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OF SOME CERTAIN DIFFERENCE EQUATIONS
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Abstract

This paper considers some properties of meromorphic solutions of the nonlinear

di¤erence equation

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ Pðz; f ðzÞÞ
Qðz; f ðzÞÞ ;

where Pðz; f ðzÞÞ and Qðz; f ðzÞÞ are polynomials in f having rational coe‰cients and no

common roots.

1. Introduction and main results

In what follows, we assume the reader is familiar with the basic notion of
Nevanlinna’s value distribution theory (see [15, 18, 23]). We also use notations

sð f Þ, mð f Þ, lð f Þ, l
1

f

� �
for the order, the lower order, the exponents of

convergence of zeros and poles of f , respectively. Moreover, we say that a
meromorphic function g is small with respect to f if Tðr; gÞ ¼ Sðr; f Þ, where
Sðr; f Þ ¼ oðTðr; f ÞÞ outside a possible exceptional set of finite logarithmic mea-
sure. We also make use of the notion of hyper-order, defined as

s2ð f Þ :¼ lim
r!y

log log Tðr; f Þ
log r

:

Recently, a number of papers (see [1–8, 10–14, 16, 17, 19, 21]) focused
on complex di¤erence equations and di¤erence analogues of Nevanlinna theory.
As the di¤erence analogues of Nevanlinna theory are being investigated, many
results on the complex di¤erence equations are rapidly obtained.
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Ablowitz, Halburd and Herbst [1] considered the di¤erence equations of the
type

f ðzþ 1Þ � f ðz� 1Þ ¼ Rðz; f ðzÞÞ;ð1:1Þ

where Rðz; f ðzÞÞ is rational in both of its arguments, and the operation � stands
either for the addition or the multiplication. Ablowitz et.al. obtained the fol-
lowing theorem therein:

Theorem A ([1]). If the second-order di¤erence equation (1.1) admits a non-
rational meromorphic solution of finite order, then degf ðRÞa 2.

The following theorem is due to Ramani, Grammaticos, Tamizhmani and
Tamizhmani.

Theorem B ([20]). If the second-order di¤erence equation

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ Pðz; f ðzÞÞ
Qðz; f ðzÞÞ ;ð1:2Þ

where Pðz; f ðzÞÞ and Qðz; f ðzÞÞ are polynomials in f having rational coe‰cients
and no common roots, admits a non-rational meromorphic solution of finite order,
then degf ðPÞa 4 and degf ðQÞa 2.

In Theorem B, we see that if equation (1.2) admits a transcendental mer-
omorphic solution of finite order, then degf ðPÞa 4 and degf ðQÞa 2. It is
natural to ask if p ¼ degf ðPÞb 4 and q ¼ degf ðQÞb 2 or p� qb 3, what do
we get?

In the following, we will answer the above questions, and obtain Theorem
1.1 as show below.

Theorem 1.1. Suppose that f is a transcendental meromorphic solution of the
equation

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ Rðz; f ðzÞÞ ¼ Pðz; f ðzÞÞ
Qðz; f ðzÞÞ ;ð1:3Þ

where Pðz; f ðzÞÞ ¼ a0ðzÞ þ a1ðzÞ f ðzÞ þ � � � þ apðzÞ f ðzÞp and Qðz; f ðzÞÞ ¼ b0ðzÞ þ
b1ðzÞ f ðzÞ þ � � � þ bqðzÞ f ðzÞq are relatively prime polynomials in f , a0ðzÞ; . . . ; apðzÞ,
b0ðzÞ; . . . ; bqðzÞ are rational functions with apðzÞbqðzÞ2 0. Let m ¼ p� qb 3.

1) If f is entire or has finitely many poles, then there exist constants K > 0
and r0 > 0 such that

log Mðr; f ÞbK
m

2

� �r
ð1:4Þ

holds for all rb r0.
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2) If f has infinitely many poles, then there exist constants K > 0 and r0 > 0
such that

nðr; f ÞbKðm� 1Þrð1:5Þ

holds for all rb r0.
Furthermore, by 1) and 2), we can get s2ð f Þb 1.

From Theorem B and Theorem 1.1, we can get the following Corollary
1.1.

Corollary 1.1. Suppose that the second-order di¤erence equation (1.2)
satisfies the hypothesis of Theorem B. If equation (1.2) admits a non-rational
meromorphic solution of finite order, then degf ðPÞa 4, degf ðQÞa 2 and
degf ðPÞ � degf ðQÞa 2.

Remark 1.1. Under the conditions of degf ðPÞa 4, degf ðQÞa 2 and
degf ðPÞ � degf ðQÞa 2, equation (1.2) may have meromorphic solution of infinite

order, which can be seen by the following example.

Example 1.1. The di¤erence equation

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ 4f 2ðzÞ

has a solution f ðzÞ ¼ expfe2pizg, where sð f Þ ¼ y.

In what follows, we consider the properties of meromorphic solutions of
finite order of equation (1.3), and get Theorem 1.2.

Theorem 1.2. Suppose that equation (1.3) satisfies the hypothesis of Theorem
1.1, and f is a finite order transcendental meromorphic solution of equation (1.3).
Then, we have

1) If p ¼ q ¼ 0, then sð f Þb 1.
2) If a0ðzÞ2 0, then lð f Þ ¼ sð f Þ.
3) If qb p, qb 1 and Pðz; f ðzÞÞ2 0, then l

1

f

� �
¼ sð f Þ.

4) If Pðz; f ðzÞÞ2 0, then max lð f Þ; l 1

f

� �� �
¼ sð f Þ except ð f ðzþ 1Þ þ

f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ a2ðzÞ f 2ðzÞ.

Remark 1.2. If Pðz; f ðzÞÞ1 0, we may get l
1

f

� �
< sð f Þ. And when

Pðz; f ðzÞÞ ¼ a2ðzÞ f 2ðzÞ, we may get max lð f Þ; l 1

f

� �� �
< sð f Þ. Which can be

seen by the following two examples.
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Example 1.2. The di¤erence equation

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ 0

has a solution f ðzÞ ¼ epiz, where l
1

f

� �
¼ 0 and sð f Þ ¼ 1.

Example 1.3. The di¤erence equation

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ 4f 2ðzÞ

has a solution f ðzÞ ¼ e2piz, where max lð f Þ; l 1

f

� �� �
¼ 0 and sð f Þ ¼ 1.

When degf ðPÞ ¼ 0 and degf ðQÞ ¼ 0, we consider the properties of rational

solutions of equation (1.3), and get Theorem 1.3.

Theorem 1.3. Let RðzÞ ¼ PðzÞ
QðzÞ be an irreducible rational function. We

consider the di¤erence equation

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ PðzÞ
QðzÞ ;ð1:6Þ

where PðzÞ, QðzÞ are polynomials with deg PðzÞ ¼ p and deg QðzÞ ¼ q.
1) Suppose that pb q and p� q is an even number or zero. If equation (1.6)

has an irreducible rational solution f ðzÞ ¼ mðzÞ
nðzÞ , where mðzÞ, nðzÞ are polynomials

with deg mðzÞ ¼ m and deg nðzÞ ¼ n, then

m� n ¼ p� q

2
:

2) Suppose that p < q and q� p is an even number. If equation (1.6) has an

irreducible rational solution f ðzÞ ¼ mðzÞ
nðzÞ , where mðzÞ, nðzÞ are polynomials with

deg mðzÞ ¼ m and deg nðzÞ ¼ n, then

n�m ¼ q� p

2
:

3) If jp� qj is an odd number, then equation (1.6) has no rational solution.

