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ON THE DERIVATION OF THE
KHOKHLOV-ZABOLOTSKAYA-KUZNETSOV (KZK) EQUATION
AND VALIDATION OF THE KZK-APPROXIMATION FOR VISCOUS
AND NON-VISCOUS THERMO-ELASTIC MEDIA*

ANNA ROZANOVA-PIERRATT

Abstract. We consider the derivation of the Khokhlov-Zabolotskaya-Kuznetzov (KZK) equation
from the nonlinear isentropic Navier-Stokes and Euler systems. The KZK equation is a mathematical
model that describes the nonlinear propagation of a finite-amplitude sound pulse in a thermo-viscous
medium [S.I. Aanonsen and al., J. Acoust. Soc. Am., 75, 749-768, 1984], [M.A. Averkiou, Y.S. Lee
and M.F. Hamilton, J. Acoust. Soc. Am., 94, 2876-2883, 1993], [M.A. Averkiou and M.F. Hamilton,
J. Acoust. Soc. Am., 102, 2539-2548, 1997|, [A. Kitkauskaite and A. Kopustinskas, available at
http://www.etf.rtu.lv/Latvieshu%20lapa/pasn_str /konf/p_7.pdf], [Y.S. Lee and M.F. Hamilton, J.
Acoust. Soc. Am., 97, 906-917, 1995]. The derivation of the KZK equation has to date been based
on the paraxial approximation of small perturbations around a given state of the Navier-Stokes
system [N.S. Bakhvalov, Ya. M. Zhileikin and E.A. Zabolotskaya, American Institute of Physics,
New York, 1987, Nelineinaya teoriya zvukovih puchkov, Moscow “Nauka”, 1982]. However, this
method does not guarantee that the solution of the initial Navier-Stokes system can be reconstructed
from the solution of the KZK equation. We introduce a corrector function in the derivation ansatz
that allows one to validate the KZK-approximation. We also give the analysis of other types of
derivation [P. Donnat, J.L. Joly, G. Metivier and J. Rauch, Indiana Univ. Math. J., 47, 1167-1241,
1998], [D. Sanchez, J. Diff. Equ., 210, 263-289, 2005], [B. Texier, Adv. Diff. Equ., 9, 1-52, 2004]. We
prove the validation of the KZK-approximation for the non-viscous case, as well as for the viscous
nonlinear and linear cases. The results are obtained in Sobolev spaces for functions periodic in one of
the space variables and with a mean value of zero. The existence of a unique regular solution of the
isentropic Navier-Stokes system in the half space with boundary conditions that are both periodic
and mean value zero in time is also obtained.
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1. Introduction
In this paper we derive the Khokhlov-Zabolotskaya-Kuznetzov (KZK) equation
written for the space variables (z1,2') €R"™ (z; €R and 2/ e R"71):
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and we validate the KZK-approximation of the Euler (v =0) and Navier-Stokes sys-
tems (v >0). Here I(7,z,y) denotes the density of the beam, ¢ is the time, 7=t —x1/c
is the retarded time variable, ¢ is the speed of sound, z=ex; is the propagation axis,
€ is a small enough positive fixed real number, for example, e=10"° (see section 3),
y=+/ex’ is the transverse axis, po is the density of the medium, v is the diffusion
constant of the sound for a thermo-viscous fluid or, simply, the viscous coefficient,
and ~ is the adiabatic power.

The KZK Equation (1.1) contains the propagation term 92,1, the nonlinear term
O21%, the absorption term 921 and the diffractive term A,I. The KZK equation was
originally derived as a tool for the description of nonlinear acoustic beams [5, 30].
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680 ON THE DERIVATION OF THE KZK EQUATION

More precisely, the KZK equation describes acoustic beams for the space variables
(z1,2") with the following properties

1. The beams are concentrated near the x;-axis;
2. The beams propagate along the xi-direction;

3. The beams are generated either by an initial condition or by a forcing term
on the boundary z; =0.

This corresponds to the description of the quasi-one-dimensional propagation of a
signal in a homogeneous nonlinear isentropic medium. The KZK equation is applied in
acoustical problems as a mathematical model that describes the nonlinear propagation
of a finite-amplitude sound beam pulse in the thermo-viscous medium [1, 3, 4, 14, 16].
It is also used in several other fields, in particular, the description of long waves in
ferromagnetic media [25].

The KZK Equation (1.1), as demonstrated (in water and glycerin) in [3], accu-
rately describes the entire process of self-demodulation throughout the near field and
into the far field, both on and off the axis of the beam. The use of intense ultrasound
in medical and industrial applications has increased considerably in recent years [4].
Both plane and focused sources are used widely in either continuous wave or pulsed
mode, and at intensities which lead to nonlinear effects such as harmonic generation
and shock formation. Typical ultrasonic sources generate strong diffraction phenom-
ena, which combine with finite amplitude effects to produce waveforms that vary from
point to point within the sound beam. Nonlinear effects have become very important
at acoustic intensities employed in many current therapeutic and surgical procedures,
in particular, in ultrasonic medical imagery, since the human body is a nonlinear
medium. In addition, biological media can introduce significant absorption of sound,
which must also be considered.

The KZK equation presents a mathematical model of these phenomena. For
example, the KZK equation is used in lithotripsy [2, 20, 22]. The principle consists
in sending ultrasound waves to break kidney stones (by a mechanical effect). It
corresponds to the emission of a very short signal which generates a shock wave. The
formation of a shock wave ensures the desired mechanical effect. Another example
is the High Intensity Focused Ultrasound Therapy [11, 19, 22, 26]. The goal is to
burn tumors in the brain (by a thermal effect). Very long signals are emitted during
several seconds. Due to its nonlinearity, the KZK equation accurately models the
thermal effect. The next application is “harmonic imagery” [12, 15, 31]. The quadratic
nonlinear approach in the high frequency range (harmonics) by the KZK equation
permits echographic images of high quality.

Using the results of [24], we study the derivation and approximation of the KZK
Equation (1.1) with I(7,z,y) =1(t — %X ex1,\/ex’), v = (x1,2"), where z; €R and
2’ € R"~1. The KZK Equation (1.1) can be obtained from the isentropic Navier-Stokes
system for viscous media

Otpe +div(peue) =0,  pelOrte + (e V)ue] = —Vp(pe) + evAu, (1.2)

with the approximate state equation for p. = pg + €pe, not including terms of the order
of o(€?),

(y=1)¢?
2po

For the non-viscous case v=0, the KZK Equation (1.1) can be obtained from the
isentropic Euler system.

p:p(Pe):026ﬁ5+ 6253- (13)
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Let us present the content of the paper. In section 2 we start with a brief summary
of mathematical properties of the KZK equation proved in [24] and useful in what
follows, and introduce notations.

We consider the derivation of the KZK equation in section 3. Sections 4, 5 contain
the validation of the derivation studied for different (viscous, non-viscous, linear and
non-linear) cases.

In subsection 3.1, the derivation of the KZK Equation (1.1) from the Navier-
Stokes system (1.2) is taken from the literature [5]. The small perturbations around a
given state of the Navier-Stokes system are used with a paraxial approximation, which
together compose “the ansatz” reflecting the property that the wave is concentrated
near the xi-axis.

In subsection 3.2 we explain the limitations of the derivation of the previous
subsection. The derivation method of [5] does not ensure that the solution of the
initial Navier-Stokes system can be reconstructed by the known solution of the KZK
equation. To make it possible moreover with the same order of error as for the
derivation, we introduce a Hilbert expansion type construction to the initial ansatz
by adding a corrector function of higher order of smallness. This allows one to validate
the KZK-approximation.

In section 3.3 we compare this derivation with others from [8, 25, 28]. We analyze
the derivation of the KZK equation for the non-viscous case in terms of diffractive
nonlinear geometrical optics with rectification [8]. In addition, it will be analyzed in
terms of the short wave approximation [28] and the derivation of the Zabolotskaya-
Khokhlov equation from the Landau-Lifshitz-Maxwell system [25].

In sections 4 and 5 we are interested how the KZK Equation (1.1) provides asymp-
totic solutions I(7,z,y)=I(t — % ex1,\/ex’) of system (1.2) denoted ®(pc,uc,v)=0,
which we call in what follows the exact system.

The viscosity v introduces some difference in the construction and we treat sep-
arately the cases v=0 and v #0. For both cases the ideas of the proofs are based on
the convexity of the entropy for the Euler system [6].

With null viscosity both the nonlinear system of elasticity [6] ®(p.,u.,0)=0 and
the KZK equation are well posed (existence and stability of the solutions) for positive
and negative but finite time. Consequently, the approximation problem is considered
in a time cone. We prove a large time validity of the approximation for non-viscous
thermo-elastic media between the KZK solution and the solution of the Euler system
in a cone in section 4.

The viscous case is treated in section 5. If v >0, we have global existence and
stability with small enough initial data for the KZK equation. We also prove (see
Theorem 5.5) large time existence (for positive time but under a smallness hypothesis
of initial data up to infinity) and stability for the Navier-Stokes system in a half space
with a convenient condition on p. Therefore the approximation is considered in a half
space.

However, we first approach the viscous case by a linear problem in order to com-
pare the errors for the linear and nonlinear problems (see Table 5.1). We start with the
linear case in subsection 5.1. We establish a large time validity of the approximation
for the linear KZK equation

202 T— AN, [— —2_33T=0 1.4
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682 ON THE DERIVATION OF THE KZK EQUATION

and linearized Navier-Stokes system

Oep+poV-u=0, (1.5)
poOiu+Vp(p) =evAu.

To prove the approximation in the non-linear case we need a large-time existence
result for a smooth solution of the Navier-Stokes system.

In subsection 5.2, we show the existence of a unique regular solution of the isen-
tropic Navier-Stokes system in the half space with boundary conditions that are pe-
riodic and mean value zero in time. Due to the periodicity of the boundary condition
in time, it changes sign an infinite number of times. To control the changes in in-
flow/outflow regions we have to assume that the boundary condition (which is a
known function of the initial data for the KZK equation) for fixed ¢ has the same sign
for all ' € R"~!, and during one time-period the sign changes only a finite number
of times. This restriction avoids a change in the type of the boundary condition in
the tangential variables. The typical example of the initial data for the KZK equa-
tion which satisfies these conditions is given by Zabolotskaya in [5] by the expression
1(t,0,y) =—F(y)sint with F(y) >0 (a Gaussian or polynomial beam).

