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1. Introduction

We consider supersolutions of the equation

(1.1) V-A(x,Vu) =0

Wwhere 4: GXR"—+R" is a strictly monotone (usually non-linear) elliptic differential
operator in an open set G in R"”, n=2. The precise assumptions are given in Sec-
tion 2. In connection with equations of the type (1.1) we refer, for example, to [9],
[11], [15], [20], and [21]. Supersolutions of (1.1) are the functions u¢loc I,'(G)
satisfying

fGA(x, Vu) - Vodx =0

for all non-negative @€Cy (G). Supersolutions in general fail to be continuous
and, in order to have pointwise estimates, the above definition is not quite adequate.
It is our purpose in this paper to show that the classical potential theoretical defini-
tion for superharmonic functions is pertinent also in non-linear situations, and
that it indeed yields a class of functions which strictly includes the supersolutions
of (1.1) and is closed under upper directed monotone convergence. More precisely,
we say that a lower semicontinuous function u: G—~Ru{e} is A-superharmonic
if it satisfies the comparison principle: for each domain Dcc G and each function
heC (D) which is a solution of (1.1) in D, the condition h=wu in D implies h=u
in D. The comparison principle is valid for solutions of (1.1), whence potential
theoretical aspects can be salvaged.

It is shown that supersolutions of (1.1) can be redefined in a set of measure
zero so that they become A-superharmonic and, conversely, that if u is a locally
bounded A-superharmonic function, then u belongs locally to the Sobolev space
W' and is a supersolution of (1.1). To sum up, we may say that 4-superharmonic
functions form a closure of supersolutions with respect to upper directed monotone
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convergence. It is worth noting that there are singular solutions of (1.1) which are
not locally in W' but are A-superharmonic.

Solving the obstacle problem (to be specified below) is the most effective tool
in this connection, and the key point is to have a solution that is continuous up to
the boundary. This method is used to show that without any regularity requirement
the given definition leads to the existence and the integrability of the gradient of
an A4-superharmonic function. Interior regularity for solutions to obstacle problems
has been studied by several authors in a variety of situations, and the first treatment
which covers equations of the type (1.1) is apparently due to J. H. Michael and
W. P. Ziemer [18]. We show that the solution to the obstacle problem with a con-
tinuous obstacle is continuous not only inside the domain but also at each bound-
ary point where the Wiener criterion is satisfied. (For solutions of (1.1) this is known
[15].) As a by-product the lower semicontinuity of supersolutions is attained, cf. [22].
The obstacle problem is discussed in Section 2, and the relation between super-
solutions and A-superharmonic functions is examined in Section 3.

The fact that the definition for supersolutions through the comparison principle
is useful also in the case of non-linear equations was first observed by S. Granlund,
P. Lindqvist and O. Martio [3], [4], [13]. They exploited the obstacle method in
studying sub-extremals of convex variational integrals in the borderline case, p=n,
with applications to function theory. In [12] A-superharmonic functions are intro-
duced for the p-harmonic operator, A(x, h)=|h{P~%h, which is indeed a prototype
of the operators considered here. We also extend some of their results; for example,
the regularity of locally bounded sub-extremals (defined through the comparison
principle) for a class of variational integrals is proved in [4], [12].

We close the paper in Section 4, where removable sets for A4-superharmonic
functions are studied. Some observations seem to be new even for solutions of (1.1);
we show, for example, that compact sets with zero (n—1)-measure are removable
for locally lipschitz solutions. '

Notation. We use fairly standard notation. For GcR® open and ACR”
measurable, n=2, the familiar function spaces are denoted as C=(G), Cg (@),
C(4), L*(4), W (G), W,4(G), loc L?(A4) etc.; the space L,(G) consists of func-
tions u whose distributional gradient Vu belongs to L7(G). If B=B(x,, ¥r)CR" is
an open ball and ¢>=0, then ¢B=B(x,, or). Integral averages are marked as

1
usual, f,u dx=m f audx, |A|= [ ,dx. For open sets D and G, D cc G means that
D, the closure of D, is compact in G.

If 1=g=oo, then the g-capacity of the condenser (C, G) is the number

cap, (C, G) =inf [ _|Vul?dx
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where u runs through all functions in Cy (G) with u=1 in C; here a condenser
means a pair (C, G) where G is open in R” and CcG is compact. For G=R" we
let cap, (C, R")=cap, C. The basic properties of variational capacities can be found,
for example, in [16], [19].

In general ¢ is a constant which may change from one line to the next.

2. Properties of supersolutions

We investigate supersolutions of the equation (1.1). It is shown that super-
solutions are lower semicontinuous after a redefinition in a set of measure zero
and that under suitable (but rather weak) conditions the obstacle problem has a
continuous solution up to the boundary.

Throughout this section we assume that G is an open set in R, n=2, and
that the operator 4: GXR"—~R" satisfies the following assumptions for some con-
stants l<p<oc and O=a=f<co:

(2.1) the function x—A(x, 4) is measurable for all ¢ R”, and the function A—A(x, k)
is continuous for a.e. x€G;

for all heR" and ae. x€G

(2.2) AGe,B)-h = o,
(2.3 [4(x, B)| = Bh|P~Y,
2.4) (A (x, h)— A (x, hy))- (hy—hg) = 0,

whenever hs2h,, and
(2.5) A(x, Ah) = |A|P=2AA(x, h)

forall A€R, 2=0.