2. Proof of Theorem 1.1

1) We multiply out the denominators of the coe‰cients aiðzÞ ði ¼ 0;
1; . . . ; pÞ, bnðzÞ ðn ¼ 0; 1; . . . ; qÞ in (1.3) to obtain

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ R1ðz; f ðzÞÞ;ð2:1Þ
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where R1ðz; f ðzÞÞ ¼
A0ðzÞ þ A1ðzÞ f ðzÞ þ � � � þ ApðzÞ f ðzÞp

B0ðzÞ þ B1ðzÞ f ðzÞ þ � � � þ BqðzÞ f ðzÞq
, and all coe‰cients

AiðzÞ ði ¼ 0; 1; . . . ; pÞ, BnðzÞ ðn ¼ 0; 1; . . . ; qÞ are polynomials.
Suppose that f , the solution of (2.1), is transcendental entire. Furthermore,

denote ln ¼ deg Bn, t ¼ deg Ap. The maximum modulus principle yields

Mðrþ 1; f ðzÞÞbMðr; f ðzG 1ÞÞ

for z satisfying jzj ¼ r. Choosing d > maxfl0; l1; . . . ; lqg, it follows that

Mðr;R1ðz; f ðzÞÞÞ ¼ Mðr; ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞÞð2:2Þ

aMðrþ 1; 4f ðzÞ2ÞaCM 2ðrþ 1; f ðzÞÞ;

when r is large enough, where C is a positive constant. Furthermore

Xp
i¼0

AiðzÞ f ðzÞ i
�����

�����b jApðzÞ f ðzÞpj � ðjAp�1ðzÞ f ðzÞp�1j þ � � � þ jA0ðzÞjÞ

b
1

2
jApðzÞ f ðzÞpj ¼

1

2
rtj f ðzÞjpð1þ oð1ÞÞ

for z satisfying jzj ¼ r such that j f ðzÞj ¼ Mðr; f Þ. And

Xq
n¼0

BnðzÞ f ðzÞn
�����

�����a
Xq
n¼0

jBnðzÞ f ðzÞnj

a
Xq
n¼0

rd j f ðzÞjq ¼ ðqþ 1Þrd j f ðzÞjq;

when r is large enough. Hence

jR1ðz; f ðzÞÞj ¼
Pp

i¼0 AiðzÞ f ðzÞ iPq
n¼0 BnðzÞ f ðzÞn

�����
�����

b
jApðzÞ f ðzÞpj � ðjAp�1ðzÞ f ðzÞp�1j þ � � � þ jA0ðzÞjÞ

jBqðzÞ f ðzÞqj þ � � � þ jB1ðzÞ f ðzÞj þ jB0ðzÞj

b

1
2 r

tj f ðzÞjpð1þ oð1ÞÞ
ðqþ 1Þrd j f ðzÞjq ¼ 1

2ðqþ 1Þ r
ðt�dÞj f ðzÞjð p�qÞð1þ oð1ÞÞ;

when r is su‰ciently large and for z satisfying jzj ¼ r such that j f ðzÞj ¼ Mðr; f Þ.
So that we have

Mðr;R1ðz; f ðzÞÞÞb
rðt�dÞj f ðzÞjp�q

2ðqþ 1Þ ¼ rðt�dÞMðr; f ðzÞÞm

2ðqþ 1Þ ;ð2:3Þ
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when r is su‰ciently large and for z satisfying jzj ¼ r such that j f ðzÞj ¼ Mðr; f Þ.
By (2.2) and (2.3), we deduce

2 log Mðrþ 1; f ðzÞÞbm log Mðr; f ðzÞÞ þ gðrÞ;ð2:4Þ

where jgðrÞj < K log r for some K > 0, when r is large enough. By iterating
(2.4), we have that

log Mðrþ j; f ðzÞÞb m

2

� �j

log Mðr; f ðzÞÞ þ EjðrÞ;ð2:5Þ

where

jEjðrÞj ¼
1

2

m

2

� �j�1

gðrÞ þ m

2

� �j�2

gðrþ 1Þ þ � � � þ gðrþ ð j � 1ÞÞ
�����

�����
a

K

2

m

2

� �j�1Xj�1

k¼0

logðrþ kÞ
m

2

� �k a
K

2

m

2

� �j�1Xy
k¼0

logðrþ kÞ
m

2

� �k :

Since logðrþ kÞa ðlog rÞðlog kÞ for r and k su‰ciently large, we have that

Xy
k¼0

logðrþ kÞ
m

2

� �k a
Xy
k¼0

ðlog rÞðlog kÞ
m

2

� �k ¼ log r
Xy
k¼0

log k

m

2

� �k :

Set

I ¼
Xy
k¼0

ak ¼
Xy
k¼0

log k

m

2

� �k :

Since

lim
k!y

akþ1

ak
¼ lim

k!y

logðk þ 1Þ
�

m

2

� �kþ1

log k

�
m

2

� �k ¼ lim
k!y

logðk þ 1Þ
log k

2

m
¼ 2

m
< 1;

we see that the series I ¼
Py

k¼0

log k

m

2

� �k is convergent. Hence

jEjðrÞjaK 0 m

2

� �j

log r:ð2:6Þ
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Since, by the hypothesis, f is transcendental entire, we have the inequality
log Mðr; f Þb 2K 0 log r for r large enough. Thus (2.5) and (2.6) imply

log Mðrþ j; f ðzÞÞbK 0 m

2

� �j

log r;ð2:7Þ

which holds for r su‰ciently large, say rb r0. By choosing r A ½r0; r0 þ 1Þ
arbitrarily and letting j ! y for each choice of r, and set s ¼ rþ j, then
j ¼ s� rb s� ðr0 þ 1Þ. Thus, we have

log Mðs; f ðzÞÞ ¼ log Mðrþ j; f ðzÞÞbK 0 m

2

� �s�r0�1

log r0 ¼ K 00 m

2

� �s

holds for all sb s0 ¼ r0 þ 1, where K 00 ¼ K 0 m

2

� ��ðr0þ1Þ
log r0. We have proved

the assertion in the case of f being entire.
Suppose now that f , the solution of (1.3), is meromorphic with finitely many

poles. Then there exists a polynomial PðzÞ such that gðzÞ ¼ PðzÞ f ðzÞ is entire.

Substituting f ðzÞ ¼ gðzÞ
PðzÞ into (1.3) and again multiplying away the denominators,

we will obtain an equation similar to (2.1). Applying the same reasoning above
to gðzÞ, we obtain that for su‰ciently large r, log Mðr; f Þ ¼ log Mðr; gÞ þ

Oðlog rÞb ðK 00 � eÞ m

2

� �r
¼ K 000 m

2

� �r
, where K 000ð> 0Þ is some constant.

2) We multiply out the denominators of the coe‰cients aiðzÞ ði ¼ 0;
1; . . . ; pÞ, bnðzÞ ðn ¼ 0; 1; . . . ; qÞ in (1.3) to obtain (2.1). Suppose that f ðzÞ is
a meromorphic function with infinitely many poles. Since AiðzÞ ði ¼ 0; 1; . . . ; pÞ,
BnðzÞ ðn ¼ 0; 1; . . . ; qÞ are polynomials, we see that there is a constant M > 0
such that all zeros of AiðzÞ ði ¼ 0; 1; . . . ; pÞ, BnðzÞ ðn ¼ 0; 1; . . . ; qÞ are in D ¼
fz : jRe zj < M; jIm zj < Mg.

Set

D1 ¼ fz : Re z > Mg; D2 ¼ fz : Re z < �Mg;
D3 ¼ fz : Im z > Mg; D4 ¼ fz : Im z < �Mg:

Since f ðzÞ has infinitely many poles, we see that there exists at least one of
Ds ðs ¼ 1; 2; 3; 4Þ such that f ðzÞ has infinitely many poles in it. Suppose that z0
is in one of Ds ðs ¼ 1; 2; 3; 4Þ such that Ds has infinitely many poles of f ðzÞ, and
z0 is a pole of f ðzÞ having multiplicity k0 b 1. Then the right-hand side of (2.1)
has a pole of multiplicity mk0 at z0. Thus, there is l1 A f1;�1g such that z0 þ l1

is a pole of f ðzÞ of multiplicity k1 b
mk0

2
.

We divide this proof into the following two cases.

