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Abstract. Let G be an exponential solvable Lie group and H a connected Lie sub-

group of G. Given any discontinuous group G for the homogeneous space M ¼ G=H

and any deformation of G, deformation of discrete subgroups may destroy proper dis-

continuity of the action on M as H is not compact (except the case when it is trivial).

To interpret this phenomenon in the case when G is a 3-step nilpotent, we provide a

layering of Kobayashi’s deformation space TðG;G;HÞ into Hausdor¤ spaces, which

depends upon the dimensions of G-adjoint orbits of the corresponding parameter space.

This allows us to establish a Hausdor¤ness theorem for TðG;G;HÞ.

1. Introduction

Our attention in this paper is focused on the explicit determination of

the deformation space of discontinuous groups acting on certain nilpotent

homogeneous spaces for which the group in question is 3-step nilpotent.

The problem of describing deformations for general settings, is advocated

by Kobayashi in [13] where he formalized the study of the deformation of

Cli¤ord-Klein forms from a theoretic point of view. See [11, 13, 14, 15] for

further perspectives and basic examples. As an application of the general

theory, T. Kobayashi and S. Nasrin studied in [14] properly discontinuous

actions of a discrete subgroup G FZk which acts on Rkþ1 FG=H through

a certain 2-step nilpotent a‰ne transformation group G of dimension 2k þ 1

when the connected subgroup H in question is Rk: In these circumstances, the

authors gave a complete description of the parameter space

RðG ;G;HÞ :¼ j A HomðG ;GÞ
j is injective; jðGÞ is discrete and

acts properly and fixed point freely

on G=H

������
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which is introduced in [11] in full generality. Here, HomðG;GÞ denotes the set

of all homomorphisms G ! G endowed with the topology of pointwise con-

vergence and the group G acts on HomðG ;GÞ by inner conjugation. They also

determined the deformation space TðG ;G;HÞ which is the quotient space of

the parameters space given above through the G-action.

Later, a layering of the above parameter and deformation spaces was

described in [4] for the cases of general 2-step nilpotent Lie groups. Further,

the authors show in this case that the deformation space is a Hausdor¤ space if

all the G-orbits in RðG;G;HÞ have the same dimension.

In this paper, we study the setting where the underlying group G is 3-step

nilpotent. We will provide a stratification of both the parameter and defor-

mation spaces based on the dimensions of the G-adjoint orbits on Homðl; gÞ,
where l stands for the Lie algebra of the syndetic hull of G (Theorems 3 and

7). We then provide a layering of the deformation space TðG ;G;HÞ into

some Hausdor¤ subspaces. The algebraic interpretation of these spaces given

in Theorem 1 appears as a fundamental ingredient in this respect. We close

the paper by giving a su‰cient condition on ðG ;G;HÞ for the Hausdor¤ness of

TðG;G;HÞ:

2. Backgrounds and notations

We begin this section with fixing some notation, terminologies and record-

ing some basic facts about deformations of Cli¤ord-Klein forms. The readers

could consult the references [7, 8, 9, 10, 12, 13] and some references therein

for broader information about the subject. Concerning the entire subject, we

strongly recommend the papers [8] and [13].

2.1. Proper and fixed point actions. Let M be a locally compact space and

K a locally compact topological group. A continuous action of the group K

on M is said to be:

(1) Proper if, for each compact subset S �M the set KS ¼ fk A K j
k � S \ S0qg is compact.

(2) Fixed point free if, for each m A M, the isotropy group Km ¼ fk A K j
k �m ¼ mg is trivial.

(3) (CI) if for any m A M, the subset Km of K defined above is compact.

(cf. [8]).

(4) Properly discontinuous if, K is discrete and the action of K on M

is proper.

(5) The group K is said to be discontinuous, if it is discrete and acts

on M properly and fixed point freely.
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Let G be a Lie group and H a closed subgroup of G: In the case where

M ¼ G=H is a homogeneous space and K is a closed subgroup of G, then it

is well known that the action of K on M is proper if SHS�1 \ K is compact

for any compact set S in G. Likewise the action of K on M is free if and only

if for every g A G, K \ gHg�1 ¼ feg. In this context, the subgroup K is said

to be a discontinuous group for the homogeneous space M, if K is a discrete

subgroup of G and K acts properly and fixed point freely on M:

2.2. Cli¤ord-Klein forms. For any given discontinuous subgroup G of a Lie

group G for the homogeneous space G=H, the quotient space GnG=H is said to

be a Cli¤ord-Klein form for the homogeneous space G=H. The following point

was emphasized in [11]. Any Cli¤ord-Klein form is endowed with a smooth

manifold structure for which the quotient canonical surjection p : G=H !
GnG=H turns out to be an open covering and particularly a local di¤eo-

morphism. On the other hand, any Cli¤ord-Klein form GnG=H inherits any

G-invariant local geometric structure (e.g. complex structure, pseudo-Riemanian

structure, conformal structure, symplectic structure, . . .) on the homogeneous

space G=H through the covering map p.

2.3. Parameter and deformation spaces. The material dealt with in this sub-

section comes from [13]. The reader could also consult the references [9] and

[12] for precise definitions. Throughout this paper, we only consider the case

where G is finitely generated. As in the first introductory section, we designate

by HomðG ;GÞ the set of group homomorphisms from G to G endowed with

the point wise convergence topology. The same topology is obtained by

taking generators g1; . . . ; gk of G , then using the injective map

HomðG ;GÞ ! G � � � � � G; j 7! ðjðg1Þ; . . . ; jðgkÞÞ

to equip HomðG ;GÞ with the relative topology induced from the direct product

G � � � � � G. The topology of the parameter space RðG ;G;HÞ in Section 1 is

defined as the relative topology in HomðG ;GÞ: For each j A RðG;G;HÞ, the
space jðGÞnG=H is a Cli¤ord-Klein form which is a Hausdor¤ topological

space and even equipped with a structure of a smooth manifold for which, the

quotient canonical map is a smooth open covering. Let now j A RðG;G;HÞ
and g A G, we consider the element jg of HomðG;GÞ defined by jgðgÞ ¼
g�1jðgÞg for g A G: It is then clear that the element jg is in RðG;G;HÞ and
that the map:

jðGÞnG=H ! jgðGÞnG=H; jðGÞxH 7! jgðGÞg�1xH

is a natural di¤eomorphism. Following [13], we then consider the orbit space

TðG ;G;HÞ ¼ RðG ;G;HÞ=G

197Some Problems of deformations



instead of RðG ;G;HÞ in order to avoid the unessential part of deformations

arising inner automorphisms and to be quite precise on parameters. The quo-

tient space TðG ;G;HÞ is called the deformation space of the discontinuous

action of G on the homogeneous space G=H.

2.4. Algebraic description of the parameter and deformation spaces. Let g be

a finite dimensional real exponential solvable Lie algebra and G its asso-

ciated Lie group. This means that the exponential map exp : g! G is a

global Cy-di¤eomorphism from g into G. That is, G is connected and simply

connected. Let log : G ! g denote the inverse map of exp : g! G. The Lie

algebra g acts on g by the adjoint representation ad, that is adT ðY Þ ¼ ½T ;Y �
for T ;Y A g: The group G acts on g by the adjoint representation Ad, defined

by

Adg ¼ ExpðadTÞ ¼
Xy
k¼0

1

k!
ðadTÞk

for g ¼ exp T A G: Let H be a closed connected subgroup of G and denote

by h the Lie algebra of H: Let G be a discrete subgroup of G of rank k and

define the parameter space RðG;G;HÞ as given in (1) in Section 1: Let L be

the syndetic hull of G which is the smallest (and hence the unique) connected

closed subgroup of G which contains G co-compactly (see [3]). Recall that the

Lie subalgebra l of L is the real span of the lattice log G in g, which is

generated by flog g1; . . . ; log gkg where fg1; . . . ; gkg is a set of generators of G .

The group G also acts on Homðl; gÞ by:

g � c ¼ Adg � c: ð2Þ

Here Homðl; gÞ is the set of homomorphisms of Lie algebras from l to g

endowed with the trace topology of Lðl; gÞ, the set of linear maps from l to

g: Let Hominjðl; gÞ be the set of injective homomorphisms from l to g. The

following useful result was originated in [14] and obtained in [3].

Theorem 1. Let G ¼ exp g be a completely solvable Lie group, H ¼ exp h

a closed connected subgroup of G, G a discontinuous group for the homogeneous

space G=H and L ¼ exp l its syndetic hull. Then up to a homeomorphism, the

parameter space RðG ;G;HÞ is given by:

Rðl; g; hÞ ¼ fc A Hominjðl; gÞ j expðcðlÞÞ acts properly on G=Hg:

The deformation space TðG ;G;HÞ is likewise homeomorphic to the space

Tðl; g; hÞ ¼ Rðl; g; hÞ=Ad;

where the action Ad of G is given as in (2).
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2.5. On the structure of the parameter space. Let L be a closed subgroup

of G: We remark that if L acts on G=H properly, then the L-action is (CI) by

definition. The converse claim is not true in general (see [17]).

Definition 1. Let G be an exponential solvable Lie group and H a con-

nected and closed subgroup of G: A pair ðG;HÞ is said to have the Lipsman

property if for any connected closed subgroup L of G acting on G=H with the

property (CI), the L-action on G=H is proper.

When for instance G is nilpotent and of n-step na 3, any pair ðG;HÞ has
the Lipsman property (cf. [1, 16, 18]).

Definition 2 (cf. [5]). A subset V of Rn is called semi-algebraic if there

exist some polynomial functions Pi; j ði ¼ 1; . . . ; s; j ¼ 1; . . . ; riÞ and binary rela-

tions vij A f>;¼; <g such that

V ¼
[s
i¼1
fx A Rn jPi; jðxÞvij0 for j ¼ 1; . . . ; rig:

The following proposition shows that the parameter space is semi-algebraic

whenever the pair ðG;HÞ has Lipsman’s property with G a connected and

simply connected nilpotent Lie group.

Proposition 1 (cf. [4]). Let ðG;HÞ be a pair having the Lipsman property

with G a connected simply connected nilpotent Lie group, G a discontinuous

subgroup for G=H, and l the Lie algebra of the syndetic hull of G : Then the

parameter space RðG ;G;HÞ is semi-algebraic in Lðl; gÞ.

2.6. Some preliminary results.

Fact 2.1. Let V be a vector space, E and F two subspaces of V such that

V ¼ ElF : Then for any v A V

ðvþ EÞ \ F ¼ PðvÞ;

where P is the projection of V on F parallel to E:

Proof. Let v A V and write v ¼ v1 þ v2 with v1 A E and v2 A F : Then

PðvÞ ¼ v2 and vþ E ¼ v2 þ E: Let u A ðvþ EÞ \ F , then there exists w A E

such that u ¼ v2 þ w and we have

u A F ) v2 þ w A F ) w A F ) w A E \ F ¼ f0g:

Thus u ¼ v2: r
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Fact 2.2. Let F , K be two finite dimensional vector spaces and B ¼
fe1; . . . ; emg a basis of F :

(1) If j A LðF ;KÞ of rank t > 0, then there exists fej1 ; . . . ; ejtg a subset

of B such that Im j ¼ R-spanfjðej1Þ; . . . ; jðejtÞg:
(2) Let S ¼ fej1 ; . . . ; ejtg be a subset of B, then the set

AðSÞ ¼ fj A LðF ;KÞ j dim R-spanfjðej1Þ; . . . ; jðejtÞg ¼ tg

is open in LðF ;KÞ:

Proof. (1) As fjðe1Þ; . . . ; jðemÞg is a generating family of ImðjÞ, we can

extract from this family a basis of ImðjÞ. (2) Let r ¼ dim K , fix a basis B 0 of

K and identify LðF ;KÞ to the set of matrices Mr;mðRÞ as a topological space.