In subsection 5.3, we prove the approximation for viscous thermo-elastic media
between the KZK solution and the solution of the Navier-Stokes system in a half space.
We obtain as a consequence the validation of the approximation for an admissible weak
solution of the Navier-Stokes system satisfying the boundary conditions in the half
space. The result is based on the works of [17, 21].

In section 6, we collect the results in the comparative Table 5.1 and give a short
conclusion. The announcement of the results can be found in [23].

2. Preliminaries and notations

The results of this paper are related to the results of our previous paper [24]. Let
us briefly summarize them.

The existence of regular solutions of the KZK equation was studied in [24]:

(ut — Uty — PUgg) s —7Dyu=0 in (R;/(LZ)) x 8y, (2.1)

in the class of L-periodic functions with respect to the variable z and with mean value
7ero

L
D={ue H°|u(x+ L,y,t) =u(z,y,t), / u(z,y,t)dr=0}. (2.2)
0

We suppose in what follows that § and 7 are positive constants. The domain €2, is a
subset of R"~! or Q, =R"~!. Equation (2.1) can be obtained from equation (1.1) by
the following change of notation:

u

z:=t, T:=x, Y=y, I:=

—

7+
4cpo

The notation v € H® means u(-,-,t) € H* ((R/(LZ)) x Q) for s >0 and

2

—+o0
- = / S (R lalkn) Py | <o,
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where @ = F(u) is the Fourier transform of w.
The introduction (see [13, 29]) of the operator 9, !:D— D defined by formula

o7 f= Zf% - [ 16 ds+/ 2 f(s)ds (2.3)

k#0
allows us to consider the following equivalent equation instead of equation (2.1)
g — Uty — Bge —y0; "Ayu=0 in (R,/(LZ))x Q. (2.4)
The following theorem was proved for this integrated KZK equation.
THEOREM 2.1. [24] Consider the Cauchy problem

{ U — Wy — By — 0, L(Ayu)=0 in (R, /(LZ))xR"~1,

U(l’,y,O) Ug, (25)

in the class D with the operator ;% defined by formula (2.3) and with 3>0. The
following results hold true:

1. For s>[g]+1 there exists a constant C(s,L) such that for any initial data
uo € H® on an interval [0,T[ with
1
T>——
— Cls,L)uol e

problem (2.5) has a unique solution in C([0,T[,H*)NC([0,T[,H*~2).

2. Let T™ be the largest time on which such a solution is defined. Then we have

.
/ sup(|Bgu(z,y,)| + |V yu(z,y.)[)dt = oo.
0 x,y

3. If >0, we have global existence for small enough initial data: there exists a
constant C7 such that

[uwollgs <C1=T" =

4. For two solutions u and v of the KZK equation, assume that u€ L ([0,T[; H?)
and ve L*([0,T[;Lz). Then we have the following stability and uniqueness
result:

u(,t) —v(.,t)| 2 < efo sup=wl@zul@y.o)lds |1y 0) —v(.,0)|| 2. (2.6)

REMARK 2.2. We note that when 5=0 (i.e., a non-viscous medium), all the corre-
sponding statements of Theorem 2.1 remain valid for 0 >¢> —C' with a suitable C'.

In what follows we use the global existence in time of the KZK solution for small
enough initial data if 5>0 (see point 3 of Theorem 2.1) and the blow-up result (exis-
tence of a shock wave) if 3=0. Indeed, when y=0 and 8> 0, equation (2.1) reduces
to the Burgers-Hopf equation for which the existence, smoothness, and uniqueness
of the solution are well known. Furthermore, for y=0=0 it reduces to the Burgers’
equation

u
&gu—aI?:O,
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which, after a finite time, exhibits singularities. Specifically, the following theorem
was proved in [24]:

THEOREM 2.3. [24] The equation
(ug —uty)e —7Ayu=0 in Ry xR, xQ,
with a Neumann boundary condition on 0, has no smooth global solution in time if

supd,u(z,y,0)

zy
is large enough with respect to 7.

Between these two extreme cases of global existence and blow-up there is a “quasi-
shock” wave phenomenon corresponding to the case when 8 — 0. The existence of a
shock wave in the case of propagation of a beam in non-dissipative media and the
existence of a quasi-shock wave for dissipative media are obtained numerically in
[5]. The latter phenomenon corresponds to the approximation of the shock wave by
the front of the beam given by the (smooth) solution which is tentatively global.
This phenomenon appears for the KZK equation with a small viscosity coefficient.
Following [5], the wave is named a quasi-shock wave if the width of the wave front
A1 <7/10. Theorem 2.1 and Theorem 2.3 confirm the numerical results. In particular,
we observe from [5, pp.78-81] that as 3 becomes smaller (38— 0), the KZK equation
exhibits a quasi-shock which approaches a shock wave, into which the quasi-shock
degenerates at §=0.

Let us introduce some notations used in what follows in this paper. The operator
V- denotes the divergence operator. For a positive fixed small enough real number
€, (see section 3), we suppose that R, consists of classes, which are characterized by
the power of e:

where o> 2 is a rational number. O(1) denotes the class of constants. If U is a matrix,
UT is the transpose of U.

3. On the derivation of the KZK equation
In the present section the emphasis is focused on the derivation of the KZK
Equation (1.1) in nonlinear media using the following acoustic properties of beam
propagation
1. The beams are concentrated near the xi-axis;
2. The beams propagate along the x-direction;

3. The beams are generated either by an initial condition or by a forcing term
on the boundary x; =0.

It is assumed that the variation of beam’s propagation in the direction
' = (x2>x37"-a$n)

perpendicular to the x-axis is much larger than its variation along the x;-axis, i.e., we
suppose that the beam has the form U(t — 1 /c,exq,/ex’). The first argument t —xz1 /c
describes the wave propagation in time along the x1-axis with the sound speed ¢, and
the two last arguments ex; and \/ex’ describe the speed of the deformation of the
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wave along the z1-axis and along the z’-axis, respectively. We remark that e << 1 and
consequently € < (/€.
For instance, for the linear wave equation in R™ (n>1):

C%@fu—AuzO, (3.1)
the following ansatz
uE:U(tficl,exl,ﬁx') (3.2)
containing a “profile” U(t,z,y) (with small €) leads to the formula:
02 U~ %AyU:O(e), (3.3)
or for functions U(7,z,y) = A(z,y)e™7, to the equation
iwd, A — gAyA: 0e). (3.4)

We observe that with e=0 equations (3.3) and (3.4) are two variants of the classical
paraxial approximation and that equation (3.3) contains the linear non-diffusive terms
of the KZK equation which usually has the following form for some positive constants

8 and ~:
1
2,U— 582U2 — BO2U —yA,U=0.

Conversely, the isentropic evolution of the thermo-elastic non-viscous media is given
by the following Euler system

Op+div(pv) =0, p(dw+v-Vv)==Vp(p). (3.5)

Any constant state (pp,vo) is a stationary solution of system (3.5). Linearization near
this state introduces the variables

p=po+ep, v=v9+e€v
and for vg =0 the acoustic system:
Op+poV-1=0, pedst+p (po)Vp=0. (3.6)

System (3.6) is equivalent to the wave equation:

1 /
L 2p-np=0, do= ~P(po)

V5, 3.7
- o P (3.7)

where ¢=+/p'(po) is the speed of sound in the unperturbed media.

We observe that equation (3.3), which is the linearized and non-viscous part of the
KZK equation, can be obtained in two steps. First we consider small perturbations
around a constant state of the isentropic Euler system which are solutions to the
acoustic equation, and then we consider a paraxial approximation of such solutions.

The derivation of the complete KZK equation follows almost the same line. It
takes into account the viscosity and the size of the nonlinear terms.
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3.1. Standard physical derivation [5]. We start from the Navier-Stokes
system:

Op+div(pu) =0, plOu+(u-V)ul=—-Vp(p,S)+bAu, (3.8)

where S is the entropy and the state law p=p(p,S) is the pressure.
_ First, we assume that the temperature 7" and the entropy S have small increments
T and S. With the hypothesis of potential motion, we introduce constant states

pP=pPo, U=UQ.

Next, we assume that the density fluctuation (around the constant state pg) and the
velocity fluctuation (around wg, which can be taken equal to zero using a Galilean
transformation), are of the same order of e:

Pe:P0+€ﬁe7 Ueiéﬂe,

where € is a dimensionless parameter which characterizes the smallness of the pertur-
bation. For instance, in water with an initial power of the order of 0.3W /cm? € is
equal to 107°. We also suppose that the viscosity coefficient is small:

b=c¢b.
Using the transport heat equation in the form
poToatg = RAT,

where k is a dissipation coefficient, the approximate state equation
.1 - 5
p=clep.+ B (agp)s 22+ (Osp), S

(where the notation (-) g means that the expression in brackets is constant in S) can
be replaced [5], due to the following relation:

~ K
S= ﬁ(ﬁpT)Sdlvus,
by
o -, (=1 5, L 1
=Zepot 25— - — ) Vu.. 3.9
p=cr DG )T 3.9)

Here y=C),/C, denotes the ratio of the heat capacities at constant pressure and at
constant volume respectively. System (3.8) becomes an isentropic system

Otpe +div(peue) =0,  p[Osue + (ue- V)ue) = —Vp(pe) + evAu, (3.10)

with the approximate state equation (see equation (1.3))

(7_1)02 2~2 (311)

2 ~
p:p ) =C€ E+ € e
(pe) p oy P

and with a small enough and positive viscosity coeflicient:

b+ ! L
V= ——— .
€ K c.C
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Next, we recall the direction of propagation of the beam, along the zi-axis, and
therefore consider the following profiles:

ﬁe(xl,ac’,t):I(t—ﬂxxl,ﬁx'), (3.12)
c

Ge(z1,2" ) = (e 1,ul) = (v(t— ﬂ,exl,\/gm’),\/gu_i(t— ﬁ,exl,\ﬁx’)). (3.13)
c c

We suppose with the help of Equation (3.13) that the velocity uc(z1,2’,t) being a
vector function has two different perturbations along the zi-axis and z’-axis: the
perturbation ev in the xi-direction and the perturbation €247 in the z/-direction. In
equations (3.12) and (3.13) the argument of the functions will be denoted by (7,z,y)
and c¢ is the speed of sound, i.e., c=+/p'(po). Inserting the functions p. = pg+e€l and
ue = €(v,y/ew) into system (3.10), we obtain the following.