Case 1. Suppose that l1 ¼ 1. Then z0 þ 1 is a pole of f ðzÞ of multiplicity
k1.
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Suppose that f ðzÞ has infinitely many poles in D1 and z0 A D1. Then
z0 þ 1 A D1 since z0 A D1. Substitute z0 þ 1 for z in (2.1) to obtain

ð f ðz0 þ 2Þ þ f ðz0 þ 1ÞÞð f ðz0 þ 1Þ þ f ðz0ÞÞ

¼ A0ðz0 þ 1Þ þ � � � þ Apðz0 þ 1Þ f pðz0 þ 1Þ
B0ðz0 þ 1Þ þ � � � þ Bqðz0 þ 1Þ f qðz0 þ 1Þ :

That is

f ðz0 þ 2Þ f ðz0 þ 1Þ þ f ðz0 þ 2Þ f ðz0Þ þ f 2ðz0 þ 1Þ þ f ðz0 þ 1Þ f ðz0Þð2:8Þ

¼ A0ðz0 þ 1Þ þ � � � þ Apðz0 þ 1Þ f pðz0 þ 1Þ
B0ðz0 þ 1Þ þ � � � þ Bqðz0 þ 1Þ f qðz0 þ 1Þ :

By (2.8) and m ¼ p� qb 3, we conclude that z0 þ 2 is a pole of f ðzÞ of
multiplicity k2 ¼ ðm� 1Þk1. Obviously z0 þ 2 A D1.

Substitute z0 þ 2 for z in (2.1) to obtain

f ðz0 þ 3Þ f ðz0 þ 2Þ þ f ðz0 þ 3Þ f ðz0 þ 1Þ þ f 2ðz0 þ 2Þ þ f ðz0 þ 2Þ f ðz0 þ 1Þð2:9Þ

¼ A0ðz0 þ 2Þ þ � � � þ Apðz0 þ 2Þ f pðz0 þ 2Þ
B0ðz0 þ 2Þ þ � � � þ Bqðz0 þ 2Þ f qðz0 þ 2Þ :

By (2.9) and m ¼ p� qb 3, we conclude that z0 þ 3 is a pole of f ðzÞ of
multiplicity k3 ¼ ðm� 1Þk2 ¼ ðm� 1Þ2k1. Obviously z0 þ 3 A D1.

Similarly, z0 þ n A D1 is a pole of f ðzÞ of multiplicity kn ¼ ðm� 1Þkn�1

¼ � � � ¼ ðm� 1Þn�1
k1. Thus, there is a sequence fz0 þ j A D1 ð j ¼ 1; 2; . . . ;

n; . . .Þg are poles of f ðzÞ of multiplicity kj ¼ ðm� 1Þ j�1
k1. Since kj ¼

ðm� 1Þ j�1
k1 ! y, as j ! y, and since f ðzÞ does not have essential singularities

in the finite plane, we must have jz0 þ jj ! y, as j ! y. It is clear that, for j
large enough, say j > j0,

ðm� 1Þ j�1
k1 a k1ð1þ ðm� 1Þ þ � � � þ ðm� 1Þ j�1Þ

a nðjz0 þ jj; f Þa nðjz0j þ j; f Þa nðtþ j; f Þ;

where t A ½jz0j; jz0j þ 1� can be chosen arbitrarily. Letting j ! y for each choice
of t, and set r ¼ tþ j, then j � 1 ¼ r� t� 1b r� ðjz0j þ 2Þ. Thus, we have

nðr; f Þb ðm� 1Þ j�1
k1 b k1ðm� 1Þr�ðjz0jþ2Þ ¼ Kðm� 1Þ r

holds for all rb r0 :¼ j0 þ 1þ jz0j, where K ¼ k1ðm� 1Þ�ðjz0jþ2Þ. The fact that
r0 and K both depend on jz0j is not a problem, since z0 is fixed.

Suppose that f ðzÞ has infinitely many poles in D3 (or D4). Then we may
use the same method as above.

Suppose that f ðzÞ has infinitely many poles in D2 and z0 A D2. Set
deg Ap ¼ Aðb 0Þ. Since z0 A D2, we know that z0 þ 1 has two possibilities:

(i) If z0 þ 1 B D2, this process will be terminated and we have to choose
another pole z0 of f ðzÞ in the way we did above.
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(ii) If z0 þ 1 A D2, then z0 þ 1 is a pole of f ðzÞ of multiplicity k1 b
mk0

2
,

since the right-hand side of (2.1) has a pole of multiplicity mk0 at z0.
Substitute z0 þ 1 for z in (2.1) to obtain (2.8). And we conclude that z0 þ 2

is a pole of f ðzÞ of multiplicity k2 ¼ ðm� 1Þk1.
If z0 þ 2 B D2, this process will be terminated and we have to choose another

pole z0 of f ðzÞ in the way we did above.
If z0 þ 2 A D2, then we see that the right-hand side of (2.1) has a pole of

multiplicity mk2 at z0 þ 2.
Substitute z0 þ 2 for z in (2.1) to obtain (2.9). Hence we see that z0 þ 3 is a

pole of f ðzÞ of multiplicity k3 ¼ ðm� 1Þk2 ¼ ðm� 1Þ2k1.
We proceed to follow the steps (i) and (ii) as above. Since there are

infinitely many poles of f ðzÞ in D2, we will find a pole z0ðA D2Þ of f ðzÞ such
that z0 þ n1ðA D2Þ is a pole of f ðzÞ of multiplicity kn1 ¼ ðm� 1Þkðn1�1Þ ¼ � � � ¼
ðm� 1Þn1�1

k1. And z0 satisfies z0 þ n1 þ 1 B D2, that is Reðz0 þ n1 þ 1Þb�M.
By (2.1) and m ¼ p� qb 3, we conclude that z0 þ n1 þ 1 is a pole of f ðzÞ of
multiplicity kðn1þ1Þ ¼ ðm� 1Þkn1 ¼ ðm� 1Þn1k1.

Substitute z0 þ n1 þ 1 for z in (2.1) to obtain

f ðz0 þ n1 þ 2Þ f ðz0 þ n1 þ 1Þ þ f ðz0 þ n1 þ 2Þ f ðz0 þ n1Þð2:10Þ

þ f 2ðz0 þ n1 þ 1Þ þ f ðz0 þ n1 þ 1Þ f ðz0 þ n1Þ

¼ A0ðz0 þ n1 þ 1Þ þ � � � þ Apðz0 þ n1 þ 1Þ f pðz0 þ n1 þ 1Þ
B0ðz0 þ n1 þ 1Þ þ � � � þ Bqðz0 þ n1 þ 1Þ f qðz0 þ n1 þ 1Þ :

We see that the right-hand side of (2.10) has a pole of multiplicity at least
pkðn1þ1Þ � A� qkðn1þ1Þ ¼ mkðn1þ1Þ � A at z0 þ n1 þ 1. Without loss of generality,
suppose that the right-hand side of (2.10) has a pole of multiplicity mkðn1þ1Þ � A
at z0 þ n1 þ 1.

In the left-hand side of (2.10), we see that f 2ðzÞ has a pole of multiplicity
2kðn1þ1Þ at z0 þ n1 þ 1, f ðzÞ f ðz� 1Þ has a pole of multiplicity kn1 þ kðn1þ1Þ at

z0 þ n1 þ 1. By mb 3, when n1 > max
logðAþ 1Þ � logðm� 2Þk1

logðm� 1Þ ; 1

� �
, we have

ðm� 2Þkðn1þ1Þ ¼ ðm� 2Þðm� 1Þn1k1 > Aþ 1 > A. Thus mkðn1þ1Þ � A > 2kðn1þ1Þ
and 2kðn1þ1Þ > kn1 þ kðn1þ1Þ.

