual Noether’s Normalization theorem with good esti-
mates on the degrees and heights of the polynomials Q; and on ||A|| (better than the ones
obtained using Elimination theory).

Remarks. (1) This proposition still holds when the polynomials p;€ Clz], except
that in this case we obtain only (i) and the estimates for the degrees d,.
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(2) From now on we will keep the notation x for any effective constant depending
only on the number of variables n, even if the value of the constant changes from
occurrence to occurrence. Whenever it is convenient, we will also assume x to be a
positive integer.

Before starting the proof we must recall what is a ring with a size (R,1) [32]. Risa
commutative Noetherian ring with identity, Pol(R) is the algebra of polynomials in
infinitely many variables with coefficients in R, R* the set of invertible elements of R.
Then the (logarithmic) size t is a map

t: Pol(R)— {—=} UR,

such that:

(1) 1(0)=—o0, t(u)=0 if uENR*.

(2) t(fg)=t(f)+1(g) for every f, g EPol(R).

(3) There are constants c¢;=1, ¢,=0 so that if we denote 1(f):=t(f)+
cylog(m+1)deg(f), where m is the number of variables appearing in f, then

t(fi+...+f) < c,max{t(f), ..., t(f)} +c,logk.
(4) There is a constant c;>1 such that if f=Zfzx#, then
max t(fy) < c; 1(f).

The simplest example of such a ring is R#=Clz,, ..., z,,] with 1(f)=d°f=total degree
of fas a polynomial in the z, x variables. In this case ¢;=1, ¢,=0, and c;=1.

LeEMmMa 4.2. [32, Theorem 5]. Let (R, 1) be a ring with a size, R being a regular
ring, ¥ its quotient field and ¥ the algebraic closure of f. Let Py, ..., P, in Rxy, ..., x,,]
have degree less than d,0=1, and size t(P)<H. If the polynomials Py, ..., P; have no
common zeros in ¥, there is an element b€R such that b is in the ideal generated by
Py, ...,P;in Rlx,, ..., x,] with size estimated by

£(b) < c,(m) d“(1+ Hu),
where p=min{s, m+1} and c,(m)=(3c™*(8mc+1))"*2, where c=max(cy, ¢,, ;).
For the proof of Proposition 4.1 we use the following lemma.

LemMmA 4.3. Given a family of polynomials F,,...,F,€Z[T,,...,T]][X,,....X,]=
ZIT1{X] without common zeros in the algebraic closure of the quotient field of ZIT].
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Assume further that for every j, 1<<j<r, they satisfy

() if d°(F))=degree of F; as a polynomial in all the variables T, X then d (F)=D,

(i) if h(F))=(logarithmic) height of F; as a polynomial in the variables T, X, then
hMF)<$9.

There exists a polynomial b € Z[T] in the ideal generated by the F; in Z{T1[X] such
that

4.7 degb = deg, b < dc(r)u®*!
where c(v)=(3”+2(24v+ 1))"*2, u=min{r, v+1}, and

(4.8) h(b) < 10c() uD* D+ +1) log(D+1)).

Proof. We fix a constant C>0, to be chosen later, and define a function
t: PONZ[TD—{—=} UR, by 1(0)=—o and, if PEPol(Z[T])\ {0},

do, ... dg

1 1
4.9) t(p) = Cdeg, P+ j f log|P(e™™, ..., ™™ ™1 .. &™) .
0 0

where v denotes the number of variables of P as a polynomial with coefficients in Z[T].

We claim that t is a size for the ring Z[T]} with constants cy, c,, c3 independent of C.
First observe that properties (1) and (2) of the definition above are immediate from
4.9). '

Let us write P=%, P(T)X’=X, ,a, ,7°X?. Introduce the Mahler measures

1 i
MP) = exp( f J’ log IP(eQ”O‘, e
0 0

do, ... d§v>,

1 1
M(Pﬂ)=exp< f J 1og|Pﬁ(e'2""*,...,e””*")|d0,...d9,>,
0 0

Mabhler’s inequality [26] as rewritten by Philippon [31, Lemma 1.13] states that, if
d0=d°P, d1=degTP, d2=degXP,

dy!
M(P)<—"— M(P)

M(Pg) < $ﬁ!(d0_d2)!

d,!
BYdy—| B!
and

la ‘s——di—M(P)s<d°>—di!ﬁM(P).
B aid,~la)! T P T \dy) B! a!
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Hence

(4.10) > lag 5l < 2%w+ D™ (+1)" M(P).
a.p

It is clear that

@11 MP)< Y, |a, 4.
ap

It follows also from [26] that M(P)=1, M(P,)=1. (This inequality depends on the
fact that the polynomial has integral coefficients.)

We can now proceed to verify properties (3) and (4) of the definition of size: Let
R,,...,R,EPOI(Z[T]), write R=E,, a'ls T°X?. (The number of X variables might
change from polynomial to polynomial.) Then, by (4.11)

MR +..+R)< D, |afyl < kmax D, |a¥}.
a,B

j.ap J

Suppose, to simplify, that the maximum is achieved for j=1, let v be the number of
variables X of R,. Then we can apply (4.10) (using that d,<d,+d,,d,=deg,R,,
dy,=degyR))

> adhl < @+ 12U+ 1)" M(R)).
a,f

Hence

R +...+R) < (C+21+2) max(degTR,.)Hog k+2log(v+1)degy R,+log M(R,)

< (1+2l—22—> max(C deg; R)+H(R,)+logk,

where
H(P) = t(P)+2log(v+1)deg, P.

