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Introduction

In {B1] we showed that the Dirichlet problem for the prescribed mean curvature (PMC)
equation in a Lorentzian manifold is solvable, provided the boundary surface has
bounded mean curvature and admits a strictly spacelike spanning hypersurface. For a
more precise statement see [B1] Section 4; when the spacetime is conformal to a
product, this result is due to Gerhardt [G]. However, in the special case of Minkowski
space much more is true [BS]: the only condition on the boundary data is that it admit a
weakly spacelike spanning hypersurface (which could be the graph over a domain with
arbitrarily rough boundary), and then the solution of the associated variational problem
is a (classical) solution of the Dirichlet problem, except for a singular set consisting of
light rays within the solution surface and extending between boundary points.

In this paper we show that this situation holds in general; the Dirichlet problem is
solvable for rough boundary data and the variational problem has a solution which is
strictly spacelike away from a singular set consisting of null rays. Although the
solutions cannot be unique in general, we do have uniqueness ‘‘in the small”’, or if
some curvature conditions are satisfied. This latter situation is well-known ([BF], [CB],
[MT]). Using these results and an idea of Klaus Ecker [E], we will show elsewhere [B2]
an improvement of the Hawking singularity theorem ([HE] p. 272, see also [Ge}, {Ga}),
based on an existence result for constant mean curvature surfaces in cosmological
spacetimes. In [B3] we give a fairly complete survey of the regularity theory and
describe the major applications of these results.

In some early physics papers concerning maximal surfaces [A], [Ge], it was
assumed that a variational extremal surface, if it existed, would be smooth. Qur results
show that this assumption is only half-way correct: as well as showing that the
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variational solution is a priori bounded (and thus exists), it is necessary to show that it
does not contain entire null lines (i.e. the singular set (3.13) is empty). Verification of
these conditions generally relies on suitable a priori conditions on the geometry of the
problem, such as existence of barriers or causality conditions on cl(D(S)). This
amounts to controlling the nature of the singularities of the spacetime, since the
existence of barriers says the singularity is crushing [ES], whilst the ‘‘standard data
»* condition on D(S) (see Section 2) implies H(S) does not have bad causality
structures such as closed null loops. This is essential for the treatment of the Dirichlet
problem in Sections 3 and 4. However, the treatment of the variational problem in
Section 6 already assumes the existence of a locally extremal hypersurface and thus

set

sidesteps these singularity problems.

The approach taken is quite different from that of [BS], primarily because there is
not the direct relationship between the Dirichlet and variational problems that holds in
Minkowski space. Thus, we first solve the Dirichlet problem in general (Section 4)
using an interior gradient bound based on [B1]} Theorem 3.1 and appropriately con-
structed time functions (Section 3). This construction involves some delicate estimates
on the Lorentz distance function I(p, q) and leads naturally to the singular set . The
interior gradient estimate is new even for Minkowski space, although a simplified
version can be derived from the estimates of Cheng and Yau [CY]. This is described in
Section 3. When the linearisation of the PMC operator is invertible we can construct
local foliations with prescribed curvature and a resulting integral identity can be used to
relate solutions of the Dirichlet and variational problems when the boundary data is
smooth. The main result of Section 5 is an eigenvalue estimate for the linearised PMC
operator over small domains with arbitrary (smooth) boundary, which implies inverti-
bility. A corollary is that classical solutions are locally unique and locally maximising.
In the final section we use all the above results to show the regularity of a weakly
spacelike hypersurface which is locally extremal for some variational problem. Be-
cause this surface may have rough boundary, the foliation results of Section 5 do not
apply immediately; it is possible that the local foliation may develop a ‘‘gap’’ and most
of the work is devoted to handling this case.

The final results for the variational problem require only that the metric be C? and
the manifold be time-orientable, since we work only locally. However, the preliminary
results on the Dirichlet problem require also that D(S) be properly contained in a
compact globally hyperbolic set. This is only mildly restrictive because of [HE] 6.6.3
(see also [O’N] 14.38): intD(S) is globally hyperbolic for an achronal set S. Although
the basic existence theorem for the Dirichlet problem, Theorem 4.1, requires the
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hypersurface be achronal and the spacetime metric C?, we show that this can be
weakened to (essentially) C*' metric (Theorem 4.3), assuming a condition on the
distributional components of the curvature, and to immersed hypersurfaces (Theorem
4.2). This last generalisation is based on the simple idea of ‘‘T-homotopy’’ which
should be useful elsewhere. In particular, it allows us to generalise some results of
Quien [Q]. The final results for the variational problem are completely local and thus
should be widely applicable. As in [B1], we have to assume the mean curvature
function is C!, whereas the estimates of [BS] and [G] required only bounded mean
curvature since they relied on integral methods. It may be that the maximum principle
method extends to this case also.
I would like to thank Greg Galloway and Joel Hass for some useful comments.

2. Notation and basic concepts

Let ¥ be a smooth (n+1)-dimensional manifold with C? Lorentz metric g, connection V
and curvature tensors Riem and Ric. We use the notations ds? and { -, ) for g, and the
summation convention with ranges 0=<a, 8<n, 1<i, j<n. Constants depending only on n
will be denoted c, and those depending on geometric quantities by C. We suppose that
¥ is time-orientable and that T is a C? unit timelike vector field on . Both ¥ and T will
remain fixed throughout this paper.

From T we construct a reference Euclidean metric

ge=g+2I®T (2.1

(in local coordinates, 8eas=8ap 2T, Ty), which we use to measure the size of tensors
and their covariant derivatives. Thus, we define the supremum norms, for any ten-
sor @,

1P|l () = (gD, D) ()2, xEV

|[®]| = sup{[|®}| (x): xE V'} @.2)
k

(@l = D, ¥,
j=0

and use the notation || ||,. to indicate the supremum taken over a subset Uc V" The
Riemannian geodesic distance function d(x, y) of g makes ¥ a metric space; using

d(x, y) we can define the (Caratheodory) distance between two sets A, B by

d(A, B) = inf{d(x,y):x€A, yEB}
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and their Hausdorff distance,
d(A, B) = max(sup{d(x, B): x€ A}, sup{d(4, y): y E B}).

We use I(x, y) to denote the Lorentzian distance function. Convergence of sets will be
taken in the sense of Hausdorff distance, unless specified otherwise. For e>0 we define
the e-subset A® of A by

A9 = (x€A,dx,V—A)>¢). 2.3)

We use cl(A) and int(A4) to denote the topological closure and interior of A and then
b(A)=cl(A)—int(A) is the topological boundary. The closure, interior, boundary with
respect to a subset Uc ¥ will be denoted cl(4; U), etc. Recall A is precompact if it has
compact closure and A=cB (A strictly contained in B) means A is precompact and
cl(A)<int(B).

A time function t€ C'(U), U<Y has everywhere past-timelike gradient V¢. Using
the integral curves of V¢ to transport coordinates from a fixed level set of ¢, we obtain
the zero-shift coordinates (¢, x) of ¢, in which the metric becomes

ds’ =~a*df+g;dx' dx’, (2.9)

where a=a(x, ) is the lapse function of ¢. Unlike [B1], we do not need to assume % has
a global time function.

We shall use the notations of Hawking and Ellis in describing causal relationships
and refer there for terms not defined here. Recall a set A is achronal (resp. acausal) if
no pair of points p, g€ A, p=q can be joined by a timelike (resp. nonspacelike) curve.
The future domain of influence of A is

I*(A)={p€ ¥:3q € A such that g <<p},

where g<<p if there is a future timelike curve from g to p, and the future domain of
dependence of A is

D*(A)= {p€ V" every past-inextendible nonspacelike curve y with

(0) = p intersects A}.

The past domains of influence and dependence, I (4) and D™(A), are of course defined
dually. We also set

D(A)=D*(A)uD™(A), I(A)=IT(A)UI(A).
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Note that in general A¢I(A), but always AcD(A). Recall ((HE],[O’N]) that if A is
globally hyperbolic, the time separation function

I(p, q) = sup{length(y); ¥ is a nonspacelike curve from p to g}

is defined and continuous for p, g€ A, and {(p, q) is realised by a nonspacelike geodesic
(timelike if I(p, g)>0).

Since we will be talking a lot about hypersurfaces, some definitions will help:
Sc ¥ is a weakly spacelike hypersurface (WSH) if for each p €S there is a neighbour-
hood p € % such that

SNAU=bIT(SNAU;AU);U). (WSH)
By [HE] 6.3.1. this is equivalent to
SN isanembedded, achronal, C% ! hypersurface whichisclosedin %. (WSH')

A useful consequence of this definition is that S is locally separating: for each pES
there is a neighbourhood p € % such that U=%" U %~ U (SN %) is a disjoint union where
U=I*(SNU; U), and for any curve y:[0;1]->U with p(0)E U™, ¥(1) EU*, there is
0<s<1 such that y(s)ESNU.