1. For mass conservation,

By pe+div(peue) = e(0, 1 — %Oaw)
2 1 1 3
+e | po(0,v+ V- W) — EU&,I— EI&-U +0(e’)=0. (3.14)

2. For momentum conservation in the x;-direction,

pee(atueJ + Ue - Vue,l) + a:mp(pe) - €2VAUE,1 = G(Poarv - C&-,—I)

-1
+e2| 19, v— @vﬁTU—i—cQaZI— ( )CBTI2 — 1630 +0(e3)=0. (3.15)
c 200 c?

3. For the orthogonal (to the z1-axis) component of the momentum,
pee(Opl +uc -V ul)+ 8 p(pe) — VAU = €3 (podr B+ 2V, I)

—1)c?
povaTu?—&—Iolu‘i+7(7 )e

T
c 2pg

VyIQ—C%Ayw’)—i—O(e?’):O. (3.16)

To eliminate the terms of the first and second order in € we need to pose:

a1 — %Oa;u:o, (3.17)
1 1
po(azv+vy~lﬁ)—EU({?TI—EI@T'U:O, (318)
1
10,0 Lo vsco. - 0=V g 2 Yoz, g (3.19)
c 2p0 c2

Therefore, I and v should be linked by the formula:

c
v=—I1 3.20
Po ( )

and the second order terms of equations (3.14) and (3.15) by the formula:

1 1
po(0v+ VW) — EvaTIf EI(?Tv

1 -1
= (100 —"208, 0+ 20,1~ 4l )08712—18311). (3.21)
c c 200 c2
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Thus (with equation (3.20)), it gives:

povy W+ 2¢0,1 —

(v+1)
2p0

Eventually, we use the equation of the orthogonal moment (3.16) to eliminate the
term poV, -wW. Assuming, in agreement with equation (3.16), that

14
0,1 — ——0*I=0. 3.22
Zo (3.22)

P00 +c*V, [ =0, (3.23)

and taking the divergence with respect to y of this equation, differentiating equation
(3.22) with respect to 7, we obtain
1
o m(fﬁﬁ _
4po
The KZK Equation (3.24) is written for the density perturbation, but the same
equation with different constants can also be derived for the pressure and velocity.
The transposition of these KZK equations is possible due to relations (3.11), (3.20),
and (3.23). For example the equation on the pressure has the form
)
L, . “Ap=0,

) 2
2pc3 T oE Py

Vg C A r— (3.24)
2¢2py T 27 T ’

672'zp_

where ¢ is the diffusivity constant of the sound for thermo-viscous media and (3 is the
nonlinearity constant.

3.2. Introduction of a corrector. The above derivation is standard in physics
articles, however, it does not imply that the functions

pe=po+el, ueze(vvﬁu_j)

are a solution of system (3.10) with an error term of the order of €3. Indeed, we can
assume (3.17) and that (3.23) with (3.22) take place, but not the fact that the quantity
which corresponds to the term of the order of €2 (both in the mass and momentum
conservation along the xi-axis) is zero (see (3.18) and (3.19)).

To remedy this fact, and also ensure an error of the order of €3 in the equation
for the orthogonal momentum to the x;-direction, we introduce a Hilbert expansion
type construction and write

pe=potel, u.=e(v+evy,Vew). (3.25)

In (3.25) we assume that I is a solution of the KZK Equation (3.24), while v and w
are given in terms of I by equations (3.20) and (3.23). We obtain modulo terms of
the order of €2, for the right hand side of equations (3.14) and (3.15):

1
e < @57-’01 +po(0:0+Vy w) — 37'12> ’
c Po

-1
€ (poaTvl +c20,1 — ry2p0 o cZQ@EI) .

Taking into account the KZK equation, this implies for the “corrector” v, the relation

v—1 s VU .o, C°
0,12+ 021 — < 0.1. 3.26
27 2 (3.26)

87—111 =
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The inverse is also true: inserting (3.25) into the Navier-Stokes system (3.10) we
find that the perturbation of the density I satisfies the KZK equation. More precisely,
using (3.25) we obtain (the operator 971 is defined in equation (2.3))

e(pov—cl)=0=v(r,z,y) = piur,z,m, (3.27)
0

2 (poaTﬁ +C2Vyl) =0=>

Po

2 T L
w(r,2,y) = < (/ VyI(s,z,y)der/ ZVyI(s,z,y)ds) , (3.28)
0 0

—1
€ (pOGTvl +c%0,1— 72100 0, 1% — C:()Z?EI) =0=

3 -1 -1) [ 3
vl(T,z,y)z;pOa;myH(” Jep2_ 0 )/ I2d7+f:237[,
0 0

43 ALpj
(3.29)
+1) v c?
2 2]—_(’7 272 BT AT )= .
€ <08Tz I 0z 5, 0z 5 By 0, (3.30)

where equation (3.30) is the KZK equation.

3.3. Comparison with other derivations. It is interesting to notice that
for the non-viscous case (i.e., for the isentropic compressible Euler system) the KZK-
like equation with =0 has been obtained using the scaling of nonlinear diffractive
geometrical optics with rectification in [8, p. 1233] (in two dimensions). The initial
goal of the article [8] is to construct the nonlinear symmetric hyperbolic equation

L(u,0z)u+F(u)=0.

The case of the isentropic compressible Euler system is given as an example. The
basic ansatz in [8] has three scales

uc(r) =€*a (e,e:c,x, M) ,
€

where
a(e, X,x,0) =ao(X,2,0) +eay (X,z,0)+e2ax(X,x,0).

Here 2 = (t,y) €R'*4, 3= (7,n) € R+ (where d is the dimension size), and the profiles
a;(X,z,0) are periodic in 6. The KZK-like equation of the form

Oora— Ayae_la—&—aa&ga:(),

with 0 €R determined from an identity and with T'= 27 holds for the profile ag with
mean value zero on 6 (for the proof see [8, pp. 1231, 1234]). The property of the profile
ap to have mean value zero on 6 corresponds to the vanishing of the non-oscillatory
part: with notations of [8, p.1181], a:= ﬁ fozw adf and the oscillating part is denoted
by a*:=a—a.

An analogous technique is used in [28] to study the short wave approximation for
general symmetric hyperbolic systems as

{ L(0)u=F(u)d,u for (z,y) eR xR, (3.31)

u(0) = eu’(x/e,y) € R,
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with a hyperbolic operator L(9) =0y + A0, + B0, + E. “Short waves” stand for short-
wavelength approximate solutions, or equivalently, approximate solutions with initial
data whose oscillatory frequencies are large compared to the parameters of the system.
For the variables

T=-, X=

t
E, Yy, T=¢t, (3.32)
€ €

in [28] Texier looks for the approximate solutions in the form
Ue(t7ft,y) :€(U0+6u1 +€2U2)(T7X7y77)-

For the first profile ug Texier has a system of the form

{ (Or +c0x)up =0,

((’)Tax—a%)uo:c’)x(uo(’);(uo), (333)

corresponding to the KZK equation for the function (X — T, 7,y,X). The estimate
of the approximate result in [28] between the exact solution v¢ of system (3.31) and
the solution uf of a system of form (3.33) is the following

1
v =eusllLa qo,rosdxrz ) =0(1)-

To analyze common points between this work and the KZK-approximation we can
pass from the variables corresponding to our scaling

(t—x—cl,exl,\/gx’)

to “variable =/evariable” in the following way:

() o).

Supposing now that e =¢2, we obtain

and similarly
(p,u) = (po +EL,E(D+ 0y, &)

These variables exactly correspond to Texier’s case [28]

X
T—2 149,
( p TY)

The first profile euy from [28] corresponds to (p+€I,é0) for which we have exactly
system (3.33) in the form of equation (3.17) and the KZK equation without the viscous
term. The profile €W is associated with €2u; and the profile €39, is associated with
€uy. The result of [28] is obtained for the non-periodic case and without the vanishing
mean condition, which is important for physical reasons.
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This analysis of the works [8, 28] shows that our approach is similar where the

variables have been switched with € “variable =/evariable” to balance the oscillation,

1 { 151 (t X1 )
[l Bt N L
Ve ¢ c
In other words we can say that we have O(1) oscillations.

The scaling used by Sanchez [25] for the Landau-Lifshitz-Maxwell equations in
R3 is very different. Sanchez starts with the system

8,5M:—M/\H—|’YMM/\(M/\H) in R3, (3.34)
O(H+M)-VAE=0 in R?, (3.35)
HWE+VAH=0 in R?, (3.36)

which represents the Landau-Lifshitz-Maxwell equations and admits stable equilib-
rium solutions where the magnetization M is uniform and everywhere parallel to the
effective magnetic field H:

(M, H,E) = (Mg, My,0), 0 >0, (3.37)

where F is the electric field. Then Sanchez considers small perturbations of the
equilibrium states whose size is measured by a small parameter e. The perturbation
is taken in the form:

M (t,2,y) = Mo+ €2 M (#,7,7,7),
H(t%?}) :a_lMO +€2ﬁ(£a7-7j7g)7
E(t,z,y) =€ E(,7,%,7),

where £, 7, &, § are new rescaled variables:
t=€e%t, t=¢e%, =€z, jJ=édy. (3.38)
We notice here that if we take
t=ét, =z, (=€,

we exactly obtain (3.32) from (3.38):

{:

| k>
>

oS
R

, T=¢t, T=

But the smallness of functions’ profiles is different. The vector of the perturbation
- o~ Nt
U(t,7,z,7)= (oz_%M,H,E) (t,7,%,7) satisfies an equation in the form (the ~ on the

variables is omitted)

U +€0.U+ A10,U +€eA30,U +¢ 2LU = B(U,U) + T (U,U,U),
U(0,0)=0y,

where Ay, Ay, and L are linear operators in R?, B is a bilinear map on R? x R?, and
T is a trilinear map on R? x R? x R®. Using an asymptotic formal expansion of U in
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the form U=Uy+ €U, 4+ €2Us + ..., Sanchez obtains that the leading term U, breaks
down in five traveling and standing terms, Uy = 25:1 u;, which satisfy the transport
equation and the Zabolotskaya-Khokhlov equation,

(3t +Uj3r)u]' = 0,
0 (0ruj — D;0Fu; + Bj(uj, 0puy) + Fj(uj,uj,u5)) = C;0ruy,

where the constant v; is the speed of the wave in the direction k (the z-direction).
He also proves the validation of this approximation for a time of the order of %

4. Validity of the KZK-approximation for non-viscous thermo-elastic
media

We now show in what way the KZK equation provides asymptotic solutions of
the Navier-Stokes system (1.2), firstly, with v =0.

We recall that for the case of null viscosity (¥=0) theorems of existence and
stability for the Euler system and for the KZK equation are valid for positive and
negative but finite time. Moreover, we note that z=ex;, and z becomes the time
variable according to the KZK derivation.