In this context, the set AðSÞ is identified to

A 0ðSÞ ¼ fM A Mr;mðRÞ j rkðM 0Þ ¼ tg

where M 0 A Mr; tðRÞ is the matrix obtained from M by deleting all the columns

of index k B f j1; . . . ; jtg: Let now

Jðt; rÞ ¼ fðk1; . . . ; ktÞ A N t j 1a k1 < � � � < kt a rg:

For a ¼ ðk1; . . . ; ktÞ and M 0 A Mr; tðRÞ, we denote by M 0
a the square matrix

obtained from M 0 by deleting all the lines of index k B fk1; . . . ; ktg: Then the

condition rkðM 0Þ ¼ t is equivalent toX
a A Jðt; rÞ

½detðM 0
aÞ�

2 0 0

which proves that A 0ðSÞ is open and therefore AðSÞ is also open. r

Fact 2.3. Let F be a finite dimensional vector space, V a subspace of F

and t ¼ dim F � dim V : For all integer n, let Sn ¼ fu1;n; . . . ; ut;ng be a family

of linearly independent vectors in F such that

(1) F ¼ R-spanðSnÞlV :

(2) For all 1a ia t, the sequence ðui;nÞn converges to some vector ui:

(3) S ¼ fu1; . . . ; utg is formed by linearly independent vectors and F ¼
R-spanðSÞlV :

Let Pn denote the projection of F on V parallel to R-spanðSnÞ and P the pro-

jection of F on V parallel to R-spanðSÞ: Then the sequence ðPnÞn converges in

LðVÞ to P:

Proof. Let m ¼ dim F and B ¼ fe1; . . . ; emg a basis of F such that

fetþ1; . . . ; emg is a basis of V : By hypothesis (1), the set

Bn ¼ fu1;n; . . . ; ut;n; etþ1; . . . ; emg
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is a basis of F for all n and the matrix of Pn in the basis Bn is

Q ¼ 0R-spanðSnÞ 0

0 idV

� �
:

If PBBn
is the transition base matrix, then the matrix of Pn in B is

Qn ¼ PBBn
QP�1BBn

:

Now by (2) and (3), ðPBBn
Þn converges to PBB 0 , where B 0 ¼ fu1; . . . ; ut;

etþ1; . . . ; eng: Then ðQnÞn converges to the matrix Q 0 ¼ PBB 0QP�1
BB 0 , which

is the matrix of P in B: r

Fact 2.4. Let V, W be two finite dimensional vector spaces, B ¼ fe1; . . . ;
eng a basis of V and f : V !W a linear map such that f f ðe1Þ; . . . ; f ðekÞg is a

basis of Im f : Assume that

f ðekþjÞ ¼ a1; j f ðe1Þ þ � � � þ ak; j f ðekÞ; 1a ja n� k:

Then the family of vectors

uj ¼ ekþj � a1; je1 � � � � � ak; jek; 1a ja n� k

is a basis of ker f :

Proof. Clearly the family fuj; 1a ja n� kg is a family of linearly inde-

pendent vectors and we have f ðujÞ ¼ 0 for all 1a ja n� k: As dim ker f ¼
n� k, the result follows. r

Fact 2.5. Let V, W be two finite dimensional vector spaces, B ¼ fe1; . . . ;
emg a basis of V and ð fn : V !WÞn a sequence of linear maps such that:

(1) ð fnÞn converges to a linear map f : V !W :

(2) The family f fnðe1Þ; . . . ; fnðekÞg is a basis of Im fn for all n:

(3) The family f f ðe1Þ; . . . ; f ðekÞg is a basis of Im f :

Assume that for all nb 0 and 1a jam� k, we have

fnðekþjÞ ¼ an
1; j fnðe1Þ þ � � � þ an

k; j fnðekÞ

and

f ðekþjÞ ¼ a1; j f ðe1Þ þ � � � þ ak; j f ðekÞ:

Then for all 1a ja n� k and 1a la k, the sequence ðan
l; jÞn converges to

al; j:

Proof. As ð fnÞn converges to f , we have ð fnðekþjÞ � f ðekþjÞÞn converges

to zero. Let now dim W ¼ r and let u1; . . . ; ur�k A W be such that B 0 ¼
f f ðe1Þ; . . . ; f ðekÞ; u1; . . . ; ur�kg is a basis of W : As ð fnðeiÞÞn converges to
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f ðeiÞ for all 1a ia k, there exists N > 0 such that for all n > N the family

f fnðe1Þ; . . . ; fnðekÞ; u1; . . . ; ur�kg is also a basis of W : Let

Sn ¼ f fnðe2Þ; . . . ; fnðekÞ; u1; . . . ; ur�kg;

F ¼ R-spanf f ðe1Þg and qn the projection of W on F parallel to R-spanðSnÞ:
Then by Fact 2.3, ðqnÞn converges to the projection q of W on F parallel to

R-spanðSÞ, where S ¼ f f ðe2Þ; . . . ; f ðekÞ; u1; . . . ; ur�kg and ðqnð fnðekþjÞÞÞn con-

verges to qð f ðekþjÞÞ: Note that qnð fnðekþjÞÞ ¼ qnðan
1; j fnðe1ÞÞ ¼ an

1; jqnð fnðe1ÞÞ
and qð f ðekþjÞÞ ¼ a1; j f ðe1Þ: As ða1; jqnð fnðe1ÞÞÞn converges to a1; j f ðe1Þ, the

sequence ððan
1; j � a1; jÞqnð fnðe1ÞÞÞn converges to zero. But ðqnð fnðe1ÞÞÞn con-

verges to the non-zero vector f ðe1Þ, then ðan
1; jÞn converges to a1; j : Using the

same argument, we can show that ðan
l; jÞn converges to al; j for all 1a la k and

1a ja n� k: r

Fact 2.6. Let ðxnÞn be a sequence in Rq such that

(1) Any subsequence of ðxnÞn contains a convergent subsequence.

(2) Two convergent subsequences of ðxnÞn converge to the same element.

Then ðxnÞn is convergent.

Proof. Suppose that ðxnÞn is not bounded, then for every integer k

there exists ðxnk Þnk such that kxnkk > k: Then obviously ðxnÞn contains a

subsequence ðxnk Þnk such that limkxnkk ¼ þy, then ðxnk Þnk does not have

convergent subsequence. Thus by (1), ðxnÞn is bounded. Let ðxnk Þnk be a

convergent subsequence of ðxnÞn which converges to y and let A > 0 such that

kxn � yk < A for all n that is ðxnÞn belongs to the closed ball Bðy;AÞ of center
y and radius A: Let U be a neighborhood of y: If Bðy;AÞnU contains

an infinite terms of ðxnÞn, then we can find a subsequence which converges to

y 00 y and then by (2) only finite terms of ðxnÞn are not in U , thus ðxnÞn
converges to y: r

Fact 2.7. Let ð fn : Rq ! RmÞn be a sequence of linear maps and ðxnÞn
a sequence in Rq such that:

(1) ð fnÞn converges to a linear map f : Rq ! Rm:

(2) For all n, fn and f are injective.

(3) There exists x A Rq such that ð fnðxnÞÞn converges to f ðxÞ:
Then ðxnÞn converges to x:

Proof. If for all N > 0, there exists n > N such that xn ¼ 0 then ðxnÞn
contains a subsequence ðxnk Þnk such that xnk ¼ 0 for all k and we have

fnk ðxnk Þ ¼ 0 then ð fnðxnÞÞn converges to zero. Let ðxnk1 Þnk1 be a subsequence

of ðxnÞn such that xnk1 0 0 for all k1 and we have to prove that ðxnk1 Þnk1
converges to zero. Note that fnk1 ðxnk1 Þ ¼ kxnk1k fnk1

xnk1
kxnk1 k

� �
: As the sequence
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xnk1
kxnk1 k

� �
nk1

is bounded, we can assume that it converges to some y0 0: Now

suppose that ðkxnk1 kÞnk1 does not converge to zero, then up to the choice of a

subsequence, we can assume that ðkxnk1kÞnk1 converges to some a A �0;þy� then
ð fnk1 ðxnk1 ÞÞnk1 converges to af ðyÞ0 0 because y0 0 and f is injective which

is a contradiction. Now assume that there exists N > 0 such that xn 0 0 for

all n > N: In this case we have to show that ðxnÞn satisfies the conditions

(1) and (2) of Fact 2.6. Let ðxn1Þn1 be a subsequence of ðxnÞn, then we can

find a subsequence ðxn2Þn2 of ðxn1Þn1 such that
xn2
kxn2k

� �
n2

converges to some y0 0

and using (1), we see that fn2
xn2
kxn2k

� �� �
n2

converges to f ðyÞ: As ð fn2ðxn2ÞÞn2 ¼
kxn2k fn2

xn2
kxn2k

� �� �
n2

converges to f ðxÞ, we deduce that ðkxn2kÞn2 converges to

k f ðxÞk
k f ðyÞk : In particular, the sequence ðxn2Þn2 is bounded and contains a conver-

gent subsequence. This shows that any subsequence of ðxnÞn contains a

convergent subsequence. Let ðxn;1Þn;1 and ðxn;2Þn;2 be two convergent sub-

sequences of ðxnÞn such that ðxn;1Þn;1 converges to y1 and ðxn;2Þn;2 converges to

y2: Then ð fn;1ðxn;1ÞÞn;1 and ð fn;2ðxn;2ÞÞn;2 converge to f ðy1Þ and f ðy2Þ respec-
tively. By (3), f ðy1Þ ¼ f ðy2Þ: Then f ðy1 � y2Þ ¼ 0 and using (2) we deduce

that y1 ¼ y2: Then two convergent subsequences of ðxnÞn converge to the

same element. Using Fact 2.6, we conclude that ðxnÞn is convergent. r

3. On the quotient space Homðl; gÞ=G

3.1. Describing Homðl; gÞ. We assume henceforth that g is a 3-step nilpotent

Lie algebra and l a subalgebra of g: We consider the decompositions

g ¼ ½g; ½g; g��l g1 l g2 and l ¼ ½l; ½l; l��l l1 l l2 ð3Þ

where g1 (respectively l1) designates a subspace of g (of l respectively) such that

½g; ½g; g��l g1 ¼ ½g; g� (respectively ½l; ½l; l��l l1 ¼ ½l; l�). g2 (respectively l2) is a

subspace of g (of l respectively) supplementary to ½g; g� (to ½l; l� respectively) in
g (in l respectively). Denote by g0 ¼ ½g; ½g; g�� and l0 ¼ ½l; ½l; l��. Obviously we

can see that g0 (respectively l0) lies in the center of g (of l respectively). Any

j A Lðl; gÞ can be written as

j ¼
Aj Bj Cj

Ij Dj Ej

Jj Kj Fj

0B@
1CA; ð4Þ

where Aj A Lðl0; g0Þ, Bj A Lðl1; g0Þ, Cj A Lðl2; g0Þ, Ij A Lðl0; g1Þ, Dj A
Lðl1; g1Þ, Ej A Lðl2; g1Þ, Jj A Lðl0; g2Þ, Kj A Lðl1; g2Þ and Fj A Lðl2; g2Þ:
For each j A Lðl; gÞ, we define j1 A Lðl; gÞ by
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j1 ¼
Aj Bj 0

0 Dj Ej

0 0 Fj

0B@
1CA: ð5Þ

We first remark the following assertion.

Lemma 1. An element j A Lðl; gÞ is a Lie algebra homomorphism if and

only if Ij ¼ 0, Jj ¼ 0, Kj ¼ 0 and j1 A Homðl; gÞ:

Proof. We point out first that if j A Homðl; gÞ, then jðl0Þ ¼ jð½l; ½l; l��Þ ¼
½jðlÞ; ½jðlÞ; jðlÞ�� � g0, in particular Ij ¼ 0 and Jj ¼ 0. Now jðl1Þ � jð½l; l�Þ ¼
½jðlÞ; jðlÞ� � ½g; g�, so Kj ¼ 0 and

j ¼
Aj Bj Cj

0 Dj Ej

0 0 Fj

0B@
1CA: ð6Þ

Let us take j A Lðl; gÞ with Ij ¼ 0, Jj ¼ 0, Kj ¼ 0: Then for each x ¼
x0 þ x1 þ x2 and x 0 ¼ x 00 þ x 01 þ x 02 A l where xi; x

0
i A li, i ¼ 0; 1; 2, we have

the following:

½jðxÞ; jðx 0Þ� ¼ ½Ajðx0Þ þ Bjðx1Þ þDjðx1Þ þ Cjðx2Þ þ Ejðx2Þ þ Fjðx2Þ;Ajðx 00Þ

þ Bjðx 01Þ þDjðx 01Þ þ Cjðx 02Þ þ Ejðx 02Þ þ Fjðx 02Þ�

¼ ½Djðx1Þ þ Ejðx2Þ þ Fjðx2Þ;Djðx 01Þ þ Ejðx 02Þ þ Fjðx 02Þ�

¼ ½j1ðxÞ; j1ðx 0Þ�: ð7Þ

On the other hand:

jð½x; x 0�Þ ¼ jð½x0 þ x1 þ x2; x
0
0 þ x 01 þ x 02�Þ

¼ jð½x1 þ x2; x
0
1 þ x 02�Þ

¼ jð½x1; x 02�Þ þ jð½x2; x 01�Þ þ jð½x2; x 02�Þ

¼ Ajð½x1; x 02�Þ þ Ajð½x2; x 01�Þ þ ðAj þ Bj þDjÞð½x2; x 02�Þ

¼ j1ð½x; x 0�Þ: ð8Þ

Conversely, let Ij ¼ 0, Jj ¼ 0, Kj ¼ 0 and j1 A Homðl; gÞ, then j is as in (6).