We define the boundary of a WSH S by

aS =cl(S)-S5; 2.5)
then since S is locally separating it is easy to show that if § is achronal then
38 = edge(S)

where edge(S) is defined in [HE] p. 202. This boundary is clearly more general than a
classical manifold-with-boundary. Two examples which are included are (a) 35 con-
tains isolated points (so we do not want S to be closed) and (b) 35 is a graph over the
boundary of an arbitrary bounded set QcR"cR™!. The second example shows that
this definition generalises the boundary data definitions of [BS].

A C*° regular hypersurface M is a WSH which is locally C*¢ for some k=1 and
0<a<1 and has everywhere timelike normal vector. (By regular we shall mean C*°
regular.) We say M is uniformly regular if MUSM is a C* submanifold with boundary
(in the classical sense) and has timelike normal vector on M U3M. For a C*© regular
hypersurface M we can define the following quantities:



150 R. BARTNIK

- future unit normal vector N

- tilt factor v=—(T,N)

- second fundamental form A(X, Y)=(X,VyN), for X, Y tangent to M
— mean curvature H=try A

- induced gradient V¥

- induced Laplacian Ay,

— volume form duy,.

As in [B1], we say that a regular hypersurface M satisfies the mean curvature
structure conditions (MCSC) if there is a constant A such that

|H,| < Av (MCSC1)
IVMH, | < A +v]A]) (MCSC2)

where |-| measures length on M. For example, if € C'(¥), X€EC'(TV) and F: TY >R
is defined by

F(p,v) = ¢(p)+(X,v) (2.6)
and the mean curvature H), of M satisfies
Hu(p)=F(p,N(p))=g(p)+(X,N) forall pEM,

then M satisfies the MCSC with constant A=||g||;+]|X||;, independent of M. (If M is
uniformly regular and there is a suitable time function then by [B1] Theorem 3.1, there
is a global bound on v, depending only on A, ||H;y|| and the time function.)

From the triangle inequality in the unit hyperboloid we have

LemMa 2.1. Suppose Ty, T,, T; are unit future timelike vectors. Then

arcosh|(T,, T,)| < arcosh|(T,, T,)|+arcosh|{ T}, T;)|

2.7
1<—(T,, T,) <2(T,, T,)){T,, T5).

Motivated by graphs, we make the definition:
the WSH’s S,, S, are T-homotopic,
So=3S,,
if there is a (continuous) map
h: Sox[0;1]1 -V
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such that

S, = h(Sox{t}) isa WSH, for all t€[0;1],
h:Spx{t} - S, is a homeomorphism,

h(x, -):[0;1]—> 7" has image in an integral curve of T.

If in addition 35,=3S, for all 1€[0; 1] then we say So, S, are T-homotopic rel 3Sy;
Sozsl relasO.

The equivalence classes of this relation are natural spaces in which to consider the
Dirichlet and variational problems. This will become clear in Section 4, especially with
the generalisation to immersed WSH in Theorem 4.2. If the boundary is fixed and the
surfaces are precompact, we see that the T-homotopy class does not depend on the
choice of reference timelike vector 7. The following useful lemma is a fairly straightfor-
ward consequence of the definitions of WSH and T-homotopy and the causal geometry
results of [HE] (see also [O’N] Chapter 14):

LeMMA 2.2. If S is a WSH such that S is achronal in K,
DS)ccKcY,
where K is compact and globally hyperbolic, and M is a WSH with

M=S§ reldS
then Mccl(D(S)).

Proof. Let H*,H™ denote the future, past horizons of S in K, and let
H(S)=H*UH"~ (HE], [O’N]). Now b(D(S)) consists of null geodesics, with endpoints
(past for H™*, future for H™) on 3S. Thus if S,n H(S)+@, then S, must contain a null
geodesic ending on 38, and since §, is weakly spacelike, the T-homotopy cannot push
this ray out of cl(D(S)). The proof follows by following S,, t—1. O

Remark. The condition involving K is fundamental to our work on the Dirichlet
problem, saying roughly that b(D(S)) is bounded and does not meet any ‘‘singularities”’
(metric/curvature or causal, such as closed null loops) of ¥. Any weakening of this
condition will need to be balanced by additional information about the singular struc-
ture of b(D(S)) and/or a priori height bounds from barrier surfaces (e.g. the cosmologi-
cal problem [G], [B1]) or pde height estimates (e.g. maximal surfaces in asymptotically
flat spacetimes [B1]).
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Motivated by this lemma we made the definition: (S, K) is a standard data set if S
is a WSH, K is a globally hyperbolic, compact set with

D(S)ccK

and S is achronal with respect to K. Note that this definition implies that 3S+: the
case where § is a compact Cauchy surface (with 85=) has been quite adequately
treated in [(G], [B1].

3. Interior gradient estimates

The basic estimate (3.1) follows from a maximum principle argument similar to that in
[B1] Theorem 3.1 and the full interior estimates (Theorem 3.7) follow in turn from the
basic estimate and the existence of ‘‘approximating time functions’’, which are con-
structed in Corollary 3.3. This construction is nearly optimal since the singular set =
((3.13), see also [BS] Corollary 4.2) arises naturally. As straightforward consequences
of the interior estimates we get the convergence Theorem 3.8 and the contained light
ray Corollary 3.9 (compare [BS] Theorem 3.2).

THEOREM 3.1. Let M be a regular hypersurface satisfying the structure conditions
(MCSC) and suppose T€ CX¥') is a time function in the region {t=0} such that

M, is compact and 3MN{t>0}=0,

T

where M_, ,={t=a}NM for a€R. Further suppose there are constants C,, C,, C; such
that
(Vr,Vr) =-C;?

lfell, =< C,
ITll,<C,
||Ric|| = C,,
where the norms ||-|| are taken over the region {t=0}. Then there are constants 1,>0,

C such that in M,
log v+f(1) < C(1+7,,,) 3.1

where
T ey = Max{z(p), p € M}
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and f€ C""'(R") is defined by

nlog(r) for0<r<r1,
n(tity+log(ry)—1) for T =71,

In particular, for any >0, there is a constant C(e™', A, C,, C,,C,,7,,,) and the a priori

estimate
Up)<Ce A, C|,Cy,Cy,7p,) forall pEM,,,. (3.2)
Proof. Note that, in contrast to the situation in [B1], the vectors Vr and 7T are not
linearly dependent. If we let T, be the future unit normal to the z-foliation and define
v, =—(T,,T), v,=—(T,,N),
then we can estimate
v, <|Ve| |||, < C},
V< 20y,

using the triangle inequality. In the following calculations we use the fact that the
components of N and unit tangent vectors to M, with respect to a T-adapted orthonor-
mal frame, are estimated by v.

We now apply the maximum principle argument of [B1] Theorem 3.1 to the
function

@(v, 1) = arcosh(v)+f(7).
Since f(0)=—, @ attains its maximum in M,., and at the maximum point we have

VM arcosh(v)+f"(r) V¥ =0

3.3)
Ajgarcosh(m)+f'(x) A, T+f"(1) [V¥2 <0.

For the purposes of estimation, define ek=k/4n2, k=1,...,4, and let y=arcosh(v). Using
(B1] Proposition 2.1 and estimating || %rgl|; by ||T]},, we have

A, ¥ =cotanh(y) (1—¢,/2n) |A —|VMy|* - Cv?), (3.4)
where C=C(C,, C,,Cs, A). The Schwarz inequality gives

|AP = (1+1/(n—1)—¢) A2—cH’
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where 4, is the eigenvalue of A with greatest magnitude. Now T, the projection of T
tangent to M, has length |[TM=1?~1, so as in [B1],

VMo =—A(VMy, T)—(N,V, T)

< |VMYIVV=1(A,|+9||T)|)).
Thus
B=(1-g) |[VMy|*-Cr?,

and from the structure conditions we have
AR = (1+1/(n—1)~¢,) [VMy]?~ 2.
From [B1] 2.8, the structure conditions and C; we have
Ayt=—CV2
Substituting everything into (3.3) we find at the maximum point of ¢

<<_1_1 —ea)f’zﬂanh(w) f") Ve < CYA (L), 3.5)

n—
Now, the triangle inequality for hyperbolic angles (Lemma 2.1) gives
V=210,
and since [VM7|*=|V7|*(¥3—1) and v, is bounded we have
v < (VM1 +1).
Substituting this into (3.5) gives

((% _83)f *+tanh(y) f ) (VM2 < C(1+) (14|92

n
and since e;<n?, the choice of f shows that
[VMz]* < C(ry+13) (14| VM.