Operators satisfying (2.1)—(2.5) have been studied earlier e.g. by V. G. Maz’ya
[15], see also [11], [20], and [21].

A function u in loc W}'(G) is an A-supersolution in G if

(2.6) f A, Vi) -Vodx =0

for all non-negative ¢€Cy (G). Observe that (2.5) implies: if « is an A4-supersolu-
tion, then so is Au-+pu whenever 2=0 and p€R. This homogeneity assumption
can be used in many places to replace the linearity.

We require the following form of the comparison principle; see also 3.7 below.
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2.7. Lemma. If u, —v€W,'(G) are two A-supersolutions in G and if

w = min (u—v, )W}, ,(G),
then u=v ae. inG.

Proof. Since

0= fGA(x, Vv)-dex—-fGA(x, V). Vwdx
= - f{m} (A(x, Vo) —A(x, Vu))- (Vo—Vu) dx = 0,

then Vw=0 a.e. in G and the lemma follows.

Next suppose that G is bounded, that y is a function in G and that 9€W,(G)
is such that =y a.e.in G. A function ucW,'(G) with u—0¢W, (G) and u=y
a.e. in G is a solution to the obstacle problem with the obstacle \y and with boundary
values 0 if (2.6) holds for all €W, (G) with ¢=¢—u ae.in G.

The operator A4 defines a strictly monotone, coercive and continuous mapping
from the space L},(G) onto its dual, cf. e.g. [15]. Hence there exists a unique solu-
tion u to the above obstacle problem, see [9], p. 87. Clearly u is also an A-super-
solution in G.

2.8. Lemma. Suppose that u is a solution to the obstacle problem in G with the
obstacle  and with boundary values 8. If veW,'(G) is an A-supersolution in G with
v=y ae. in G and min (v, u)—0€W,,((G), then v=u ae.inG.

Proof. The non-negative function
# = u—min (v, )
belongs to W,.,(G) and —n=y —u a.. in G. Thus
0 §fG (A Cx, Vo)~ A (x, Vu)) -V dx
=[ . (4G, Vmin (v, ) — A (x, Vi) - (Vu—V min (v, )} dx = 0.

It follows that #=0 a.e. in G as required.

2.9, Corollary. If u and v are two A-supersolutions in G, then min (4, v) is an
A-supersolution in G.

Proof. Choose DccG. Let w be the solution to the obstacle problem in D
with the obstacle and boundary values w=min (, v). Then, by Lemma 2.8, u=w
and v=Ww a.e. in G. Thus w=Ww is an A-supersolution in D as desired.

For each bounded G and 6€W,'(G) there is a unique solution u of (1.1) with



A-superharmonic functions and supersolutions of degenerate elliptic equations 91

boundary values 6, that is, u—60¢W,'(G) and
fGA(x, Vu)-Vodx =0

for all @€W,!,(G). As known, weak solutions of (1.1) are actually continuous [20],
[21). Further, if 8¢C(G) and the Wiener criterion

1/p—1
(2.10) [0 e

o= {,,,_" cap, (B(x, ) n(R™\G)), p #n,
%= \eap, (Bx, ) n(R™\G), B(x,20)), p=n,

holds at x€9G, then
Q.11 }’in; u(y) = 0(x).

Therefore we say that a bounded open set G is regular if (2.10) holds at each x€9G.
Observe that balls and polygons are regular and, in particular, that each open set
can be exhausted by regular ones. Finally, if p=n, then (2.11) always holds. For
this discussion the reader is referred to [15] (see also [13]).

For the next theorem suppose that G is bounded, that Y<€C(G) and that
0¢W (G) is such that 0=y a..in G.

2.12. Theorem. There is a unique function u€C(G)nW, (G) with u—6€W,,(G),
u=y inG and
(2.13) [ A Vu)-Vodx =0

Sor all @€W}(G) with o=y —u ae. in G, in the open set {x€G: u(x)>y(x)}
u is a solution of (1.1).
If, moreover, G is regular and 0¢C(G), then ucC(G) and u=0 in dG.

The existence and the uniqueness of the solution u€W'(G) were discussed
above, and we proceed to prove that u is actually continuous. Our reasoning follows
the usual track through Harnack type inequalities and the Moser iteration scheme
(<f. [20], [21]), the situation being simpler than that in [18].

The lower semicontinuity of supersolutions is also established, cf, [22].

2.14, Theorem. Suppose that u is an A-supersolution in G. Then u is locally
essentially lower bounded, and there is a lower semicontinuous (Isc) version of u with
(2.15) u(x) = esslim u(y)
for each x€G. ™

We require several estimates in which the regularity of the obstacle plays no

role. In what follows we use the notation u*=max (u, 0), ¥~ =min (1, 0) and
SG {+, '—}'
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2.16. Lemma. Suppose that D is an open subset of G. If either
(i) e=+, and u is a solution to the obstacle problem in G with the obstacle

Y=0 in D,
or
(ii) e=~—, and u is an A-supersolution in G,
then
@17 [ wieiveern? dx = e(p, Bla) [ | lwiP+e|Vn|? dx

whenever w€Cy (D) is non-negative and q=0.