Thus, we first consider the Euler system for p(x1,2’,t) and u.(z1,2',t),

Otpe +div(peuc) =0,  pe[Orte + (ue.V)ue] =—=Vp(pe), (4.1)
and subsequently, a non-trivial solution I of the problem
1 2
cazzf—waEIQ_iAyfzo, (4.2)
4p0 2 -

for an initial data
I(tvovy):IO(tvy) (T:t for x1:0)

L-periodic in ¢ with mean value zero. The solution I as a function of (7,z,y) is
periodic in 7 with period L and mean value zero. We construct in this case for
the KZK-approximation a solution for positive and negative (x1,t), using initial data
compact in x for t=0.

Theorem 2.1 ensures for initial data I(t,0,y) € H* with s’ > [5]+1 the existence
of a unique solution I(7,z,y) € C(|z| < R;H* (1 x y)) (for null viscosity v =0), where R
corresponds to the limit for the “time existence” interval, i.e., R>1/C(s",L)|Io|| g+ -
The existence of the smooth solution U= (pe,uc)(t,z1,2") (0<t<T) of the Euler
system (4.1) is due to Theorem 5.1.1 from [6, p. 62].

With the notations

Pe=pP0+€Pe;, Ue=Ele, (43>
we take
_ —1)c? 5
p=plp)=ep+ LN 2 (4.4)
2p0

Then, according to these formulas, the functions we construct are

o(r.2y) = —1(r,2,y), (4.5)
Po

Po

2 T L
w(’r,z,y)c</ VyI(s,z,y)der/ ZVﬂ(s,z,y)ds), (4.6)
0 0
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2 T L
vl(m,y>=—c< [ ottsepas+ | Zazf(s,z,wds)
Po\Jo 0

(=1 2 C(’Y—l)/L 2
+——=cl"(1,2,y) — I%(1,z,y)dr. 4.7

In the above formulas the terms containing fOL correspond to the definition of the
operator 9! (see equation (2.3)), which implies that all these functions are L-periodic
in 7 and have mean value zero.

Next, we introduce the density p, and velocity T, = (T, 1,4.)

pC:pOJreI(t—x—cl,exl,ﬁx’), (4.8)

He,l=6(v+evl)(t—x—:,ex1,ﬁx'), (4.9)

ul =Rt~ ey, ver!), (4.10)
c

and eventually the expression:
U. = (7.,3.) = (po+ el e(v+ev1, /&) ) (t — x—cl,exl,ﬁm/). (4.11)

We consider the approximation problem between two systems: the exact system (4.1)
and the approximate system obtained from a smooth solution of the KZK equation
(4.2),

atﬁe + vl ' (peﬂ€>
=3 (poﬁzvl +0,(Iv)— %87(1111) —|—Vy(Iw)> + €10, (Ivy), (4.12)
ﬁe(at'ae,l +ﬂ5 : v 'ﬁe,l) +az1p(ﬁe)

1 —1
—e3 (I@Tvl — 2—6137.1;2 + %821;2 — p—;&(vvl) + powVyv+ ('72[)())02@]2)
a1, o 1 PO o 2
+€ 5821) — ElﬁT(vvl) + 1wV v+ pod; (vur) — 2—0371)1 + powVyv1

1
+é° (I@z (vv1) — %I&vf + 1wV, + F;()@Uf) +€8Tv10,01, (4.13)

-1
ﬁs(ataé + eV a/e) +aw’p(ﬁe) = 6% (729 C2vy12>
0

I
tes <p0vazw — p—covlﬁTw—i— %Vywz - Uarw>
c

1 1
te? <p0U18zw+Ivazw — -0, w+ 2vyw2> +e7 Ty d,w. (4.14)
c (

System (4.12)—(4.14) can be written in the form
atpe+v' (mé) :Rla
P (04t +7Tic-V -1c) + Vp(p,) = Ra,
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with notation R; for the remaining term of equation (4.12), and R, for the re-
maining term of equations (4.13) and (4.14). To ensure that Ry € Loo((—R,R); L)
and Ry is in [Loo((—R,R);Ly)]?, we require that 921 € Loo((—R,R); Ly) and choose
s>max{4,[§]+1} in Theorem 2.1.

The existence of the smooth “true” solution of the Euler system (4.1)

Ue=(pe,uc)(t,r,2’) (0<t<Ty) with V-Ud(-,t)€C°([0,Tp); H ™)

for s —5> %, with the same initial data U|;—o =U.|t—o is still due to Theorem 5.1.1
from [6, p.62]. Indeed, let us show that the assumptions of this theorem are satisfied.
System (4.1) can be written in the form

Dip+ Y 0w, (pu;) =0,
j=1

j=1
or equivalently for U.= (pe,peue) and F(ﬁe) = (petie, peu? +p(pe))7,
O,U.+V-F(U.)=0. (4.15)

System (4.15) (which is hyperbolic, due to p’(p) >0) is called the system of conserva-
tion laws. Therefore [6, p.43], by the virtue of p(p.) = p?h’(p.), any classical solution
of (4.15) satisfies

2 {pe (Pe) +pe }Jrzamj K (pe) +pe|22+p(pe)> ]0,

lul®

so that the function 7= pch(pe)+pe'5- is the entropy for system (4.1). In addition,

the function n(U,) is convex and, consequently, n" (ﬁe) is positive definite. We also
notice from (4.8)—(4.10) and Theorem 2.1 that v; € CY([-R,R]; H*™%),
weCY([-R,R];H*3) and ve C'([~R,R|;H*"?) for s>[%]+1. Thus for s—4>
[%] +1 the initial data

ﬁe|t:0:Ue‘t:O:ﬁO(x>

are continuously differentiable and bounded on {|z1|< £} xR"~!, and VU, € Hs=5
(s—5>[%]). This shows that we are in the case of Theorem 5.1.1 [6, p.62].

REMARK 4.1. The time Ty of the existence of the solution of the Euler system is
finite. Thus, the interval [0,Tp) is maximal (see [6, p.62]) in the sense that

limsup |V -U (1) .. = oe.

Let us determine the order of the blow-up time 7y. We can observe it with the help
of the simplified model of the Euler system presented by Burgers’ equation with the
initial conditions of the order of e:

Au+ud,u=0, uli=o=-€ug.
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It is well known that the first derivative

EVIUO
Vo= ————r
* 1—eV upt
exists for time
t< 1
€|Vauo|

Relating to our problem, we will consider the solution of the Euler equation for the
time ¢ € [0, %), where 1" is a constant and € is small.

Therefore, the solution given by the KZK approximation and a true solution of
the Euler system with the same data at time t=0 can be compared according to the
following theorem.

THEOREM 4.2. Suppose that there exists the solution I of the KZK equation (for an
initial data Io(7,0,y) from H*® ) such that

o I(7,2,y) is L-periodic and with mean value zero with respect to T and defined
for || <R (R=1/C(s",L)| Lol s+ ) and yeR™ ™,

o for Q=R/LZ xRy~ and s'>max{4,[4]+5}, we assume
2 1(1,2,49) €C( = R.RLH (0)NC' (|~ R,RLH” ~*()
(the uniqueness and the existence of such a solution is proved in Theorem 2. 1).
Let U, be the approximate solution of the isentropic Euler system deduced from
a solution of the KZK equation with the help of equations (4.8)-(4.10) and equa-

tions (4.5)=(4.7). Then the function Uc(x1,a’,t) =Uc(t— 2 ex1,\/ex’) given by for-
mula (4.11) is defined in

R
Ry x (e ={lan| < = — et} xRy

and is smooth enough according to the above procedure.
Let us now consider the solution of the Euler system (4.1) in a cone (see Fig. 4.1)

R
C(t)=Upcs<t{s} x Qc(s)={x=(x1,2'): |z1| <= —Ms, M >c,z' cR" !}
€
with the initial data

(ﬁe_p6)|t=0:07 (ﬂe_ue)|t=020- (416)

Consequently, (see [6, p.62]) there exists Ty such that for the time interval 0 <t < %
there exists the classical solution Ue= (pe,ue) of the Euler system (4.1) in a cone

C(T)={0<t<T|T < %} < Q. (1) (4.17)
with

n
”V'UGHLOQ([O,% <eC' for s> [5} +5.

[H —5)
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slope M T slope —M

Fi1G. 4.1. The cone C(T).

Moreover, there exists a constant C such that for any € small enough, the solutions
U. "2 (pe, peue) and U. "2 (p,,pJic), which were determined as above in cone (4.17)
with the same initial data (4.16), satisfy the estimate

1T~ Tell2, (g, oy < €2V Telliameemnt < 560, (4.18)

REMARK 4.3. Let us introduce the operator A= (1 fA)%, defined by

Au)(Q) = (1+[¢P)Ea(Q).

Consequently, we have

s

A =1=A)2, ulla: =[1A ullL,

¥

As soon as both solutions U, and U, are in C([O,%[;HS/"l) in the cone for any
s'—4>[%]+1, if in addition s’ >8, we can apply the operator A* with §=s'—8 and
obtain the same estimate (4.18) but for the norm ||| g5 (g, (4))-

Proof. Following Dafermos [6, p.43, 61], the convex entropy

‘“6|2

with  h'(pc)="2 (p;) (4.19)

1(Ue) = peh(pe) + pe

is used. With

[75 = (pe,peue)T, FU)= (Peumpeuz +p(pe))T and  q(Ue) =ue(n(Ue) +p(pe))

we have two systems

U 4V -F(U,)

atn(Ue) +V- Q(Ue)
U +V-F(U.)=

|
=

)

{am(ﬁe)JrV-Q(ﬁe) 0,

U(Ue)p:tp(ﬁe) Rl +ﬁ€[:é27

—
)
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where R; =0(e?) is the remaining term of the first equation of the Euler system,
Ry=(0(e3),0(e3)) =0(e?) is the remaining term of the second equation of the Euler
system in two directions, z1 and 2/, and R=(R;,R2) :O(e%). Thus, we have

W UV -(F(U) = F(U)) =0/ (U)R— (0,00 (U)(U~Te),  (4.20)

and, using the property for the convex entropy 7" (U)F'(U) = (F'(U))Tn"(U), the last
term is

V- (F,(UE))TUN(UG)(ﬁe_Ue)
e)-

We integrate equation (4.20) over the cone C(t) (cf. (4.17)). The use of Green’s
formula gives