Hence,

jð½x; x 0�Þ ¼ j1ð½x; x 0�Þ by ð8Þ

¼ ½j1ðxÞ; j1ðx 0Þ�

¼ ½jðxÞ; jðx 0Þ� by ð7Þ:
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Then for each j A Lðl; gÞ with Ij ¼ 0, Jj ¼ 0, Kj ¼ 0, we have j A Homðl; gÞ
if and only if j1 A Homðl; gÞ: r

3.2. The G-action on Homðl; gÞ. For any X A g, the adjoint representation

adX can be written making use the decomposition (3) as

adX ¼
0 S1;2ðXÞ S1;3ðXÞ
0 0 S2;3ðXÞ
0 0 0

0B@
1CA ð9Þ

for some maps S1;2 : g!Lðg1; g0Þ, S1;3 : g!Lðg2; g0Þ and S2;3 : g!
Lðg2; g1Þ: The adjoint representation AdexpðXÞ reads therefore

AdexpðXÞ ¼ Idþ adX þ
1

2
ad2

X

¼
Ig0 S1;2ðX Þ S1;3ðXÞ þ 1

2S1;2ðXÞS2;3ðXÞ
0 Ig1 S2;3ðX Þ
0 0 Ig2

0B@
1CA:

Here Ig0 , Ig1 and Ig2 denote the identity maps of g0, g1 and g2 respectively.

The group G acts on Homðl; gÞ through the following law:

g � j ¼ Adg � j

¼

Aj Bj þ S1;2ðX ÞDj Cj þ S1;2ðX ÞEj þ S1;3ðXÞFj

þ 1
2S1;2ðXÞS2;3ðXÞFj

0 Dj Ej þ S2;3ðXÞFj

0 0 Fj

0BBB@
1CCCA;

where g ¼ expðX Þ, Aj, Bj, Cj, Dj, Ej and Fj are as in formula (4) and S1;2,

S1;3 and S2;3 are as in (9). Let now

Hom1ðl; gÞ :¼ fj A Homðl; gÞ jCj ¼ 0g: ð10Þ

By Lemma 1, the correspondence j 7! j1 gives a map: Homðl; gÞ !
Hom1ðl; gÞ: Then G also acts on Hom1ðl; gÞ as follows:

g � j1 ¼
Aj Bj þ S1;2ðX ÞDj 0

0 Dj Ej þ S2;3ðXÞFj

0 0 Fj

0B@
1CA: ð11Þ

In other words, g � j1 is defined by ðg � j1Þ1 where ðg � j1Þ A Homðl; gÞ: One

can easily check that g � j1 defines a group action of G on Hom1ðl; gÞ: Hence,

G acts on Hom1ðl; gÞ �Lðl2; g0Þ as:
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g � ðj1;CjÞ

¼ g � j1;Cj þ S1;2ðX ÞEj þ S1;3ðX ÞFj þ
1

2
S1;2ðX ÞS2;3ðX ÞFj

� �
: ð12Þ

We first have the following:

Lemma 2. The map

c : Homðl; gÞ ! Hom1ðl; gÞ �Lðl2; g0Þ

j 7! ðj1;CjÞ

is a G-equivariant homeomorphism, where j1 is as in (5).

Proof. The fact that c is a well defined homeomorphism comes directly

from Lemma 3.1. Let g ¼ expðXÞ A G and j A Homðl; gÞ, then

cðg � jÞ ¼ cðAdg � jÞ

¼ g � j1;Cj þ S1;2ðX ÞEj þ S1;3ðXÞFj þ
1

2
S1;2ðX ÞS2;3ðX ÞFj

� �
¼ g � cðjÞ;

which proves the lemma. r

3.2.1. Decomposition of Hom1ðl; gÞ. Now we consider the linear subspace D

of Lðl; gÞ defined by

D ¼ j A Lðl; gÞ
Aj ¼ 0; Ij ¼ 0; Jj ¼ 0; Dj ¼ 0;

Kj ¼ 0; Cj ¼ 0 and Fj ¼ 0

����� �
GLðl1; g0Þ �Lðl2; g1Þ:

For j1 A Hom1ðl; gÞ, we consider the linear map

lj1 : g! D

X 7!
0 S1;2ðX ÞDj1 0

0 0 S2;3ðXÞFj1

0 0 0

0B@
1CA:

Then from equation (11) of the definition of the action of G on Hom1ðl; gÞ,
we obtain immediately the following description of the orbits in Hom1ðl; gÞ.

Lemma 3. The orbit G � j1 ¼ j0 þ ðNj1 þ Imðlj1ÞÞ, where

j0 ¼
Aj1 0 0

0 Dj1 0

0 0 Fj1

0B@
1CA and Nj1 ¼

0 Bj1 0

0 0 Ej1

0 0 0

0B@
1CA:
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Let m ¼ dim D and q ¼ dim g: For t ¼ 0; . . . ; q, we define the sets

Hom t
1ðl; gÞ :¼ fj1 A Hom1ðl; gÞ j rkðlj1Þ ¼ tg:

Then clearly,

Hom1ðl; gÞ ¼
[q
t¼0

Hom t
1ðl; gÞ: ð13Þ

We fix a basis fe1; . . . ; emg of D and let

Iðm;m� tÞ ¼ fði1; . . . ; im�tÞ A Nm�t j 1a i1 < � � � < im�t amg:

For b ¼ ði1; . . . ; im�tÞ A Iðm;m� tÞ, we consider the subspace Vb :¼0m�t
j¼1 Reij

and for any j1 A Hom t
1ðl; gÞ, let Pj1 : D! D=Imðlj1Þ and

Hom t
1;bðl; gÞ :¼ fj1 A Hom t

1ðl; gÞ j detðPj1ðei1Þ; . . . ;Pj1ðeim�tÞÞ0 0g:

Then we have the following:

Lemma 4. For each t¼ 0; . . . ; q¼ dim g, the family fHomt
1;bðl; gÞgb A Iðm;m�tÞ

of subsets in Homt
1ðl; gÞ gives an open covering of Homt

1ðl; gÞ:

Proof. We know that for all j1 A Hom t
1ðl; gÞ, the set Imðlj1Þ is a linear

subspace of D of dimension t: There exists therefore ði1; . . . ; im�tÞ A Iðm;m� tÞ
such that the family fPj1ðei1Þ; . . . ;Pj1ðeim�tÞg forms a basis of D=Imðlj1Þ and

consequently detðPj1ðei1Þ; . . . ;Pj1ðeim�tÞÞ0 0: This shows that Hom t
1ðl; gÞ ¼S

b A Iðm;m�tÞ Hom t
1;bðl; gÞ: Now detðPj1ðei1Þ; . . . ;Pj1ðeim�tÞÞ0 0 if and only if

the family fPj1ðei1Þ; . . . ;Pj1ðeim�tÞg is a basis of D=Im lj1 which is equivalent

to D ¼ Im lj1 lVb: As dim Im lj1 ¼ t, we get by Fact 2.2 (1) that there exists

ð j1; . . . ; jtÞ A Iðq; tÞ such that the family flj1ðYj1Þ; . . . ; lj1ðYjtÞ; ei1 ; . . . ; eim�tg forms

a basis of D, or similarlyX
ð j1;...; jtÞ A Iðq; tÞ

½detðlj1ðYj1Þ; . . . ; lj1ðYjtÞ; ei1 ; . . . ; eim�tÞ�
2 0 0:

Then

Hom t
1;bðl; gÞ

¼ j1 A Hom t
1ðl; gÞ

X
ð j1;...; jtÞ
A Iðq; tÞ

½detðlj1ðYj1Þ; . . . ; lj1ðYjtÞ; ei1 ; . . . ; eim�tÞ�
2 0 0

��������
8>><>>:

9>>=>>;
which is open by continuity of the determinant. r
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Proposition 2. We have:

Hom1ðl; gÞ ¼
[q
t¼0

[
b A Iðm;m�tÞ

Homt
1;bðl; gÞ

as a union of G-invariant subsets, where G acts on Hom1ðl; gÞ as in (11).

Proof. The decomposition is given by Lemma 4 and equation (13). To

see the G-invariance, observe that Dj1 ¼ Dg�j1 and Fj1 ¼ Fg�j1 , which means

that lj1 ¼ lg�j1 and Pj1 ¼ Pg�j1 for all j1 A Hom1ðl; gÞ and g A G: Then for all

b A Iðm;m� tÞ and 0a ta q the set Hom t
1;bðl; gÞ is G-invariant. r

Let us fix t ¼ 0; . . . ; q and b ¼ ði1; . . . ; im�tÞ A Iðm;m� tÞ: Recall that Vb

is a subspace of D spanned by feikgk¼1;...;m�t: We define the subset M t
bðl; gÞ

of Hom t
1;bðl; gÞ by

M t
bðl; gÞ ¼ fj1 A Hom t

1;bðl; gÞ jNj1 A Vbg

and we consider the map

p t
b : Hom t

1;bðl; gÞ=G !M t
bðl; gÞ

G � j1 7! j0 þ P�1j1jVb
ðNj1 þ Imðlj1ÞÞ:

We next prove the following lemmas:

Lemma 5. For each j1 A Homt
1;bðl; gÞ, the intersection of the G-orbit G � j1

and M t
bðl; gÞ in Homt

1;bðl; gÞ is the singleton fj0 þ P�1j1jVb
ðNj1 þ Imðlj1ÞÞg: In

particular, the map

p t
b : Homt

1;bðl; gÞ=G !M t
bðl; gÞ; G � j1 7! j0 þ P�1j1jVb

ðNj1 þ Imðlj1ÞÞ

is well defined.

Proof. Let j1 ¼ j0 þNj1 A Hom t
1;bðl; gÞ. Then from Lemma 3 the orbit

G � j1 ¼ j0 þ ðNj1 þ Im lj1Þ and

j0 þ P�1j1jVb
ðNj1 þ Im lj1Þ ¼ j0 þ ðNj1 þ Im lj1Þ \ Vb A M t

bðl; gÞ:

Thus p t
b is well defined. Note now that the intersection of G � j1 and M t

bðl; gÞ
in Hom t

1;bðl; gÞ is not empty as it contains p t
bðG � j1Þ. Let j1, j 01 be two

elements in the intersection. Then there exist v;w A Imðlj1Þ such that j1 ¼
j0 þNj1 þ v and j 01 ¼ j0 þNj1 þ w with Nj1 þ v;Nj1 þ w A Vb. In particular

v� w A Vb \ Imðlj1Þ ¼ f0g, which means that j1 ¼ j 01. r
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Lemma 6. The map

h : Homt
1;bðl; gÞ !M t

bðl; gÞ

j1 7! j0 þ P�1j1jVb
ðNj1 þ Im lj1Þ

is continuous.

Proof. To show this lemma, we prove the following fact:

Fact 3.1. The map

Hom1ðl; gÞ !Lðg;DÞ

j1 7! lj1

is continuous.