Proof. Pick neCy (D), 0=n=1. Since the function ¢=-—u’y? belongs to
W,!o(D) and since =y —u (case (i)) or ¢=0 (case(ii)) a.e. in G, then

0= fGA(x, Vu) - (—Vutn? — putn®*Vy) dx
= —a [ IVlen” dx+pp [ 1wl Valne=* [Vucr= dx.
Now Hélder’s inequality yields
[, \Velen? dx = c(p, le) [ w17 |Vn|? dx.
Thus it follows that
[, \VG—kylen? dx = ¢(p, Bla) [ I(u—kY{?[Vy(? dx

for k=0 (case(i)) or k=0 (case(ii)). Multiplying both sides by |k|*"", ¢=0,
and integrating (cf. e.g. [16], Theorem 1.2.3) yields the desired estimate (2.17).

2.18. Lemma. Suppose that BCG is a ball and that either (i) or (ii) of Lemma 2.16
holds for B=D. Then

(2.19) ess sup || = c(1—0)~¢ [ fB Juje dx]”“

2
whenever O<o<1 and O<g=p. Here €=i if p<n, cf:—p if p=n, and
q q

c=c(n, p, q, B/o)=>0.
Proof. We may assume that B=B(0, 1). Write
rn=06+(l-0)2"",
1=0,1,2, ..., and let q,€Cy(#B) be such that ;=1 in ;B and that |[Vp|=
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c(1—06)~12" where ¢=>0 does not depend on /. Next, writing
wyp = (w)t+s/Py,
for s=0 and using the estimate (2.17) yields
/ |Vl dx = cp+s)? [ | HI 7 1Vn? dx

=c(p+sy(1—o)~22" [ e dx.
£

n
Now we employ the familiar Moser iteration, cf. e.g. [2], [20], [21]. If x=—7
n_
(p<n) or y=2 (p=n) and x=p+s, then the Sobolev inequality yields
(f'HlBIuelxx dx]l/xx = cl/xzpl/x%p/x(l _a.)hp/x (f'lB Iuelx dx)l/x,
Choosing »,=py' and iterating we arrive at the desired estimate for g=p:

(2.20) ess sup [uf] = c(1~0)~* ( ]; fu(p dx]”";

here c=c(n, p, fla)>0 and E=—(p<n) or =2 (p=n).
p
It is by now well known that the exponent p in (2.20) can be arbitrarily decreased
(see e.g. [7]); to be precise, we apply an interpolation argument used by E. Di Bene-
detto and N. S. Trudinger [1], p. 299: for O<g=p let
P(g) = 1—o)t » dx)'”
() = sup (1-0) (f;Bv dx]

4<o<1

where v=[u*|, §=(p—q)¢/q and & is as in (2.20). Write M,=ess sup,zv. Then
(2.20) implies for every ¢€(0, 1) and o’=% (1+0)
M,(1—-06)"1 = c(1—g') ? dx|'? = cd(q),
(I—ofelt=c(1—a)( f o dx] (@

and using Young’s inequality yields

M, (l1-o)Pi=c [f; o7 dx]m

where c=c(n, p, q, B/a)=0 as desired. The lemma is completely proved.

2.21. Remark. It follows from Lemma 2.18 that if 4 is a solution to the obstacle
problem (2.13), then u is locally essentially bounded above. Similarly, each A-super-
solution v is locally essentially bounded below.

In view of (2.5) it is not difficult to see that if # is a positive 4-supersolution,
then the function —1/u is also an A-supersolution; for details see [8], (2.3). Thus
Lemma 2.18 produces
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2.22. Lemma. Suppose that u is an A-supersolution, positive in a ball BCG.
Then

1 = —a)e —-q —1/q
2.23) es%nfu =c¢(l—o) (f; u dx] s
whenever 0<o <1 and 0<q=p. Here ¢ is as in Lemma 2.18 and c=c(n, p, 4, p/a)=0.
2.24. Lemma. Let u be a positive A-supersolution in G. Then
(2.25) j  |Vlogul?dx = c(p, B/o) cap,(C, G)
whenever C is compact in G.

Proof. We may assume that essinfu=0. Pick a non-negative ¢€Cq (G)
with =1 in C. Since the function n=¢?u'~?cW,'(G) is non-negative, then

0= fGA(x, Vi) (poP~ 14t~ PVo—(p—1)u~?9?Vu)dx
or
J oo VilPu?9?dx = c(p, pla) [ IVulP= 27|Vl o~ dx
= c(p, Blw) (fspw Vul? u=?p? dx)(p—l)/p (fG |Vol? dx)llp.
This establishes (2.25).

As known, the estimate (2.25) implies that the function v=logu belongs
locally to BMO (G). Indeed, for each ball B=B(x, R) with 2BcG we have

Py = c(n, p, /o) R*~P?, p #n,
[;Ivelrdx = {c(n, Bla), p=n,

and it follows from the John—Nirenberg lemma [2], Theorem 7.21, that

[f; u‘dx)lls = c(f; u“dx]_”s

whenever B is a ball with 2BcCG; here s=s(,p, f/e)=>0 and c=c(n, 5)=0.
Thus (2.23) provides

2.26. Lemma. Suppose that u is a positive A-supersolution in G. Then there is
s=s(n, p, plo)>0 such that

(2.27) ess inf u = ¢(1—o)° [ f us]”‘
o B

whenever B is a ball with 2BcG and O<o<1. Here & is as in Lemma 2.18 and
c=c(n, p, flo)=0.