Since M(P)=1, max,(C deg,R)<max,{(R)<max,{(R). Let us assume that C=2[+2,
then

t(R,+...+R,) <3 max, (R)+2logk.
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This proves condition (3) with ¢,=3 and ¢,=2, which are independent of C (as long as
C=21+2). Using (4.10) and (4.11) we obtain

max t(Py) < 2t(P),
B

so that ¢c;=2 in condition (4). The claim is therefore true.

To continue the proof of Lemma 4.3, we apply Lemma 4.2 with R=Z[T], t as
above, C=max(2/+2,9, (v+1)log(D+1)), to the given polynomials Fi,...,F,ER[X].
Therefore, there is an element b € Z[T] with size estimate

t(b) < c(v) (mz}x degy F]># (1 +yxm§1x t(Fj)) ,
J
where y=min{v+1,r}, and c(v)=(3"**24v+1))"*. From here we can obtain an estimate
of the degree of b and of the height of its coefficients. Namely,
Cdegb < c(v) D(1+v(CD+H+(v+1)log(D+1))).
Dividing by C we conclude that
degb<4c(v)ud**!,
as required. For the estimate of the height of the coefficients of b, we have
h(b) < (log2)deg b+log M(b) < (log2)deg b+1t(b)
< ((log 2)+C) 4c(v) uD**!

<5Cc(r) uH*!
< 10c() uD* T (O +(v+1)log(D+1)).

This concludes the proof of the lemma. O

Remark. The point of this lemma is that the estimate of the degree of b given in [32,
Theorem 5] is much worse than (4.7), since it was also dependent on .

Proof of Proposition 4.1. We can assume that none of the polynomials p, ..., pa is
a constant, if it is zero we eliminate it from the list, if it is a non-zero constant the result
is trivial. Let dy=degp,, and p} be the leading homogeneous term of p,. By [27,
Theorem 1] there is a point a;=(a,y, ...,a;,) €Z" such that |a; |<nd,+1 and p(a,)=+0.
Clearly a,#+0. We can choose n—1 elements of the canonical basis of C" so that the nxn
matrix A, with first column a,, completed by them, is invertible. We now make the

7-918285 Acta Mathematica 166. Imprimé le 15 février 1991
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change of variable z=A,¢{, obtaining polynomials F;({)=p;(4,0), j=1,..., M. The first
one will be

F (&) =pia) C‘li‘+lower degree terms.

If k=n—1, we take A=A,, Q,=F), and we will be done. We assume therefore that
k<n—1. Consider now the polynomials FJ as polynomials in .‘R[ZJ, R=Z[C,..., L.
These polynomials F;, ..., F), have no common zeros on ¥, f the quotient field of 9,
because of the assumption that the dimension k<n—1. Moreover, max, g, deg Fj=d; as
before, and their heights can be bounded using (4.3):

max h(F) < log C,+dlog(n||A,[|)+log max h(p)
1

Isj<n <jsn

4.12
( ‘ < x(n) (dlog d+1),

where x(n) is an effective constant.
We can now apply Lemma 4.3. We find b,€R, i.e., b,€Z[,, ..., ], in the ideal
generated by Fy, ..., Fy in Z[Ey, ..., ,]=NR[{1], such that

d,=degh,<8c(1)d’

h(b,) < 20c(1) d*(x¢(n) (dlog d+5)+2log(d+1))
<xd’(h+dlogd)

for a new value of the constant .

By the same [27], Theorem 1] we find a,=(0,q, i, ..., a, )EL", |a2’j|s(n—1)d2+1,
b3(a,)=*0. Complete the pair ¢;=(1,0, ...,0), a,, to a basis of C" using the elements of the
canonical basis, so that the matrix A, with these columns is invertible. We change
variables again with z=4,A,7, and we obtain two polynomials in the corresponding
ideals of Z[#n] of the form

G(n)= g1,0n7‘+(terms of degree <d,)
G,(m) =G,(n") = g2’0n52+(terms of degree <d,),

with n’=(#,, ...,n,). Their heights can be estimated by xd*(h+dlogd), an estimate that
also holds for all the polynomials p;(A,A;7n). It is clear now what the inductive
procedure is. Proposition 4.1 is therefore correct. O
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Remark 4.4. In case we have L non-trivial finite families of polynomials in n
variables, with corresponding ideals J; and varieties V;, dim V,=k;, one can proceed as in
Proposition 4.1 simultaneously for all the families. Namely, led d be a common bound
for the degrees of all these polynomials. Then there is an invertible nX»n matrix A with
integral coefficients satisfying

4.13) 1Al < w12

such that, after the change ofcoordinates z=Aw, we can find, for every j, polynomials
Qi ik, in the corresponding ideals J; of Z[w], of the form given in part (i) of
Proposition 4.1. The bounds for their degrees still remain (4.5) and the bounds for their
heights are

(4.14) hQ; ) s xd ™ (G+dlog(Ld)).

ProrosiTION 4.5. Let py, ...,pu€ Z[Zl, ..., 2, be as in Proposition 4.1, d=3. There
is a linear change of coordinates z=Aw, A an invertible matrix with integral coeffi-
cients, ||Al|<xd®*"" V2 and strictly positive constants ¢, K such that if q;(w)=p;(Aw),
then

& := {w€C":log max |g,(w)| <log e—d*(log(1+||w|)}

1sjsM

cC:={weC"|w|+...+w,_ | S KU +H{w, | +... +|w,D}
u=min{M, n}. Moreover, we have
4.15) K <explxd" **1(§+dlog d)].