Proof. Let ðjðnÞ1 Þn be a sequence which converges to some element j1:

Then obviously ðD
j
ðnÞ
1

Þn converges to Dj1 and ðF
j
ðnÞ
1

Þn converges to Fj1 : Then

ðl
j
ðnÞ
1

Þn converges to lj1 : r

Now to prove the lemma, let ðj1;nÞn be a sequence in Hom t
1;bðl; gÞ which

converges to an element j1 A Hom t
1;bðl; gÞ: We have to show that ðhðj1;nÞÞn

converges to hðj1Þ: Note first that for all j1 A Hom t
1;bðl; gÞ, hðj1Þ ¼ j0 þ

ðNj1 þ Im lj1Þ \ Vb: As D ¼ Im lj1 lVb, by Fact 2.1 we see that hðj1Þ ¼ j0 þ
qj1ðNj1Þ, where qj1 is the projection on Vb parallel to Im lj1 : Let fX1; . . . ;Xng
be a basis of g, using Fact 2.2 (1), one can find Xj1 ; . . . ;Xjt A fX1; . . . ;Xng such

that

Im lj1 ¼ R-spanflj1ðXj1Þ; . . . ; lj1ðXjtÞg:

Now by Fact 3.1, we get the convergence of the sequence ðlj1; nÞn to lj1 : By

Fact 2:2 ð2Þ, for S ¼ fXj1 ; . . . ;Xjtg,

AðSÞ ¼ fl A Lðg;DÞ j dim R-spanflðXj1Þ; . . . ; lðXjtÞg ¼ tg

is open in Lðg;DÞ: Then there exists N > 0 such that for all n > N,

Im lj1 ¼ R-spanflj1; nðXj1Þ; . . . ; lj1; nðXjtÞg:

As ðlj1; nÞn converges to lj1 , the sequence ðlj1; nðXjk ÞÞn converges to lj1ðXjk Þ for
all 1a ka t: By Fact 2.3, let qn be the projection of D on Vb parallel to

Imðlj1; nÞ, the sequence ðqnÞn converges to the projection qj1 of D on Vb parallel

to Im lj1 : Finally, as ðj0;nÞn converges to j0 and ðNj1; nÞn converges to Nj1 , we

get ðhðj1;nÞÞn converges to hðj1Þ: r
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Lemma 7. The map p t
b : Homt

1;bðl; gÞ=G !M t
bðl; gÞ defined above is a

homeomorphism.

Proof. To see that p t
b is surjective, observe that M t

bðl; gÞ � Hom t
1;bðl; gÞ

and for j1 A M t
bðl; gÞ we have p t

bðG � j1Þ ¼ j1. Let j1; x1 A Hom t
1;bðl; gÞ such

that p t
bðG � j1Þ ¼ p t

bðG � x1Þ. Then obviously j0 ¼ x0 and

P�1j1jVb
ðNj1 þ Im lj1Þ ¼ P�1x1jVb

ðNx1 þ Im lx1Þ:

As lj1 depends only on j0, we deduce that lj1 ¼ lx1 , which implies that

P�1j1jVb
¼ P�1x1jVb

: Hence, Nj1 þ Im lj1 ¼ Nx1 þ Im lx1 and in particular G � j1 ¼
G � x1. Thus p t

b is injective. Now the following diagram commutes

Hom t
1;bðl; gÞ

p

???y h

Hom t
1;bðl; gÞ=G ���!p t

b

M t
bðl; gÞ

 ������
��

where hðj1Þ ¼ j0 þ P�1j1jVb
ðNj1 þ Im lj1Þ: Since by Lemma 6, h is continuous

and since p is open then p t
b is continuous. The quotient canonical map

ðp t
bÞ
�1 ¼ pjM t

b ðl;gÞ is continuous and then the map p t
b is a homeomorphism.

r

Corollary 1. For all t ¼ f0; . . . ; qg, the collection

S t
b ¼ ðp t

b;Homt
1;bðl; gÞ=GÞb A Iðm;m�tÞ

forms a family of local sections of the canonical surjection

p t : Homt
1ðl; gÞ ! Homt

1ðl; gÞ=G:

In particular,

p t
bðHomt

1;bðl; gÞ=GÞ ¼ j1 A Hom1ðl; gÞ
j1 A Homt

1;bðl; gÞ
Nj1 A Vb

����� �
:

3.2.2. Decomposition of Homðl; gÞ. Let j1 A Hom t
1;bðl; gÞ and

Gj1 ¼ fg A G j g � j1 ¼ j1g

be the isotropy group of j1: The group Gj1 acts on fj1g �Lðl2; g0Þ through
the following law

expðXÞ � ðj1;CÞ ¼ ðj1;C þ S1;2ðX ÞEj1 þ S1;3ðXÞFj1Þ;

where S1;2 and S1;3 are as in (9). Indeed, for any g ¼ expðX Þ A Gj1 , we

have g � j1 ¼ j1, then S1;2ðXÞDj1 ¼ 0 and S2;3ðX ÞFj1 ¼ 0: We get therefore
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from (12):

g � ðj1;CÞ ¼ ðj1;C þ S1;2ðX ÞEj1 þ S1;3ðXÞFj1Þ:

Let gp t
b
ðG�j1Þ ¼ logðGp t

b
ðG�j1ÞÞ and fj1 be the linear map defined by

fj1 : gp t
b
ðG�j1Þ !Lðl2; g0Þ

X 7! S1;2ðXÞEp t
b
ðG�j1Þ þ S1;3ðX ÞFp t

b
ðG�j1Þ:

Then the range of fj1 is a linear subspace of Lðl2; g0Þ and we can see

immediately that:

Lemma 8. For any g A G we have fj1 ¼ fg�j1 . In addition,

Gp t
b
ðG�j1Þ � ðp

t
bðG � j1Þ;CÞ ¼ ðp t

bðG � j1Þ;C þ Imð fj1ÞÞ:

Let m 0 ¼ dimðLðl2; g0ÞÞ and q 0 ¼ dimðgp t
b
ðG�j1ÞÞ: For t 0 ¼ 0; . . . ; q 0, we

define the sets

Hom t; t 0

1;b ðl; gÞ ¼ fj1 A Hom t
1;bðl; gÞ j rkð fj1Þ ¼ t 0g:

Then clearly

Hom t
1;bðl; gÞ ¼

[q 0
t 0¼0

Hom t; t 0

1;b ðl; gÞ: ð14Þ

Let us fix a basis fe 01; . . . ; e 0m 0 g of Lðl2; g0Þ. For b 0 ¼ ði 01; . . . ; i 0m 0�t 0 Þ A
Iðm 0;m 0 � t 0Þ and j1 A Hom t; t 0

1;b ðl; gÞ, we consider the subspace Vb 0 :¼
0m 0�t 0

j¼1 Re 0i 0
j
, the quotient map

P 0j1 : Lðl2; g0Þ !Lðl2; g0Þ=Imð fj1Þ
and the set

Hom t; t 0

1;b;b 0
ðl; gÞ ¼ fj1 A Hom t; t 0

1;b ðl; gÞ j detðP
0
j1
ðe 0i 0

1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
ÞÞ0 0g:

Then we get the following:

Lemma 9. For each t ¼ 0; . . . ; q ¼ dim g, t 0 ¼ 0; . . . ; q 0 ¼ dimðgp t
b
ðG�j1ÞÞ

and b A Iðm;m� tÞ, the family fHom
t; t 0

1;b;b 0
ðl; gÞgb 0 A Iðm 0;m 0�t 0Þ of subsets in

Homt; t 0

1;b ðl; gÞ gives an open covering of Homt; t 0

1;b ðl; gÞ:

Proof. For all j1 A Hom t; t 0

1;b ðl; gÞ, the set Imð fj1Þ is a linear subspace of

Lðl2; g0Þ of dimension t 0: There exists therefore ði 01; . . . ; i 0m 0�t 0 Þ A Iðm 0;m 0 � t 0Þ
such that the family fP 0j1ðe

0
i 0
1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
Þg forms a basis of Lðl2; g0Þ=Imð fj1Þ

and consequently

detðP 0j1ðe
0
i 0
1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
ÞÞ0 0:
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This shows that Hom t; t 0

1;b ðl; gÞ ¼
S

b 0 A Iðm 0;m 0�t 0Þ Hom t; t 0

1;b;b 0
ðl; gÞ: Now to prove

that Hom t; t 0

1;b;b 0
ðl; gÞ is open in Hom t; t 0

1;b ðl; gÞ, we need the following facts:

Fact 3.2. Let j1 A Homt
1;bðl; gÞ and assume that p t

bðG � j1Þ ¼ c1: Then

gc1 ¼ ker lc1 :

Proof.

gc1 ¼ fX A g j expðXÞ � c1 ¼ c1g

¼ fX A g jc1 þ lc1ðXÞ ¼ c1g

¼ fX A g j lc1ðXÞ ¼ 0g

¼ ker lc1 : r

Let B ¼ fX1; . . . ;Xqg be a basis of g, j1 A Hom t
1;bðl; gÞ and c1 ¼

p t
bðG � j1Þ: For g ¼ ð j1; . . . ; jtÞ A Iðq; tÞ such that Im lc1 ¼ R-spanflc1ðXj1Þ; . . . ;

lc1ðXjtÞg, we define a linear map lj1;g : R
q�t ! g given by

lj1; gðuiÞ ¼ Xsi �
Xt

r¼1
ar; siXjr ;

where fu1; . . . ; uq�tg is the canonical basis of Rq�t, fs1 < � � � < sq�tg ¼ f1; . . . ;
qgnf j1; . . . ; jtg and

lc1ðXsiÞ ¼
Xt

r¼1
ar; si lc1ðXjrÞ E1a ia q� r:

Fact 3.3. We have: Im lj1; g ¼ gc1 :

Proof. By Fact 2.4 and Fact 3.2, we have Imðlj1; gÞ ¼ ker lc1 ¼ gc1 :

r

Consider now the map lj1; g : R
q�t !Lðl2; g0Þ defined by lj1; g ¼ fj1 � lj1; g:

Then we have the following result

Fact 3.4. We have:

(1) lj1; g is a linear map.

(2) Imðlj1; gÞ ¼ Im fj1 :

Proof. As lj1; g and fj1 are linear maps, the map lj1; g is also linear.

Now by Fact 3.3,

Imðlj1; gÞ ¼ fj1ðIm lj1; gÞ ¼ fj1ðgc1Þ ¼ Imð fj1Þ: r
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Now for g ¼ ð j1; . . . ; jtÞ A Iðq; tÞ, let

Hom t; t 0

1;b;b 0
ðgÞ ¼ fj1 A Hom t; t 0

1;b;b 0
ðl; gÞ j rkðlj1ðXj1Þ; . . . ; lj1ðXjtÞÞ ¼ tg:

Then obviously,

Hom t; t 0

1;b;b 0
ðl; gÞ ¼

[
g A Iðq; tÞ

Hom t; t 0

1;b;b 0
ðgÞ:

To conclude that Hom t; t 0

1;b;b 0
ðl; gÞ is open in Hom t; t 0

1;b ðl; gÞ, we have to show that

for all g A Iðq; tÞ, the set Hom t; t 0

1;b;b 0
ðgÞ is open in Hom t; t 0

1;b ðl; gÞ: First note that

Hom t; t 0

1;b;b 0
ðgÞ ¼ j1 A Hom t; t 0

1;b ðl; gÞ
rkðlj1ðXj1Þ; . . . ; lj1ðXjtÞÞ ¼ t

detðP 0j1ðe
0
i 0
1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
ÞÞ0 0

�����
( )

:

The set

At; t 0

b ðgÞ ¼ fj1 A Hom t; t 0

1;b ðl; gÞ j rkðlj1ðXj1Þ; . . . ; lj1ðXjtÞÞ ¼ tg

is open in Hom t; t 0

1;b ðl; gÞ and

Hom t; t 0

1;b;b 0
ðgÞ ¼ fj1 A At; t 0

b ðgÞ j detðP
0
j1
ðe 0i 0

1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
ÞÞ0 0g:

Then to obtain our result, it is su‰cient to prove that Hom t; t 0

1;b;b 0
ðgÞ is open in

A
t; t 0

b ðgÞ: Indeed, the condition detðP 0j1ðe
0
i 0
1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
ÞÞ0 0 is equivalent to

Lðl2; g0Þ ¼ Im fj1 lVb 0 : By Fact 3.4, we get:

detðP 0j1ðe
0
i 0
1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
ÞÞ0 0

, Imðlj1; gÞlVb 0 ¼Lðl2; g0Þ

, by A Iðq� t; t 0Þ; y ¼ ðs1; . . . ; st 0 Þ=

detðlj1; gðus1Þ; . . . ; lj1; gðust 0 Þ; e
0
i 0
1
; . . . ; e 0i 0

m 0�t 0
Þ0 0

,
X

y A Iðq�t; t 0Þ
½detðlj1; gðus1Þ; . . . ; lj1; gðust 0 Þ; e

0
i 0
1
; . . . ; e 0i 0

m 0�t 0
Þ�2 0 0:

Then

Hom t; t 0

1;b;b 0
ðgÞ

¼ j1 A A
t; t 0

b ðgÞ
X

y A Iðq�t; t 0Þ
½detðlj1; gðus1Þ; . . . ; lj1; gðust 0 Þ; e

0
i 0
1
; . . . ; e 0i 0

m 0�t 0
Þ�2 0 0

������
8<:

9=;
which is clearly an open subset of At; t 0

b ðgÞ: r
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As a consequence, we get the following:

Proposition 3. We have the following decomposition:

Hom1ðl; gÞ ¼
[q
t¼0

[q 0
t 0¼0

[
b A Iðm;m�tÞ

[
b 0 A Iðm 0;m 0�t 0Þ

Homt; t 0

1;b;b 0
ðl; gÞ

as a union of G-invariant subsets, where G acts on Hom1ðl; gÞ as in (11).