Proof of Theorem 2.14. In view of Remark 2.21 it suffices to find a version
of u with the property (2.15). For that, suppose first M=sup; u<< and fix x€G.
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Write Bx=B(x, R) and
mg = essinfu
BR

for R positive and small enough. We may assume that ¥>0 in G and that M=>m,
for small R. Then (2.27) implies for some O<s=1

Mgp—Mg = ¢ (/; (u—mg) dx]lls = (M —~mg)C-1Is [f; (u—mR)dx]lls.
Thus " "
(2.28) esslim u(y) = lim udx

y-x R0 B(x,R)
for every x€G, and, by the Lebesgue theorem, the proof is complete if u is bounded
above. The general case follows from this since the functions u,=min (u, k) are
A-supersolutions and since a locally integrable Isc function can be redefined in a
set of measure zero so that (2.15) holds. Theorem 2.14 is then proved.

Proof of Theorem 2.12. Let u be the Isc solution to the obstacle problem (2.13)
such that (2.15) holds. Then the set D= {x€G: u(x)>y(x)} is open and the standard
reasoning shows that u is a solution of (1.1) in D. Indeed, suppose that D is not
empty .and pick n€Cg (D) with [g|=1; then —d=sup,,, ()—u)<0 and for
e€(—4, 0), sn=y—u in G, whence

0= fDA(x, Vu)-V(en)dx
or
0= [ A(x,Vu)-Vndx

as required. Thus there is a continuous version of u in D, and by (2.15) it equals u
at each point x€D.
We show next that

(229 esys»T’i;ﬁ u(y) = u(x)

whenever x€G; this, by (2.15) and by Remark 2.21, implies that u¢C(G). So fix
x€G. Since, again by (2.15), u=y everywhere in G, we may assume that u(x)=1 (x).
Now fix =0 and choose a ball B=B(x, R)ccG so that suppy<¥(x)+e=21
and so that infu=u(x)—es=p. The estimate (2.19) yields

N+t = -t
ess%%up (u—2) __cf;(u Nt dx,

where ¢ does not depend on R. On the other hand,

fB(u—,1)+ dx =fB(u—min (u, X)) dx

éfl;(u—u)dx=f;udx—u(x)+a.
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Since u is locally bounded above, the above inequalities together with (2.28) yield

ess im u(y) = ¢ (x)+ce = esslim u(y)+ce.
—-X yx

Letting ¢—~0 establishes (2.29); thus ucC(G).
To prove the second assertion we first show that

(2.30) @c u@) = 0(x)

for each x€QG. Suppose that the open set U={x€G: u(x)>0(x)} is not empty.
Since u=0 in JUNG and since u—B€W,(G), it is not difficult to see that
u—0cW,},(U). Thus u is the unique solution of (1.1) in U with boundary values
0cC (U)W, (U). Since G is regular and since UCG, lim,_,, ,cyu(y)=0(x) for x€
AUNIG, cf. (2.11). Thus (2.30) follows.

To complete the proof, let h¢C(G) be the unique solution of (1.1) in G with
h=0 in #G. Thus it follows from Lemma 2.7 and from (2.15) that u=h in G,

whence
lim u(y) = 0(x)

yrx
for x€0G as desired.
Theorem 2.12 is thereby completely proved.

2.31. Remarks. (a) The above proof yields also that lim,., u(y)=0(x) when-
ever 0¢C(G) and (2.10) holds at x€0G.

(b) Observe that Theorem 2.12 holds also under weaker requirements on y;
this is made more explicit in [18].

We conclude this section with a lemma, required in Section 3.

2.32, Lemma. Suppose that u; is an increasing and locally bounded sequence
of A-supersolutions in G. Then u=limu; is an A-supersolution in G. Moreover,
A(x, Vu)—~A(x, Vu) weakly in LP/*~V(D) whenever DccG.

Proof. Fix open sets Dcc DyccG. Since we may clearly assume that <0 in
Dy, it follows from (2.17) that u€W'(D,) and that Vu;—~Vu weakly in L?(D,).
Now choose 7€Cy(Dy) with 0=x=1 and y=1 in D. Write y,=n(u—u,) and

I = fn (4(x, Vu)—A(x, Vi) - (Vu—Vu) dx.
Thus
0= = fD (4 (x, Vu)— A (x, Vi) - (Vu—Vuy) dx
= fDo (4(x, Vi)~ A (x, Vuy))- Vi, dx-fDD (u—u)(A(x, Viy— A(x, Vuy))- Vn dx
= [, A Vi)-Vdx— [ (u—u)(4(x, Vu)—A(x, Vup)- Vn dx
= fD nA(x, Vu) - (Vu—Vu) dx —l—fD (u—u)A(x, Vu,) -V dx.
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The last two integrals tend to zero and, accordingly, so does the sequence I;. This
guarantees that A(x, Vu;))—~A(x, Vu) weakly in LP®~D(D) (for the details see e.g.
[15]), Lemma 1). The lemma is thereby proved since the rest is now obvious.

3. A-superharmonic functions

We introduce A-harmonic and A-superharmonic functions and investigate the
relation between A-supersolutions and A-superharmonic functions. In particular, it
is shown that A-superharmonic functions form the closure of A-supersolutions with
respect to upper directed monotone convergence.

Throughout this section let G be an open set in R” and suppose that
A: GXR">R" is an operator satisfying (2.1)—(2.5).

A weak solution u€loc W' (G) of the equation (1.1) is called A-harmonic in G
if #€C(G). Recall that each weak solution of (1.1) is actually Hélder continuous.
Also it is worth noting that Au-+pu, A, u€ R, is A-harmonic whenever u is. Further-
‘more, Harnack’s inequality holds; as in [20] we deduce from Lemmas 2.18 and
2.26 that if u is a non-negative A-harmonic function in a domain G and if C is com-
pact in G, there is a constant c¢=c(n, p, a, B, C)=1 with

1 = cinf .
3.1 sup u c1réf u
The class of A-harmonic functions is closed under uniform convergence.