Thus, choosing 7, sufficiently small will bound [V¥z| and hence at the maximum point

of @ we have
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Since f(r)<Cr, this means

eV, D<@, =C(l+7,,)
which gives the required estimates. O

Remarks. (1) By analysing the curvature terms more closely [B1] we see the
conditions on Ric and VT can be weakened to

Ric(N, N)=-C;v*, || %l <C,,

where %y is the Lie derivative.

(2) From (3.1) and the definition of f(z) we see v=0(z"") as v | 0 and it is clear
from the proof that this can be improved to O(z™"~'*9) for any £>0. This is nearly
optimal, as can be seen from the spherically symmetric solutions in [BS].

The following approximation result constructs time functions adapted to a given
hypersurface; we have in mind in particular the case where S is a null surface. In that
case the estimates are optimal, but if S is a regular hypersurface then of course much
better is possible.

ProrosiTION 3.2. Let (S, K) be a standard data set and let
U= KnI*(S).
Since K is globally hyperbolic we can define
I(x) =sup{l(y,x):y€S} for x€EU

where I(y, x) is the Lorentzian distance function ({HE] 6.7). Then I(x) is Lipschitz and
satisfies

[l)—K(y)| < Cd(x, y)/min((x), L) (3.6)
for x, y€ U such that d(x, y)<C ' min(I(x), [(y))*, and
Iy($)-ly(0) =s for s=0, 3.7
Sfor any future directed unit speed geodesic ycU.

Proof. Let 8=p8,(s) denote the geodesic from cl(S) to x which realises /(x). Since K
is globally hyperbolic it admits a time function, ¢ say, with lapse a and normalised
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gradient T;=—aVt. We can reparameterise § by ¢, since along g,

Z_:= (', V) =—a""(f', T,) = min(a”")>0. (3.8)

By the triangle inequality,
%(T’ Tl>_l (13,9 T) = <I3'! T1> $2(T, T]><ﬂ,1 T)

so that (setting A=—(8’, T)=1),

c ! s—dis ci! (3.9)
dt

where C=C(a,|(T,T,)|) depends only on the (fixed) time function ¢. Now letting
te=1t(8(0)), t,=1(x), we have

]
1) = %dz

fo

and by (3.9) it remains to estimate (8', T) along §. Since V. 8'=0,

dA ds
—|<|=| KBV,
PN AL

<CI|IVT]|,

so by Gronwalls inequality, for any sy, s, € [0;/(x)],
A(s,) <exp(C||VT|| (¢, — 1)) A(s;)
< CA(sy),

where C is independent of x and 8. From (3.9) and this estimate, there is a constant C
independent of x € U such that

C'<slx) (B, T =<C. (3.10)

We now use this to show (3.6). We may assume [(x)>I(y). Introduce g-geodesic
normal coordinates (z%) in a convex normal neighbourhood %" of x so that 820=T(x), and

let 7=Az, A€SO(n,1) be Lorentz-transformed g-geodesic coordinates such that
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3,l,=B'(x), so that ||A||<c|(8’, T)|<ci. Letting |z’=(Z5(z*)")"? and denoting the Min-

kowski metric by #, in % we have
lg—=nll < ||IRiem| ||* < C¢?

if d(x, Z)<e. Defining the distance function on %,
n 12
d(x, p) = (E (z"’)z) where p=(2%,
0

from (3.10) we have the estimates
C~Yld(x, p) < d(x, p) < CI"'d(x, p). (3.11)
Letting ¢ be the Lorentz metric in the (%) coordinates, we have
llg—nll= llAg'A=n| < [IAI*|lg—nll
< CA*E < Cl(x)" % ¢t

in B,={p € W:d(x, p)<e}. We suppose & chosen small enough that ||g—7[|<107* (say).
Let x,=8(sy), 5,<I/(x), be null-separated from y so that

d(x, x)< 2d(x, y)

for x,, y€B,. The existence of x, in the almost-Minkowski neighbourhood B, is en-

sured if d(x, y)<eld™? (calculation) and we then have
I(x) < lx))+x ), x)
sl(y)+d-(x,x,)
< l(y)+2d(x, y)
which gives, using (3.11) and (3.10),
I00)—I(y) < Cl(x)™" d(x, y)

for d(x, y)<ed™><C~'I(x)*. This gives (3.6), and (3.7) is just the reverse triangle inequal-
ity. ]

By smoothing we now have
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COROLLARY 3.3. In the setting of Proposition 3.2, let £>0 be given. With K®
defined by (2.3), there is T€ C™(K®) satisfying

(1) 7 is a time function for t=0,

(2) di({t=0},8')<2¢e, where S'=b(I*(S))NK®,
3) lx)2=st(x)+e<2i(x) for ©(x)=0,

@ ||Vl (0)=Cl(x(x)+e)<Ce™".

Proof. By (3.6), l is differentiable almost everywhere in 1*(S), with —VI(x)=8'(x) a
uniformly timelike unit vector in I(x)=6>0 by (3.7) and (3.10). Standard causality
results show that /(x)=0 exactly when x €b(I*(S)), so setting l(x)=0 for xEK—-I*(S)
makes | € C%K). Mollifying ! with parameter sufficiently small (depending on ¢ and K)
produces z+¢, a function approximating / and with uniformly timelike gradient for r=0.
Now (2) follows by noting that d(x, S)<I(x) for all x€I*(S). a

Remarks. (1) Since the interior gradient bound (3.1) depends on ||V*z||, it would be
helpful to estimate [|VJ]|. This appears to be rather more difficult than the ||V/|| estimate,
but fortunately such a bound is not essential to the arguments to follow—we just have to
deal with non-explicit interior estimates.

(2) By adapting the construction of [B1]} Proposition 3.2, we could combine a
sequence of such time functions 7, to construct 7*, a time function for 7*>0 and such
that S={7r*=0}. We will not need this result.

(3) Similar constructions give time functions in I (S)N K.

(4) The level sets {r=0} give C” regular (spacelike) hypersurfaces which approxi-
mate S, even when S is a null surface.

From these time functions we derive

ProrosiTION 3.4. Suppose (S, K) is a standard data set. For any €>0 there are

functions 17, 17, in C*(K®), time functions in {t}(x)>0}, {r;(x)<0} respectively,

£

such that the sets
I={x€EK®:7}(x)>0 or 7, (x) <0} (3.12)
form an exhaustion (relative to K) of
I=T*S)UI(S)U(S-2)

(in the sense that there is a sequence ¢, | 0 such that Icel, for j<k and I=U,,,1,).
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Here Z=3(S) is the singular set of S, defined by

2= {x€S:x=9y(sq) for some 0<s,<1, where
y:[0; 1]> ¥V is a null geodesic such that y(s)€E S (3.13)
Sfor all s€(0;1) and {y(0),y(1)}=3S5}.

Furthermore, there is a constant C such that, for x€3SUX we have the estimates
C'é<d(x,1)<2e. (3.14)

Remarks. (1) The singular set X also appeared in [BS] Theorem 4.2 and is a natural
construction, especially in view of the contained light ray result, Corollary 3.9. Note
that the motive (and the method) for introducing X here is quite different from that in
[BS].

(2) The definition (3.13) makes sense even if S is not achronal.

Proof. All sets are defined relative to K. Let
U, =I"(D(S))
S, =b(U,)

so by [HE] 6.3.1, int(K)N S, is an achronal WSH with 35<S.. Applying Corollary 3.3
to S, gives an approximating time function t;, with ¢ normalised by condition (2) of

Corollary 3.3. Now define
I = {x€EK®: 7} (x)>0}

and note d(S,, {t7 =0})—0 by Corollary 3.3. Since I' NS, =0 the I form an exhaus-

tion of %, in the sense described. We now have

LEMMA 3.5. If x€S and x& U,, then there is a future-directed null geodesic
y:[0; 11> K such that y(0)=x and y(1)€3S.

Proof. Let y,€I (x) be chosen so that y,—x. Since y, D7 (S) (because
x& U, =I"(D(S))), there are future-inextendible nonspacelike curves y,(s) such that

v{0)=y, and y, N S=. Let y: [0; 5,]>K be the affinely-parameterised future-inextendi-
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ble limit curve, with (0)=x. Since K is compact and globally hyperbolic, 0<s,<. By
reparameterising y;, we may assume ¥(s)—7y(s) for s<s,. Define s, €[0; s5,] by

5o =inf{s>0;y(s) ¢ S},

so that 0<sy<s; because SccK. If y=y(so)4 S then y €3S by definition and we are
done, since y is nonspacelike and S is weakly spacelike. Thus, suppose y=y(s,) € S.