Proof. Let A be the matrix A given by Proposition 4.1, Q; the corresponding
polynomials. Let V'={w€C" q(w)=...=q(w)=0}. If w€V' then Q;(w)=0 for
Jj=1,...,n—k. In particular, the equation

d _ d_,—1
0= Qn—k(w) = qn—k,O wnn—lf-’_‘wnn—_l:

Dt t Wy _gyysoes W) oo
implies that
[wo—o < KA+ W,y [+ Hw,)),

by a well known estimate on the location of the zeros of a polynomial of one variable.
Namely, all the roots s; of an algebraic equation of degree ¢ in a single variable
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ays°+a,s*'+...+a;=0
lie in the disk

(4.16) |s;| < max |6(a;/ap)|"”.
j

Using that degg,_, <i we obtain from (4.5), (4.6) and (4.16) that
K, <xd"**'exp[xd"**'(§+dlog d)]
<explxd"**'(H+dlog d)].
Iterating this process we find that
V e {weC™ |w|+...+|w,_ i) S K' (1 +|w,_puy|+--- +|w,D}

for some K’>0 with same type of estimate (4.15). To conclude the proof we only need
to show that whenever all the g; are small at a point w, this point is close to a point V'.
More precisely, let dw, V')=min{1, dist(w, V’)}, where dist(w, V') denotes the Euclid-
ean distance from the point w to the variety V’. From the result in [21] one concludes
that there is a positive constant A>0 such that

log max [g;(w)| = —A+d"log(d(w, VO/(1+|[w] )

IsjsM
(A is not an absolute constant). Choosing >0 so that A+log <0, every w € & satisfies
dw,V)<l.

It is now clear that by changing the constant K’ slightly one obtains the inclusion £cC€
we were looking for.

Remark 4.6. As in Remark 4.4, we see that given L finite families of polynomials,
there is a change of coordinates z=Aw and constants £>0, K>0 such that for the jth
family g, |, ..., g; M, (after change of coordinates)

©;:= {w€C":log max |g; (w)| <log e—d"log(1+|w|»}
1 <1WJ

sjs

c@={weCn |w1|+...+|w,,_kj| < K(1+|wn_kj+1|+...+|wn|)}

where w=min{n, M;}, k;=dim V,, V; the zero variety of the jth family p; ,,....P; The
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matrix A has the estimates given in Remark 4.4. The constant K has the estimate
4.17) K <exp[xd"**!(§+dlog(Ld))],
with k'=min{k;, 1j<L}.

Remark 4.7. From the remark following the statement of Proposition 4.1, we can
now conclude that Proposition 4.5 is still true when we consider polynomials p; with

complex coefficients, with the obvious exception that we do not have the bounds (4.15)
for the constant K.

§5. Effective bounds for the size of the coefficients in the Bezout identity

In this section we will study the Bezout equation for polynomials in Z[z]=Z[zy, ..., 2,].
We remind the reader that for us n=2, the case n=1 being well known as a consequence
of the Euclidean division algorithm.

Using the division formula (3.7) we will prove

THEOREM 5.1. Let py, ..., py € Z[z] without common zeros in C", degp;<D, D=3,
h(p)<h. There is an integer D EL*, polynomials q, ...,qn€ ZIz) such that

Piygyt...tpNygy =D,

satisfying the estimates:

degg;<n(2n+1) D",
(5.2) h(g) < #(n) D***(h+log N+Dlog D)
(5.3) Log b < x(n) D¥*3(h+log N+Dlog D),

where x(n) is an effective constant which can be computed explicitly following step by
step the proof below.

Remark. We remind the reader that all constants are effective but, if they are not
explicitly mentioned to be absolute constants, they will be denoted by the same letter
and they will depend only on the dimension #. We assume moreover that x is an integer
whenever necessary. We keep track of the dependency on N, k and D, the values from
the statement of Theorem 5.1. Once and for all, we assume #=2 and D=2.

We start by some preparatory considerations that will allow us to construct
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auxiliary polynomials f;, ..., f,,, in the ideal J generated by p,, ..., py in Z[z}, for which
the hypotheses from Theorem 3.1 will be satisfied.

As a first step, we adapt the proof of Lemma 2 in [28, section 4] to obtain the
following

LEMMA 5.2. There are integers A; i, 1<j<n, 1<k<N such that the polynomials
N
(5.4) 8=, AP
k=1

have the property that for any non-empty subset Jc{1,...,n} the variety
V={z€C:g;=0 for jEJT}

is either empty or of pure dimension n—3#(J). Moreover, the A; , can be chosen so that

5.5 A < D+

Proof. We start by taking g,=p,. Let 7y, ..., 71, be the distinct irreducible polynomi-
als in the factorization of p; in C[z], then r<D. Since the original collection py,...,px
have no common zeros, for any [/, 1<i<r, not all the p, are divisible by 7;. By Lemma 1
[28, Section 4] there are 4, , €Z, |, /<D such that if