3.2. Theorem. Let u;, i=1,2, ..., be a sequence of A-harmonic functions in G
such that w,~u uniformly on compact subsets of G. Then u is A-harmonic.

Proof. (For another proof see [3], Theorem 4.21.) Applying the argument used
in the proof of Lemma 2.32 yields that u€C(G)nloc W,'(G) and that A(x, Vi)~
A(x, Vu) weakly in LP*~Y(D), DccG. This shows that u is 4A-harmonic in G.

Harnack’s principle, a celebrated tool in potential theory, also holds.

3.3. Theorem. Suppose that u; is an increasing sequence of A-harmonic func-
tions in a domain G. Then the function u=lim u; is either A-harmonic or identically
+e0 inG.

Proof. Suppose that u(x)<<c for some x€G. Then, by Harnack’s inequality,
u is locally bounded in G, and it follows from the Holder continuity estimate [20],
p. 269, that the sequence #; is equicontinuous. Thus Ascoli’s theorem together with
Theorem 3.2 yields the claim.

3.4. A-superharmonic functions. A lower semicontinuous (Isc) function u: G—
Ru{ee} is A-superharmonicin G if for each domain DccG and each function
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heC (D), A-harmonicin D, h=u in dD implies h=u in D. An upper semicontinuous
(usc) u: G~Ru{—co} is A-subharmonic if —u is A-superharmonic.

The following two lemmas are obvious.

3.5. Lemma. If u and v are A-superharmonic in G, then min (u, v) and lu+y,
A=0, ueR are also A-superharmonic.

3.6. Lemma. Let u;, i=1,2,..., be A-superharmonic in G. If the sequence
u; is increasing or uniformly converging on compact subsets of G, then u=limu; is
A-superharmonic in G.

We need the following extension of [4], Lemma 2.3, cf. also Lemma 2.7 above.

3.7. Comparison principle. Suppose that G is bounded and that u is A-subharmonic
and v A-superharmonic in G. If
Tim u(y) = lim v(»)
y-x Yo
Sor all x€8G and if the left and the right hand sides are not simultaneously o or — oo,
then u=v inG.

Proof. Fix x€G. Let e=0 and choose a regular domain Dcc G such that
x€D and that u<v+¢ in dD. Then let ¢,€C™(G) be a decreasing and ¥,£C(G)
an increasing sequence with ¢;—~u and Y;—v+¢ in D. Since §D is compact
@;=y; on D for some i. Choosing A-harmonic functions k and g in D with bound-
ary values ¢; and y;, respectively, yields u=h=g=v+e in D. By letting ¢—0
we obtain u(x)=v(x) as desired.

3.8. A-superharmonic functions versus A-supersolutions. We first show that each
A-supersolution can be made A-superharmonic after a change in a set of mea-
sure zero.

3.9. Theorem. Suppose that u is an A-supersolution in G with
(3.10) u{x) = esslim u(y)
y-x

Sor each x€G. Then u is A-superharmonic.

Proof. Note first that u is Isc in G, cf. Remark 2.21. Let Dcc G be a domain
and let h€C(D) be A-harmonic in D with h=u in dD. Fix £>0. Let Dy,ccD
be an open set with u+e>h in D\D,. Write v(x)=min (u(x)+¢, h(x)) for
x€D,y. Then v is an A-supersolution in D, and min (v—h, 0)cW,!((D,). Thus
Lemma 2.7 yields v=h a.e. in Dy, whence, by (3.10), u+e=h everywhere in D.
Letting ¢—~0 establishes the desired conclusion.

If u is an A-supersolution in G, then, by Theorem 2.14, » can be redefined in a
set of measure zero so that (3.10) holds. Thus we obtain
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3.11, Corollary. Suppose that u is an A-supersolution in G. Then there is an
A-superharmonic function v in G such that u=v a.e. in G.

3.12. Theorem. Suppose that u is A-superharmonic in G and that Dcc G is a
domain. Then there is an increasing sequence of functions w,cC(D)nW, (D) such
that u; are A-supersolutions in D and that u=1im v, in D. Moreover, u; are A-super-
harmonic.

Proof. We may suppose that D is regular. Choose an increasing sequence
¢,€C”(R") with uy=lim¢; in D and let u,6C(D)nW, (D) be the solution to
the obstacle problem with the obstacle ¢; in D and with boundary values u,=g;
in @D. Then y; is the desired sequence. In fact, u; is A-superharmonic by Theorem 3.9;
since #; is A-harmonic in the open set W={x€D: u;(x)=>u;,,(x)}, it follows from
the comparison principle that W =@. Thus the sequence ; is increasing. Moreover,
w=lim y;=u in D. To complete the proof, fix i. Since u; is 4-harmonic in the open
set U={x€D: u;(x)>g;(x)} and since lim, .. u(y)=¢;(x)=u;(x) for each x€9U,
the comparison principle yields #;=u in D, whence w=u in D. This completes
the proof.

Now Theorem 3.12 together with Lemma 2.32 yields

3.13. Corollary. Suppose that u is A-superharmonic in G. If u is locally bounded
above, then ucloc W,'(G) and u is an A-supersolution.