Hence, by (2.10), we conclude that z0 þ n1 þ 2 is a pole of f ðzÞ of multi-
plicity kðn1þ2Þ ¼ mkðn1þ1Þ � A� kðn1þ1Þ ¼ ðm� 1Þkðn1þ1Þ � A ¼ ðm� 1Þn1þ1

k1 � A.
Since Reðz0 þ n1 þ 1Þb�M, we have Reðz0 þ n1 þ 2Þ > Reðz0 þ n1 þ 1Þb

�M. Substitute z0 þ n1 þ 2 for z in (2.1) to obtain

f ðz0 þ n1 þ 3Þ f ðz0 þ n1 þ 2Þ þ f ðz0 þ n1 þ 3Þ f ðz0 þ n1 þ 1Þð2:11Þ

þ f 2ðz0 þ n1 þ 2Þ þ f ðz0 þ n1 þ 2Þ f ðz0 þ n1 þ 1Þ

¼ A0ðz0 þ n1 þ 2Þ þ � � � þ Apðz0 þ n1 þ 2Þ f pðz0 þ n1 þ 2Þ
B0ðz0 þ n1 þ 2Þ þ � � � þ Bqðz0 þ n1 þ 2Þ f qðz0 þ n1 þ 2Þ :
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We see that the right-hand side of (2.11) has a pole of multiplicity at least
pkðn1þ2Þ � A� qkðn1þ2Þ ¼ mkðn1þ2Þ � A at z0 þ n1 þ 2. Without loss of generality,
suppose that the right-hand side of (2.11) has a pole of multiplicity mkðn1þ2Þ � A
at z0 þ n1 þ 2.

In the left-hand side of (2.11), we see that f 2ðzÞ has a pole of multiplicity
2kðn1þ2Þ at z0 þ n1 þ 2, f ðzÞ f ðz� 1Þ has a pole of multiplicity kðn1þ1Þ þ kðn1þ2Þ

at z0 þ n1 þ 2. By mb 3, when n1 > max
logðAþ 1Þ � logðm� 2Þk1

logðm� 1Þ ; 1

� �
,

we have ðm� 2Þðm� 1Þn1k1 > Aþ 1 > A. Hence, ðm� 2Þkðn1þ2Þ ¼
ðm� 2Þ½ðm� 1Þðn1þ1Þ

k1 � A� > A. Thus mkðn1þ2Þ � A > 2kðn1þ2Þ and 2kðn1þ2Þ >
kðn1þ1Þ þ kðn1þ2Þ.

Hence, by (2.11), we conclude that z0 þ n1 þ 3 is a pole of f ðzÞ of multiplicity
kðn1þ3Þ ¼ mkðn1þ2Þ � A� kðn1þ2Þ ¼ ðm� 1Þkðn1þ2Þ � A ¼ ðm� 1Þ½ðm� 1Þn1þ1

k1 � A�
� A ¼ ðm� 1Þn1þ2

k1 � A½ðm� 1Þ þ 1�.
We proceed to follow the steps as above. We will find z0 þ n1 þ n2 is a

pole of f ðzÞ of multiplicity kðn1þn2Þ ¼ ðm� 1Þn1þn2�1
k1 � A½ðm� 1Þn2�2 þ � � � þ

ðm� 1Þ þ 1� such that Reðz0 þ n1 þ n2Þ > M, that is z0 þ n1 þ n2 A D1.
Set k :¼ kðn1þn2Þ ¼ ðm� 1Þn1þn2�1

k1 � A½ðm� 1Þn2�2 þ � � � þ ðm� 1Þ þ 1�.
Then

k ¼ ðm� 1Þn1þn2�1
k1 � A

ðm� 1Þn2�1 � 1

ðm� 1Þ � 1
:

That is

k ¼ ðm� 1Þn1þn2�1
k1 � A

ðm� 1Þn2�1

m� 2
þ A

m� 2

¼ ðm� 1Þn2�1

m� 2
½ðm� 2Þðm� 1Þn1k1 � A� þ A

m� 2
:

When n2 b 2 and n1 > max
logðAþ 1Þ � logðm� 2Þk1

logðm� 1Þ ; 1

� �
, we have

ðm� 2Þðm� 1Þn1k1 > Aþ 1, that is ðm� 2Þðm� 1Þn1k1 � A > 1. Hence we see
that

k ¼ ðm� 1Þn2�1

m� 2
½ðm� 2Þðm� 1Þn1k1 � A� þ A

m� 2
b 1:

Set z1 :¼ z0 þ n1 þ n2. Then z1ðA D1Þ is a pole of f ðzÞ of multiplicity kb 1.
Applying the same reasoning that f ðzÞ has infinitely many poles in D1, we

obtain

nðr; f ÞbKðm� 1Þr

holds for all rb r0. The fact that r0 and K both depend on jz1j is not a
problem, since z1ðA D1Þ is fixed by z0ðA D2Þ.
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Case 2. Suppose that l1 ¼ �1. Then z0 � 1 is a pole of f ðzÞ of multi-

plicity k1 b
mk0

2
.

Suppose that f ðzÞ has infinitely many poles in D2 and z0 A D2. Then
z0 � 1 A D2 since z0 A D2. Substitute z0 � 1 for z in (2.1) to obtain

f ðz0Þ f ðz0 � 1Þ þ f ðz0Þ f ðz0 � 2Þ þ f 2ðz0 � 1Þ þ f ðz0 � 1Þ f ðz0 � 2Þð2:12Þ

¼ A0ðz0 � 1Þ þ � � � þ Apðz0 � 1Þ f pðz0 � 1Þ
B0ðz0 � 1Þ þ � � � þ Bqðz0 � 1Þ f qðz0 � 1Þ :

By (2.12) and m ¼ p� qb 3, we conclude that z0 � 2 is a pole of f ðzÞ of
multiplicity k2 ¼ ðm� 1Þk1. Obviously z0 � 2 A D2.

Similarly, z0 � nðA D2Þ is a pole of f ðzÞ of multiplicity kn ¼ ðm� 1Þn�1
k1.

Thus, there is a sequence fz0 � j A D2 ð j ¼ 1; 2; . . . ; n; . . .Þg are poles of f ðzÞ of

multiplicity kj ¼ ðm� 1Þ j�1
k1. Since kj ¼ ðm� 1Þ j�1

k1 ! y, as j ! y, and
since f does not have essential singularities in the finite plane, we must have
jz0 � jj ! y, as j ! y. It is clear that, for j large enough, say j > j0,

ðm� 1Þ j�1
k1 a k1ð1þ ðm� 1Þ þ � � � þ ðm� 1Þ j�1Þ

a nðjz0 � jj; f Þa nðjz0j þ j; f Þa nðtþ j; f Þ;

where t A ½jz0j; jz0j þ 1� can be chosen arbitrarily. Letting j ! y for each choice
of t, and set r ¼ tþ j, then j � 1 ¼ r� t� 1b r� ðjz0j þ 2Þ. Thus, we have
that

nðr; f Þb ðm� 1Þ j�1
k1 b k1ðm� 1Þr�ðjz0jþ2Þ ¼ Kðm� 1Þ r

holds for all rb r0 :¼ j0 þ 1þ jz0j, where K ¼ k1ðm� 1Þ�ðjz0jþ2Þ. The fact that
r0 and K both depend on jz0j is not a problem, since z0 is fixed.

Suppose that f ðzÞ has infinitely many poles in D3 (or D4). Then we may
use the same method as above.

Suppose that f ðzÞ has infinitely many poles in D1 and z0 A D1. Set
deg Ap ¼ Ab 0. Since z0 A D1, we know that z0 � 1 has two possibilities:

(i) If z0 � 1 B D1, this process will be terminated and we have to choose
another pole z0 of f ðzÞ in the way we did above.