N
8= Z 22 kP>
k=2

then the ideal (g;, g,) is either C[z] or a proper ideal of rank 2 and degree <D

We will show now how to construct g;, the general case is handled by induction.
There are two cases which have to be dealt with separately. If (g, g») is Clz] then we
consider the irreducible factors vy, ..., v, of g;g,. The previous argument allows us to
construct gy in this case, so that both (g;, g3) and (g1, g3) are either C[z] or proper ideals
of rank 2 and degree <D?. Since s<deg(g, g,)<2D, the size of the coefficients is at most
2D. The most interesting case occurs when (g;, 2,)#C[z]. This ideal is unmixed. We
consider all the ideals ,, ..., %, in the primary decomposition of (g1, g2). We have now
t+s ideals (), ..., (¥y), %, ..., %, and we know that t+s<D*+2D<(D+1)* (cf. [27], p.
85). By the same Lemma 1 in [28, Section 4] we can find 4, ,€Z, |1, J<(D+1)? such
that if

N
&= 2 A3 kP
k=3
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then (g1, 2,, g3) is either C[z] or a proper ideal of rank 3 and degree <D?, and the ideals
(g1, g3) and (g,, g3) are either C[z] or proper ideals of rank 2 and degree <D’.

To construct g;,;, we have to consider the primary ideals corresponding to all
proper ideals of the form (g,-l, cens g,.[) with i},...,{,€{1,...,j}. The total number of these
primary ideals is at most D/-+jD’"'+...+jD<(D+1)’. The rest of the argument is the
same as above. O

Another little lemma from linear algebra will prove useful.

LeEmMA 5.3. Given an integer C=1 there are n linear forms L;€Z[w] such that
(a) HL)<xC"™" (1sj<n)
(with » as usual an effective constant depending only on n) and
(b) there is a strictly positive constant y (depending on n and C) such that for every
k, 1=k=<n, for every Jc{1,...,n}, #(J)=k, we have

(5.6) DL w)| =yl
J€7
whenever
5.7 Wi+ H|w,_ | < Clw,_ gl +- - Hw,D-

Proof. We note that for k=n, the condition (b) is exactly the condition that
Ly,...,L, be linearly independent.

Let B be any nXxn matrix with integral coefficients such that every minor of B=(8;)
is different from zero. From [27, Theorem 1] one can obtain an explicit estimate of ||B||
depending only on n. Let us denote by A the maximum absolute of any minor of B. It is
clear that A<n!||B|". Let M=nCA+1 and define, for Isi=n,

(5.8) L(w)= B, yw+B, ;Mw,+...+5, M 'w,.

The estimate (a) being obvious, we need to show (3.6) for an arbitrary k. For k=n,
it is clear since the determinant of the coefficients of the L, is just M""~"?xdet B%0. To
see the idea, consider the case k=1. We have

IL(w)| = M" w, |-M"*A(w,|+...+|w,_)

> (MM w,| 2 M, | = 2 M,

in the cone given by the inequality (5.10) for k=1.
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For the general case we consider the set J={1,...,k} to simplify the notation.
Consider the system of equations

n—k
-k -1 — f—1
Bronctr AW,y B M0, = L) 2 By M

j=1
.9) {:

n—k

~ -1, — -1

Lﬁk’""‘“Mn gyt B M W, = L2~ D By M W,
Jj=1

Eliminating any of the variables w,_,,,,...,w, by Cramer’s rule, we obtain for
n—k+1sj<sn:
k n-k
(5.10) AM'w;= z a,.,jL,.(w)+Z ¥, M,
i=1

i=1

where A denotes a certain (n—k) X (n—k) minor of B and a; J» Vi.j are certain other minors
of B, In the cone defined by (5.7), the identity (5.10) leads to the inequality

X n—k
> a;, Lw)| = IAIM"“ijl—M""‘"A(E in)
i=1 =1

=M Mw|-M"* " AC(w, o+ +w, ).

k
AY |Lw)=
i=1

Adding the inequalities for j=n—k+1, ...,n, we obtain

k n
kA L, (w)] ?M""‘“( > }w,.l) (M—KAC)

i=] j=n=k+1
n
= M"—k_l( Z wa')
Jf=n—k+l

B%M"‘"ku.

This is an inequality of the form (5.6), concluding the proof of the lemma. O
We are finally ready to start the proof.

Proof of Theorem 5.1. The first step is the construction of auxiliary functions
Jis oo [ €S satisfying (3.2). /

Let gy, ..., g, be given by Lemma 5.2. It follows immediately from the statement of
that lemma that
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.11 degg;<D,
(5.12) h(g) <x(h+D+logN).

IfJe{1,...,n}, #(J)=k, 1<k<n—1, then the family &, of polynomials (g)),c ,either
defines a complete intersection variety of dimension exactly n—k=1, or is such that the
ideal (8)es is C[z]. By Remark 4.6 there is a change of coordinates z=Aw and constants
£>0, K>0 such that

B, :={w:||w|| = 1, log max |g;(Aw)| <log e~ D" log(1+|jw|")}
JEJS

is contained in the cone
C:={weC" lw|+... 4w < K(lwi, |+...+lw,D}.
The total number of such families is 2"—2, hence from (4.17) we obtain
(5.13) K < expl#D"(h+log N+Dlog D)].

We apply Lemma 5.3 to obtain » linear forms L;€Z{w], with heights estimated by
xK" !,

Let p=WD", where W is a positive integer such that % '=2, and consider the
function '

(5.14) @;w) = (L;(w))’ g;(Aw) (1<j<n).