Applying the proof of Lemma 2.32 to the functions w=min (&, i), i=1,2, ...,
Corollary 3.13 yields

3.14. Corollary. Let u be A-superharmonic in G. Then u is an A-supersolution
provided that u€loc W' (G).

To obtain a converse to Theorem 3.9 we should establish (3.10) for A4-super-
harmonic functions.
3.15. Theorem. Suppose that u is A-superharmonic ir. G. Then
u(x) = esslim u(y)
y-x

for each x€G.

Theorem 3.15 can be established by arguing as in [12], Theorem 5.4. However,
the following lemma calls for a proof.

3.16. Lemma. Suppose that u is A-superharmonic in G and that u(x)=0 for
ae. x€G. Then u(x)=0 for each x€G.

Proof. Since u is Isc, u=0 in G. Then fix x€¢G. We show that u(x)=0. For
that, pick domains DyccD;ccG with x€D,. Let 4,€C(D)nW, (D,) be an
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increasing sequence of A-superharmonic functions in D, with z=limw. Then
Vu,~Vu=0 weakly in LP(D,) and, as in the proof for Lemma 2.32, we obtain
lim f , (ACx, Vi) —A(x, Vi) - (Vi V) dx = 0.

Then, since
V 1p - V :) - V .
(xflol ul' dx = fDOA(x, uz) U; dx

= [, (4@ Vu)—4(x, V) (Vu;— Vi) dx,

Vu;~0 in LP(D,). Here we have made use of the fact that Vu=0 a.e. in D,.
Now choose a ball B=B(x, r)ccD,, and the unique A-harmonic function
héC(B)nW, (B) with h=u; in JB. Let v; be the Poisson modification,

o = {h,- in B
P77 g, in DN\GB,

which is easily seen to be A-superharmonic in Dy. Moreover, 0;=v;,1=u;,; in
D, by the comparison principle. Thus Lemma 3.6 and Theorem 3.3 imply that
v=lim v; is A-superharmonic in D, and 4-harmonic in B. Since v=u, it suffices
to show that v=0 in B.

To this end, observe that Vu,~0 in L?(D,) since

oszIVh,-ll’dxé fBA(x, Vh,.)-Vh,.dx=fBA(x, Vh)-Vu;dx

=B ([, IVRI?dx)" " ([ (Vul? dx).

Then v is a constant a.e. in D,. But since v=u=0 a.e. in D\JB, v=0 a.e. in D,.
Thus, by continuity, v=0 in B as desired.

Now Theorems 3.9 and 3.15 together with Corollaries 3.11 and 3.14 imply our
main theorem:

3.17. Theorem. Let u be a function in loc W;l (G). Then u is A-superharmonic
in G if and only if u is an A-supersolution in G with

(3.18) u(x) = esslim u(y)
y-x
Jor each x€G. Moreover, if u is an A-supersolutionin G, then (3.18) holds a.e. in G.

Using a partition of unity reveals the local nature of A-superharmonic functions;
a special case of the following is shown in [3].

3.19. Corollary. A function u: G—~RuU{} is A-superharmonic in G if and
only if each x€G has a neighborhood D so that u|y is A-superharmonic in D.
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3.20. Remarks. (a) Since an A-supersolution has a Isc version, we may handle
t as a pointwise defined function which is, in view of Corollary 3.11, A-super-
harmonic in G. Moreover, the class of A-superharmonic functions forms the closure
of A-supersolutions with respect to upper directed monotone convergence. In fact,
this follows from Lemma 3.6, since the functions min (w, k), k=1,2,..., are
A-supersolutions whenever u is A-superharmonic.

Furthermore, these two classes of functions are not equal for p=n. For exam-
ple, let 4 be the p-harmonic operator, A(x, k)=|h[?"%h, 1 <p=n. Then the function

1
u() = [ @i gy

is A-superharmonic in G=B(0, 1) but ug¢locW,'(G), so u is not an A-supersolu-
tion. Similar examples can be constructed also for other operators, see [20]. For
p=>n the situation differs, since by using the estimate (2.25) and Theorem 3.17 it
is not difficult to show that each A-superharmonic function is continuous and there-
fore an A-supersolution by Corollary 3.13, cf. [12]. '

(b) Theorem 3.17 also yields: a function h is 4-harmonic in G if and only if A
and —h are A-superharmonic in G.

(¢) Given a regular open set G and a function f€C(9G) there exists a unique
ucC(G), A-harmonic in G, with u=f in dG. This follows easily from Harnack’s
principle and the comparison principle. It is not known to the authors whether the
Wiener criterion (2.10) is also necessary for (2.11) if p=n-—1. For p=n—1 the
necessity is proved in [13].

The Perron method to solve the generalized Dirichlet problem works also in
this non-linear case [4], [10].

4. Removability theorems

We ask conditions which guarantee that a closed set E in G is removable for a
given class of A-superharmonic functions in G\ E. It is shown that, for lower
bounded A-superharmonic functions, E is removable if and only if E is of p-capacity
zero, a well known theorem in classical potential theory. Further, larger sets are
removable for A-superharmonic functions in L}(GN\E) with s=p.

Throughout this section let G be an open set in R” and E a relatively closed
set in G. Suppose that 4: GXR*—-R" is an operator satisfying (2.1)—(2.5).