—(0:0) " (U)(U ~ Uo)
=V-Uln"(U)F (U)(Ue

QI H

/|x1|<g_Mt/RM (1T =n(T) =/ (O (T~ T) | (w,)da

_/|m1|<fg/Rm [1(T0) = 1(T) (U (T~ T) | (w,0)da
:‘A;@”J“ﬁd—mﬁa—#@maa—aﬂda (1.21)

_/ac(t) My [‘1@) —q(Ue)—n'(U) (F(ﬁe) —F(UE))} do

_ C(t)v.UeTn”(Ue) {F(Ue)—F(Uﬁ)_F/(UE)(ﬁC_UE)} s

- [ MO g o OB B0 O~ 0 s
o) Pe

With the help of the facts that the entropy 7 is convex
U(Ue) - U(Ue) *n,(Ue)(fje - 06) Z a|ﬁe - Ue|27

and the associated entropy flux ¢ is related with 7 by the relation [6, p. 52]

we obtain that
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Moreover, using the Taylor expansion, we have

We can always choose our cone with the help of a constant M >c¢ such that an;+
Cng, >0 and

- (ang +Cng)||U. —U.||? do <0.
/80(t) x L2(Qe(s))
Taking the same initial data U, |;—o = [75|t:0, we obtain

t
10 =Tl .00 < IV -Uellaetry [ 10c=Uul . s+ K

Here the constants K and C' do not depend on ¢.
Therefore, applying the Gronwall lemma we have

t _
”Ue*UEHQLQ(QE(t)) SKES/O €C(t78)”v'U£”L°°(C(T))dS. (422)

We notice that the difference of the solutions U.—U, is of the order of Ofe),
moreover, V-U,=0(e), and the left-hand side of estimation (4.22) is of the order of
O(€?). Consequently, we have inside of the cone C(T') that

t
U, 7U6||2Lz(Q€(t)) < 60/0 eCt=9)ds <€ for all t€[0,T]. 0

5. Validity of the KZK-approximation for viscous thermo-elastic media
From Theorem 2.1 we see that the solution u(z,y,t) of the KZK equation with
the term of viscosity >0 or v >0 is defined globally in time ¢ >0 for small enough
initial data. The solution I(7,z,y) of the KZK equation is the asymptotic form of the
Navier-Stokes system. We note that I(7,z,y) =1(t— 2 ex1,\/ex’) is defined for z; >0
(as z becomes the time variable according to the KZK derivation from section 3).
Therefore, the approximate domain of validity of the KZK approximation for viscous
thermo-elastic media is the half space

{z;1>0, t>0, 2/€R"'}. (5.1)

5.1. Approximation result for the linearized KZK equation. From the
Navier-Stokes system

pp+div(pa) =0,  p(dri+ (i- V)it) = —Vip(p) +evAi, (5.2)
which is well posed for small enough initial data in the half space (5.1), the isentropic
linear Navier-Stokes system can be obtained with the help of the choice

~ 2

p=po+€ep, d=eu, p=p(p)=€p(p)=€cp,
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not taking into account the terms of the order of O(e?),

Op+poV-u=0, (5.3)
podiu—+Vp(p) =evAu. (5.4)
System (5.3)—(5.4) has a unique global solution.

Combining d; and V (or V-) applied to equations (5.3) and (5.4), we obtain two
decoupled linear equations

pr—CQAp:elAatp, (5.5)
Po
afu—CQVdivu:elAatu. (5.6)
Po

The existence of the smooth solution u of equation (5.6) is proven in the following
lemma.

LEMMA 5.1. Equation (5.6) has a unique regular global solution in time in the
half space {x1>0,t>0} (ueC*([0,400), H*"2)NC?([0,+00),H ™), s—1> [2] +1),
with regular initial values

c N, T _
Uly—o =g = (;I,ﬁw)(f?l,exl,ﬁx/) eH 1,
0
o o c — T / s—2
ut\tzofulf(p—afl,ﬁ&w)(—?,exl,\/gx)EH s
0
and boundary conditions
laymo =y = (T, VD)1, Ve € 1O
0

(in addition uy is L-periodic and with mean value zero to respect to t).

Proof.  If up =0, the relation

(974

1
14 (/ \3tu\2d$+(:2/ |V~u|2dx> —l—f/ |V - Opul?ds
2dt z1>0 x1>0 P0 Jz,>0

—02/ V-u@,gudx’—z V- Oubrudx’ =0,
$1:0 pO Ilzo
gives
d 2, 2 2
— (10¢u)® + 2|V -ul?) dz <0.
dt x1>0

If we take up, #0, then we can write u=v+ ¢, such that v|;—g, v¢|t=¢ are the same
as for v and equal to zero at the boundary and ¢ is a function with a compact support
with null initial conditions and the same boundary condition as u. We can construct
such ¢ using the Trace Theorem, due to the regularity of u, € H*~!, s—1> [%] +1.

Let us put u=v+ ¢ in equation (5.6)

02 (v+¢) — AV div(v+ ) zeplAat(v—Hp).
0

From which we obtain

8t2v—CQVdivv—eplA8tU=g(<p). (5.7)
0
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We now multiply equation (5.7) by 9;v and integrate over x:

1d
—— </ |6tv\2dac+c2/ |V~v|2dx> +2/ |V -0,v|?ds
2dt x1>0 x1>0 Po Jz1>0

1 1
<1 / l9() Pt / 00 2.
2 150 2

x1>0

Applying the Gronwall Lemma for the equality type ¥’ <a-+y, we obtain the global
existence in time of the solution of equation (5.6). Therefore, by a standard approach,
we obtain the regularity of the solution. 0

REMARK 5.2. Note that, for u= (u1,u’), the first component of the velocity u; is more
regular than u': u; € C1([0,+00), H*~1)NC?(]0,+00), H*~3), which is an unneeded
property in the following.

Having the solution u of equation (5.6) with the boundary condition w|;,—o=up,
we can find p from equation (5.3) according to the formula

p(x,t):p(m,O)—po/V-u(x,s)ds. (5.8)
0

This p from equation (5.8) satisfies equation (5.5) with the boundary condition
Oplzy=0=—poV -ulz, =o.
Thus, we can consider the following system instead of system (5.3)—(5.4),
Op+poV-u=0, (5.9)

8t2u—02Vdivu:eplA8tu. (5.10)
0

If we change equation (5.5) to the variables (7,z,y), we obtain the linear part of
the KZK equation for p(t,z1,2") =I(t — %t ex1,\/ex’)
02— P Op—e—NDp= (2602, T — PNy I — ——3T)
Po PoC
e (— 22T +2—-020,1 — ~ N,0,1) — 3020, 1.
PoC Po £o
Suppose that I is the smooth periodic solution of the linear KZK equation
2002, 1 — 2N, I — —— 931 =0 5.11
c TZ c Yy p002 T ’ ( )

then we have

02p—PNp—c— A= 2(—2O2 T +2——020,1 — — N ,0,1) — L 0%0.1. (5.12)
£o poc Po Po

An equation of the same form holds for 4= (v,/ew)

€2(—c20?v— 2V, - 0,0 +2- L 920,v — = Dy0rv)

poc T

_ L 1 _ _3v.92
Xt —AVdivi—e— Aoy = € 55 020rv,
Po
3 2 - 5 v 2 - v — e
—€2c07 W+ €2 (25,0700 — =Ny 0-w) — €2

820,15,
(5.13)

v
PO
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where the functions v and @ are constructed according to formulas (4.5) and (4.6).
Therefore, for the exact system (5.9)—(5.10), the approximate system has the form

Oup+poV -u=epo(0,v+ V), (5.14)
€(—c?02v— 2V, - 0,0 + 2%838,21} — 2=y 0rv)
3v 92
82a— AV divi—e L Ada={ ~€ 502070, (5.15)
Po
3 I S ~ . =
—€2002 1 +e2 (2m3$82w — 2= [y 0rw) — €2 p—oafaTw.
In this case we easily obtain the following theorem.

THEOREM 5.3. Let I(7,z,y) be a solution of the linear KZK Equation (5.11), L-
periodic with mean value zero with respect to 7, and defined in the half space {z>0,
TE€R/(LZ), ye R}, which decays [24] for z— oo.

Assume that for Q= (R/(LZ)) xRy~

2= 1(1,2,y)€C ([O,oo[;HS/(Q)) nct ([O,oo[;HS/_Q(QD ,

with s' >max{6,[5]42}.

Let U.=(p,u) be the smooth solution of the approzimate system (5.14)-(5.15)
deduced from a solution of the KZK equation with the help of equations (4.5)—(4.6).
Then the function Uc(z1,2',t) =U(t— “Loexy,\/ex'), given by the formula

UE($1,$/7t) = (Iu (’U,\/E?E))(t— ﬂ761.17\/Exl)7
c
is defined in the half space
{z,>0,2' €eR"! t>0}

and is smooth enough according to the above procedure.
If U= (p,u) is the solution of system (5.9)—(5.10) in the half space with the same
small enough initial data and boundary conditions

(Ge =) |t=0 = 0t (Ue —u)|t=0 =0, (pe—p)|t=0=0,

(uf—u)|$1:0:07 8tp|11:0:_p0v'u|11207 (516)

then there exists a constant C >0 such that
/ |0¢ (e —u)|? + |V - (Ghe — u)|?dz1da’ < 3C12, (5.17)
x1>0
and
/ |pe — pl?dz1da’ <E2CH. (5.18)
x1>0

The left-hand sides of estimates (5.17) and (5.18) remain smaller than order O(1) for
the time 0<t< L and 0<t < % respectively.
€2

The approzimation result is true for the solution U of the linearized system
(5.3)-(5.4) since U=U (with Otp|sy=0=—poV * |z, =0
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Proof. For the difference @ —u we have

3
2

[“)f(ﬂ—u)—C2A(ﬂ—u):6pLA8t(ﬁ—u)+e R, (5.19)
0

where
(=202 — 2V, - 0,0 +2- 2020, — plDAyﬁTv) - 63#0838711,

— . 5 poc T
{ —€3 02 i+ €3 (24,020, — L 1\ 0,15) — € L 920,40,
is the remaining term of equation (5.13). R is bounded, under the smoothness hy-
potheses of the KZK solution I, at least in L ([0,00[,Lz).
Multiplying equation (5.19) by 0;(@—wu), we obtain

4 (|(9t(717u)|2+02\v~(ﬂfu)|2)dx1dx/—02/ O(u—u)-V-(u—u)dr
dt x1>0 x1=0

—e— 8t(ﬂfu)v~3t(717u)d50'—ei |V -0 (1 —u)|>day da’
Po Jz1=0 Po Jz1>0

—|—e%/ Ry (1 —u)dz da’.
x1>0
At the same time we have

8t(ﬂ—u)V-8t(ﬂ—u)dx'+02/ O(u—u)-V-(u—u)dz' =0,

x1=0

137
PO Jz,=0
because we can choose |y, =0 = |z, =0 (cf. (5.16)). Therefore, we find

d

dt x1>0

<cio( [ jot-wP 4y a-wPdnds
x>0

The above estimate has the form

(10 (@ —u) |+ |V - (@ —u)|*)dx,dz’

1
2

d d
and consequently, we have
d ~ 2 2 = 2 / 2 E
i t - N - 1 ~ . .
o |0¢(—w)|* 4+ |V (a—u)|*dridz’ | <Ce2 (5.20)
x1>0

Relation (5.20) implies estimate (5.17).
In our construction the expression v E=0(1) because @=0(1), u=0(1), and
(@ —u)=0(1), which remains true in estimate (5.17) for the time 0 <t < L.