We claim that for some constant 6>0 (6 depends on K, N, D, &, W) and [jw||>>1 we
have

n 172
(5.15) (Z |¢,(w)12> = 6||w|[ V17"
j=1

(The value of d plays no role whatsoever in the proof of Theorem 5.1 below.) Namely,
by [22, Proposition 1.10] there are two positive constants ¢;,0; (they depend on the
polynomials g;, ..., g,) such that:

(5.16) For |jw||=g,, we have log max |g;(Aw)| =log ¢,— D" log(1+{|w}}).

Isj<n

Taking g, sufficiently large, for ||w||=g,=0; we have

log &,—D"log(1+||w|)) = log e—D"log(1 + ||w]]).
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It follows from (5.14) that the set {w € C":||w||=p,} can be written as the disjoint union
of the sets

L {wEC": ||w|| = 0,, log |g;(Aw)| < log e—D"log(1+ ||w|) if j€J

and log |g;(Aw)| > log e—D"log(1+||wl)) if j&€J},

where J is any subset of {1,...,n}, I<S#(J)<n—1. Any point of T, is contained in &,
and a posteriori in &, k=#(J). By the definition of the L;

(5.17) PILw)=ylw| i weS,.

igs
Hence, for some j, ¢ J, |L; (w)|=(y/m)||w]|, so that

9, )| = |L, ) | g, (Aw)| = (v/n)"|[w]]" | (1 +[jw]) ™" = o] awl| ¥~ V"

proving (3.15).
We define now

(5.18) £@:=((det A) LA™ g,(2).
The linear forms L;(w) found in Lemma 5.3 have their heights bounded by
H(L) < #K""' = exp[xD"(h+log N+Dlog D)],

after an eventual change of constant » which depends only on n. Therefore, the height
of the corresponding linear forms A;(z)=(detA) L; (A™'2), in the original variables, can
be estimated by

(5.19) H(A) = exp[xD"(h+log N+ Dlog D)1,

using that ||(det A) A~"||<n! ||A||"s;¢D"3 and the formula (4.3). With this notation, the
functions f; defined by (5.18) are given by

(5.20) £@) = (A,(2)g,(2),
where
(5.21) p=WD".

We know therefore that for some constants y>0 and o>0 we have, for |z||=o,

(5.22) If @I = yllz] ",
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with f=(fy,...,f)). Moreover, the number i of common zeros of the f;, without
counting multiplicities, is at most

(5.23) []+degg) <xDr,

j=1

as shown by the classical Bezout estimate. It is convenient to introduce the auxiliary
polynomials

(5.24) @,(z) := Af2) g(2).
Then
(5.25) maxdeg @;=D+1,
J
and
(5.26) max h(®) < xD"(h+log N+Dlog D).
J

One last auxiliary polynomial f,,, is obtained as a linear combination
fosi=Apyt o HAuDNs
LEZ, |A|<N<xD", in such a way that
{z€C"fi(Q=...=f, ., (=0} = {ZEC" ®,()=...=d (D) =f,, (=0} = .
The existence of such f,, is given by Lemma 2 in [28, section 4}. We have

5.27) h(f,.) < h+log N+nlog D+x.

The sequence fi,...,f,,, fits exactly in the situation of Example 3.3 with
d=(W—1)D" and WD"+D instead of D. Since n=2, D=3, as soon as #'=2n, we get

aW—n>m-DW+n—1+ ——ll—,
D

so that the condition (3.6) is fulfilled for P=1, g=n, (W—1) D" instead of d, and WD"+D
instead of D. We shall from now on choose #=2n.
It follows that there are polynomials A;€ Q[z] satisfying

n+1

(5.29) D Af=1.
j=1
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They are explicitly obtained from the formula

11 o &u1 En+1id

1 :
Joe1 |80 - 8&nn Entin
@ ... @D fin©@

(5.30) a’%, dc )=1,

where the g; . are given by the formula following (3.4). It remains to estimate the
degrees of the A;, find a common denominator b € Z* of their coefficients, and obtain a
good bound for the coefficients of the polynomials bA;, which are now in Z{[z].

It is immediate that

degA; < n(2n+1)D".

Rewriting (5.29) in terms of the original polynomials p; and clearing denominators
we have

N
2 q;p;="d
j=1

with g;€Z[z],
degg;<n(2n+1)D".
Before proceeding to the estimate of the common denominator b, we need to recall

a few definitions from Algebraic Number Theory. Given an algebraic number a one
denotes

|a| = max{|a’|: @’ conjugate of a over Q}
s(a) = max{logden(a), log|al},

where den(a)=denominator of a=smailest integer d>0 such that da is an algebraic
integer.

Finally, let p€Z[z,,...,z., ai,...,a, algebraic numbers, and f=p(ay,...,a,). To
estimate den(f) and (), let rjzdegzj p=degree of p with respect to the variable z;. Then

(5.31) den(p) is a divisor of H (den(aj)}'f,

J=1

and

(5.32) S(B) < h(p)+ D, (r;s(a)+1og(r,+1).
=1
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Later on we will also need to estimate the denominator of the inverse of an
algebraic number a (a=0). If N(a) denotes its norm and d a denominator of a one can
use that N(da) is a denominator for (da)~'. Therefore

log den(a™") <log den((da)™") < log N(da)

(5.33) < (deg a) s(da) < 2(deg a) s(a).