(ii) If z0 � 1 A D1, then z0 � 1 is a pole of f ðzÞ of multiplicity k1 b
mk0

2
,

since the right-hand side of (2.1) has a pole of multiplicity mk0 at z0.
Substitute z0 � 1 for z in (2.1) to obtain (2.12). And we conclude that

z0 � 2 is a pole of f ðzÞ of multiplicity k2 ¼ ðm� 1Þk1.
We proceed to follow the steps (i) and (ii) as above. Since there are

infinitely many poles of f ðzÞ in D1, we will find a pole z0ðA D1Þ of f ðzÞ such

that z0 � n1ðA D1Þ is a pole of f ðzÞ of multiplicity kn1 ¼ ðm� 1Þn1�1
k1. And

z0 satisfies z0 � ðn1 þ 1Þ B D1, that is Reðz0 � ðn1 þ 1ÞÞaM. By (2.1) and
m ¼ p� qb 3, we conclude that z0 � ðn1 þ 1Þ is a pole of f ðzÞ of multiplicity
kðn1þ1Þ ¼ ðm� 1Þkn1 ¼ ðm� 1Þn1k1.
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Substitute z0 � ðn1 þ 1Þ for z in (2.1) to obtain

f ðz0 � n1Þ f ðz0 � ðn1 þ 1ÞÞ þ f ðz0 � n1Þ f ðz0 � ðn1 þ 2ÞÞð2:13Þ

þ f 2ðz0 � ðn1 þ 1ÞÞ þ f ðz0 � ðn1 þ 1ÞÞ f ðz0 � ðn1 þ 2ÞÞ

¼ A0ðz0 � ðn1 þ 1ÞÞ þ � � � þ Apðz0 � ðn1 þ 1ÞÞ f pðz0 � ðn1 þ 1ÞÞ
B0ðz0 � ðn1 þ 1ÞÞ þ � � � þ Bqðz0 � ðn1 þ 1ÞÞ f qðz0 � ðn1 þ 1ÞÞ :

We see that the right-hand side of (2.13) has a pole of multiplicity at least
pkðn1þ1Þ � A� qkðn1þ1Þ ¼ mkðn1þ1Þ � A at z0 � ðn1 þ 1Þ. Without loss of gen-
erality, suppose that the right-hand side of (2.13) has a pole of multiplicity
mkðn1þ1Þ � A at z0 � ðn1 þ 1Þ.

In the left-hand side of (2.13), we see that f 2ðzÞ has a pole of multi-
plicity 2kðn1þ1Þ at z0 � ðn1 þ 1Þ, f ðzþ 1Þ f ðzÞ has a pole of multiplicity
kn1 þ kðn1þ1Þð< 2kðn1þ1ÞÞ at z0 � ðn1 þ 1Þ. By mb 3, when n1 >

max
logðAþ 1Þ � logðm� 2Þk1

logðm� 1Þ ; 1

� �
, we have ðm� 2Þkðn1þ1Þ ¼ ðm� 2Þðm� 1Þn1k1

> Aþ 1 > A. Thus mkðn1þ1Þ � A > 2kðn1þ1Þ.
Hence, by (2.13), we conclude that z0 � ðn1 þ 2Þ is a pole of f ðzÞ of multi-

plicity kðn1þ2Þ ¼ mkðn1þ1Þ � A� kðn1þ1Þ ¼ ðm� 1Þkðn1þ1Þ � A ¼ ðm� 1Þn1þ1
k1 � A.

We proceed to follow the steps as above. We will find z0 � ðn1 þ n2Þ is a
pole of f ðzÞ of multiplicity kðn1þn2Þ ¼ ðm� 1Þn1þn2�1

k1 � A½ðm� 1Þn2�2 þ � � � þ
ðm� 1Þ þ 1� such that Reðz0 � ðn1 þ n2ÞÞ < �M, that is z0 � ðn1 þ n2Þ A D2.

Set k :¼ kðn1þn2Þ ¼ ðm� 1Þn1þn2�1
k1 � A½ðm� 1Þn2�2 þ � � � þ ðm� 1Þ þ 1�.

Then

k ¼ ðm� 1Þn2�1

m� 2
½ðm� 2Þðm� 1Þn1k1 � A� þ A

m� 2
:

When n2 b 2 and n1 > max
logðAþ 1Þ � logðm� 2Þk1

logðm� 1Þ ; 1

� �
, we have

ðm� 2Þðm� 1Þn1k1 > Aþ 1, that is ðm� 2Þðm� 1Þn1k1 � A > 1. Hence we see
that

k ¼ ðm� 1Þn2�1

m� 2
½ðm� 2Þðm� 1Þn1k1 � A� þ A

m� 2
b 1:

Set z1 :¼ z0 � ðn1 þ n2Þ. Then z1ðA D2Þ is a pole of f ðzÞ of multiplicity
kb 1.

Applying the same reasoning that f ðzÞ has infinitely many poles in D2, we
obtain,

nðr; f ÞbKðm� 1Þr

holds for all rb r0. The fact that r0 and K both depend on jz1j is not a
problem, since z1 is fixed by z0.

Furthermore, by (1.4), we have that

log log Mðr; f Þb r log
m

2
þ log K :ð2:14Þ
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Thus, by (2.14) we get

s2ð f Þ ¼ lim
r!y

log log log Mðr; f Þ
log r

b lim
r!y

log rþ log log
m

2
þ log K

r

� �
log r

¼ 1:

And by (1.5), we have that

log nðr; f Þb r logðm� 1Þ þ log K :ð2:15Þ
Thus, by (2.15) we get

s2ð f Þ ¼ lim
r!y

log log Tðr; f Þ
log r

b lim
r!y

log log nðr; f Þ
log r

b 1:

Thus, Theorem 1.1 is proved.

3. Proof of Theorem 1.2

We need the following lemmas to prove Theorem 1.2.

Lemma 3.1 (see [10, 19]). Let f be a transcendental meromorphic solution of
finite order s of the di¤erence equation

Pðz; f Þ ¼ 0;

where Pðz; f Þ is a di¤erence polynomial in f ðzÞ and its shifts. If Pðz; aÞ2 0 for a
slowly moving target function a, i.e. Tðr; aÞ ¼ Sðr; f Þ, then

m r;
1

f � a

� �
¼ Oðrs�1þeÞ þ Sðr; f Þ

outside of a possible exceptional set of finite logarithmic measure.

Lemma 3.2 (see [19]). Let f be a transcendental meromorphic solution of
finite order s of a di¤erence equation of the form

Hðz; f ÞPðz; f Þ ¼ Qðz; f Þ;
where Hðz; f Þ is a di¤erence product of total degree n in f ðzÞ and its shifts,
and where Pðz; f Þ, Qðz; f Þ are di¤erence polynomials such that the total degree
deg Qðz; f Þa n. If Hðz; f Þ contains just one term of maximal total degree, then
for each e > 0,

mðr;Pðz; f ÞÞ ¼ Oðrs�1þeÞ þ Sðr; f Þ
possibly outside of an exceptional set of finite logarithmic measure.

Lemma 3.3 (Valiron-Mohon’ko)(see [18]). Let f ðzÞ be a meromorphic
function. Then for all irreducible rational function in f ,

Rðz; f ðzÞÞ ¼ a0ðzÞ þ a1ðzÞ f ðzÞ þ � � � þ amðzÞ f ðzÞm

b0ðzÞ þ b1ðzÞ f ðzÞ þ � � � þ bnðzÞ f ðzÞn
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with meromorphic coe‰cients aiðzÞ ði ¼ 0; 1; . . . ;mÞ, bjðzÞ ð j ¼ 0; 1; . . . ; nÞ, the
characteristic function of Rðz; f ðzÞÞ satisfies

Tðr;Rðz; f ðzÞÞÞ ¼ dTðr; f Þ þOðCðrÞÞ;

where d ¼ degf R ¼ maxfm; ng and CðrÞ ¼ maxi; jfTðr; aiÞ;Tðr; bjÞg:

In the remark of [13, p. 15], it is pointed out that the following Lemma 3.4
holds.

Lemma 3.4. Let f be a nonconstant finite order meromorphic function.
Then

Nðrþ 1; f Þ ¼ Nðr; f Þ þ Sðr; f Þ; Tðrþ 1; f Þ ¼ Tðr; f Þ þ Sðr; f Þ

outside of a possible exceptional set of finite logarithmic measure.