€2

Moreover, for (p— p) we have the relation
O(p—p)+poV-(a—u)=e€pg(0.v+ V). (5.21)
We multiply equation (5.21) by (p—p) in La({z1 > 0})
d _ _ _ _
%/ Ip—pl2dfﬂ+po/ (P—p)V-(u—u)dz=epo R(p—p)dz,
x1>0

x1>0 z1>0

and using estimate (5.17) for the time ¢ < L-, we obtain the estimate
€2

17— Pl Lo({z1>0y) S €CH,
which requires p—p=0(1) for the time ¢t < L. d
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5.2. Entropy estimate for the isentropic Navier-Stokes equation on the
half space and the associated existence result. First, we consider the system

Orpe +div(peue) =0,  pe[Orue + (ue - V)ue] = —Vp(pe) + evAu, (5.22)
and subsequently, a non trivial solution I of the problem
1 2
cor - O e Vi CA g (5.23)
4p0 202p0 2

for an initial data
I1(t,0,y)=Io(t,y) (7=t for 1 =0)

L-periodic in ¢ with mean value zero. The solution I as a function of (7,z,y) is periodic
in 7 of period L and mean value zero. Theorem 2.1 implies that for any initial data
Iy, defined in (R;/LZ)x €, with small enough H® (s>[5]+1) norm (with respect
to v), there exists a unique solution of the KZK Equation (5.23), which decays for
z— 00 (see [24]).

We still consider our problem in the half space

{z;>0, t>0, 2'eR"'}. (5.24)
We take
c? (v—3)
=——02N,1 12
'Ul(Tazvy) 2[70 T Yy (T,Z,y)+ 4/% c (T,Z,y)
c(y=3) /L 2 v
— I d —— 0 1(1,2,y). .2

Next we construct the density and velocities (4.8)—(4.10) and construct the function
U given by (4.11).

In particular, for t =0 we have functions defined for 1 > 0 because I is well-defined
for any z>0

P01, = po el (== e, Ve,
U (0,21,7") = (ﬂe’l,ﬂé)(—%,exh\/&n')
and for 1 =0 we have L-periodic functions with mean value zero
p.(t,0,2") = po +el(t,0,/ex’), (5.26)
Ue(t,0,2") = (ue 1,u.) (¢,0,/ex’). (5.27)

It is important to notice that the solution u of system (5.22) is small on the
boundary: |y, —o = €li¢|s, 0. Therefore, we have |u|,,—o| < ¢, which corresponds to
the “subsonic” boundary case. More precisely, when the first velocity component is
positive 1|z, =0 >0, we have a subsonic inflow boundary condition, and when it is
negative uq |z, —0 <0, we have a subsonic outflow boundary condition.

We also notice that, due to equation (5.25), the first component of the velocity
w1 on the boundary has the following form

U |py=0= <6/)COI+62G(I)> (t,0,vex') = <epCOI+GQG(I)>

&
= G%Io(tvl/) +62G(IO)(t7y)7

z2=0
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where

c (v=3) o c(y=3) [* v
G [ = — a—,—_QA I+ CIQ— / Isz“V‘iaTI- 528
0 2o T Apg 4Lpg  Jo 2¢p3 (5:28)

Therefore, the boundary conditions for @; are defined by the initial conditions for the
KZK equation, are L-periodic in ¢, and have mean value zero. In addition, the sign
of 41|z, =0 is the same as the sign of Iy (because the term G(Ip) is of a higher order
of smallness on ).

REMARK 5.4. As the viscosity term is ev/Au, where € is fixed small enough parameter,
v is a constant, and in our case w is of the order of €, the boundary layer phenomenon
can be excluded.

THEOREM b5.5. Suppose that the initial data of the KZK Cauchy problem Io(t,y)=
Io(t,v/ex') is such that
1. Iy is L-periodic in t with mean value zero,
2. for fived t, Iy has the same sign for all y€R"L and for t€]0,L] the sign
changes, i.e., Iy=0 a finite number of times,
3. Io(t,y) € H¥ ({t>0} xR 1) for s >max{6,[2]+1},
4. Iy is sufficiently small in the sense of Theorem 2.1 such that

v Ci(L)

Iyl gor < =——
H OHH 262[20 CZ(S/)

(see [24, p. 20]),

and Iy = eafo, a>0.
Consequently, there exists a unique global solution in time I(1,z,y) of (3.24) for z=
ex1 >0, moreover, the functions pe, te = (Ue1,4.), defined by (4.8)-(4.10) in the half
space (5.24) are smooth with Q= (R/(LZ)) x Ry~

peeC ([o,oo[,Hs’ (Q)) ne! ([o,oo[;HS’—Q (Q)) : (5.29)

G.eC ([o,oo[;HS'*’A’ (Q)) not ([o,oo[;HS’*4 (Q)) : (5.30)

The Navier-Stokes system (5.22) in the half space with initial data (4.16) and following
boundary conditions

(as _ue)|x1=0 = 07

with positive first component of the velocity ue 1|z, =0 >0 (i.e. at points where the fluid
enters the domain) has the additional boundary condition

(Pe = pe)|z1=0=0.

When e 1|z, =0 <0 there is no any boundary condition for p..

Then, there exists a constant Ty >0 such that for all t < 62% there exists a unique
solution Ue= (pe,uc) of the Navier-Stokes system (5.22) with the same smoothness
as (5.29) and (5.50).

REMARK 5.6. Considering that the boundary conditions for the Navier-Stokes system
are periodic and of mean value zero in ¢, u1 |, —o changes the sign and the inflow part of
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the boundary goes after the inflow one and so on. This avoids a change in the type of
the boundary condition applied to the tangential variables. Moreover, Zabolotskaya [5]
takes as the initial conditions for the KZK equation (which correspond to the boundary
condition for u;) the expression

I(7,0,y) = —F(y)sinT,

where F(y) is the amplitude distribution of the beam. For a Gaussian beam [5], this
reduces to

F(y) =e ¥,

while for a beam with a polynomial amplitude we have

1— 22’ <1’
F(y):{(() z>)1 =

Proof. 'We use the fact that the entropy for the isentropic Euler system 77([76),
defined by (see equation (4.19))

2 2

1 m . p(pe) m
:H A —_—— th h/ e) — ) e=
5 (p )+p€ 5 Wi (pe) g U=

|ue|

77([76) = pch(pe) + pe

is a convex function [6]. The first and second derivatives of n(U,) have the forms:

' H'(pe) — 51 ' H'(p.)— '
n' (Ue) = m "’ = ; 2 |, (5.31)
Pe ¢
m?> u u
 [meorz -z [HeorE
" (Ue) = = : (5.32)
_m 1 _ Ue 1
P2’ Pe pe’ Pe

Assuming U, = (pe, peue)” = (pe,m)T, we can rewrite the Navier-Stokes sys-
tem (5.22) as follows

0

0U.+V-F(U.)—ev [Au

=0, where F(U,)= Pelle ] 5.33
} () [pEUEﬂ)(pe) (5:38)

Moreover, we notice that the Navier-Stokes system (5.22) in terms of entropy (4.19)
has the form:

~ ~ 0 ~ ~
om(U)+V-qUe) —ev {u Au ] =0, where ¢(U)=u(nU)+p(pe)). (5.34)
Let us multiply the Navier-Stokes system (5.33), from the left, by 207 7" (U,)
207" (U)0,Ue+ 201 0" (U F'(UV - Ue — ev2U " (U { A‘L } =0.

We note that
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and, therefore, we have
20T 1" (U0 Ue = 0, [U /" (U)U] — 20T " (U) UL
Moreover, by virtue of
0" (U)F'(U)=(F'(U))" " (U)

we find

20Ty (UNF (U)V -U. =V - [ULy"(U)F (U)U] 207V - [/ (U F' (U)]U..

Integrating over [0,t] x {z1 >0} (2’ € R"~1!), we obtain

/ / 8, [UT " (U)U)dzds + / V- [Ty (U)F' (U)U)dxds
x1>0 x1>0

t t
9 / / TT 0" (0.)0.dzds — 2 / / 0TS - [y (U)F'(0)] 0. dads —O.
0 x1>0 0 x1>0

We integrate by parts:

t

—2// UET(‘)m”(UE)UEd:cds:—2/ Ul (U)U.dx
0 x>0 x1>0

+2/ Ul (U)U| = oda:+4// U " (U)U.dxds,
x1>0 x1>0

whence we find

t t
—2// UZV-[n”(UE)F’(Ue)]Uedxdp—2// Ur'y"(U)F'(U)U.da'ds
0 Jxz1>0 0 Jx1=0
t
+4// VUl (U)F (U)|U.dxds.
x1>0

Noticing that

t
/ / 00Ty (U)U. dxdé’"‘/ VUL (U F (UUedrds =0,
21>0 0 Jx1>0
we result in

/ ﬁ?n”(ﬁe)ﬁedx—/ ULy (U)U|y—odx
x1>0

21>0
_ / t / OT /" (U F' (0.0, —oda’ds = 0.
0 Jrn—1
We recall that 5 (U,) is positive definite, consequently
Uy (U)U. > 8|U. |2,

for some ¢ > 0.
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Therefore, we obtain for the initial data

p0+61 1 ’
e(po+el) (;}I+eu1,\/av)1 <_?76m1,\ﬁx )

and for the first component of velocity the relation

t
/ UZdx— / Uldx— / / UL " (Uy, ) F'(Uy, ) Uy |2y =0dz’ ds <O0.
x1>0 21>0 0 Jrn-1