In order to apply these inequalities to formula (5.30), we need to estimate a
common denominator for all the rational numbers of the form

_ e n
(5.34) gk:=<a? fil d§>, k| < n(2n+1) D",

which appear as coefficients of the polynomials A;.

LeMMA 5.4, There is a common denominator D EZ™ for the rational numbers g,
defined by (5.34) such that

log b <xD**3(h+log N+Dlog D),
where n=x(n) is an effective constant depending only on n.

Proof. We rewrite (5.34) by letting ®=(®,, ..., P,), g=(g1, ..., g, and

1 g!

e

Therefore, the rational numbers g, are linear combinations with integral coefficients of
rationals of the form

o) 1 Ck
( ) <a P,f;Hl d§>:

with
|k| < n(2n+1) D"+n(2nD"—-1) < n(4n+1) D".

The coefficients of these linear combinations do not play any role because we are, for
the moment, only interested in the denominators.

To compute explicitly the residues (5.35) we can use an observation from [7],
Proposition 2.5 and following remark. It shows that it is enough to find » polynomials
by,...,b,€Z[zZ], b; a polynomial on the single variable z;, all of them in the ideal
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generated by @, ..., ®, in Z[z]. To find these polynomials b;, we apply first Lemma 4.3,
with T=z;, X=(z,,...,2_y,Zj4>--» Z,) to the family ®,,...,®,. In this way, we obtain
intermediate polynomials

Bi()=B,(z), B,E® Zlzl+...,®,Z[d],

(5.36)
degB;<xD"",
and.
(5.37) h(B) < xD**'(h+log N+Dlog D).

Regretfully, we have no information at this point on the degrees of the polynomials B; ,
that appear in the representation B=X;_,B;®, To solve this problem we apply
Rabinowitsch’s trick and [32, Theorem 4]. For a fixed j, let T=degB;, consider the
polynomials in Z([z,, zy, ..., 2.} (z=(z4, ..., 2,) as always)

1-2 B,(2), ®,(2), ..., ®,(2).

The first one has degree at most 2T, the others of degree <D+1. We may assume
2T=D+1 and T<xD"*'. Their heights are bounded by »D***!(h+log N+Dlog D). By
[32, Theorem 1] there exist an a;€ Z*, and polynomials S, ..., S, € Z[z, 21, ..., 2,] such
that

(5.38) deg[(1—2; B;(2)) ] <(n+4) 2T(D+1)"
(5.39) deg(S, ®) < (n+4)2T(D+1)",

ha) < x2TD*"*'(h+log N+Dlog D),

(5.40) -

< xD""*(h+log N+Dlog D),
and
(5.41) a;=(1—2, B) S+, ®,+...+5,®,.

Following [10] we decompose S; as

-1
8: 2 )= D S, (25, D %
k=0

The identity (5.41) implies that

(5.42) a,= (12} B,(2)) Sy o(@h, D+, o@h, D Py +... 48, (28, ) @,(2).
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Replace z] by X, then one has
degy S, o <2(n+4)(D+1)".

i

Therefore, as in Rabinowitsch’s trick we let X=1/B; and define

(5.43) bj=a;B!, y=2n+4)(D+D"
We have
(5.44) b= a,®,

k=1

with ay € Z[z] satisfying the estimates
(5.45) deg a; < »D*"*!

The height of the ay is unknown but the height of b; can be bounded using (5.37),
(4.2) and (5.40).

Let us now take M=n’p, to guarantee that the polynomials bj’.” are in the ideal
generated by the entries of ®°. We have from (5.44) that

5.4 b= e ot
k=1

for some ap” € Z[z]. Let A, =det(a}"), then

deg a}’ < xMD**' < xD*"",
(5.47)
deg A, < xD*"*1,

From the law of transformation of residues (2.13) we conclude that

1 1 Ayt >
3—-, dty=(0—, d ,
<<1>an+1 C> <,,M For %),

with B={zE€C": ®\(z)=...=D,(2)=0} and b=(b,, ..., b,). Since Ay has integral coeffi-
cients and we only worry about the denominators of the algebraic numbers that appear
as the residues at each point a €8 in the last formula, we can reduce ourselves to look
for a common denominator of all the numbers
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-1 Ck
5.48 o—, dc) , €8,
( ) < bM f;H'l C>a *

where |k|<n(4n+1) D"+deg A, <xD*"*!,

The quantity (5.48) has the advantage that it can be computed by an iteration of the
usual formulas of the Residue Calculus in one variable. We have profited already from
this remark in the proof of Lemma 2.3. Let a=(a, ..., a,) in B. Let v; be the multiplicity
of a; as a zero of B;, then v;=1 and

B,(z) = (z~a)"6,(z),
with ;€ Z[a,][z;] defined by this identity and 6;(a)+0. Let
(5.49) a=(aq...a)",
and MN=(Myv,—1,..., Myv,—1). Then
[} = My(v,+...+v,)—n, M!=Myv,~D!...(Myv,— DL

This vector % depends on the point a.
The function &*/f,, () is holomorphic in a neighborhood of a, hence

<1 11 (a'ﬂ”‘@k>
5.50 §—, 2 dt) =—— :
©:30 < A C>a a M\ g™ @
where
k
(5.51) 02 = f—sz)— 6,@) ... 0,E) ™.

We rewrite the derivatives in (5.50) using the Leibniz product formula and obtain
an expression of the form

%k(al,...,a,,, 1 , 1 - 1 ),
Jonr(@) 6y(a) 0,(a,)

where &, is a polynomial in Z[X,, ..., X,,,,]. Let éj=deng &, then it is easy to see that
o, <D’ (1sjs<n)
Oyt < || +1 < 5D>!