Proof. The decomposition is given by Proposition 2, Lemma 9 and

equation (14). We showed already that for b A Iðm;m� tÞ and 0a ta q, the

set Hom t
1;bðl; gÞ is G-invariant. Likewise, by Lemma 8 we have fj1 ¼ fg�j1

and then P 0j1 ¼ P 0g�j1 for all g A G and j1 A Hom1ðl; gÞ. As a consequence,

for all b A Iðm;m� tÞ, b 0 A Iðm 0;m 0 � t 0Þ, 0a ta q and 0a t 0a q 0 the set

Hom t; t 0

1;b;b 0
ðl; gÞ is G-invariant. r

Using the map c defined as in Lemma 2, we will identify in the rest of

this section the set Homðl; gÞ to Hom1ðl; gÞ �Lðl2; g0Þ: Let first for b A
Iðm;m� tÞ, b 0 A Iðm 0;m 0 � t 0Þ, 0a ta q and 0a t 0a q 0,

Hom t; t 0

b;b 0
ðl; gÞ ¼ Hom t; t 0

1;b;b 0
ðl; gÞ �Lðl2; g0Þ: ð15Þ

Then we have the following:

Proposition 4. We have:

Homðl; gÞ ¼
[q
t¼0

[q 0
t 0¼0

[
b A Iðm;m�tÞ

[
b 0 A Iðm 0;m 0�t 0Þ

Hom
t; t 0

b;b 0
ðl; gÞ

as a union of G-invariant subsets.

Proof. As in Proposition 3, for all b A Iðm;m� tÞ, b 0 A Iðm 0;m 0 � t 0Þ,
0a ta q and 0a t 0a q 0, the set Hom t; t 0

1;b;b 0
ðl; gÞ is G-invariant where G acts

on Hom1ðl; gÞ as in (11) and then the set Hom t; t 0

b;b 0
ðl; gÞ is also G-invariant.

r

Let now

M t; t 0

b ðl; gÞ ¼ fj1 A M t
bðl; gÞ j rkð fj1Þ ¼ t 0g

¼ fj1 A Hom t
1;bðl; gÞ jNj1 A Vb; rkð fj1Þ ¼ t 0g

¼ fj1 A Hom t; t 0

1;b ðl; gÞ jNj1 A Vbg: ð16Þ

and
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M t; t 0

b;b 0
ðl; gÞ ¼ fj1 A M t; t 0

b ðl; gÞ j detðP
0
j1
ðe 0i 0

1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
ÞÞ0 0g

¼ fj1 A Hom t; t 0

1;b ðl; gÞ jNj1 A Vb;

detðP 0j1ðe
0
i 0
1
Þ; . . . ;P 0j1ðe

0
i 0
m 0�t 0
ÞÞ0 0g ðby 16Þ

¼ fj1 A Hom t; t 0

1;b;b 0
ðl; gÞ jNj1 A Vbg

¼ Hom t; t 0

1;b;b 0
ðl; gÞ \M t

bðl; gÞ: ð17Þ

We show next the following lemmas:

Lemma 10. Each G-orbit in Hom
t; t 0

b;b 0
ðl; gÞ intersects M t; t 0

b;b 0
ðl; gÞ � Vb 0 at

exactly one element in Hom
t; t 0

b;b 0
ðl; gÞ, if we take an element g0 A G such that

g0 � j1 A M t
bðl; gÞ, then the element in the intersection of ðG � ðj1;CÞÞ and

M t; t 0

b;b 0
ðl; gÞ � Vb 0 can be written as

ðp t
bðG � j1Þ; ðP 0j1jVb 0

Þ�1ðCðg0Þ þ Im fj1ÞÞ

where

Cðg0Þ ¼ C þ S1;2ðX0ÞEj1 þ S1;3ðX0ÞFj1 þ
1

2
S1;2ðX0Þ:S2;3ðX0ÞFj1 :

Here S1;2, S1;3 and S2;3 are as in formula (9) in Section 3.2.

Proof. From Lemma 5, the intersection of the G-orbit G � j1 and

M t
bðl; gÞ in Hom t

1;bðl; gÞ is the singleton fj0 þ P�1j1jVb
ðNj1 þ Imðlj1ÞÞg, then there

exists g0 ¼ expðX0Þ A G such that

g0 � j1 ¼ j0 þ P�1j1jVb
ðNj1 þ Imðlj1ÞÞ ¼ p t

bðG � j1Þ:

Now g0 � ðj1;CÞ ¼ ðg0 � j1;Cðg0ÞÞ and

Gg0�j1 � ðg0 � j1;Cðg0ÞÞ ¼ ðg0 � j1;Cðg0Þ þ Im fj1Þ:

Thus

ðG � ðj1;CÞÞ \ ðM
t; t 0

b;b 0
ðl; gÞ � Vb 0 Þ ¼ ðG � j1 \M t; t 0

b;b 0
ðl; gÞ; ðCðg0Þ þ Im fj1Þ \ Vb 0 Þ

¼ ðg0 � j1;P 0�1j1jVb 0
ðCðg0Þ þ Im fj1ÞÞ:

Let ðj1;AÞ, ðj 01;A 0Þ be in the intersection. Then from Lemma 5, we have

j1 ¼ j 01: Let now g ¼ expðXÞ and g 0 ¼ expðX 0Þ in G such that g � j1 ¼
g 0 � j1 ¼ p t

bðG � j1Þ: Then g � j1 ¼ g 0 � j1 is equivalent to g�1g 0 A Gj1 and

there exists g1 ¼ expðX1Þ A Gj1 such that g 0 ¼ gg1: Let g2 ¼ expðX2Þ ¼ gg1g
�1,

then g2 A Gg�j1 and
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g 0 � ðj1;CÞ ¼ gg1 � ðj1;CÞ ¼ gg1g
�1g � ðj1;CÞ

¼ g2g � ðj1;CÞ ¼ g2ðg � j1;CðgÞÞ

¼ ðg � j1;CðgÞ þ fj1ðX2ÞÞ:

Thus Cðg 0Þ � CðgÞ ¼ fj1ðX2Þ A Im fj1 which is equivalent to

CðgÞ þ Im fj1 ¼ Cðg 0Þ þ Im fj1

which means that A ¼ A 0: r

Lemma 11. The map

h 0 : Homt; t 0

b;b 0
ðl; gÞ !M t; t 0

b;b 0
ðl; gÞ � Vb 0

ðj1;CÞ 7! ðp t
bðG � j1Þ;P 0�1j1jVb 0

ðCðg0Þ þ Im fj1ÞÞ

is continuous.

Proof. To show this lemma we prove the following facts

Fact 3.5. Let ðj1;nÞn be a sequence of Homt
1;bðl; gÞ which converges to

j1, p t
bðG � j1;nÞ ¼ c1;n and p t

bðG � j1Þ ¼ c1: Then there exists a convergent

sequence ðXnÞn in g which converges to some element X such that

c1;n ¼ expðXnÞ � j1;n and c1 ¼ expðXÞ � j1:

Proof. Let fX1; . . . ;Xig be a basis of g and a ¼ ði1; . . . ; itÞ A Iðq; tÞ such
that Im lj1 ¼ lj1ðUaÞ where Ua ¼ R-spanflj1ðXi1Þ; . . . ; lj1ðXitÞg: As G � j1 ¼
j1 þ Im lj1 and p t

bðG � j1Þ A G � j1, there exists X A Ua such that c1 ¼ j1 þ
lj1ðXÞ: By Fact 2.2 there exists N > 0 such that for all n > N, Im lj1; n ¼
lj1; nðUaÞ: Thus there exists ðXnÞn in Ua such that c1;n ¼ j1;n þ lj1; nðXnÞ for all

n > N: Now from the continuity of the map j1 7! p t
bðG � j1Þ and by the

convergence of ðj1;nÞn to j1, we deduce that ðj1;n þ lj1; nðXnÞÞn converges to

fj1 þ lj1ðX Þg and then ðlj1; nðXnÞÞn converges to lj1ðXÞ (because ðj1;nÞn con-

verges to j1). Let l 0j1; n be the restriction of lj1; n to Ua and l 0j1 the restriction of

lj1 to Ua: Then all the maps l 0j1; n , n > N are injective and l 0j1 is also injective.

The sequence ðl 0j1; nðXnÞÞn converges to l 0j1ðXÞ and obviously ðl 0j1; nÞn converges

to l 0j1 : Using Fact 2.7 we conclude that ðXnÞn converges to X : r

Fact 3.6. Let ðj1;nÞn be a sequence in Homt; t 0

1;b;b 0
ðl; gÞ which converges

to j1 A Homt; t 0

1;b;b 0
ðl; gÞ: Then the following facts hold:

(1) There exists g ¼ ð j1; . . . ; jtÞ A Iðq; tÞ such that

Im lc1 ¼ R-spanflc1ðXj1Þ; . . . ; lc1ðXjtÞg; c1 ¼ p t
bðG � j1Þ
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and

Im lc1; n ¼ R-spanflc1; nðXj1Þ; . . . ; lc1; nðXjtÞg; c1;n ¼ p t
bðG � j1;nÞ:

(2) The sequence ðlj1; n; gÞn converges to lj1; g:

Proof. As the quotient map j1 7! G � j1 and p t
b are continuous, the

sequence fc1;ng converges to c1: Then ðlc1; nÞn converges to lc1 : Let g ¼
ð j1; . . . ; jtÞ A Iðq; tÞ be such that Im lc1 ¼ R-spanflc1ðXj1Þ; . . . ; lc1ðXjtÞg: By

Fact 2.2, we can assume that

Im lc1; n ¼ R-spanflc1; nðXj1Þ; . . . ; lc1; nðXjtÞg:

To prove the second result, let g ¼ ð j1; . . . ; jtÞ A Iðq; tÞ satisfying (1) and

for fs1; . . . ; sq�tg ¼ f1; . . . ; qgnf j1; . . . ; jtg, lc1; nðXsiÞ ¼
P t

r¼1 a
n
r; si

lc1; nðXjrÞ and

lc1ðXsiÞ ¼
P t

r¼1 ar; si lc1ðXjrÞ: Let vn; si ¼ Xsi �
P t

r¼1 a
n
r; si

Xjr and vsi ¼ Xsi �P t
r¼1 ar; siXjr : Then by Fact 2.5, ðvn; siÞn converges to vsi : This shows that

ðlj1; n; gÞn converges to lj1; g: Now, for all 1a ia q� t we have

lj1; n; gðuiÞ ¼ S1;2ðlj1; n; gðuiÞÞEc1; n þ S1;3ðlj1; n; gðuiÞÞFc1; n :

As the matrix multiplication is continuous and the maps j1 7! Ec1 and

j1 7! Fc1 are continuous, we deduce that ðlj1; n; gðuiÞÞn converges to lj1; gðuiÞ:
Thus ðlj1; n; gÞn converges to lj1; g: r

Let qj1; g be the projection of Lðl2; g0Þ on Vb parallel to Imðlj1; gÞ: Then

Fact 3.7. We have:

h 0ðj1;CÞ ¼ ðp t
bðG � j1Þ; qj1; gðCðg0ÞÞÞ;

where Cðg0Þ is given in Lemma 10.