Let us now consider the integral on the boundary. With notation u; =wu;  for the

_7r(p
P

first component of velocity and with H” (p) , we see that

ﬁfgn//(ﬁl,e)Fl(ﬁl,e)ﬁl,e

2
H”(p )_,_& _ur 0 1 p
_ T € 2 : €
(Peaﬂem) ( Cug f _u?+p/(p€) 2y peti

Pe Pe

2
=piur (H"(pe) + u2> —ur ((—uZ+p'(pe)) pe+2peui)

1 u?
+peus <Uf o ((—uZ+1'(pe)) pe +2petﬁ)> =1 pe (p’(pe) +p62> —ufpe.
€

Let us consider the initial condition Iy(t,y) for the KZK equation of the type found
in Remark 5.6. We suppose (without loss of generality) that Iy =0 for ¢ €]0, L[ only
once at the point % More precisely, we suppose that the sign of u; is changing in the
following way:

e u;<0forte0+(k—1)L, 2+ (k—1)L] (k=1,2,3,...),
e u;>0forte(5+(k—1)L,kL) (k=1,2,3,...).
If t€[0,%] (for k=1), the first component of the velocity is negative
c
ul|:v1:0:E%IO(tay)"i_eQG(IO)(tvy) <0,
where G(Iy) is a L-periodic function with mean value zero from equation (5.28)
(u1|z,=0=0 for t=0, and t=%), then we have
2

uE
U1 e (p'(pe) +pe2> —uipe <0,

since the negative term is of the order of €2 and the positive term —u$p, is of the
order of €. Therefore, for t € [0, %] we find

/ ﬁfdmg/ ﬁgdx.
x1>0 x1>0

Ifte (%,L), the first component of velocity is positive u1 |z, =0 >0, then we also
impose pe|azy =0 = po +elo(t,y), where Iy(t,y) is the initial condition for the KZK equa-
tion. Thus, the term u3p, has the “correct” sign. For the term

/ u2
U1 pe (p (pe)+p€2€) >0
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we see that on the boundary it has the form

c —1)c? c
€ (Io+ev1|z_o) (po+elp) (026+ ug[o—i-(po—i-do) ((6]0
£o Po Po

2
+€2'Ul|z:0) +63’LU2|Z0>> §62C()I()7

for some constant Cy=c?+6. Consequently, we obtain

t u2 L u2
/ (ume (p’(pe)ere;) —U‘i’pe) ds=/ (ulpe (p’(pe)ere;) —U‘i’pe) ds
0 ) u2 0
+/L (Ulpe <p’(pe)+p626> —ﬁ’pe) ds
L ) )
+/L U1 pe (p’(pe)ﬂ)e;) ds

/ (ulpe (p’(pe)ﬂ)e;) —u‘i’pe> ds
0 2

L L L
—/L u?pedt§e2C’o/L Iodt:62+aCO/L Iodt =€*TK,

2 2 2

<

where K =0(1) is a positive constant independent of time and o> 0 is the order of
“the sufficiently small” initial data Io.
Since Up=0(1), we obtain for all t<L+2% (for t€[L,L+%] uily—0<0 and

L 2
fLL+ 2 (ulp6 (p'(pe) erg%) fufpe) ds <0) the estimate

/ ﬁfdwﬁ/ ﬁgdx—&—e}ml?.
x1>0 x1>0

However, for t < 2L+% we have, due to the periodicity of Iy,

/ ﬁfdxg/ ﬁgdm+262+al~(.
x1>0 z1>0

Then we conclude that for ¢ < fiL—&—%

/ ﬁfdmﬁ/ U2dz+rke* K.
x1>0 x1>0

To keep the sense of the bounded a priori estimate we need to impose that

~ 1
KeTOK =0(1), or K< = .
Ke2to

Thus, for

or more compactly
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with a constant Tp = O(1), we obtain that
U, € Lo (10,T[, Ly ({1 >0} x R""1)) .
If Ip=0 for t€]0,L[ a finite number of times m, and, moreover, I is negative,

for example, in the first interval, then we have the a priori estimate for t< Lk =T,
where

K<

To [m—kl}
r=

(K1 + ...+ K, )2t 2

To prove now that U, € Lo (]0,T[, H* ~2({zy >0} x R"~1)) (for
Uy € H¥ ~2({x1 >0} x R"~1), where ' is from the condition of Theorem 5.5), we use
the result of [10, p.352] for incompletely parabolic problems. We also find that
8,U. € Loo(J0,T[, H* ~*({z1 >0} x R*1)).

Using the standard Faedo-Galerkin method and the theorem concerning a sequen-
tial compactness of the unit ball in the Hilbert space, we obtain the existence of the
unique solution of the Navier-Stokes system. More precisely,

peeC ([O,T[,HS' ({21 >0} x R”*l)) not ([(),T[,HS’*2 ({1 >0} x R’H))
and
u e ([O,T[,HS’*2 ({21 >0} x R”*l)) net ([O,T[,HS’*4 ({21 >0} x R”*l)) .o

5.3. Approximation result for the general viscous case. Let us construct
the approximate system for the Navier-Stokes system (5.22).
We take as the state equation

(v=1)¢

22
€7 P
2p0 P

p=p(pe) =c*epe+
Then we construct, according to the formulas, the functions v from equation (4.5), w
from equation (4.6), and

c? T L
Ul(,razay)zfi / azI(SaZay)dS+/ ZazI(saZay)d‘s
Po \ Jo 0

(=1 p2_clr=1)

_l’_
205 2Lpj

L
/ I*(1,2,y)dT + %871. (5.35)
0 P

In the above formula, the terms containing fOL correspond to the definition of the
operator - !, which implies that v; is L-periodic in 7 and has mean value zero. To
exclude the derivative with respect to z from equation (5.35) we find from the KZK
equation that

2 1 1) [* 5
_Comg =0t et )/ Pds— -2 0,1- < 072n,1,
Po 4pj 4pgL Jo 2cp 2po

and thus we obtain relation (5.25). Next, we introduce the density and velocities
(4.8)—(4.10) and construct the function U (4.11).
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The function U, "Z° (Pe, ), defined in equation (4.11) by densities and velocities
from equations (4.8)—(4.10), is the solution of the problem

8tﬁe +V- (ﬁeﬂe)

1
=€ (poazvl +0,(Iv)— E&(Ivl) +V, (Iw)) +e*0.(In), (5.36)
Pe (atﬂe,l + (e - v)ﬂe,l) + 0z, p(Pe) — evAlc
1 Po Po
— 3 I 7 2 U 2_FO
€ < 0,v1 50 0-v° + 5 0,v - 0-(vv1) + powVyv
—1 2
+M028212 + —VafTv —VvAyv— 1/2631)1>
2p0 c ' c
o I 5 1 Po 2
+e€ 5821) — —10-(vv1) +TwV v+ pe0, (vvy) — 2—871)1
c c

2
+powVyv1 — u(“)fv + l[“)fTvl — Z/Ay’l}1>
c

1
+éd (I@Z (vv1) — 2—01871)% +IwVyv + %azv% - 1/831)1> +e8Tv 0,01, (5.37)

Pe (Ot + (ue - V)ug) + 0w p(pe) — ev Aty

=1, 2_ Vo2
<2poc Vy] —628711))

5
—€2

I 2
Jre% (povazw — @vlﬁﬂu + @Vywz — —vo,w—vAw+ V@fTw>
c 2 c c
2 I I 2 2
+e2 | pov10,w+ Tvd,w— —v10, w+ ivyw —voiw
c

te7 <Ivlazw>. (5.38)

To control the terms in right-hand sides, we need that
921 € Loo ([0,00[, La(7 x ),

therefore, in theorem 2.1 we take s >max{6,[%]+1}. Then the remaining terms of
equations (5.36)—(5.38) are bounded in Ls.
Thus, we have two systems: system (5.22) and

Oupe+div(petic) =€ Ry, pe[Oyiic+ (ic- V)] + Vp(pe) —evAtic =€? Ry, (5.39)

By €2 Ry =0(e%) we denote the remaining term of the first equation of the Navier-
Stokes system (5.36).
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The second equation of the Navier-Stokes system (5.39) has the remaining term

€3 Ry =(0(e3),0(e3)) =O(e3), presented by equation (5.37) in the z-direction and
by equation (5.38) in the z’-direction.
THEOREM 5.7. Let us suppose that the assumptions of the Theorem 5.5 hold and
that there exists a unique global solution in time U, = (pe, i) of the approzimate sys-
tem (5.86)—(5.38) deduced from a solution of the KZK equation with the help of equa-
tions (4.5), (4.6), (5.25). The function U.(xq,2",t)=U.(x1 —ct,ex1,/ex’), given by
formula (4.11), is defined in the half space (5.24). Moreover, according to its defini-
tion, we have (5.29) and (5.30).

Then there exists a constant C >0 such that for all small enough € the solutions
(pe,ue) of system (5.22) and (p.,uc) of system (5.36)-(5.38) satisfy the following
stability estimate

5 I7 5
lpe =Pellz. +llpette =P, < €2 eIV Vet < 2O, (5.40)

Estimate (5.40) ensures that its left-hand side remains smaller than order € for any
finite time

T 1
0<t<—In-—,
€ €

where T is a positive constant and T =0O(1).

Proof. 'We have two systems (see (5.33) and (5.34))

0
o0+ Va0 - |, 1, | =0

8tﬁe+V-F(T76)—eu[ 0 ]:0,

A,

om(T)+V-qT.) v [

_ _ 0 5 =
3tU6+V-F(U5)—6V[Aa€] =c2 R,

where R=(Ry,R,) is the remaining term from system (5.39). Since we suppose that
U.= (ﬁe,ﬁﬁﬂe)T is bounded we can again denote

n(Ue)+p(pe)
P

R= Rq +ﬂ6]‘:é2.

Let us compute

O (n(Ue)=n(Ue) =0 (Ue)(Ue =Ul)).
First we find from initial systems that

Oun(T) —n(T.)) = V- ((¢(T) —q(T2)) + ev [

Therefore, we notice that

0 (1 OO ~To)) == (0T 0" U Ue=Te) =/ (U) (9T~ ),
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@T) " 0" (TN U ~T.) = (—V-F(UE)Jr vaue] +eiﬁ)Tn”<Ue> (0.-7.),
(T (0T~ 0T.) =~ T (~V-F(0) +V-F(T,)

/

—n'(

N——

0 5 ,F\B
e)EV [Aue—Aue] +e€2n (Ue)R

=

Using the property for the convex entropy

" (U)F'(U)=(F'(U)) " (U),
we find

(V-FT) ' @)U ~T)=V-TL (F'T) " T ~T

—V-T. " (T)F ([T)U.~T.).
Thus, we obtain

8y (n(Ue) —n(T.) -1 (U

0 5 = —T , — o~
+ev {uemé_ﬂémj —e2R+V-U, 0" (U)F' (U)(U:—TU.)