Remark 2.1. In [8], Chiang and Feng proved that if f is a meromorphic

function with exponent of convergence of poles l
1

f

� �
¼ l < y, h0 0 be fixed,

then for each e > 0,

Nðr; f ðzþ hÞÞ ¼ Nðr; f Þ þOðrl�1þeÞ þOðlog rÞ:

Lemma 3.5 (see [22]). Let fjðzÞ ð j ¼ 1; . . . ; nÞ ðnb 2Þ be meromorphic
functions, gjðzÞ ð j ¼ 1; . . . ; nÞ be entire functions, and satisfy

(i)
Pn

j¼1 fjðzÞegjðzÞ 1 0;

(ii) when 1a j < ka n, gjðzÞ � gkðzÞ is not a constant;
(iii) when 1a jan, 1ah< kan, Tðr; fjÞ ¼ oðTðr; egh�gk ÞÞ, ðr!y; r B EÞ,

where EH ð1;yÞ is of finite linear measure or finite logarithmic measure. Then
fjðzÞ1 0 ð j ¼ 1; . . . ; nÞ:

Lemma 3.6 (see [9]). Let g : ð0;þyÞ ! R, h : ð0;þyÞ ! R be non-
decreasing functions. If (i) gðrÞa hðrÞ outside of an exceptional set of finite
linear measure, or (ii) gðrÞa hðrÞ, r B H U ð0; 1�, where HH ð1;yÞ is a set of
finite logarithmic measure, then for any a > 1, there exists r0 > 0 such that
gðrÞa hðarÞ for all r > r0.

Lemma 3.7 (see [3]). Let f ðzÞ be a transcendental meromorphic function with
sð f Þ < 1, and let g1ðzÞ and g2ðzÞð2 0Þ be polynomials, c1; c2ð0 c1Þ be constants.
Then

hðzÞ ¼ g2ðzÞ f ðzþ c2Þ þ g1ðzÞ f ðzþ c1Þ
is transcendental.

Proof of Theorem 1.2. Suppose that f ðzÞ is a finite order transcendental
meromorphic solution of (1.3).
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1) If p ¼ q ¼ 0, then (1.3) can be rewritten as

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ a0ðzÞ
b0ðzÞ

:ð3:1Þ

Suppose that a0ðzÞ1 0. Then we have that

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ 0:

Thus, we have f ðzþ 1Þ þ f ðzÞ1 0 or f ðzÞ þ f ðz� 1Þ1 0.
If f ðzþ 1Þ þ f ðzÞ1 0, then f ðzþ 1Þ1�f ðzÞ, that is f ðzþ 2Þ1 f ðzÞ.

Hence f ðzÞ is a periodic function. Therefore sð f Þb 1.
If f ðzÞ þ f ðz� 1Þ1 0, by the same reasoning as above, we know f ðzÞ is a

periodic function. Therefore sð f Þb 1.
Suppose that a0ðzÞ2 0. Set RðzÞ ¼ a0ðzÞ

b0ðzÞ
. Then RðzÞ has only finite many

poles and zeros. Thus, there exists a real number M > 0 such that all poles and
zeros of RðzÞ in D ¼ fz : jzjaMg.

Contrary to the assertion sð f Þb 1, we suppose that sð f Þ < 1. Set yðzÞ ¼
f ðzÞ þ f ðz� 1Þ. By Lemma 3.7 and sð f Þ < 1, we conclude that yðzÞ ¼ f ðzÞ þ
f ðz� 1Þ is a transcendental meromorphic function. And (1.3) becomes the
following di¤erence equation

yðzþ 1ÞyðzÞ ¼ RðzÞ:ð3:2Þ

And we have sðyÞa sð f Þ < 1. From (3.2), we know that yðzþ 1Þ2 ¼
yðzþ 1Þ
yðzÞ RðzÞ. By [8, Theorems 2.1, 2.2, Corollary 2.6], we obtain

2Tðr; yðzÞÞ ¼ T r;
yðzþ 1Þ
yðzÞ

� �
þOðlog rÞ ¼ N r;

1

yðzÞ

� �
þNðr; yðzÞÞ þ Sðr; yÞ:

So yðzÞ must have infinitely many poles and zeros.
Set

D1 ¼ fz : Re z > M1g; D2 ¼ fz : Re z < �M1g;
D3 ¼ fz : Im z > M1g; D4 ¼ fz : Im z < �M1g;

where M1 ¼ M þ 1. Since yðzÞ has infinitely many zeros, we see that there
exists at least one of Dj ð j ¼ 1; 2; 3; 4Þ, say D1, such that yðzÞ has infinitely many
zeros in D1. Suppose that a point z0 A D1 satisfies yðz0Þ ¼ 0. By (3.2), we see
that yðz0 þ 1Þ ¼ y and z0 þ 1 A D1. Substituting z0 þ 1 into (3.2) to obtain

yðz0 þ 2Þyðz0 þ 1Þ ¼ Rðz0 þ 1Þ:ð3:3Þ

By (3.3) and yðz0 þ 1Þ ¼ y, we conclude that yðz0 þ 2Þ ¼ 0, and z0 þ 2 A D1.
Similarly, z0 þ 2nðA D1Þ is a zero of yðzÞ. Thus, there is a sequence

z0; z0 þ 2; . . . ; z0 þ 2n; . . . , they are zeros of yðzÞ. Thus, we get lðyÞb 1. A
contradiction.
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If yðzÞ has infinitely many zeros in D3 (or D4), then we may use the same
method as above.

If yðzÞ has infinitely many zeros in D2, and z0 A D2 satisfies yðz0Þ ¼ 0, then
we can consider the other form of (3.2)

yðzÞyðz� 1Þ ¼ Rðz� 1Þ:ð3:4Þ
By yðz0Þ ¼ 0 and z0 A D2, we get yðz0 � 1Þ ¼ y and z0 � 1 A D2. Substituting
z0 � 1 into (3.4) to obtain

yðz0 � 1Þyðz0 � 2Þ ¼ Rðz0 � 1Þ:ð3:5Þ
By (3.5) and yðz0 � 1Þ ¼ y, we conclude that yðz0 � 2Þ ¼ 0, and z0 � 2 A D2.

Similarly, z0 � 2nðA D2Þ is a zero of yðzÞ. Thus, we conclude that
z0; z0 � 2; . . . ; z0 � 2n; . . . are zeros of yðzÞ. Thus, we get lðyÞb 1. A contra-
diction.

2) We prove that lð f Þ ¼ sð f Þ. Set

Eðz; f ðzÞÞ :¼ Qðz; f ðzÞÞð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ
� a0ðzÞ � � � � � apðzÞ f pðzÞ ¼ 0:

Thus, since a0ðzÞ2 0, we see that

Eðz; 0Þ ¼ �a0ðzÞ2 0:

By Lemma 3.1, we have that

m r;
1

f

� �
¼ Oðrsð f Þ�1þeÞ þ Sðr; f Þ

outside of a possible exceptional set of finite logarithmic measure. So that

N r;
1

f

� �
¼ Tðr; f Þ þOðrsð f Þ�1þeÞ þ Sðr; f Þ

outside of a possible exceptional set of finite logarithmic measure.
Hence, by Lemma 3.6, we have lð f Þ ¼ sð f Þ.
3) By (1.3), we have that

Qðz; f ðzÞÞð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ Pðz; f ðzÞÞ:ð3:6Þ
Since qb p, qb 1 and Pðz; f ðzÞÞ2 0, by Lemma 3.2 and (3.6), we have that

mðr; ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞÞ ¼ Oðrsð f Þ�1þeÞ þ Sðr; f Þð3:7Þ

possibly outside of an exceptional set of finite logarithmic measure. From
Lemma 3.3 and (1.3), we get

Tðr; ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞÞ ¼ qTðr; f Þ þ Sðr; f Þ:ð3:8Þ

By (3.7) and (3.8), we get

Nðr; ð f ðzþ 1Þþ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞÞ ¼ qTðr; f ÞþOðrsð f Þ�1þeÞþSðr; f Þð3:9Þ
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possibly outside of an exceptional set of finite logarithmic measure. By Lemma
3.4, we have that

Nðr; ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞÞð3:10Þ
a 2Nðr; f ðzÞÞ þNðr; f ðzþ 1ÞÞ þNðr; f ðz� 1ÞÞ
a 2Nðr; f ðzÞÞ þ 2Nðrþ 1; f ðzÞÞ ¼ 4Nðr; f ðzÞÞ þ Sðr; f Þ

possibly outside of an exceptional set of finite logarithmic measure. By (3.9)
and (3.10), we get

qTðr; f Þ þOðrsð f Þ�1þeÞ þ Sðr; f Þa 4Nðr; f ðzÞÞð3:11Þ
possibly outside of an exceptional set of finite logarithmic measure. Hence by

Lemma 3.6 and (3.11), we get l
1

f

� �
b sð f Þ. Thus, we get l

1

f

� �
¼ sð f Þ.