Proof. By Fact 3.4 (2), we have Imðlj1; gÞ ¼ Imð fj1Þ: Then

P 0�1j1jVb 0
ðCðg0Þ þ Im fj1Þ ¼ ðCðg0Þ þ Imð fj1ÞÞ \ Vb 0

¼ ðCðg0Þ þ Imðlj1; gÞÞ \ Vb 0

¼ qj1; gðCðg0ÞÞ by Fact 2:1: r

We now prove the lemma. Let ðj1;n;CnÞn be a sequence in Hom t; t 0

b;b 0
ðl; gÞ

which converges to an element ðj1;CÞ A Hom t; t 0

b;b 0
ðl; gÞ: To see that h 0 is

continuous, we have to show that ðh 0ðj1;n;CnÞÞn converges to h 0ðj1;CÞ: As

ðj1;nÞn converges to j1, by Fact 3.6 there exists g A Iðq; tÞ such that the se-

quence ðlj1; n; gÞn converges to lj1; g: As Lðl2; g0Þ ¼ Imðlj1; n; gÞlVb 0 , Lðl2; g0Þ ¼

217Some Problems of deformations



Imðlj1; gÞlVb 0 ,

Imðlj1; gÞ ¼ R-spanflj1; gðXi1Þ; . . . ; lj1; gðXitÞg

and

Imðlj1; n; gÞ ¼ R-spanflj1; n; gðXi1Þ; . . . ; lj1; n; gðXitÞg;

where g ¼ ði1; . . . ; itÞ, then by Fact 2.3 the sequence ðqj1; n; gÞn converges to

qj1; g: Now ðCnÞn converges to C and by Fact 3.5 there exists a sequence ðXnÞn
in g such that ðexpðXnÞÞn converges to expðX Þ: Now by Fact 3.7,

h 0ðj1;n;CnÞ ¼ ðp t
bðG � j1;nÞ; qj1; n; gðCnðexpðXnÞÞÞÞ

and it is clear that ðCnðexpðXnÞÞÞn converges to CðexpðX ÞÞ: Then

ðh 0ðj1;n;CnÞÞn converges to h 0ðj1;CÞ: r

By Lemma 10 above, for each G-orbit O in Hom t; t 0

b;b 0
ðl; gÞ, there uniquely

exists an element AO in O \ ðM t; t 0

b;b 0
ðl; gÞ � Vb 0 Þ: We define the map

e t; t
0

b;b 0
: Hom t; t 0

b;b 0
ðl; gÞ=G !M t; t 0

b;b 0
ðl; gÞ � Vb 0

O 7! AO:

Then M t; t 0

b;b 0
ðl; gÞ � Vb 0 is a fundamental domain of the G-action on

Hom t; t 0

b;b 0
ðl; gÞ in the sense below:

Lemma 12. The map e t; t
0

b;b 0
: Homt; t 0

b;b 0
ðl; gÞ=G !M t; t 0

b;b 0
ðl; gÞ � Vb 0 defined

above is a homeomorphism.

Proof. Let ðj1;CÞ0 ðj 01;C 0Þ A Hom t; t 0

b;b 0
ðl; gÞ such that G � ðj1;CÞ ¼

G � ðj 01;C 0Þ: Then there exist g0 and g 00 in G such that

e t; t
0

b;b 0
ðG � ðj1;CÞÞ ¼ ðg0 � j1;P 0�1j1jVb 0

ðCðg0Þ þ Imð fj1ÞÞÞ
and

e t; t
0

b;b 0
ðG � ðj 01;C 0ÞÞ ¼ ðg 00 � j 01;P 0�1j 0

1
jVb 0
ðC 0ðg 00Þ þ Imð fj 0

1
ÞÞÞ:

Since G � ðj1;CÞ ¼ G � ðj 01;C 0Þ, there exists g A G such that ðj1;CÞ ¼ g � ðj 01;C 0Þ
¼ ðg � j 01;C 0ðgÞÞ. We get thus the following:

G � j1 ¼ G � ðg � j 01Þ ¼ G � j 01 , p t
bðG � j1Þ ¼ p t

bðG � j 01Þ

, g0 � j1 ¼ g 00 � j 01:

This means in particular that fj1 ¼ fj 0
1
. Besides, there exists g 01 ¼ expðX 01Þ A

Gg 0
0
�j 0

1
such that g 01g

0
0 � ðj 01;C 0Þ ¼ g0 � ðj1;CÞ: This entails that

ðg0 � j1;Cðg0ÞÞ ¼ ðg 00 � j 01;C 0ðg 00Þ þ S1;2ðX 01ÞEg 0
0
�j 0

1
þ S1;3ðX 01ÞFg 0

0
�j 0

1
Þ
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which is equivalent to

Cðg0Þ þ Im fj1 ¼ C 0ðg 00Þ þ fj 0
1
ðX 01Þ þ Im fj1 ¼ C 0ðg 00Þ þ Im fj 0

1
:

Thus e t; t
0

b;b 0
ðG � ðj1;CÞÞ ¼ e t; t

0

b;b 0
ðG � ðj 01;C 0ÞÞ and e t; t

0

b;b 0
is a well defined map. We

now prove that the map e t; t
0

b;b 0
is a homeomorphism. In fact, we first show that

e t; t
0

b;b 0
is a bijection. Let ðj1;CÞ and ðj 01;C 0Þ be in Hom t; t 0

b;b 0
ðl; gÞ such that

e t; t
0

b;b 0
ðG � ðj1;CÞÞ ¼ e t; t

0

b;b 0
ðG � ðj 01;C 0ÞÞ:

Then there exist g0; g
0
0 A G such that

ðg0 � j1;P 0�1j1jVb 0
ðCðg0Þ þ Im fj1ÞÞ ¼ ðg

0
0 � j 01;P 0�1j 0

1
jVb 0
ðC 0ðg 00Þ þ Im fj 0

1
ÞÞ:

This implies that g0 � j1 ¼ g 00 � j 01, which means that fj1 ¼ fj 0
1
and P 0j1 ¼ P 0j 0

1
.

Then from the equality

P 0�1j1jVb 0
ðCðg0Þ þ Im fj1Þ ¼ P 0�1j 0

1
jVb 0
ðC 0ðg 00Þ þ Im fj 0

1
Þ;

we get Cðg0Þ þ Im fj1 ¼ C 0ðg 00Þ þ Im fj 0
1
: Then G � j1 ¼ G � j 01 and

Gg0�j1 � ðg0 � j1;Cðg0ÞÞ ¼ Gg 0
0
�j 0

1
� ðg 00 � j 01;C 0ðg 00ÞÞ;

which is equivalent to G � ðj1;CÞ ¼ G � ðj 01;C 0Þ and the map e t; t
0

b;b 0
is injective.

Let now ðc1;C1Þ A M t; t 0

b;b 0
ðl; gÞ � Vb 0 : Since the map p t

b is a homeomorphism,

there exist j1 A Hom t; t 0

1;b;b 0
ðl; gÞ and g 0 A G such that

ðG � j1Þ \M t; t 0

b;b 0
ðl; gÞ ¼ c1 ¼ g 0 � j1:

Hence, there exists C A Lðl2; g0Þ, such that g 0 � ðj1;CÞ ¼ ðg 0 � j1;Cðg 0ÞÞ;

C1 ¼ P 0�1c1jVb 0
ðCðg 0Þ þ Im fc1Þ

and e t; t
0

b;b 0
ðG � ðj1;CÞÞ ¼ ðc1;C1Þ and then the map e t; t

0

b;b 0
is surjective. Now the

diagram below commutes

Hom t; t 0

b;b 0
ðl; gÞ

p 0

???y h 0

Hom t; t 0

b;b 0
ðl; gÞ=G ���!e

t; t 0
b; b 0

M t; t 0

b;b 0
ðl; gÞ � Vb 0

 ������
��

where h 0ððj1;CÞÞ ¼ ðp t
bðG � j1Þ;P 0�1j1jVb 0

ðCðg0Þ þ Imð fj1ÞÞ: Since by Lemma 11,

h 0 is continuous and since p 0 is open then e t; t
0

b;b 0
is continuous. Now the

quotient canonical map

ðe t; t
0

b;b 0
Þ�1 ¼ p 0jM t; t 0

b; b 0 ðl;gÞ�Vb 0

is continuous and then the map e t; t
0

b;b 0
is a homeomorphism. r
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As an immediate consequence, we get:

Proposition 5. We have the following:

Homðl; gÞ=G ¼
[

0ataq
0at 0aq 0

[
b A Iðm;m�tÞ

b 0 A Iðm 0;m 0�t 0Þ

Hom
t; t 0

b;b 0
ðl; gÞ=G;

where for all t A f0; . . . ; qg, t 0 A f0; . . . ; q 0g, b A Iðm;m� tÞ and b 0 A Iðm 0;
m 0 � t 0Þ, Homt; t 0

b;b 0
ðl; gÞ is defined as in formula (15) and the set Homt; t 0

b;b 0
ðl; gÞ=G

is homeomorphic to M t; t 0

b;b 0
ðl; gÞ � Vb 0 :

Let now

Hom t; t 0

1 ðl; gÞ ¼
[

b A Iðm;m�tÞ
b 0 A Iðm 0;m 0�t 0Þ

Hom t; t 0

1;b;b 0
ðl; gÞ: ð18Þ

and

Hom t; t 0 ðl; gÞ ¼ Hom t; t 0

1 ðl; gÞ �Lðl2; g2Þ: ð19Þ

We then show the following:

Lemma 13. Retain definitions (18) and (19). Then the collection

S t; t 0

b;b 0
¼ ðe t; t

0

b;b 0
;Homt; t 0

b;b 0
ðl; gÞ=GÞ b A Iðm;m�tÞ

b 0 A Iðm 0;m 0�t 0Þ
ðt ¼ 0; . . . ; q and t 0 ¼ 0; . . . ; q 0Þ

constitutes a family of local sections of the canonical surjection

p t; t 0 : Homt; t 0 ðl; gÞ ! Homt; t 0 ðl; gÞ=G:

Proof. We have to show that p t; t 0 � e t; t
0

b;b 0
¼ Id

Hom t; t 0
b; b 0
ðl;gÞ=G for all t, t 0,

b, b 0: Let j ¼ ðj1;CjÞ A Homðl; gÞ be such that the orbit G � ðj1;CjÞ A
Hom t; t 0

b;b 0
ðl; gÞ=G: Then

p t; t 0 � e t; t
0

b;b 0
ðG � ðj1;CjÞÞ ¼ p t; t 0 ðg0 � j1;P 0�1j1jVb 0

ðCjðg0Þ þ Imð fj1ÞÞÞ:

There exists g1 A Gg0�j1 such that

g1g0 � ðj1;CjÞ ¼ ðg0 � j1; ðCjðg0Þ þ Im fj1Þ \ Vb 0 Þ:

Thus

p t; t 0 ðg0 � j1;P 0�1j1jVb 0
ðCjðg0Þ þ Imð fj1ÞÞÞ ¼ p t; t 0 ðg1g0 � ðj1;CjÞÞ

¼ G � ðg1g0 � ðj1;CjÞÞ

¼ G � ðj1;CjÞ:
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In particular,

e t; t
0

b;b 0
ðHom t; t 0

b;b 0
ðl; gÞ=GÞ ¼ j A Homðl; gÞ j1 A M t; t 0

b;b 0
ðl; gÞ

Cj A Vb 0

�����
( )

: r

Write

Hom t; t 0 ðl; gÞ ¼
[

b A Iðm;m�tÞ
b 0 A Iðm 0;m 0�t 0Þ

Hom t; t 0

b;b 0
ðl; gÞ

Then from Proposition 4, the set Hom t; t 0 ðl; gÞ is a G-invariant subset. More

precisely all the subsets of the union are G-invariant and open in Hom t; t 0 ðl; gÞ.
Our main result is the following:

Theorem 2. The writing

Homðl; gÞ=G ¼
[

0ataq
0at 0aq 0

Homt; t 0 ðl; gÞ=G

is a decomposition of Homðl; gÞ=G as a union of Hausdor¤ subspaces. The sets

Homt; t 0 ðl; gÞ=G may fail to be open in Homðl; gÞ=G:

To prove this result, we need the following Lemma:

Lemma 14. Let j ¼ ðj1;CÞ and x ¼ ðx1;C 0Þ be two elements in

Homt; t 0 ðl; gÞ. If ½j1� and ½x1� are separated in Hom
t; t 0

1 ðl; gÞ=G then so are

½j� and ½x� in

Homt; t 0 ðl; gÞ=G:

Proof. We consider the following diagram

Hom t; t 0 ðl; gÞ ���!P1
Hom t; t 0

1 ðl; gÞ

p1

???y ???yp2

Hom t; t 0 ðl; gÞ=G ���!
~PP1

Hom t; t 0

1 ðl; gÞ=G:

where p1, p2 are the quotient maps, P1ðj1;CÞ ¼ j1 and fP1P1ðG � ðj1;CÞÞ ¼
G � j1. Then obviously this diagram commutes and the maps P1 and fP1P1

are continuous. Assume that ½P1ðjÞ� and ½P1ðxÞ� are separated, then there

exist neighborhoods U1 of p2 � P1ðjÞ and U2 of p2 � P1ðxÞ such that U1 \U2

¼q: Now p2 � P1ðjÞ ¼ ~PP1 � p1ðjÞ A U1 and p2 � P1ðxÞ ¼ ~PP1 � p1ðxÞ A U2:

Thus p1ðjÞ A ~PP�11 ðU1Þ, p1ðxÞ A ~PP�11 ðU2Þ and we have ~PP�11 ðU1Þ \ ~PP�11 ðU2Þ ¼q:

r
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Proof of Theorem 2. Let j ¼ ðj1;CÞ and x ¼ ðx1;C 0Þ be two elements in

Hom t; t 0 ðl; gÞ and assume that ½j� and ½x� are not separated. From Lemma 14,

½j1� and ½x1� are not separated in Hom t; t 0

1 ðl; gÞ=G, then there exist ðj1;nÞn �
Hom t

1ðl; gÞ and gn ¼ expðXnÞ A G such that j1;n converges to j1 and gn � j1;n
converges to x1 in Hom t

1ðl; gÞ: This means Aj1 ¼ Ax1 , Dj1 ¼ Dx1 and

Fj1 ¼ Fx1 : In particular lj1 ¼ lx1 and Pj1 ¼ Px1 : Thus ½j1� and ½x1� belong
to the open set Hom t; t 0

1;b ðl; gÞ=G for some b A Iðm;m� tÞ: Now, Hom t; t 0

1;b ðl; gÞ=G
is a Hausdor¤ space as it is included in Hom t

1;bðl; gÞ=G, which is a Hausdor¤

space as being homeomorphic to M t
bðl; gÞ by Lemma 7. Then ½j1� ¼ ½x1� and

this implies that fj1 ¼ fx1 and P 0j1 ¼ P 0x1 . Finally ½j� and ½x� belong to the

open set Hom t; t 0

b;b 0
ðl; gÞ=G for some b A Iðm;m� tÞ and b 0 A Iðm 0;m 0 � t 0Þ:

Now from Proposition 5, Hom t; t 0

b;b 0
ðl; gÞ=G is homeomorphic to the Hausdor¤

space M t; t 0

b;b 0
ðl; gÞ � Vb 0 , then Hom t; t 0

b;b 0
ðl; gÞ=G is a Hausdor¤ space and ½j� ¼ ½x�:

r

4. Description of the parameter and the deformation spaces

We use the same setting and notation in Section 3. Let us take a sub-

algebra h of g and consider the decompositions

g ¼ ðg0 \ hÞl g 00 l h 0lV l h 00lW and l ¼ l0 l l1 l l2;

where g 00, h
0 and h 00 designate some subspaces of g such that g0 ¼ ðg0 \ hÞl g 00,

½g; g� \ h ¼ ðg0 \ hÞl h 0, h ¼ ½g; g� \ hl h 00, V is a linear subspace supplemen-

tary to ðg0 \ hÞl g 00 l h 0 in ½g; g� and W a linear supplementary subspace to

ðg0 \ hÞl g 00 l h 0lV l h 00 in g: Then with respect to these decompositions,

the adjoint representation Adg, g ¼ expðX Þ A G can once again be written down

as

Adg ¼

I1 0 s1;3ðX Þ d1;4ðX Þ g1;5ðXÞ o1;6ðX Þ
0 I2 s2;3ðX Þ d2;4ðX Þ g2;5ðXÞ o2;6ðX Þ
0 0 I3 0 g3;5ðXÞ o3;6ðX Þ
0 0 0 I4 g4;5ðXÞ o4;6ðX Þ
0 0 0 0 I5 0

0 0 0 0 0 I6

0BBBBBBBB@

1CCCCCCCCA
;

where

S1;2ðXÞ ¼
s1;3ðXÞ d1;4ðX Þ
s2;3ðXÞ d2;4ðX Þ

� �
;

S1;3ðX Þ þ
1

2
S1;2ðXÞS2;3ðXÞ ¼

g1;5ðX Þ o1;6ðX Þ
g2;5ðX Þ o2;6ðX Þ

� �
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and

S2;3ðXÞ ¼
g3;5ðXÞ o3;6ðXÞ
g4;5ðXÞ o4;6ðXÞ

� �
with: s1;3ðXÞ A Lðh 0; g0 \ hÞ, d1;4ðX Þ A LðV ; g0 \ hÞ, s2;3ðX Þ A Lðh 0; g 00Þ,
d2;4ðXÞ A LðV ; g 00Þ, g1;5ðX Þ A Lðh 00; g0 \ hÞ, o1;6ðXÞ A LðW ; g0 \ hÞ, g2;5ðXÞ A
Lðh 00; g 00Þ, o2;6ðX Þ A LðW ; g 00Þ, g3;5ðXÞ A Lðh 00; h 0Þ, o3;6ðXÞ A LðW ; h 0Þ,
g4;5ðXÞ A Lðh 00;VÞ and o4;6ðXÞ A LðW ;VÞ: Here I1, I2, I3, I4, I5 and I6
designate the identity maps of g0 \ h, g 00, h

0, V , h 00 and W respectively. This

leads to the fact that any element of Homðl; gÞ can be written accordingly, as a

matrix

j :¼ jðA;B;CÞ ¼

A1 B1 C1

A2 B2 C2

0 B3 C3

0 B4 C4

0 0 C5

0 0 C6

0BBBBBBBB@

1CCCCCCCCA
;

where

A ¼ A1

A2

� �
; B ¼

B1

B2

B3

B4

0BBB@
1CCCA and C ¼

C1

C2

C3

C4

C5

C6

0BBBBBBBB@

1CCCCCCCCA
:

Here A1 A Lðl0; g0 \ hÞ, A2 A Lðl0; g 00Þ, B1 A Lðl1; g0 \ hÞ, B2 A Lðl1; g 00Þ, B3 A
Lðl1; h 0Þ, B4 A Lðl1;VÞ, C1 A Lðl2; g0 \ hÞ, C2 A Lðl2; g 00Þ, C3 A Lðl2; h 0Þ, C4 A
Lðl2;VÞ, C5 A Lðl2; h 00Þ and C6 A Lðl2;WÞ. We can now state our first result.

Theorem 3. Let G be a 3-step nilpotent Lie group, H a connected

subgroup of G and G a discontinuous group for G=H. The syndetic hull of

G in G and its Lie algebra are denoted by L and l respectively. Then the

parameter space Rðl; g; hÞ writes as a disjoint union R1 tR2, where R1 is the

open set defined by

R1 :¼ jðA;B;CÞ A Homðl; gÞ
rkðC6Þ ¼ dimðl2Þ
rkðB4Þ ¼ dimðl1Þ
and rkðA2Þ ¼ dimðl0Þ

������
8<:

9=;;

R2 :¼ jðA;B;CÞ A Homðl; gÞ
rkðB4Þ þ rkðC6Þ < dimðl1 l l2Þ and

rkðMj;X Þ ¼ dimðlÞ for all X A g

����� �
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which may fail to be open. Here,

Mj;X ¼

A2 B2 þ s2;3ðXÞB3 þ d2;4ðXÞB4 C2 þ s2;3ðXÞC3 þ d2;4ðXÞC4

þ g2;5ðXÞC5 þ o2;6ðX ÞC6

0 B4 C4 þ g4;5ðX ÞC5 þ o4;6ðXÞC6

0 0 C6

0BBB@
1CCCA:

Proof. As the pair ðG;HÞ has the Lipsman property ([1] and [16]),

Theorem 1 enables us to state that

Rðl; g; hÞ ¼ j A Homðl; gÞ dim jðlÞ ¼ dimðlÞ
Adg � jðlÞ \ h ¼ f0g for all g ¼ expðXÞ A G

����� �
:

Now,

Adg � j ¼

A1 B1 þ s1;3ðXÞB3 þ d1;4ðXÞB4 C1 þ s1;3ðXÞC3 þ d1;4ðXÞC4

þ g1;5ðXÞC5 þ o1;6ðXÞC6

A2 B2 þ s2;3ðXÞB3 þ d2;4ðXÞB4 C2 þ s2;3ðxÞC3 þ d2;4ðX ÞC4

þ g2;5ðXÞC5 þ o2;6ðXÞC6

0 B3 C3 þ g3;5ðXÞC5 þ o3;6ðX ÞC6

0 B4 C4 þ g4;5ðXÞC5 þ o4;6ðX ÞC6

0 0 C5

0 0 C6

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
;

which means that the condition Adg � jðlÞ \ h ¼ f0g is equivalent to the fact

that rkðMj;X Þ ¼ dimðlÞ, which is in turn equivalent to

rkðC6Þ ¼ dimðl2Þ; rkðB4Þ ¼ dimðl1Þ and rkðA2Þ ¼ dimðl0Þ;

or

rkðC6Þ < dimðl2Þ; rkðB4Þ ¼ dimðl1Þ and rkðMj;X Þ ¼ dimðlÞ or

rkðB4Þ < dimðl1Þ; rkðC6Þ ¼ dimðl2Þ and rkðMj;X Þ ¼ dimðlÞ or

rkðC6Þ < dimðl2Þ; rkðB4Þ < dimðl1Þ and rkðMj;X Þ ¼ dimðlÞ:

8><>:
The latter three cases are equivalent to say that

rkðB4Þ þ rkðC6Þ < dimðl1 l l2Þ: r

We are now ready to present our main result in this section.

Theorem 4. Let g, h and l be as before. The deformation space reads

Tðl; g; hÞ ¼
[2
i¼1

[
0ataq
0at 0aq 0

[
b A Iðm;m�tÞ

b 0 A Iðm 0;m 0�t 0Þ

Tt; t 0;b;b 0; iðl; g; hÞ;
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where for b ¼ ði1; . . . ; im�tÞ and b 0 ¼ ði 01; . . . ; i 0m 0�t 0 Þ, the set Tt; t 0;b;b 0;1 is homeo-

morphic to the semi-algebraic subset in Lðl; gÞ

Tt; t 0;b;b 0;1 F jðA;B;CÞ A Homðl; gÞ

j1 A M t; t 0

b;b 0
ðl; gÞ;

C1

C2

� �
A Vb 0 and

rk

A2 0 0

0 B4 0

0 0 C6

0B@
1CA¼ dimðlÞ

��������������

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
and Tt; t 0;b;b 0;2 is homeomorphic to

Tt; t 0;b;b 0;2 F jðA;B;CÞ A Homðl; gÞ

j1 A M t; t 0

b;b 0
ðl; gÞ;

C1

C2

� �
A Vb 0 ;

rkðB4Þ þ rkðC6Þ < dimðl1 l l2Þ
and rkðMj;X Þ ¼ dimðlÞ for all X A g

�����������

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
:

Proof. Recall first that

Rðl; g; hÞ ¼
[2
i¼1

[
0ataq
0at 0aq 0

[
b A Iðm;m�tÞ

b 0 A Iðm 0;m 0�t 0Þ

Hom t; t 0

b;b 0
ðl; gÞ \Ri:

On the other hand, Hom t; t 0

b;b 0
ðl; gÞ \Ri is a G-invariant set as in formula (5).