Since S is locally separating, there is a neighbourhood O, of y separated by Sn 0, into
disjoint open sets Oy =0,nI*(S). Since SN0, is achronal and ¥ is nonspacelike with
y(s)€Sn0O, for s'>s,, we must have y,(s")EO; for some s'>s, and k=k,. Since

¥([0; se))=S is compact it can be covered by finitely many locally separating neighbour-
hoods @, and then O=U, 0, is separated by OnS into 0¢=Uj0f. Then y,(s’)€ 0" and

Y0 ET so y(s)ES for some 0<s<s’, by the separating property. This contradicts

the construction of y, and finishes the proof. O

Now define

2, = {x€S5: 3 future-directed null geodesic y:[0;1] - K

(3.15)
such that $(0) = x, y(1)€3S and y[0;1) = S}

and %_, S_, 7, I_ and Z_ dually. Then £=3,nZ_ and I=%,U%U_, so the I, form an

3R
exhaustion of /.
Let d(x), I(x), x€%, denote the Riemannian, Lorentzian distance to S, respec-

tively. The estimates (3.14) follow by noting firstly that d(x)<l(x) for x€ U,, by the

Riemannian and Lorentzian triangle inequalities, and secondly that by (3.6), ||V/?||<C
and thus

C'P(x) < d(x)<(x).

Applying similar inequalities to _ gives (3.14) for x€S, NS_=3SUZ. ]
The following lemma summarises some basic properties of the singular set X.
LEMMA 3.6. Let S, K, Z, I, be as in Proposition 3.4.

(1) Suppose M is a WSH such that M=S rel3S. Then

IMy=2(S) and M ccl(D(S)).



REGULARITY OF VARIATIONAL MAXIMAL SURFACES 161

(2) 2(8) is a disjoint union of null geodesics which do not have conjugate points.
(3) Suppose M is a WSH satisfying

M=S' forsome S'cS§ (3.16)
where the T-homotopy satisfies D(M,)ccK and
d(8M,,38) < C7'&, (3.16")
where C™&? is the constant of (3.14). Then

aMnclMnl,)=O,
3.17)
M=MnI)U{xEM:d(x,dSUZ)<2¢}.

Proof. The arguments of Lemma 2.2 give (1) directly. To show (2) suppose ycX is
a null geodesic with a pair of conjugate points, so there are points p, g€y such that
p<<gq. Then y may be perturbed to give a smooth future-timelike curve ¥ with p=(0),
g=7(1). Since S is locally separating we can find a neighbourhood O of y with =0 and
such that S separates @ into 0%, 0. There is >0 such that (s) € 0* for 0<s<d and
Hs)E O for 1-d6=<s<1, so there is 5o€(d;1—06) which is the first point with y(s¢) €S.
Then 7(s) € 0* for 0<s<s,, contradicting 7(s) €I (7(so)) for s<s,. If y,,7,cZ are null
geodesics with p€yNy,, then in any neighbourhood of p there is a broken null
geodesic in S, which contradicts locally achronality. The first part of (3.17) follows
from (3.14) and (3.16) and the second from the fact that M lies in I(S) U S U(e-neighbour-
hood of 35). ]

Combining these results gives the full interior gradient bound:

THEOREM 3.7. Let S, K, X, I, be as in Proposition 3.4. There is gg=€¢(S, K) such
that for any 0<e<ey and A< there is a constant C=C(e, A, K, S) such that if MccK
is any regular hypersurface satisfying the structure conditions MCSC) with constant A
and the conditions (3.16), so that in particular

d,(8M,35) < C™'¢?,
then M satisfies the interior gradient estimate
v(x) < Cexp{—max(f(z](x)), f(r;(x)} < Ce™) for xEM ni,, (3.18)

where f(7) is defined in Theorem 3.1.

11—888289 Acta Mathematica 161. Imprimé le 27 décembre 1988
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Proof. Lemma 3.6 (3) shows that if xEMnI, then x¢5M and either x€ AU, or
x€U_, so the basic interior estimate applied with 7] or t; (or both) gives the gradient

estimate. O

Notice that this estimate does not depend on the precise form of M, requiring
only that M be close to 3S. Lemma 3.6 also shows that if M=S reldS then we get
interior estimates on M—X, since I.,NM is an exhaustion of M—Z. There is an

alternative way of viewing the interior estimate (3.18), based on the ‘‘gap’ at the
boundary. We can illustrate this with an easy estimate derived from the gradient
estimate of [CY). If M=graph,u has constant mean curvature A in R**!, then the

Cheng-Yau estimate gives ((CY], [E])
VML < C,(1+(LAY)
where (for this discussion)
L(x) = (k=yP ~ (@@ —u(y))"*

and {x:/,(x)<L}ccQcR".
Now suppose xEQ and B,,(x)=Q. Applying the |V*|| estimate at x € B, (y)=Q
gives
C,(1+(RA)) = VM (x)]
=1+ (0 (X~ Y), Nw)?

where X, Y are the position vectors in R*' and N(x) is the normal vector to M at x.
Defining the gap parameter J of x at 9Bg(x) by

1-6= sup R~ 'Ju(x)—u(y)| (3.19
y€aB(x)
we see that
(X—, N(x))* = v(x) (x—y)- Du(x)— (u(x)—u()))’
= v(x)? |x—y|* (|Du|(x)~(1-6))*
if y € 3Bg(x) is chosen so that (x—y) and Du(x) are parallel. Since [ (x)’<|x—y|?, we have
either |Dul(x)<1-4/2 (and then »(x)<V 2/3 ) or

VLGP = 14 v(x)* /4
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which gives the interior estimate
vix)<C, (1 +(RAY/S, (3.20)

when B;,(x)cQ. Thus the gradient is bounded in terms of the gap 4, which measures
the “‘distance’’ from the graph to the lightcone over Bg(x). The estimate (3.18) has

similar qualitative behaviour, with the decay estimate of Corollary 3.4 for ||Vz|| playing
the role of the gap.

The first consequence of this estimate is a local convergence theorem for se-
quences of regular hypersurfaces. A corollary of this convergence theorem is a version
of the ‘‘contained-light-ray’’ Theorem 3.2 of [BS] for Dirichlet problem solutions. In
[BS] this was proved using comparison surfaces and applied to variational solutions:
the proof here is quite different.

THEOREM 3.8. Suppose M, k=1,2, ... is a sequence of C* regular hypersurfaces
with mean curvatures H; satisfying (MSCS) with constant A, and that p is an
accumulation point of the M, with neighbourhood U, precompact, connected and
simply connected, such that

8Mm°?1=®,
Mn%U is connected for k=1,2,....

Then there is a subsequence, also denoted M,, and a WSH Mc such that pEM,
AMNU=D and dy(M,n U, M)—0 as k—>o. Furthermore, M—=(M) is a C**° regular
hypersurface with mean curvature H€ C**(M) and H,—H in C*(M), where the singu-
lar set £(M) is defined by (3.13).

Proof. The conditions on M, and % imply that M, separates % into two disjoint
connected open sets, ¥,., ¥, say. (This is an elementary homotopy argument.)
Cover cl(%) by a finite number of coordinate neighbourhoods. Since each M, is locally
a Lipschitz graph, we can apply Ascoli-Arzela to get a uniformly convergent subse-
quence M,—M. The limit surface M also separates % (take the limits of %, %,_) so
dMn U= and hence M is a weakly spacelike hypersurface. Let x€E M—ZX. From the
interior gradient bound, Theorem 3.7, applied to M N %', where U’ is a neighbourhood
of x such that %’ NZ=@, there is a neighbourhood x € %" such that M, n %" is uniformly
spacelike (since x €I, for some £>0, setting ¥"ccl,). Thus M, n " is the graph of a
function satisfying a uniformly elliptic equation with H,€C", uniformly, so satisfying
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uniform C* ¢ estimates by elliptic regularity ((GT] Chapter 8). The remaining conclu-
sions follow immediately. a

Remark. The connectedness conditions on % are imposed for simplicity only:
since we're only interested in applying this when % is a local coordinate neighbour-
hood, this causes no problem. Notice this result does not require that M, be achronal.

COROLLARY 3.9. (‘“‘Contained-light-ray’’, cf. [BS] Theorem 3.2.) Suppose M is a
weakly spacelike hypersurface, relatively compact, such that there is a curve
v:(0; 1)>M which is a null geodesic. If there is a sequence M,, k=1,2, ... of C* regular
hypersurfaces satisfying the mean curvature structure conditions with constant A and
such that M,—M, then there is a null geodesic extension

y*:[s0; 511 > MUSM, s5,=<0, 5;=1,
of y such that {y*(so), y*(s1)}=oM.