4) If a0ðzÞ2 0, by 2), we get max lð f Þ; l 1

f

� �� �
¼ lð f Þ ¼ sð f Þ.

If qb p, qb 1 and Pðz; f ðzÞÞ2 0, we have max lð f Þ; l 1

f

� �� �
¼ l

1

f

� �
¼

sð f Þ.
Thus, we only consider p� q ¼ 1; 2 and a0ðzÞ1 0. By Corollary 1.1, we see

that degf ðPÞa 4, degf ðQÞa 2 and degf ðPÞ � degf ðQÞa 2. Therefore, (1.3) has
the following six forms:

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ a1ðzÞ f ðzÞ;ð1:3Þ1
where a1ðzÞ2 0.

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ a1ðzÞ f ðzÞ þ a2ðzÞ f 2ðzÞ;ð1:3Þ2
where a2ðzÞ2 0.

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ a1ðzÞ f ðzÞ þ a2ðzÞ f 2ðzÞ
b0ðzÞ þ b1ðzÞ f ðzÞ

;ð1:3Þ3

where a2ðzÞb1ðzÞb0ðzÞ2 0.

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ a1ðzÞ f ðzÞ þ a2ðzÞ f 2ðzÞ þ a3ðzÞ f 3ðzÞ
b0ðzÞ þ b1ðzÞ f ðzÞ

;ð1:3Þ4

where a3ðzÞb1ðzÞb0ðzÞ2 0.

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ a1ðzÞ f ðzÞ þ a2ðzÞ f 2ðzÞ þ a3ðzÞ f 3ðzÞ
b0ðzÞ þ b1ðzÞ f ðzÞ þ b2ðzÞ f 2ðzÞ ;ð1:3Þ5

where a3ðzÞb2ðzÞb0ðzÞ2 0.

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞð1:3Þ6

¼ a1ðzÞ f ðzÞ þ a2ðzÞ f 2ðzÞ þ a3ðzÞ f 3ðzÞ þ a4ðzÞ f 4ðzÞ
b0ðzÞ þ b1ðzÞ f ðzÞ þ b2ðzÞ f 2ðzÞ

;

where a3ðzÞb2ðzÞb0ðzÞ2 0.
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Suppose that max lð f Þ; l 1

f

� �� �
< sð f Þ. By Hadamard factorization theo-

rem, f ðzÞ can be rewritten as

f ðzÞ ¼ hðzÞedzn ;

where dð0 0Þ is a constant, nðb 1Þ is an integer, hðzÞ is a nonzero meromorphic
function satisfying

sðhÞ ¼ max lð f Þ; l 1

f

� �� �
< sð f Þ:

Firstly, we consider equation ð1:3Þ1.
Substituting f ðzÞ ¼ hðzÞedzn into ð1:3Þ1. We get

ðhðzþ 1Þedðzþ1Þ n þ hðzÞedznÞðhðzÞedzn þ hðz� 1Þedðz�1ÞnÞ ¼ a1ðzÞhðzÞedz
n

:

Thus, we have that

ðhðzþ 1Þh1ðzÞ þ hðzÞÞðhðzÞ þ hðz� 1Þh�1ðzÞÞe2dz
n ¼ a1ðzÞhðzÞedz

n

;ð3:12Þ

where h1ðzÞ ¼ ednz
n�1þ���þd and h�1ðzÞ ¼ e�dnzn�1þ���þð�1Þ nd . Set HðzÞ ¼

ðhðzþ 1Þh1ðzÞ þ hðzÞÞðhðzÞ þ hðz� 1Þh�1ðzÞÞ. By (3.12), we get

HðzÞe2dzn � a1ðzÞhðzÞedz
n

1 0:ð3:13Þ

From Lemma 3.5 and (3.13), we have that a1ðzÞ1 0. A contradiction. Hence

we conclude that max lð f Þ; l 1

f

� �� �
¼ sð f Þ.

Similarly, we have max lð f Þ; l 1

f

� �� �
¼ sð f Þ to equation ð1:3Þ2 except

ð f ðzþ 1Þ þ f ðzÞÞð f ðzÞ þ f ðz� 1ÞÞ ¼ a2ðzÞ f 2ðzÞ.
Secondly, we consider equation ð1:3Þ3.
Substituting f ðzÞ ¼ hðzÞedzn into ð1:3Þ3. We get

ðhðzþ 1Þedðzþ1Þn þ hðzÞedznÞðhðzÞedzn þ hðz� 1Þedðz�1Þ nÞ

¼ a1ðzÞhðzÞedz
n þ a2ðzÞh2ðzÞe2dz

n

b0ðzÞ þ b1ðzÞhðzÞedzn
:

That is

ðb0ðzÞ þ b1ðzÞhðzÞedz
nÞðhðzþ 1Þh1ðzÞ þ hðzÞÞðhðzÞ þ hðz� 1Þh�1ðzÞÞe2dz

nð3:14Þ

¼ a1ðzÞhðzÞedz
n þ a2ðzÞh2ðzÞe2dz

n

;

where h1ðzÞ ¼ ednz
n�1þ���þd and h�1ðzÞ ¼ e�dnzn�1þ���þð�1Þ nd . Set HðzÞ ¼

ðhðzþ 1Þh1ðzÞ þ hðzÞÞðhðzÞ þ hðz� 1Þh�1ðzÞÞ. By (3.14), we get

b1ðzÞhðzÞHðzÞe3dzn þ ½b0ðzÞHðzÞ � a2ðzÞh2ðzÞ�e2dz
n � a1ðzÞhðzÞedz

n

1 0:ð3:15Þ
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From Lemma 3.5 and (3.15), we have that

a1ðzÞ1 b0ðzÞHðzÞ � a2ðzÞh2ðzÞ1 b1ðzÞhðzÞHðzÞ1 0:

Since b1ðzÞhðzÞ2 0, we get HðzÞ1 0. Thus b0ðzÞHðzÞ � a2ðzÞh2ðzÞ1
�a2ðzÞh2ðzÞ1 0. Moreover, a2ðzÞ1 0. A contradiction.

Hence we conclude that max lð f Þ; l 1

f

� �� �
¼ sð f Þ.

Thirdly, we consider equation ð1:3Þ4.
Substituting f ðzÞ ¼ hðzÞedzn into ð1:3Þ4. We get

ðhðzþ 1Þedðzþ1Þ n þ hðzÞedznÞðhðzÞedzn þ hðz� 1Þedðz�1Þ nÞ

¼ a1ðzÞhðzÞedz
n þ a2ðzÞh2ðzÞe2dz

n þ a3ðzÞh3ðzÞe3dz
n

b0ðzÞ þ b1ðzÞhðzÞedzn
:

By the same reasoning as above, we get

½b1ðzÞhðzÞHðzÞ � a3ðzÞh3ðzÞ�e3dz
n þ ½b0ðzÞHðzÞ � a2ðzÞh2ðzÞ�e2dz

nð3:16Þ

� a1ðzÞhðzÞedz
n

1 0:

From Lemma 3.5 and (3.16), we have that

a1ðzÞ1 b0ðzÞHðzÞ � a2ðzÞh2ðzÞ1 b1ðzÞhðzÞHðzÞ � a3ðzÞh3ðzÞ1 0:

Since hðzÞ2 0, we get a2ðzÞ ¼
b0ðzÞHðzÞ

h2ðzÞ and a3ðzÞ ¼
b1ðzÞHðzÞ

h2ðzÞ . Thus

a1ðzÞ f ðzÞ þ a2ðzÞ f 2ðzÞ þ a3ðzÞ f 3ðzÞ ¼ HðzÞ
h2ðzÞ ½b0ðzÞ þ b1ðzÞ f ðzÞ� f 2ðzÞ:

This is a contradiction since Pðz; f ðzÞÞ and Qðz; f ðzÞÞ are relatively prime
polynomials in f .