4.1. Sets of q-capacity zero. A compact set C in R" is of g-capacity zero if
cap, (C, D)=0 for each open neighborhood D of C. It is an easy task to show
that C is of g-capacity zero if and only if there is a bounded open neighborhood
D of C with cap, (C, D)=0, cf.[19]. If Eis closed in G and if each compact subset.
of E is of g-capacity zero, we say that E is of g-capacity zero.
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1 1
We let ¢’ denote the conjugate exponent of g€[l, =], ie:. —+—=1.
9 4

4.2, Theorem. Let g<[1,p]. Suppose that a function ucloc LL(G), s=q'(p—1),
is A-superharmonic in G\E and that E is of q-capacity zero. Set

u(x) = lim u(y)

y-Xx
Jor x€E. Then u is A-superharmonic in G.

Proof. Since s=q'(p—1)=p, u belongs to loc L(G)=loc W' (G); by Corol-
lary 3.14, u is an A-supersolution in G\ E. In view of Theorem 3.17 it suffices to
show that u is an A-supersolution in all of G. For this, let p€Cg°(G) be non-nega-
tive. Choose an open set Dcc G with sptocD and a sequence ¢, €Cy (D)
such that 0=¢;=1, ¢;=1 in a neighborhood of Enspt ¢, and [¢wip)—~0 as
i—-oo; since Enspt ¢ is of g-capacity zero, such a choice is possible by the Poincaré
inequality. Then (1—q,)9€Cy (G\E) is non-negative, whence

[, AG V) -Vodx= [ AGx,Vi)-Vpp)dx+ [ A, V0)-V((1-0) p)dx
= fDA(x, Vu)-V(pe,) dx.
Now the last integral tends to zero as i--oo since
|/, 4G, V) V(og) dx| = |4 (x, Vi)l (max o] [ Vo], +max Vol |¢il,)

and since
”A (x3 Vu)‘”q’ = ﬂ ”Vuﬂsp—l = oo
This shows that u is an A-supersolution in G as required.
The same reasoning yields a parallel result concerning A-harmonic functions:

4.3. Theorem. Let g€[1, p]. Suppose that the function ucloc LY(G), s=¢'(p—1),
is A-harmonic in G\E and that E is of g-capacity zero. Then u has an A-harmonic
extension to E.

The following two corollaries have natural counterparts for A4-superharmonic
functions. We let dim, E denote the Hausdorff dimension of E.

4.4. Corollary. Suppose that u is A-harmonic in G\E and that dimy E<n—1.
If u€loc LL(G) for each s<eoo, then u extends to an A-harmonic function in G.

Proof. If 1<q<min (p, n—dimy E), then E is of g-capacity zero (see e.g. [19],
Theorem 4.2), and the assertion follows from Theorem 4.3.

4.5. Corollary. Suppose that u is locally K-lipschitz and A-harmonic in GN\E
and that the (n—1)-measure of E is zero. Then u extends to a locally K-lipschitz A-har-
monic function in G.
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Proof. Since the (n—1)-measure of E is zero, u has a locally K-lipschitz extension
in G and E is of 1-capacity zero, cf. [16], Lemma 2.2.5. Then, by Theorem 4.3, this
extension of u is A-harmonic in G.

4.6. Remarks. (a) Theorem 4.3 and Corollaries 4.4 and 4.5 might be known
but we have not found any reference to give. O. Martio [14] makes use of the fact
that large sets are removable for lipschitz solutions in constructing counterexamples
for unique continuation; he assumes that E is an (n—2)-plane and proves-a result
similar to Corollary 4.5.

Observe that the proofs of Theorem 4.3 and Corollaries 4.4 and 4.5 work also
under weaker requirements on the operator A.

(b) L. 1. Hedberg[5] obtains Theorem 4.3 for ordinary harmonic functions,
and he also shows that it cannot be improved.

Next we extend a well-known result of classical potential theory.

4.7. Theorem. Suppose that u is an A-superharmonic function in G\E with
lim, ., u(y)>—< for each x€E. Set
u(x) = lim u(y)
y=-x

for xcE. If E is of p-capacity zero, then u is A-superharmonic in G.

Proof. Let Dcc G be a domain. It suffices to show that u is A-superharmonic
in D. Replacing # by min (4, k), k=1, 2, ..., if necessary, we are free to assume
that u is bounded in D. Using the estimate (2.17) we show that u¢loc W,'(D) which,
by Theorem 4.2, establishes the desired conclusion. For that, pick a domain Dycc D
and ¢@€Cy (D) with 0=¢=1 and ¢=1 in D,. Now, since E,=spt pnD, is
of p-capacity zero, we may choose a sequence D;, i=1,2, ..., of open sets with
E,=N, Dy,CD;;,,ccD;cc D, and a sequence ¢;¢C=(D) such that ¢;=1 in
DN\.D;, ;=0 in a neighborhood of E,, and f o [Vo;|? dx~0 as i—oo. Since u is
bounded and A-superharmonic in D\E, (2.17) yields

[, \Vulrop dx = [ IVulr (o dx
scf IVpodlrdx = c([ IVolPdx+ [ Vo dx).
Thus letting i~ yields
fDo\E IVulP dx < .

Since the (n—1)-measure of E is zero, it follows that u¢ I/I§1 (Dy), and the proof is
complete.

4.8. Remarks. (a) Theorem 4.7 is sharp. Indeed, let C be a compact set in a
ball B with cap, (C, B)=0. Let ¢cC~(R") be such that ¢=0 in C, and ¢=1
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in 4B, and choose 4-harmonic » in B\C with u—@€cW(B\C). Since u>0
in B\C and since lim,.,u(»)=0 for some x€C (cf. [6], Theorem 2), u has
no A-superharmonic extension in B as a consequence of the comparison principle.