Proof. By the convergence theorem, y((0; 1))cX, and = consists of null geodesics
between points of M. O

4. The Dirichlet problem

We are now ready to give general conditions under which the Dirichlet problem,

given a WSH § with boundary set 35 and a mean curvature
function F(x, v) satisfying (MCSC), find a regular (DP)
hypersurface M with 3M = 3§ and Hy = F(x, N)\u,

is solvable. Unlike [BS] which proceeded from the solution of the variational problem,
we use the solvability for smooth data [B1] and the interior estimates of the previous
section to obtain the solution, by approximation. In the following sections we will use
these results to show regularity for local variational extremal surfaces, which in turn
allows us to sharpen some DP results. As noted in [B1], the solution need not be
unique. v

We start with a basic existence theorem for achronal data, followed by two
generalisations. The first generalisation deals with immersed WSH's and is based on a
simple extension of the idea of T-homotopy equivalence. The construction of the
auxiliary spacetime ¥ there indicates that the T-homotopy approach is the natural one
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for this problem. It was recognised in [BS] and [B1] (see also [Q]) that the gradient
estimates require only local achronality, and the result is the logical completion of this
observation. Technical requirements prevent us from getting the strongest possible
result here, but these can be overcome by invoking the variational regularity result of
Section 6. Although this result will cover the case of boundary branch points (e.g. take
an immersed surface spanning a double loop in R?!), it does not allow for (moveable)
interior branch points, and such solutions have been constructed using the Weierstrass
representation ([K], see also [T]). It may be that an analogue of Osserman’s theorem on
branch points for minimal surfaces ([O]) holds here also.

The second generalisation concerns spacetimes with rough metric, g €C%!. Such
metrics have been considered in the literature (e.g. [DH], [Tb]) with distributional
curvature representing some idealised matter distribution. Rather than take the metric
to be C” except across some surface of discontinuity, as is usually done, it is more
natural here to work with a sequence of C® approximating metrics with some additional
control on components of the distributional curvature (RM2,3). As a consequence the
statement of Theorem 4.3 is technical, aithough the hypotheses are physically rather
natural.

THEOREM 4.1. Suppose that (S, K) is a standard data set and that F(x, v) satisfies
MCSC. Then there is an achronal regular hypersurface Mc K with singular set Z=2(S)
(see (3.13)) such that

(1) M=S rel 3S (so IM=3S)
(2) M~X is a C*° regular hypersurface, for any a€(0;1)
(3) Hy(x)=F(x, N(x)) for all xEM—-X

where N(x) is the future unit normal to M at x.

Remarks. (1) f FE€C** then elliptic regularity shows that M—X is C**%¢ for k=1.

(2) There is no condition on the regularity of the boundary dM: compare [BS]
Corollary 4.2.

(3) If there are barrier surfaces present, then the condition that D(S) be precom-
pact can be relaxed, along the lines of [B1] Theorem 4.3. Instead we need that the
‘‘accessible domain’® A(M)cD(M), bounded by the barrier surfaces and pieces of the
Cauchy horizon H(M), be compactly contained in a globally hyperbolic set.

(4) It is an interesting pde question to determine the regularity of M across the
singular set Z(M). If p €y, a null geodesic in ¥, then by comparing M with light cones
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based at points of ¥ near p we see that M has a (null) tangent plane at p and the second
difference quotient of M is bounded, so it is reasonable to conjecture that M is C"¢
near p.

Proof. Proposition 3.4 constructs sets /; and comparison time functions T, T
where ¢=¢; satisfies
12 .
ej+,<§C &, j=0,1,..

and the [, form an exhaustion of /=%, UU_U(S-Z), satisfying (3.17) of Lemma 3.6.

Choose Sjc{rfﬂ=0} such that 3S; is a smooth submanifold satisfying
dy(38;,88)<2¢;,,

and §; satisfies (3.17) of Lemma 3.6, so that D(S)c=cK. Since K is globally hyperbolic

and has a time function, we can apply [B1] Proposition 3.2 to construct a time function
having S; as a level set. Then the argument of [B1] Theorem 4.2 gives a regular

hypersurface M;~S, rel 3S; with mean curvature H{(x)=F(x, N(x)) for x€ M;. Since
M;ccK, compact, and OM;n 1, =2 for j=k, we can apply the convergence Theorem 3.7

to construct a limiting regular hypersurface M with boundary dM=lim dM;=3S, with
smoothness determined by elliptic regularity. O

In order to extend this to immersed surfaces, we need a definition:

An immersed WSH is a pair (f, S) where S is a C”™ open n-manifold and f: S— 7 is
a C*' map which is locally weakly spacelike. That is,

Vx €S, 3 neighbourhood x € U% < § such that f(%) is an achronal WSH. (4.1)
The boundary, denoted 35, is defined in the usual way
38 =l f(SN—F(S). 4.2)

For short we will say that S is an immersed WSH, the map f is understood, and the
immersed WSH’s Sy, S, are T-homotopic, Sy==S,, if there is a homotopy

h: Sx[0,11 >V

where h,: SX{t}— ¥ is an immersed WSH for 0<t<1, such that S,=(S, hg), §,=(§, h})
and h(x): [0, 1]— ¥ has image in an integral curve of T. Again, if 35,=3S for 0<t<I then
S0, 51 are T-homotopic relative to 3§, S¢=S, rel3S.
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This clearly includes the previous definition of T-homotopy as a special case while
preserving the idea of graphs. In fact this can be reduced to the previous (graphical)
situation by the following standard construction.

Suppose f(S)ccK, a compact globally hyperbolic set, and let y,(s) denote the unit
parameterised integral curve of T with y,(0)=f(x), for x€ K. Define the auxiliary
Lorentz manifold

V={(x,0):x€S,t " (x)<t<t*(x)} 4.3)
where t* €C%S) satisfy
1*(x) = sup{s: y;,(s) EK}
for x€S, and ¢~ is dual. ¥ is equipped with the Lorentz metric
g=r*@)
where f: ¥— ¥ is the smooth immersion
F(x, 0= y,,®. 4.4)

Note that, although (%, ) is naturally a C? Lorentz manifold, (x,f) are not good
coordinates in ¥ (since they are only Lipschitz with respect to g) and ¢ need not be a
time function. However, if S, is an immersed WSH and S,=S in K, then §;=S in ¥ in
the sense of the original definition (Section 2) since S, can be written as a graph over §
in .

The direct application of the existence Theorem 4.1 to the immersed WSH S,
considered as a WSH in ¥, meets with the difficulty that ¥ may not have a (precom-
pact, globally hyperbolic) neighbourhood % in some larger Lorentz manifold, since
b(V'), defined via the metric space completion of ¥, can be quite bizarre (e.g. if S has a
boundary branch point). The following result sidesteps this problem, at the cost of
excluding such examples; the full result can be derived from the regularity for vari-
ational extrema in Section 6.

PROPOSITION 4.2. Let (f',S’) be an immersed WSH and V' the auxiliary Lorentz
manifold constructed from (f',S8'). Suppose that Sc§’ is a WSH with 3S<S’ (with
respect to V'), and such that D(f'(S)) is precompact. Let F(x, v) satisfy the MCSC in V..
Then there is an immersed hypersurface (f, M) such that M—X(S) is regular, SM=3s5,
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M=S rel3S, and with mean curvature Hy(x)=F(f(x),f,(N(x))), xEM—-X, where
F: V=V is the immersion defined by (4.4) from (f,S’).

Proof. The hypotheses ensure that D(S)cc ¥, so the previous existence theorem
gives M as a regular hypersurface in ¥ with immersion f: M— ¥ defined by f=f . O

The second generalisation of the basic existence theorem is to the case of merely
Lipschitz-continuous metric, g € C%'(%). Clearly some restrictions on g are needed in
order to carry through the previous arguments: rather than phrasing these in their weak
(integral) form and then using mollifiers, we work directly with a sequence of approxi-
mating metrics. This is not an unnatural approach physically, since a metric with
distributional curvature should be regarded as an idealisation of smooth metrics.

We say that g € C%(%), % precompact, satisfies the rough metric conditions if
there is a sequence of metrics g,€ C%(%) and a constant C such that

g—g in CW (RM1)
ozl =C, (RM2)
for any future unit (w.r.t. g;) vector N,
Ric (N, N) =—Cv} (RM3.1)
where v,=—g,(N, T) and Ric,=Ricci(g,),
€2l +IV9 el < € (RM3.2)

where V% s the covariant derivative of g,.