0 T Ue Al T _

. "7T S s b € Pe — Pe

|:EZ/A’(_L€:| " (Ue) (UE Ue) o EV{ ﬁ—{:Aﬂe } {pu—ﬁsﬂj
_ _ s o _ .

= —ev AU, (— e, 1) {u(s—&—l)—uj = —ev AU (Ue — Ue)

—ev N\, @ (Ue —Te)

€
and

—n'(Ue)ev [Aue 9 MG, } = —eviie(Aue — Ne).

We integrate equation (5.41) over the half space (5.24). The integration by parts
gives, with notations ¢1, F; for first components of vectors ¢ and F,

jt/wpo(ﬂ(ﬁe) —n(U) 0 (U)(U.—U,)dx
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+6V/ (ueamlue—ﬂeamlae)dx’—eu/ (IV - ue> = |V -ue?) dx
r1=0 T

1>0
b / B (R (U)R)do—c} / @) (0c~T.) dr

+ev AgPe=Pe (e — ﬁe)dx—&—eu/ (=D, (Ue — i) — O Ui (e — e ) ) da’
x>0 Pe x1=0

+61// (Ve Ve(ue—e)+ V-t V- (ue — 1)) de. (5.42)
x1>0
It is easy to see that

61// (ueOy, Ue —ﬂ,eaxlﬂs)d:c’—keu/ (— U0y, (Ue — Te)
x1=0 x

1=0

B 8zlﬂ€(u€—1j€))dl'/:€’// (Ue—as)8w1 (ue_ae)dl’/ (543)
z1=0
and
_eu/ <|V-u6|2_|v.a6|2)dx+ey/ (Ve V- (e — i)
x1>0 210

+V-ﬁ€~V-(ue—ﬁ6))das:—eV/ |V - (ue — e ) | d.

x1>0

Let us now consider the boundary condition

- / (@)~ aT) 1/ T (RO~ i (T

= (01U —a1(T) =1 (T (Fi(Ue) = FL(T))) s =o- (5.44)
)

Equation (5.44) takes the explicit form:

(@1 (Ue) —aq1 (UG) - WI(UE)T(Fl(ﬁe) - F (Ue))>|w1:0 =u1(n(Ue) +p(pe))

T
_ = _ I’I/(ﬁe)—fE |: peul_ﬁeal :|
_ U)+p(p)) — 2 e _
T Ue) +plpe)) W peu? +p(pe) = peui —p(pe) | |,
Choosing 41|z, —0 = 1|, =0, We use the convexity of the entropy 7,
77([76) - W(UE) _n/(Ue)(ﬁe _UE) > O‘|(76 _UE|27
to obtain
(‘h(ﬁe) -1 (Ue) *n/(ve)T(Fl(ﬁE) -k (Ue)))‘m:O
= ul(n(Ue) - W(Ue> +p(pe) _p(ﬁe))
_ ol _ _
—ua(pe=p0) (H'(9) =5 ) ~ur[pes? = 4500 ~p(p)] 1o
=y (n(0) =0T 0 T (O=T0)| . (5.45)

Therefore, boundary condition (5.45) takes the same sign as the first component of
velocity |, —o because

U(UE) 77](U5) - n/(Ue)T(UE *Ue) Z (ﬁe - U5)2 Z 0
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is always positive.

Thus, for the boundary conditions we take |z, —o = Ue|z, =0 and if uy >0, more-
over, we also suppose P¢lz, =0 = Pelz,=0. Then the first boundary condition (5.43) is
always equal to zero

ez// (e — e ) O, (Ue — U )dar' = —ev(ue — Ue) Oy, (the — ) |y =0 =0.
I1:O

For the second boundary condition (5.45), if |4, —o <0 then we have in the left-
hand side of the estimate a positive quantity on the boundary which can be omitted.
If ey, =0 >0 then we have for pe|z, =0 = pe|z; =0

u? N 17 _ N 1 2, = -2
Uy H(p6)+pe?_H(P6)_P67_(pe_pe) H(pe)_? — Pelle + Pl

x1=0
a2

- (H(pﬁ)‘H@e)—(Pe—ﬁe)H’(ﬁere (2‘2))

=u1 (H(pe) = H(pe) = (pe = pe) H'(pe)) |1=0 =0

We use the Taylor expansion

3?1=0

F(ﬁE)_F<U6):F/<U6)<ﬁe_Ue)+0(|ﬁe_U6|2>v
and we have
F(ﬁe)_F(Ue)_F/(Ue)(ﬁe_Ue) §C|ﬁe_ﬁe|2-

Taking the same initial data U.|;—o = (~]€|t:0, we obtain

d

4 |ﬁ€—UE|2dx§C||V-UE||LW/
dt 21>0

x>

U. —U2dz+ Ké°.
0

Here the constants K and C' do not depend on ¢. -
Therefore, applying the Gronwall lemma and recalling that V-U. = O(e), we have

HUE—U€||%2({I1>O}) §K€5€€Ct. (546)

As the difference of the solutions U, — U, is of the order of O(¢) and the left-hand
side of estimation (5.46) is of the order of O(€?), our goal is to have the inequality

t
65/ eCet=5) s < €2,
0

From €2e““* <1 we obtain that the left-hand side of (5.40) is smaller than €? for
time t<T%1n%. a

REMARK 5.8. To obtain estimate (5.40) it is sufficient to have an admissible weak
solution of the Navier-Stokes system (5.22) satisfying the boundary conditions in the
half space (5.24).

DEFINITION 5.9. The pair of functions (p,u) is called an admissible weak solu-
tion of the Navier-Stokes system (5.22) satisfying the boundary conditions in the half
space (5.24) if it satisfies the following properties:
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1. The pair (p,u) is a weak solution of (5.22).
2. The pair (p,u) satisfies in the sense of distributions (see [6, p.52])

0
n(U)+V-q(U.) —ev [%AUJ <0,

or equivalently, for any positive twice differentiable test function v with com-
pact support in the half space (5.24) (p,u) satisfies

r 0
/O/M(&«bn(m)w-wq(m)—ev[W.uep}wm

+ P(,0)n(Uo(x))dx

x1>0

o fe(woe], 9.])

3. The pair (p,u) satisfies the equality

. G +/ /<V VPO rev g 5, ] dods
of s [ [ v (rwa-elg)])

We obtain as a consequence the following theorem.

V- 1/)) dxdt

L
2

da'dt > 0.

11:0

dz'dt=0.

513110

THEOREM 5.10. To obtain estimate (5.40) it is sufficient to have an admissible weak
solution of the Navier-Stokes system (5.22)

0
8tU€+V-F(UE)—eV[AuE] =0,

satisfying the boundary conditions in the half space (5.24), such that [17, 21] pe >0
a.e.,

pe € Loo((0,T),L2)NC([0,T],L,) for 1<p<2,
V‘UCGLQ((OvT);LQ)v p6|u6‘2€L00((07T)7L1)7
uc € La((0,T), Hy), peuc € C([0,T],L1 —w),

where by C([0,T7], Li— w) 1is denoted the space of continuous functions with values in
a closed ball of L4 endowed with the weak topology.

6. Conclusion

The derivation of the KZK equation in studied in the framework of nonlinear
acoustic. We have introduced a corrector-function €?v; in the physical ansatz which
allows us to establish that the KZK equation is an approximation of the Euler or
Navier-Stokes system. The approximation for the nonlinear KZK equation

Hﬁe - U6||2L2 < el

is valid in the viscous and non-viscous cases. The obtained estimate guarantees that
the difference U, — U, stays of the order of O(e) during a time of the order of 1Ini
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TABLE 5

.1. Approzimation results

Linearization of
Navier-Stokes system

Navier-Stokes system

Euler system

Theorem Theorem 5.3 Theorem 5.7 Theorem 4.1
the half space the cone
Domain {1 >0,2' eR"1} Qe(t)={|lz1| < E—ct} xRIT

Ope +div(peu.) =0,

Op+V-u=0, PelOrue + (ue - V)ue] = Orpe +div(peue) =0,
Exact system Oru+Vp(p) =evAu =—Vp(pe)+evAu, PelOrte + (ue - V)ue] + Vp(pe) =
State equation p(p)=cp p=p(pe) =c2ep. + (“/2/)10)C 2p2
Exact solution and Ue=(p,u) Ue=(pe; petie) Ue = (pe; peuse)
its time of existence To <400 To/(€279) To/e

Approximate solution

UGZ(I,U+\/E’LE)

Ue=(po+el ,€(po+el ) (v+evi,/ei))

—ﬁ(fga Ids+ J)F 20, Ids>+

— 2 (fy o-1ds+ f $0.1ds)+

v1(7,2,y) = 0 —|—(’£ 21)(:[2 21p1) fo I?dr —l—(g 21)012 21p1) fo Pdr+ 2 8 I
iag!
2c02,1— 2Ny I— c@EZI—TO)(fP—
I is solution of — i 22I=0 —mﬁfj— SA=0 c02,1— %82]2 -SA =0

Smoothness of
KZK solution

s’ >max{6,[5]+2}

s >max{6,[5]+1}

s’ >max{4,[5]+5}

Time of Xalidation
for U.—U.=O(")

k=0, Ty~ for @, —u.,
€2

T2 for p.—p.

k=1, Loind
€ €

Estimation

At —u)dr < e3Ct?
x1>0

|Pe _peH%Q <eCt

HUe _U6H2L2 < el

VAR

=5 -8, |U.— UE||?LIg < Pl
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for the approximation of the Navier-Stokes system and for all existence time (¢ < %)
for the approximation of the Euler system.
Table 5.1 summarizes the approximation results, where

Alu—0) =104 (u—v)]* +|V - (u—v)|?.

All approximation results are based on the regularity of the initial data for the
KZK equation, which make regular the initial and boundary conditions for the Euler
or Navier-Stokes system. But Remark 5.8 and Theorem 5.10 in the viscous case show
that the KZK-approximation in the non-viscous case can probably hold for much less
regular initial conditions. We also note that in many physical articles we can find
that the initial data of the KZK equation Iy has the form exp[—(y)?]sin(wor) and
therefore Iy € C*°.
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