(b) Theorem 4.7 is well known for 4-harmonic functions {20]; this is also sharp
in view of the remark above.

(c) Neither Theorem 4.2 nor 4.3 can be improved by assuming that
ucloc LI(G\\E). For this, note that there is s=¢&(n, p, «, B)>0 such that each
A-harmonic function u in G belongs to loc W}, (G), cf. [17]. The function u in
(a) above serves as a counterexample by choosing C so that cap, (C, B)=0 for g=<p.

Moreover, the same example shows that there does not exist £¢=0 not depend-
ing on G, such that each A-harmonic u in Wp1 (G) would belong to VI{}H(G).

(d) It is well known that there is no non-constant bounded A-harmonic func-
tion in R” (see e.g. [1], p. 307). Using the above results yields that if E is a closed
set of p-capacity zero, then there is no non-constant bounded A-harmonic func-
tion in R™\E. Conversely, by using [15], the estimate (26), it is not difficult to
construct a non-constant A-harmonic function in each domain G provided that
R"™\ G is not of p-capacity zero.

In the borderline case, p=n, an analogous result holds for 4-superharmonic
functions; it easily follows from the estimate (2.17) that each lower bounded A-super-
harmonic function in R™\ E is a constant whenever E is of n-capacity zero. For n=2
this is the well known characterization of Greenian sets.

References

1. ‘D1 BeNEDETTO, E. and TRUDINGER, N. 8., Harnack inequalities for quasi-minima of varia-
tiona!l integrals, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), 295—308.

2. GiLBARG, D. and TRUDINGER, N. S., Elliptic partial differential equations of second order,
Second Edition, Springer-Verlag, Berlin—Heidelberg—New York—Tokyo, 1983.

3. GRANLUND, S., Linpqvist, P. and Martio, O., Conformally invariant variational integrals,
Trans. Amer. Math. Soc. 277 (1983), 43—73.

4. GRANLUND, S., LiNDQvisT, P. and MarTiO, O., Note on the PWB-method in the non-linear
case. Pacific J. Math. 125 (1986), 381—395.

5. HEDBERG, L. I., Removable singularities and - condenser capacities, Ark. Mat. 12 (1974),
181—201. )

6. HEDBERG, L. I. and WoLrr, TH. H., Thin sets in nonlinear potential theory, Ann. Inst. Fourier
(Grenoble) 33: 4 (1983), 161—187.

7. Iwaniec, T., Some aspects of partial differential équations and quasiregular mappings, Proceed-
ings of the International Congress of Mathematicians, Warszawa 1983, 1193—1208.

8. KILPELAINEN, T., On the uniqueness of the solutions of degenerate elliptic equations (to appear).

9. KINDERLEHRER, D. and STAMPACCHIA, G., An introduction to variational inequalities and their
applications, Academic Press, New York—London—Toronto—Sydney—San Fran-
cisco, 1980. :



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

A-superharmonic functions and supersolutions of degenerate elliptic equations 105

LeHTOLA, P., An axiomatic approach to non-linear potential theory, Ann. Acad. Sci. Fenn.
Ser. A I Math. Dissertationes 62 (1986), 1—40.

LERAY, J. and Lions, J.-L., Quelques résultats de ViSik sur les problémes elliptiques non
linéaires par les méthodes de Minty—Browder, Bull. Soc. Math. France 93 (1965),
97—107.

LiNDQVIST, P., On the definition and properties of p-superharmonic functions, J. Reine Angew.
Math. 365 (1986), 67—79.

LimpqvisT, P. and MARTIO, O., Two theorems of N. Wiener for solutions of quasilinear elliptic
equations, Acta Math. 155 (1985), 153—171.

MarTio, O., Counterexamples for unique continuation (to appear).

MAZ’yA, V. G., On the continuity at a boundary point of solutions of quasi-linear elliptic
equations, Vestnik Leningrad. Univ. Mat. Mekh. Astronom. 13 (1970), 42—S55, (Rus-
sian). Vestnik Leningrad Univ. Math. 3 (1976), 225—242, (English translation).

MAZ’YA, V. G., Sobolev spaces, Springer-Verlag, Berlin—Heidelberg—New York—Tokyo,
1985.

MEYERS, N. G. and ELCRAT, A., Some results on regularity for solutions of non-linear elliptic
systems and quasiregular functions, Duke Math. J. 42 (1975), 121—136.

MICHAEL, J. H. and ZieMer, W. P., Interior regularity for solutions to obstacle problems,
Nounlinear Anal. 10 (1986), 1427—1448.

RESHETNYAK, YU. G., The concept of capacity in the theory of functions with generalized
derivatives, Sibirsk. Mat. Zh. 10 (1969), 1109—1138, (Russian).

SERRIN, J., Local behavior of solutions of quasi-linear equations, Acta Math. 111 (1964),
247—302.

TRUDINGER, N. S., On Harnack type inequalities and their application to quasilinear elliptic
equations, Comm. Pure Appl. Math. 20 (1967), 721—747.

ZIEMER, W. P., Mean values of solutions of elliptic and parabolic equations, Trans. Amer.
Math. Soc. 279 (1983), 555—568.

Received February 11, 1987 J. Heinonen

T. Kilpeldinen

Department of Mathematics
University of Jyviskyld
Seminaarinkatu 15
SF-40100 Jyviskyla

Finland