Roughly speaking, the second condition says that the delta-function components of
Ric(g) satisfy the timelike convergence condition, and the third says that T satisfies
Killing’s (isometry) equations up to non-distributional terms. Note that if g€C"'(%)
then the sequence g, can be constructed by mollification.

THEOREM 4.3. Suppose that g €C» (V) satisfies (RM), F(x, v) satisfies (MCSC)
and that (S, K) is a standard data set with S a uniformly regular hypersurface.
Then there is a C"° regular hypersurface M such that M=S rel 3S with (weak)

mean curvature

Hy(x) = F(x,N(x)), x€EM.
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That is, for all @€ CCI(IW),
j {(p(v"F(x, N)—div,, T)—(V¥g, T)} doy(x) =0, 4.5)
M

using [B1] (2.7).

Proof. Since S is uniformly strictly g-spacelike, by passing to a subsequence we
can assume S is also strictly gi-spacelike, k=1, and that there is an £>0 such that the
metric

é = £ —eT®T
satisfies

gX, X)>0

{gk(X,X)>0 for k=1, and .6)

g(X,X)>0 any vector X

and S is strictly g-spacelike.
Using Corollary 3.3 we can thus construct g-approximating upper and lower time
functions rf for S, which by (4.6) are also time functions for all the g,. As in Theorem

4.1, we can solve the Dirichlet problem for mean curvature F(x, N) in the metric g, with
smooth boundary manifold in the level set {r; =0}, giving a sequence (M,,dM,) of C~,

g,-spacelike hypersurfaces with 9M,—3M in Hausdorff distance. Since the tf are
time functions with respect to all the g,, Proposition 3.4 and the rough metric condi-
tions (RM) give uniform interior gradient bounds in M, n1,. To see this we observe that

(RM2) and (RM3) allow us the control the terms in the gradient estimate (3.1) which
involve Ric, and T and its derivatives, while (RM1) controls the terms ||[V**z||, since

rf are already C? functions by construction.
Since g,—g in C%¥), we have a subsequence M, converging to a g-spacelike

hypersurface M with M =38, satisfying an interior gradient estimate
vix)<C; for x€EMNI,,

and taking the limit of the weak form of the mean curvature equations satisfied by the
M, (notice the M, satisfy uniform interior C'* bounds), we see that M satisfies (4.5), as
required. O
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5. Foliations and the eigenvalue condition

We intend to show regularity for variational extrema by comparing such surfaces with
foliations by smooth surfaces of prescribed mean curvature; in this section we describe
conditions under which such foliations can be constructed. This becomes an exercise
using the implicit function theorem, once we can show that the linearised operator is
invertible. Thus, the main result here is Theorem 5.2, which shows invertibility for
surfaces given as graphs over sufficiently small domains. It is somewhat curious that
this holds regardless of the boundary values, and that this is exactly the form in which
the result will be required in the next section. Using the resulting foliation and its
integral uniqueness identity, we can easily show (Corollary 6.3) that DP solutions are
locally maximising for their associated variational problem. This integral identity is the
key to showing the regularity of variational extrema in general, although the argument
is more delicate than in the case of regular hypersurfaces.

If X is a timelike vector field and M is a regular spacelike hypersurface, then the
variation of the mean curvature of M when deformed by X is given by ([CB], [B1])

X(H,) = —S%—H(s) .

=—A,{X,N)+(X, N) (JA*+Ric(N, N))+{X,V™H).

Now suppose M has prescribed mean curvature, Hy(x)=F(x), x € M where FEC'(Y).
Then the variation having mean curvature F implies

Ay(X,N) =(X,N) (JA|*+Ric(N, N))+{X, VMF) - X(F)

(5.1
= (X, N) (A*+Ric(N, N)+ (N, VF))

so the linearised prescribed mean curvature operator is
Ly@=—Ayo+(A*+Ric(N, N)+(N,VF)) ¢

and we say the regular hypersurface M satisfies the eigenvalue condition if L,,>0;

A(L,)= inf f ¢LM¢/J @*>0. (5.2
PECIM IM M

Note that the constant mean curvature foliation equation has a slightly different
linearisation, determined by the condition X(Hy)=—1 rather than X(Hy)=(X,VF). The
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standard situation satisfying the eigenvalue condition is where the timelike conver-
gence condition, Ric(T’, T')=0 for all timelike 7', holds and F is nondecreasing to the
future.

From the eigenvalue condition and the implicit function theorem we readily have

ProrosiTiON 5.1. Let {Q,, —1<t<1} be a C' family of uniformly regular hyper-
surfaces considered as graphs over Q=Q, with height defined by the lengths of T-
integral curves through Q, of functions §_€ C*>*(Q) with boundary values @,),q. (Thus
>, is in C'((—1;1), C*%Q))). Suppose that FEC'(QXR) is such that L, satisfies
the eigenvalue condition for all M with boundary values @, and mean curvature F|,,.
Then there is a foliation with leaves M,=graphq(u,) such that H(1)=H, =F|, and

oM =3Q =graph,o @,. Furthermore, the relation
t=u,x) (5.3)
intrinsically defines a time function 1€ C'(QXR).

Proof. Let 2 be the Banach manifold of uniformly regular C*¢ hypersurfaces with
boundary 3Q,, —1<z<l, with local charts modelled on Rx{w€ C*%Q), w|;q=0}

about u€ 2, ul,o=¢,, by the map
(s, w)—graph(u+@,, ,— ¢, +w). (5.4)

The existence results of [B1] show that 2 contains hypersurfaces M, (not necessarily
unique) with prescribed mean curvature F] lM,’ for each —1<r<1. Now define the C'
map ?: 2-C%%Q) by

P(M) = H,,—Fl,.

The previous calculation shows that in the chart (5.4) about M such that P(M)=0,
has linearisation

D, P(M)w =~ Ly (vw),

where the tilt function v of M is bounded by the gradient estimates of [B1], so that
D, P(M) is invertible, by the eigenvalue condition. The implicit function theorem then

gives a C' map s—u,, |s|<e, graph(uy)=M, such that

P(graphu,)=0.
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Thus, starting with MO=M0, this family of surfaces can be extended to v—u,,

—~1<r<1, since the gradient estimates of [B1] and elliptic regularity ensure that
12=lim,_,,0 u, gives also a uniformly regular hypersurface with mean curvature F. Now

P(u,)=0 implies that i, =du,/37 satisfies
L, (vii)=0

. 3]
“zlag = E(pr >0,

so by the eigenvalue condition and the Hopf maximum principle, &,>0. Thus the level

sets of 7 define a foliation and by differentiating (5.3) we get

. o1
1=, 2%
“ ot
0=2%+i, 2L,
X X
s0 TEC'(QXR). a

The next result shows that the eigenvalue condition holds on sufficiently smali
regions. It will be somewhat simpler to describe this using the blowing up procedure to
normalise the region of interest. Thus, consider geodesic normal coordinates (x, ?)
about a fixed point p € 7" and suppose for simplicity that T7(p)=9,. Given the parameter

0€(0;1], we define the blow-up metric g (x,#) on the cylinder €=B,(0)X(-2;2) in
Minkowski space by

g,(x, 1) = 0" g(ox, o1), (5.5)

so that g is just a rescaling of g in a o-cylinder neighbourhood €,(p) of p. Thus, with 8

representing derivatives with respect to the standard (x, f) coordinates in %4, we have
llgo—7ll+1108,/|+16%.|| < Co? (5.6)

where 7 is the standard Minkowski metric and C is a geometric constant depending on
curvature bounds near p.

THEOREM 5.2. There is an £,>0 (computable and depending only on n) such that,
if M is any uniformly regular hypersurface defined as a graph in € equipped with
metric g satisfying

lg—nll+llogli+lIo%li < e (5.7)
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and with mean curvature H,=F|,,, where FEC'(€) satisfies
|IF|*+]||3F|| < e, (5.7)

such that e<ey, then Ly satisfies the eigenvalue condition. Furthermore, the first
eigenvalue of Ly defined by (5.2) satisfies

A (M) =1A(n) >0 (5.8)

where A(n) is the first Dirichlet eigenvalue of the flat Laplacian on the unit ball in R".

Proof. We refer to [B1] for any notation used here without explanation. Deriva-
tives in spatial directions (with respect to x-coordinates) will be denoted by D, and ¢
denotes any constant depending only on n.

Suppose ¢ € CC'(M) and let « be the height function of M, so M=graph,,l(0)u. By

extending @ constant along the t-coordinate lines, we can also consider @ € C}(B,(0)).