Hence we conclude that max lð f Þ; l 1

f

� �� �
¼ sð f Þ.

Finally, we consider equations ð1:3Þ5 and ð1:3Þ6.
Substituting f ðzÞ ¼ hðzÞedzn into ð1:3Þ5 and ð1:3Þ6 respectively. By the same

reasoning as above, we get

b2ðzÞh2ðzÞHðzÞe4dzn þ ½b1ðzÞhðzÞHðzÞ � a3ðzÞh3ðzÞ�e3dz
nð3:17Þ

þ ½b0ðzÞHðzÞ � a2ðzÞh2ðzÞ�e2dz
n � a1ðzÞhðzÞedz

n

1 0

and

½b2ðzÞh2ðzÞHðzÞ � a4ðzÞh4ðzÞ�e4dz
n þ ½b1ðzÞhðzÞHðzÞ � a3ðzÞh3ðzÞ�e3dz

nð3:18Þ

þ ½b0ðzÞHðzÞ � a2ðzÞh2ðzÞ�e2dz
n � a1ðzÞhðzÞedz

n

1 0;

respectively.
Similarly as above, from Lemma 3.5 and (3.17), we have that a3ðzÞ1 0. A

contradiction.
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Hence max lð f Þ; l 1

f

� �� �
¼ sð f Þ.

And by Lemma 3.5 and (3.18), we get a2ðzÞ ¼
b0ðzÞHðzÞ

h2ðzÞ , a3ðzÞ ¼
b1ðzÞHðzÞ

h2ðzÞ
and a4ðzÞ ¼

b2ðzÞHðzÞ
h2ðzÞ . Thus

a1ðzÞ f ðzÞ þ a2ðzÞ f 2ðzÞ þ a3ðzÞ f 3ðzÞ þ a4ðzÞ f 4ðzÞ

¼ HðzÞ
h2ðzÞ ½b0ðzÞ þ b1ðzÞ f ðzÞ þ b2ðzÞ f 2ðzÞ� f 2ðzÞ:

This is a contradiction since Pðz; f ðzÞÞ and Qðz; f ðzÞÞ are relatively prime
polynomials in f .

Hence we conclude that max lð f Þ; l 1

f

� �� �
¼ sð f Þ.

Theorem 1.2 is proved.

4. Proof of Theorem 1.3

Suppose that f ðzÞ is a rational solution of (1.6). Then f ðzÞ can be written
as

f ðzÞ ¼ mðzÞ
nðzÞ ¼

Xk
j¼1

cjlj

ðz� zjÞlj
þ � � � þ cj1

ðz� zjÞ

 !
þ d0 þ d1zþ � � � þ dsz

s;ð4:1Þ

where zj ð j ¼ 1; . . . ; kÞ are poles of f ðzÞ with multiplicities lj respectively,
cjlj ð0 0Þ; . . . ; cj1 ð j ¼ 1; . . . ; kÞ and d0; . . . ; ds are constants.

1) Suppose first that p > q and p� q is an even number. By (1.6) and
(4.1), we have

mðzþ 1Þ
nðzþ 1Þ þ

mðzÞ
nðzÞ

� �
mðzÞ
nðzÞ þ

mðz� 1Þ
nðz� 1Þ

� �
¼ PðzÞ

QðzÞ :ð4:2Þ

If deg mðzÞ ¼ m < n ¼ deg nðzÞ, then
mðzþ 1Þ
nðzþ 1Þ ! 0,

mðzÞ
nðzÞ ! 0 and

mðz� 1Þ
nðz� 1Þ ! 0 as z ! y. But

PðzÞ
QðzÞ ! y as z ! y. Thus (4.2) is a contra-

diction. If m ¼ n, then
mðzþ 1Þ
nðzþ 1Þ ! a,

mðzÞ
nðzÞ ! a and

mðz� 1Þ
nðz� 1Þ ! a as z ! y,

where a is a nonzero constant. This is also a contradiction. So m > n. Thus
we can assume that ds 0 0 ðsb 1Þ. Since for su‰ciently large z,

f ðzÞ ¼ dsz
sð1þ oð1ÞÞ;

f ðzþ 1Þ ¼ dsz
sð1þ oð1ÞÞ;

f ðz� 1Þ ¼ dsz
sð1þ oð1ÞÞ;

PðzÞ
QðzÞ ¼ A�zp�qð1þ oð1ÞÞ;

8>>>>><
>>>>>:

ð4:3Þ
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where A�ð0 0Þ is some constant. By (1.6) and (4.3), we obtain

4d 2
s z

2sð1þ oð1ÞÞ ¼ A�zp�qð1þ oð1ÞÞð4:4Þ
for su‰ciently large z. So, by (4.4), we have that

m� n ¼ s ¼ p� q

2
:

Now we suppose that p ¼ q. Thus for su‰ciently large z

PðzÞ
QðzÞ ¼ A�ð1þ oð1ÞÞ;

where A�ð0 0Þ is some constant. If m < n, then using the same method as
above, we get a contradiction. If mb n, then we may assume that ds 0 0
ðsb 0Þ. Using the same method as above, we have that for su‰ciently large z,

4d 2
s z

2sð1þ oð1ÞÞ ¼ A�ð1þ oð1ÞÞ:

Hence we have m� n ¼ 0 ¼ p� q

2
.

2) Suppose that p < q and q� p is an even number. By (1.6) and (4.1), we
also obtain (4.2).

If deg mðzÞ ¼ m > n ¼ deg nðzÞ, then
mðzþ 1Þ
nðzþ 1Þ ! y,

mðzÞ
nðzÞ ! y and

mðz� 1Þ
nðz� 1Þ ! y as z ! y. But

PðzÞ
QðzÞ ! 0 as z ! y. Thus (4.2) is a contra-

diction. If m ¼ n, then
mðzþ 1Þ
nðzþ 1Þ ! a,

mðzÞ
nðzÞ ! a and

mðz� 1Þ
nðz� 1Þ ! a as z ! y,

where a is a nonzero constant. This is also a contradiction. So m < n. By
(4.2) we obtain

QðzÞ½mðzþ 1ÞmðzÞnðz� 1ÞnðzÞ þmðzþ 1Þmðz� 1Þn2ðzÞð4:5Þ

þm2ðzÞnðzþ 1Þnðz� 1Þ þmðzÞmðz� 1Þnðzþ 1ÞnðzÞ�

¼ PðzÞn2ðzÞnðzþ 1Þnðz� 1Þ:
Set

mðzÞ ¼ amz
m þ � � � ;

nðzÞ ¼ bnz
n þ � � � ;

PðzÞ ¼ dpz
p þ � � � ;

QðzÞ ¼ lqz
q þ � � � ;

8>>><
>>>:

ð4:6Þ

where nb 1, mb 0 and qb 1, pb 0. By (4.5) and (4.6), we obtain

4lqa
2
mb

2
nz

qþ2mþ2n þ � � � ¼ dpb
4
nz

pþ4n þ � � � :ð4:7Þ

By (4.7), we see that n�m ¼ q� p

2
and

a2m
b2n

¼ dp

4lq
.
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3) If p > q, then jp� qj ¼ p� q is an odd number. Suppose that equation

(1.6) has a rational solution f ðzÞ ¼ mðzÞ
nðzÞ . From the proof in 1), we see that if

p > q, then m� n ¼ p� q

2
. This contradicts our supposition that p� q is an

odd number. So, (1.6) has no rational solution.
If p < q, then jp� qj ¼ q� p is an odd number. Using the same method as

above, we conclude that (1.6) has no rational solution.
Thus, the Theorem 1.3 is proved.
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