6n+1+js M'}’+M’}’VJ-S D! (1<j=n).
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(It is hard to estimate v; better than by degB;, i.e., v/<xD"*'.)
From the observation (5.31) we see now that a denominator of the residues

s 1 ¢
<a T d§>

is
n

a! | | den(a))’x(den(1/f,, (@)’ x ] | (den(1/6, () .
. j=1

J=1

This expression depends a priori on the multiindex &, but taking the largest
possible value for the §; we obtain a denominator which is valid for all the & that appear
in the computations. That is, we should consider the integer b, given by

xpin+1

n D n
(5.53) ba:=afm!((n den(aj)> xden(1/f,, ()] | den(l/Gj(aj))) :
Jj=1 Jj=1

for some integer x=x(n).
The next step is to estimate the denominators that appear in (5.53), still for a fixed

a €. For a;, we use that B;(a;)=0, hence den(a) divides the leading term of B,.
Therefore

(5.54) max logden(a;) < max h(B) < xD*"*'(h+log N+Dlog D).
j j

For the other terms we use (5.33). We need first to know the degree of the algebraic
numbers f,, () and 6;(a). Our previous Corollary 2.2 allows us to conclude that

(5.55) deg(f,. (@), deg(0;(a) <(D+1)",

since B is defined by equations of degree <D+1.
To find s(a;) we use again the equation B;(a;))=0. The conjugates of o; are solutions

of the same equation, hence their absolute can be estimated by the inequality (4.16).
Then

log|a)| <log(deg B)+h(B).
Hence,

(5.56) max s(a) < xD*"*'(h+log N+Dlog D).
j

8-918285 Acta Mathematica 166. Imprimé le 15 février 1991
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Therefore, formula (5.32) gives the upper bounds

S(fur(@) < h(f,, )+, (Ds(a)+log(D+1) < xD*"**(h+log N+Dlog D).

=t
The values 60;(a)) are also explicitly given in Zfa;], namely
)
0,(a) = B;"(a)/v;!.

"The height of the polynomial B;"f)(t)/vj! is at most H(Bj)XZdeng. Use again (5.32) to
obtain

5(8;(a)) < #D*"**(h+log N+Dlog D).
From (5.33) we conclude
(5.57) logden(1/f, (o)) <2deg(f,, (@) s(f, (@) < xD***(h+log N+Dlog D),
and, for 1)<n,
(5.58) logden(1/6;(a)) < #D****(h+log N+Dlog D).
These computations lead to the following estimate for log b,:
(5.59) log b, <#D""**(h+log N+Dlog D).

We know that #(B)<(2D+1)" by the Bezout estimate. Moreover, the above
reasoning shows that if we define

(5.60) b= b,

a€B

then b is a denominator for any coefficient in the formula (5.30), hence it can be taken
as the value in the statement of this theorem. We have

log b < #D¥**(h+log N+Dlog D),
from (5.59) and (5.60). This is precisely the statement of the lemma. ]

To finish the proof of Theorem 5.1 we only need to estimate h(qg;). Given that we
know a common denominator for all the rational numbers that appear in the formuia
(5.30), it is enough to find an upper bound of the absolute values of these coefficients.
This can be done analytically, again by estimation of residues.
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LEMMA 5.6. The rational numbers g, defined by (5.34) satisfy the estimate
(5.61) log*lo,| < xD’**'(h+log N+Dlog D),
Sfor |k|<n(2n+1)D".

Proof. We use the notation of the previous lemma, in particular, 9B is the variety

defined by ®,, ..., ®,. It is also exactly the set of common zeros of f;, ..., f,. Therefore,
as we have already said in the previous lemma, ®,,...,®,,f,,, do not have any
common zeros in C”. It follows from [11, Theorem Al, applied to @, ..., ®,, that for
any a €8

log| £, (@) = —~(D+1)"[11(n+1Y’(D+1)+(n+1)’ max{(®) (1 <j< n), h(f,,))}

+2(n+1)*log" |la[].
From (5.26) and (5.56) we conclude that

(5.62) log|f,. (@) = —=xD*"*'(h+log N+Dlog D).

If we take a ball B(a,n) centered at a and of radius 7, logn=
—xD*"*!(h+log N+Dlog D), the same inequality (5.62) holds in B(a, 77) (with a slightly
different constant x).

There are at most (D+1)" points in 8. Divide the ball B(a,#) in (D+1)"+1
concentric shells, one of them does not contain any points in 8. Hence, on the sphere
S, that lies half-way between the boundaries of this shell, we have

d¢,®y=——=1_  res
(€. °0) >2((1)+1)"+1) ‘

a*

We can now apply the local Nullstellen inequality in [9, Theorem A] to the family
®y,...,P,. At any point {, in S, we obtain

log max |®;(5,)| = —(2D+1)" [11(n+1)* (D+1)+(n+1)* max h(®)

Isjsn Isj<n
+2(n+1)*log*||a||— (n+1)*log d(&, B)]
= —xD*"*(h+log N+Dlog D),

due to the choice of #. Let i be index for which |®;({)|=max,
cDi(Co)=Ai(C0) g,‘(Co) and

|®,(5p|- We have

n
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log |g(&y)| < h(g)+nlog(D+1)+Dlog™||5|
< xD**’(h+log N+Dlog D).