An integration by parts followed by the Schwarz inequality shows that, for any ¢ €R,
j |VMu? (pzs4f (u—a)? IVM<p|2+2j lu—al|A,,ul @
M M M
Since Uy, —u,,<2(1+¢), by (5.6) and [B1] (2.8), we have
f IVMu|2<p2$4(1+e)2f |VM<p|2+csf M2,
M M M
so the identity v*=a?|[V¥u[>+1 implies
f PV <(1+ce) f 4|V™o|*+ ). (5.9
M M
Now, by the definition of A(n),
f ¢ = f @) v (x)Vglx, ulx)) dx
M B,(0)
<(1+&)in)! f |D(@v™")|? dx
By

<3(1+e)A(n)™! f (|Dg|*+@*v YDV v dx.
Bl
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A standard computation (see {B1] Theorem 3.1) shows that

AP = (1+1/n) v VMy) —cev?

= (1+Un)v YD —cer?

and thus

j ¢’ S§(1+ce)/1(n)"f (IVMp|*+|A| @*+cep™?).
M M
Using (5.9) to absorb the final term gives
f @*<3(1+ce)AMn)™! f (VMo +|A] ¢?), (5.10)
M M
and we can now estimate A,(M):
f @Ly 9= f (VMo +|Af 9’ ~ceg™?)
M M
= f {(1—ce) (VMo +|A]? ¢®) —ceq?}
M

= (§(l—ce)l(n)—ce)f @
M

The conclusion follows for ¢<g, where ¢y is chosen so that the RHS coefficient is
=AM, O

Notice that this result does not require any a priori estimate on the tilt of M, but
only that M be smooth enough for the calculations to be sensible.

Now, if M=graphu is a regular hypersurface through p with mean curvature
H,=F),, for FEC'(¥), the rescaling defined by

u,(x) = u(ox), x€B,0)
F (x,0)=oF(ox,0t), (x,)E€

puts us in the situation of Theorem 5.2, with e=Co?. Thus, for all o sufficiently small,
and any regular hypersurface M with mean curvature Fly (and M N 6,(p)=9D) the
eigenvalue condition is satisfied on M N €,(p).
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6. The variational problem

Given a mean curvature function FEC'(¥), we define the variational functional ILS)
for § a WSH by

IL(8)= ISl—J' Fdv,, 6.1)
V(Sy, 5)

where |S| is the induced area of § and V(S,,S) denotes the (signed) (n+1)-volume

bounded by the reference surface Sy and S, with $=S§,. If 3§+35, then the remaining

component of bV(S,, §) is taken to be foliated by T-integral curves between 35, and 35.

Given a connected T-homotopy class ¥ with So€ &, we have the associated variational

problem

(VP)g4: maximise I(S) amongst S€ Z.

It is well-known ([A], [AB}, [Go]) that if & satisfies some boundedness condition,
then the extremal of (VP)g is attained by a WSH. (For completeness, we describe a
basic existence result below.) In this section we will show (Theorem 6.4) that these
extremals are in fact regular hypersurfaces. More generally, we show that if M is a
WSH which is locally extremal for Ir in the sense that for every pEM there is a
neighbourhood p € U=V such that I{M)=I{M') for any M’ such that V(M, M')c U,
then M is a regular hypersurface away from the singular set £=X(M) defined by (3.13).

The existence of extremals for the variational problem can readily be deduced
from the following basic result.

ProrosiTiON 6.1. Suppose Si, k=1,2,... is a sequence of weakly spacelike
hypersurfaces, p is an accumulation point of the S, and U is a cylinder neighbourhood
of p such that 3S,nU=D and SN U is connected for k=1,2,.... Then there is a
subsequence, also denoted S;, and a WSH Sc¥ such that pES, SN U=D and
d(S,N U, 8)—0 as k—. Furthermore, if we set

1,(8) = |S|—-f Fdv,,
anI=(s)
then

1,(S) = lim sup I(S, N U).
k—®

Proof (compare [BS]). The hypotheses ensure we can write S, as a Lipschitz graph
in U, and Ascoli-Arzela provides a subsequence converging strongly in C° and weakly
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in H'. Now Serrins theorem ([M] 1.8.2) and concavity of the area functional gives the
inequality on I, O

Thus, if {S;} is a maximising sequence for I, this shows that if {S;} has a
pointwise convergent subsequence, then the limit surface S is at least locally maximis-
ing. The main regularity Theorem 6.4 will show that § is a regular hypersurface, except
for its singular set Z(S).

Associated with any C' foliation with mean curvature F there is an integral identity
involving Ir and based on Stokes theorem applied to F=div(N), where N is the unit
timelike normal to the leaves. Precisely, we have

LeMMA 6.2. Suppose that Tt€CY(U) is a time function with level sets Q, having
mean curvature HQ’=F|Q' for some FELYU), and that M is a WSH which is T'-

homotopic to Q'=Q, where T'=—V1/|Vt|. Then
IM) = I(Q)+ f (1~v,) dv,, 6.2)
M

where v.=—(T',N) and we interpret the term v,dv,, by (6.3) below if M is not a
regular hypersurface. Furthermore, the term (1—v,) dv,, is nonpositive and identically

zero only if M is contained in a level set of t.

Proof. Using the flow lines of T’ we construct zero-shift coordinates (x, r) with
metric

ds’ =—a’dr’+g;dx' dx,

and consider M as a graph of u € C*'(Q’) over Q'. Then a standard computation gives

—aa;Vg =aVgH, =aVgF

so integrating over (x, ) we have

j Fa\/?dxdt = J' V g(x, u(x)) dx—j V g(x,0) dx
v(Q'. M) Q' Q'

=f v, dvy—|0'|.
M
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This last equality uses the identity
v, dvy, =V g(x, ux)) dx, 6.3)

which holds for regular hypersurfaces M, and will be valid for general weakly spacelike
M if we use (6.3) to interpret v, dv,,. The definition of I, now gives (6.2), for all WSH

M. The final assertion follows from the expression for the volume form ([B1] (5.16))

dv,,=V1-a*|Duf’ Vg, ulx)) dx. O

As an immediate corollary we have that Dirichlet solutions are locally extremal:

COROLLARY 6.3. Suppose M is a regular hypersurface which has mean curvature
H,=F\, for FEC "(¥). Then M is locally extremal for I £ in the sense described above.

Proof. Since M is regular, the conditions of Theorem 5.2 can be met by blowing up
a o-cylinder neighbourhood ¥,(p) of any p€EM, for o sufficiently small, so that
Mn 6,(p) satisfies the eigenvalue condition. Then Theorem 5.1 constructs a C' folia-
tion with mean curvature F in 6,(p), with boundary data given by the level sets of any
C' time function with M as a level set. Such time functions can be constructed either by
Proposition 3.2 or by [B1] Proposition 3.2. Let 7 be the time function of the mean
curvature F foliation. If now M'=(Mn %,(p)) reld(Mn %,(p)) then M’ and MNn €,(p)
are also T'-homotopic since they have common boundary and Lemma 6.2 shows that
IM N €A p))=I{(M’), with equality only if v,=1 on M’. This implies that equality holds
only if M'=Mn %,(p) and shows that M is locally extremal. O

Directly applying this argument to a variational extremal M encounters two
difficulties, both related to the fact that Mn%,(p) can have rough boundary: the
foliation may have a ‘‘gap’’ or ‘‘lens’’ spanning 3(M n %,(p)) because the conditions of
Theorem 5.3 are not met and secondly, if the lens can be foliated, the normal vector to
the foliation degenerates along 3(M n %6,(p)) and Lemma 6.2 does not apply. Fortunate-
ly, the integral identity (6.2) is robust enough to deal with these problems.

THEOREM 6.4. Suppose that FECYV) and that M is a WSH which is locally
maximising for (VP)g. If p € M then either p EX(M), the singular set defined by (3.13),

or M is a regular hypersurface in a neighbourhood of p.

Remark. Since this result is purely local it applies also if M is an immersed WSH,
thus providing an alternative approach to Theorem 4.2. More generally it will apply to

12888289 Acta Mathematica 161. Imprimé le 27 décembre 1988
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any (constrained) variational problem which produces a WSH which is locally maxi-
mising on some subset, which subset will then be regular away from the singular set.
Hence these results will apply to variational problems involving obstacles or barriers or
free boundaries, for example. However, in such cases it may be necessary to slightly
modify the definition of the singular set.

Proof. There is 0,>0 such that M is maximising for (VP)g in the cylinder
neighbourhoods %,(p) for 0<o<o,. Suppose first that p & Z(M N 6,(p)); i.e. p does not
lie in a piece of null geodesic in M. By choosing o still smaller we may assume
S(Mn%,(p)=2 and that Co?’<e,, where & and C are given in Theorem 5.2. By the
blowing-up procedure described in Section 5 we may reduce our considerations to the
case where M is a WSH in the unit cylinder €=B,(0)x[-2;2] equipped with metric g
and mean curvature function F satisfying the estimates (5.7), (5.7') of Theorem 5.2, and
with p=(0,0)€ €.