Hence,

Tðl; g; hÞ ¼
[2
i¼1

[
0ataq
0at 0aq 0

[
b A Iðm;m�tÞ

b 0 A Iðm 0;m 0�t 0Þ

ðHom t; t 0

b;b 0
ðl; gÞ \RiÞ=G;

and the result follows from Theorem 3. Now to see the semi-algebraicness

of Tt; t 0;b;b 0;1, we state first the following claim which explains the semi-

algebraicness of Homðl; gÞ in Lðl; gÞ:

Claim 4.1. The set Homðl; gÞ is algebraic in Lðl; gÞ:

Proof. Let fY1; . . . ;Ykg be a basis of l and fX1; . . . ;Xqg a basis of g:

Assume that the Lie brackets of l are given by ½Yi;Yj� ¼
Pk

u¼1 c
u
i; jYu for all

1a i; ja k and the Lie brackets of g are given by ½Xs;Xs 0 � ¼
Pq

v¼1 d
v
s; s 0Xv for

all 1a s; s 0a q: Let now j A Lðl; gÞ and assume that jðYiÞ ¼
Pq

s¼1 as; iXs for

all 1a ia k: Now
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Homðl; gÞ ¼ fj A Lðl; gÞ j jð½Y ;T �Þ ¼ ½jðYÞ; jðTÞ�; EY ;T A lg
¼ fj A Lðl; gÞ j jð½Yi;Yj�Þ ¼ ½jðYiÞ; jðYjÞ�; E1a i; ja kg:

As

jð½Yi;Yj�Þ ¼
Xk
u¼1

cui; jjðYuÞ ¼
Xk
u¼1

Xq
v¼1

cui; jav;uXv ¼
Xq
v¼1

Xk
u¼1

cui; jav;u

 !
Xv

and

½jðYiÞ; jðYjÞ� ¼
Xq
s¼1

as; iXs;
Xq
s 0¼1

as 0; jXs 0

" #
¼
Xq
s; s 0¼1

as; ias 0; j½Xs;Xs 0 �

¼
Xq
s; s 0¼1

Xq
v¼1

as; ias 0; jd
v
s; s 0Xv ¼

Xq
v¼1

Xq
s; s 0¼1

as; ias 0; jd
v
s; s 0

 !
Xv;

we get

½jðYiÞ; jðYjÞ� ¼ jð½Yi;Yj�Þ ,
Xk
u¼1

cui; jav;u ¼
Xq
s; s 0¼1

as; ias 0; jd
v
s; s 0

for any v ¼ 1; . . . ; q. Hence, if we identify Lðl; gÞ to Mq;kðRÞ via the map

j 7!Mj ¼ ðjðY1Þj . . . jjðYkÞÞ, then

Homðl; gÞ ¼ ðas; iÞ1asaq
1aiak

Xk
u¼1

cui; jav;u ¼
Xq
s; s 0¼1

as; ias 0; jd
v
s; s 0 ; 1a i; ja k

�����
( )

which is an algebraic set. r

Now we see that the conditions
C1

C2

� �
A Vb 0 and rk

A2 0 0

0 B4 0

0 0 C6

0B@
1CA¼

dimðlÞ are semi-algebraic conditions and as Hom t; t 0

1;b;b 0
ðl; gÞ is semi-algebraic and

the condition Nj1 A Vb is an algebraic condition, then by (17) we conclude that

M t; t 0

b;b 0
ðl; gÞ is semi-algebraic. r

5. Hausdorfness of the deformation space

This section aims to study the Hausdorfness of the deformation space

Tðl; g; hÞ in the setting where g is 3-step nilpotent. Let

226 Ali Baklouti, Mariem Boussoffara and Imed Kedim



p : Rðl; g; hÞ ! Hom1ðl; gÞ

ðj1;CÞ 7! j1

where Hom1ðl; gÞ is as in (10) in Section 3.2, j1 is as in (5) in Section 3.1 and

ðj1;CÞ A Rðl; g; hÞ � Hom1ðl; gÞ �Lðl2; g0Þ:

Then p is a G-equivariant map and we can state that:

Theorem 5. Let G ¼ exp g be a 3-step nilpotent Lie group, H ¼ exp h a

closed connected subgroup of G, G a discontinuous group for the homogeneous

space G=H and L ¼ exp l its syndetic hull. If the dimensions of G-orbits in

Rðl; g; hÞ and those in pðRðl; g; hÞÞ are constant respectively, then Tðl; g; hÞ is a

Hausdor¤ space.

Proof. In such a situation, there is t A f0; . . . ; qg and t 0 A f0; . . . ; q 0g such
that Rðl; g; hÞ � Hom t; t 0 ðl; gÞ. Indeed, let j ¼ ðj1;CjÞ A Rðl; g; hÞ and assume

that rk lj1 ¼ t and rk fj1 ¼ t 0. As G � j1 ¼ j0 þ Imðlj1Þ we have dim G � j1 ¼
t and

dim G � j ¼ dim G � ðj1;CjÞ

¼ dim G � j1 þ dimðp t
bðG � j1Þ;Cj þ Im fj1Þ

¼ dimðj0 þ ðNj1 þ Im lj1ÞÞ þ rk fj1

¼ rk lj1 þ rk fj1 ¼ tþ t 0:

Since the dimensions of G-orbits of Rðl; g; hÞ and of pðRðl; g; hÞÞ are con-

stant, then so are t and t 0. The deformation space is therefore contained in

Hom t; t 0 ðl; gÞ=G, which is a Hausdor¤ space by Theorem 2. r

6. Illustrating examples

For the convenience of the readers, we close the paper by giving the

following series of examples for which the hypotheses of Theorem 5 are met

and then the corresponding deformation space turns out to be a Hausdor¤

space. Let g ¼ R-spanfX0;X1;X2;X3g be the (3-step nilpotent) threadlike Lie

algebra, whose pairwise brackets equal zero, except the followings:

½X0;Xi� ¼ Xiþ1; i ¼ 1; 2:

The center of g is the space R-spanfX3g, g1 ¼ R-spanfX2g, g2 ¼
R-spanfX0;X1g and for

X ¼ x0X0 þ x1X1 þ x2X2 þ x3X3 A g;
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we have

adX ðX0Þ ¼ �x1X2 � x2X3; adX ðX1Þ ¼ x0X2 and adX ðX2Þ ¼ x0X3:

On the other hand, through the basis B ¼ fX3;X2;X1;X0g, the matrices of the

endomorphisms adX and ad2
X are written as:

adX ¼

0 x0 0 �x2
0 0 x0 �x1
0 0 0 0

0 0 0 0

0BBB@
1CCCA; ad2

X ¼

0 0 x2
0 �x0x1

0 0 0 0

0 0 0 0

0 0 0 0

0BBB@
1CCCA:

Hence, the matrix of the adjoint representation AdexpðX Þ can be expressed

as:

AdexpðX Þ ¼

1 x0
1
2 x

2
0 �x2 � 1

2 x0x1

0 1 x0 �x1
0 0 1 0

0 0 0 1

0BBB@
1CCCA;

and finally

AdexpðX Þ �

a

b

c

d

0BBB@
1CCCA¼

aþ bx0 þ 1
2x

2
0c� dðx2 þ 1

2 x0x1Þ
bþ cx0 � dx1

c

d

0BBB@
1CCCA; ð20Þ

where the vector tða b c dÞ represents a vector of g through the basis B.

Example 1. Let h ¼ R-spanfX1;X2;X3g and l ¼ R-spanfX0g: Then if

G, H designate the Lie groups associated to g and h respectively and G ¼
expðZX0Þ, then obviously the resulting Cli¤ord-Klein form GnG=H turns

out to be compact. Clearly G FZ, G=HFR and GnG=HFS1: As such,

it is straightforward that through the basis B, any j A Homðl; gÞ is given

by

j : l! g; lX0 7! lðdX0 þ cX1 þ bX2 þ aX3Þ

and

j ¼

a

b

c

d

0BBB@
1CCCA A Rðl; g; hÞ , d0 0: ð21Þ
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Indeed, from Theorem 3,

Rðl; g; hÞ ¼ j ¼

a

b

c

d

1CCCA A Homðl; gÞ

0BBB@
���������AdexpðXÞ � jðlÞl h ¼ g

8>>><>>>:
9>>>=>>>;

¼

a

b

c

d

1CCCA A Homðl; gÞ

0BBB@
��������� d0 0

8>>><>>>:
9>>>=>>>;

On the other hand and according to our construction, for j as in equation

(21),

j1 ¼

0

b

c

d

0BBB@
1CCCA:

By equation (20), we get

AdexpðXÞ � j� j ¼

bx0 þ 1
2 x

2
0c� d x2 þ 1

2 x0x1
	 


cx0 � dx1

0

0

0BBB@
1CCCA

and

AdexpðX Þ � j1 � j1 ¼

0

cx0 � dx1

0

0

0BBB@
1CCCA;

which means that

Gj ¼ expðx0X0 þ x1X1 þ x2X2 þ x3X3Þ A G x1 ¼
c

d
x0; x2 ¼

b

d
x0

����� �
and

Gj1 ¼ expðx0X0 þ x1X1 þ x2X2 þ x3X3Þ A G x1 ¼
c

d
x0

����� �
:

Finally, dim G � j ¼ 2 and dim G � j1 ¼ 1 for any j A Rðl; g; hÞ: Then by

Theorem 5, the deformation space Tðl; g; hÞ is a Hausdor¤ space. Let us
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also mention that the explicit description of Tðl; g; hÞ is given in [2] and

[6].

Example 2. Let now h ¼ R-spanfX0g and l ¼ R-spanfX1;X2;X3g.
Then again the resulting Cli¤ord-Klein form GnG=H is compact. Clearly

G FZ3, G=HFR3 and GnG=H is homeomorphic to the 3-dimensional torus.

As j A Rðl; g; hÞ if and only if jðlÞ ¼ l, j takes the following form:

j ¼

a1 a2 a3

b1 b2 b3

c1 c2 c3

0 0 0

0BBB@
1CCCA:

Hence,

AdexpðXÞ � j ¼

a1 þ b1x0 þ 1
2 x

2
0c1 a2 þ b2x0 þ 1

2x
2
0c2 a3 þ b3x0 þ 1

2 x
2
0c3

b1 þ x0c1 b2 þ x0c2 b3 þ x0c3

c1 c2 c3

0 0 0

0BBB@
1CCCA

¼ jþ x0

b1 b2 b3

c1 c2 c3

0 0 0

0 0 0

0BBB@
1CCCAþ 1

2
x2
0

c1 c2 c3

0 0 0

0 0 0

0 0 0

0BBB@
1CCCA;

and then dim G � j ¼ 1: Besides,

j1 ¼

0 0 0

b1 b2 b3

c1 c2 c3

0 0 0

0BBB@
1CCCA;

AdexpðX Þ � j1 ¼ j1 þ x0

0 0 0

c1 c2 c3

0 0 0

0 0 0

0BBB@
1CCCA;

and likewise dim G � j1 ¼ 1 for any j A Rðl; g; hÞ: Then by Theorem 5, the

deformation space is a Hausdor¤ space.

Example 3. The following example treats a non-compact Cli¤ord-Klein

form case. Let h ¼ R-spanfX3g and l ¼ R-spanfX1;X2g: Clearly G FZ2
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and G=HFR3: Therefore GnG=H is not compact. We first prove the

following:

Claim 6.1. For any j A Rðl; g; hÞ, we have jðlÞ � R-spanfX1;X2;X3g.

Proof. If not, there exists v ¼ X0 þ u A jðlÞ for some u A R-spanfX1;X2;

X3g. Since dimðjðlÞÞ ¼ 2, there exists w0 0 such that w A jðlÞ \R-spanfX1;

X2;X3g. Thus R-spanf½v; ½v;w��; ½v;w�;wg \ h0 f0g, which leads to a contra-

diction as jðlÞ \ h ¼ f0g: r

Now, any j A Rðl; g; hÞ reads:

j ¼

a1 a2

b1 b2

c1 c2

0 0

0BBB@
1CCCA ð22Þ

and we have the following:

Claim 6.2. Let j A Rðl; g; hÞ be as in equation (22), then ðc1; c2Þ0 ð0; 0Þ.

Proof. From Claim 6.1 any j A Rðl; g; hÞ reads j ¼

a1 a2

b1 b2

c1 c2

0 0

0BBB@
1CCCA: Now

from Theorem 3,

j A Rðl; g; hÞ , dim hþ dim jðlÞ ¼ 3;

j A Rðl; g; hÞ , det
b1 b2

c1 c2

� �
0 0: r

Now for j A Rðl; g; hÞ be as in equation (22),

AdexpðX Þ � j ¼ jþ x0

b1 b2

c1 c2

0 0

0 0

0BBB@
1CCCAþ 1

2
x2
0

c1 c2

0 0

0 0

0 0

0BBB@
1CCCA

and then dim G � j ¼ 1. It is also obviously the case for

j1 ¼

0 0

b1 b2

c1 c2

0 0

0BBB@
1CCCA
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as

AdexpðXÞ � j1 ¼ j1 þ x0

0 0

c1 c2

0 0

0 0

0BBB@
1CCCA:

Then by Theorem 5, the deformation space is a Hausdor¤ space.
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