Therefore

log|A, (5| = —»D*"*!(h+log N+Dlog D).
Hence, recalling that f,=A? g, (cf. (5.21) and (5.22)), we get

log | f(&yl = log |®(Ey)]+(p— D log |A; (£
= —xD*"*'(h+log N+Dlog D).

We conclue that on any point €S,

n 12
(5.63) log || F(O)]| = log(z ] f;(g)P) = —xD***'(h+log N+Dlog D).
j=1

This inequality holds for any a €B.

Let us consider the family of closed balls B, such that 3B,=S,. To simplify the
reasoning, we order the a € 8 so that the radii of the B, are decreasing, B={a; 1<i<v}.
Consider the auxiliary sets Q,=B,, Q,=B,\B,, ;=B;\(B,UB,), etc., disregarding
the empty ones. These domains are disjoint, ngu,.s"zi, and the surface area of any 9%,
can be estimated by w,,_,(D+1)"7"""', w,,_,=surface area of unit sphere in C".

We have that

_ - 1 c"dc>)
(5.64) = —_, =2 .
o Z(aé%ﬂi< f fni/a

Each sum between parenthesis in (5.64) can be computed using the Bochner—Martinelli
formula [17}:

s 1 ghdE\ _ (n-1)! ¢t N NN
5—, = —1)77' £ A 3fiadz |,
MZWK 7 f> o il <E( ) A c)

1+j

We know the behavior of every term in this integral, and the bound
log*|o,] < #D*"*'(h+log N+Dlog D)

is now immediate. O
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Let us recall that in the formula (5.30) the right hand side can be written as

1 —_—
f fn+l

, d
< 7T ZA(z a¥7(a) c>

+1 =1

<a'%, ! A(z,C)dC>f1(z)+ +<

7 Brii@ ) dC>f,,+1(z)
n+1

(5.65)

where A; denote the nxn minors that appear when we develop the determinant in (5.30)
along the last row. The last term is zero because the residue current is evaluated on a
form which is locally in the ideal generated by fi,...,f,. Therefore, let us denote by
Y c, 7 the polynomial in 2n variables which represents the whole determinant in
(5.30) or one of the minors A, ..., A, ,. Since we are using the g; ; defined after (3.4), it
follows that ¢, ;€Z. The height of this polynomial can be estimated in terms of the
heights A(f), namely

max log | <#( max h(f)+logD).

Isjsn+1
Recall f=A? g;, 1<j<n, hence
h(£) < p(h(A)+log n)+h(g) < xD*(h+log N+Dlog D).

This estimate is also valid for A(f,,,) (see (5.27)). It follows that

max log ¢, | < xD*"(h+log N+Dlog D).
k1

The polynomials multiplying f,, ..., f,,, in (5.65) are in Q[z]; they are of the form
Z)’tzl=2<z Ck1<-} fC dC>) Z(Z Ck,/@k) Z.
! n+1 I k
In this sum, |k|<n(2n+1) D", hence
logly,, | <logx+n’log D+rrl1(a;x log|c, ,}+mfx log o,
< xD"*Y(h+log N+Dlog D).
Summarizing, the formula (3.40) can be written in the form

_Alf1+"'+An+l ﬁ+l’
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with good estimates on the degrees of the polynomials A;€ Q[z]. Furthermore, we have
an estimate for the logarithm A of the largest absolute value among the coefficients of all
the A; given by

(5.66) A<xD’**'(h+log N+DlogD).

It is clear that a common denominator for all the numbers g, is also a common
denominator for all the coefficients of the A;. By Lemma 5.4 we have a common
denominator DEZ* so that the polynomials defined by /ij=bAj, will have integral
coefficients and satisfy

h(A) <log b+1 < xD***(h+log N+Dlog D),
and

(5.67) Afi+. A, fouy =D

Finally, we write explicitly the polynomials f; in terms of py,...,pn, replace in
(5.67) and use Lemma 5.2 to estimate the height of the resulting g;€Z[z], which
therefore solve the equation

q,p,t...+qypy=D.

One easily sees that the above estimate for the h(/ij) remains valid for the A(g;). This
concludes the proof of Theorem 5.1. O

(1) The essential property of Z that we have used is that Pol(Z[X], ..., X,,]) could be
equipped with a size t. We can replace Z throughout by the ring £ of integers of a
number field K. The constant » will depend not only on n but also on [K: Q].

(2) In the first version of this paper we had succeeded in proving this result with a
smaller and explicit constant »(xn). This was done under the additional assumption that
the variety of zeros at « of the p,, ..., py was discrete. This indicates that the exponents
in (5.1), (5.2) and (5.3) are not optimal. In fact, from [32, Theorem 1] one knows that
there is a formula b=X[., p,q;, with log b<xD"(h+DlogD).

(3) It would be particularly interesting for the case d,=...=dy=2 to improve all the
above estimates.

(4) In the related problem, given a polynomial f in the ideal generated by py,...,pn
in C[z], find optimal bounds for the degrees of polynomials g;€ C[z] such that

f=pq,=...+pnqn:
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it is known that in general max deg quDz" {essentially). One can prove by analytic
methods that if py, ..., py define a discrete variety V or, if N<n and dim V=n—N, then
one can find g; with max deg g;<deg f+x»D"* (see [8]). It would be interesting to obtain
also bounds for the heights when f, p,, ..., pyE€Z[Z].
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