Let M=graph(u), where ¥€C%'(B,) and set (p=u|aB‘. By Corollary 3.3 we can
construct a sequence @, € C*(8B,) of smooth, spacelike spanning boundary data such
that ¢, >, ¢,—@ as k—>. Let M,=graph(u,), u,€ C>*B,), be a solution of the
Dirichlet problem with boundary ¢, and mean curvature F, given by [B1] Theorem 4.3.

The convergence Theorem 3.8 shows that
u, =liminf u,

exists, u, € Cﬁ;c“(B,), and solves the Dirichlet problem with boundary data ¢. We claim
that u<u, in B,. For if not, there is k such that u(x)>u(x) for x€ Q,ccB, u(x)=u,(x)
for x€3Q, and Q,+. By Theorem 5.1 we can construct a C' foliation of € with mean
curvature F and including M, as a leaf, and now Lemma 6.1 shows that

Ir(“ln,,)<1p(“k|gk)- This contradicts the locally maximising property of u.

Let M,=graph(x,). In a similar manner we construct the lower surface
M_=graph(u_), a regular hypersurface with mean curvature F and boundary
OM_=03M, and we have

u_(x)<ux)<u_(x) forall x€B,.

By the strong maximum principle, either #,=u_ and M is a regular hypersurface, or

u_(x)<u,(x) for all x€B,.
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Thus we suppose M, >M_ and proceed to foliate the lens-shaped region ¥
between M, and M_. (It is somewhat surprising that despite the uniqueness for

smooth boundary data in €4, we cannot immediately exclude non-uniqueness for rough
boundary data.) By [B1] Proposition 3.2 we have a time function in B,_sX[—2;2], 6>0,
which includes M., M_ as level sets. Over B;_s;, M_ satisfies the eigenvalue condition
so we can construct a C' time function 7, in & over B,_, with level sets having mean

curvature F and such that M, M_ are level sets of 7, We can normalise r; by a C'

change to have 7,4(0,1)=t, so the level sets of 7, are prescribed mean curvature

hypersurfaces over B,_;, parameterised by their intersection with the central axis

{(0,1): —2<t<2}. These level sets (and thus 1,) satisfy uniform interior estimates so we

have a converging subsequence T5, T, where 7€ C} (%) is a time function foliating the

lens with prescribed mean curvature hypersurfaces M,=graph(u,), for u_(0)<r<u,(0).
For 6>0 define M(0)={q € M,: d(q,dMy)>0} and the region

Zs={q€ %, the Vz-integral curve through g intersects My(d)}.

Since Z=D(M,), the sets %, ¢ | 0 form an exhaustion of #. Let M(6)=Mn %;. Since
pEMNM, and M*M,, there is £>0 and §,>0 such that for all 0<d<4,,

f (I-v)dv,<—¢
M(©®)

since v.=1 with equality only if M is tangent to a level set of 7. As noted previously, if
M is a WSH we interpret v, dv,, by (6.3).
Now by (6.2), since M(6)~=M(d) along Vz, for all 6<4,,

I,(M(8)) = L,(My(6))+ f (1-v,) dv,,
M%)

<My —e¢

where

1,(8) = |S|- f Fdv,
V(My(0), S)
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for S=M () by V7, and I is measured from M,. But

LMD —1,M(S)) = |M— %, — f Fdv,,
VMy, M)- £,
=o(l) as 6]0

since %, gives an exhaustion of £. Thus choosing ¢ sufficiently small we have
IM) < I(M(0))+el2 < I (My)—¢el2

which contradicts the locally maximising property of M. Thus M=M, and hence M is
regular about p.

If pEZ(M N %,(p)) then p lies on a piece of null geodesic y lying in M. We claim
yN M does not have an endpoint g € M, for if such a g€ M existed we could apply the
above argument to MnN%,(g), which has empty singular set, (MR %,(g)=2. (If
(M n %,(g)*2 for all 0>0, then either M is not locally achronal at p or p is not an
endpoint of ynM.) Thus Mn%,(q) is regular, contradicting the fact that
yNMn¥€,(q)*2. Thus yNM can have endpoints only on M, so p € Z(M). a

References

[A]  Awvez, A., Essais de géométrie Riemannienne hyperbolique globale — applications a la
relativité générale. Ann. Inst. Fourier (Grenoble), 13 (1963), 105-190.

[AB] AupouNer, J. & BaNceL, D., Sets with spatial boundary and existence of submanifolds
with prescribed extrinsic curvature of a Lorentzian manifold. J. Math. Pures et Appl.,
60 (1981), 267-283.

[BI] Barinik, R., Existence of maximal surfaces in asymptotically flat spacetimes. Comm.
Math. Phys., 94 (1984), 155-175.

[B2] — Remarks on cosmological spacetimes and constant mean curvature hypersurfaces.
CMA report R38-86, to appear in Comm. Math. Phys.
[B3] — Maximal surfaces and general relativity, in Proc. miniconf. on Analysis and Geometry

ANU, June 1986. J. Hutchinson, ed.

[BS] BartNIK, R. & SiMoN, L., Spacelike hypersurfaces with prescribed boundary values and
mean curvature. Comm. Math. Phys., 87 (1982), 131-152.

[BF] BriLL, D. & FLAHERTY, F., Isolated maximal surfaces in spacetime. Comm. Math. Phys.,
50 (1976), 157-165.

[CB] CHoQUET-BRUHAT, Y., Spacelike submanifolds with constant mean extrinsic curvature of
a Lorentzian manifold. Ann. Scuola Norm. Sup. Pisa, 3 (1976), 361-376.

[CY] CHeng, S.Y. & Yau, S. T., Maximal spacelike surfaces in Lorentz—-Minkowski spaces.
Ann. of Math., 104 (1976), 407-419.

{DH] Dray, T. & 't Hoorr, G., The effect of spherical shells of matter on the Schwarzschild
black hole. Comm. Math. Phys., 99 (1985), 613-625.



(E]
(ES]
[G)
[Ga]

[Ge]
[Go]

(GT]
[HE]
K]

MT]

(M]
[0]

(O'N]

(Ql
(T

(Tb]

REGULARITY OF VARIATIONAL MAXIMAL SURFACES 181

Ecker, K., Area maximising hypersurfaces in Minkowski space having an isolated
singularity. Manuscripta Math., 56 (1986), 375-397.

EarDLEY, D. & SMARR, L., Time functions in numerical relativity: Marginally bound dust
collapse. Phys. Rev. D, 19 (1979), 2239-2259.

GerHARDT, C., H-surfaces in Lorentzian manifolds. Comm. Math. Phys., 89 (1983),
523-553.

GaLLoway, G., Splitting theorems for spatially closed space-times. Comm. Math. Phys.,
96 (1984), 423429,

GEROCH, R., Singularities in closed universes. Phys. Rev. Lett., 17 (1966), 445-447.

GODDARD, A., A generalisation of the concept of constant mean curvature and canonical
time. Gen. Relativity Gravitation, 8 (1977), 525-537.

GILBARG, D. & TRUDINGER, N., Elliptic partial differential equations of second order.
Springer, 1977.

HawkING, S. & ELLis, G., The large-scale structure of space-time. Cambridge, Cam-
bridge University Press 1973.

KoBavasHl, O., Maximal surfaces in the 3-dimensional Minkowski space L. Tokyo J.
Math., 6 (1983), 297-309,

MARrsDEN, J. & TipLER, F., Maximal hypersurfaces and foliations of constant mean
curvature in general relativity. Phys. Rep., 66 (1980), 109-139.

Morrey, C. B., Multiple integrals in the calculus of variations. Springer, 1966.

OsserMAN, R., A proof of the regularity everywhere of the classical solution of Plateau’s
problem. Ann. of Marh., 91 (1970), 550-569.

O’NEiL, B., Semi-Riemannian geometry. Academic Press, 1984,

Quien, N., Plateau’s problem in Minkowski space. Analysis, 5 (1985), 43-60.

TREIBERGS, A., Entire spacelike hypersurfaces of constant mean curvature in Minkowski
space. Invent. Math., 66 (1982), 39-56 and in Seminar on Differential Geometry,
Annals Studies 102, S.-T. Yau, ed.

Taus, A., Spacetimes with distribution-valued curvature tensors. J. Math. Phys., 21
(1980), 1423,

Received March 9, 1987



