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Abstract. In the convex-geometric setting of what we call linear Gale transforms
and convex polyhedral cone decompositions, we generalize and reformulate results on
(1) the secondary polytope of a convex polytope considered by Gelfand, Kapranov and
Zelevinskij in connection with the discriminants of projective toric varieties, as well as
(2) the wall geometry of fans considered by Reid in connection with Mori’s birational
geometry in the particular case of projective toric varieties.

Introduction. Let E be a finite subset of an r-dimensional vector space W over
the field R of real numbers. As one of us already sketched in [14, §2.6], let us now
outline our results in this paper assuming, for simplicity, that £ spans W over R, that
E does not contain 0 and that each € E is not a positive scalar multiple of any other
element in 2\ {&}.

Among the pairs (V, f) of an R-vector space V and a map f: E—V such that
f(Z) spans V over R and that

Li®fQ=0 in WeaV,
there exists a pair (G(W, E), g), called the linear Gale transform of (W, E), satisfying
the following umiversality: For each (V, f) there exists a unique R-linear maph#h:
G(W, E)—V such that f=hog.

Convex-geometric and combinatorial properties for = turn out to be reflected in
those for g(Z) in an interesting way. See Shephard [16] and McMullen [11], where the
appellations linear representation and linear transform are used. Consider, for instance,
convex polyhedral cones

WaolE):= 2 Rool and GoolW, 5):= 3, Rso9(C)

in W and G(W, E), respectively, spanned by £ and g(Z) over the additive semigroup
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R, of nonnegative real numbers. As we show in Proposition 1.4, W, ((Z) is strongly
convex, i.e., does not contain any nonzero R-linear subspace if and only if
G, oW, B)=G(W, E).

The Gelfand-Kapranov-Zelevinskij decompositions we are about to consider in
this paper fit in nicely with linear Gale transforms and provide another important
reflection of interest.

A convex polyhedral cone decomposition for W is a finite collection IT of convex
polyhedral cones in W such that the faces of any o € IT belong to IT and that o no’ for
any pair g, o’ € Il is a face of both ¢ and ¢'. IT is said to be simplicial (resp. nondegenerate)
if every g € IT is simplicial (resp. if {0} belongs to IT). We call | IT|: =] ,_,0 the support
of I1.

I1 is said to be quasi-projective if there exists a function 5 : | IT |— R which is piecewise
linear and strictly convex with respect to I1, that is, a globally linear functional z,: W—R
exists for each o € IT such that

n(w) =z, (w) forall wel|ll|

and that the equality holds if and only if weo.

As we see in Theorem 2.3, the Kleiman-Nakai criterion in algebraic geometry has
a variant in our context: When |II] is a convex polyhedral cone, we can describe the
cone CPL(IT) of convex functions 7 : | IT | > R piecewise linear with respect to IT in terms
of the internal walls in I1. We then get a criterion for IT to be quasi-projective.

A (possibly degenerate) convex polyhedral cone decomposition IT for W is said to
be admissible for (W, Z) if (i) IT is quasi-projective, (ii) | IT | = W, o(Z) and (iii) each cone
o€l is spanned over R, by a subset of =.

We show in Theorem 3.5 that each nondegenerate and admissible IT gives rise to
a convex polyhedral cone cpl(IT) in G(W, E), which we call the Gelfand-Kapranov-
Zelevinskij cone (the GKZ-cone, for short) associated to II. We have dim cpl(IT)=
dim G(W, E) if and only if IT is simplicial. Then

{the faces of the GKZ-cones cpl(IT)|IT simplicial and admissible for (W, &)}

turns out to be a nondegenerate convex polyhedral cone decomposition for G(W, E)
with support G, o(W, Z). We call it the Gelfand-Kapranov-Zelevinskij decomposition (the
GKZ-decomposition, for short). cpl(IT) for nondegenerate but not simplicial IT’s turn
out to be contained in the above family. Moreover, degenerate IT’s also give rise to
similar cones which appear in the above family and turn out to be contained in the
boundary of G, o(W, E).

The GKZ-decomposition enables us to compare different admissible convex
polyhedral cone decompositions IT and II' in terms of the relative position of the
GKZ-cones cpl(IT) and cpl(IT’) inside G, o(W, E).

When W, (&) is strongly convex, i.e., does not contain any nonzero R-linear
subspace, the GKZ-decomposition is a conic variant of the secondary polytope for a
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convex polytope considered by Gelfand-Zelevinskij-Kapranov [4], [5], [6], [7], [8]
and [9] in connection with the Newton polytope of the discriminant of a projective
toric variety.

On the other hand, the case W, (E)=W includes the birational geometry of
projective toric varieties. In particular, it includes the wall geometry which Reid [15]
obtained in connection with Mori’s birational geometry in the particular case of
projective toric varieties. Referring the reader to [13] for necessary terminology, let us
consider a free Z-module N~Z" of rank r and the corresponding algebraic torus
T:=N®,C™ of dimension r isomorphic to the product of r copies of the multiplicative
group C ™ of nonzero complex numbers. Let W:=N ® R and assume = to be contained
in the lattice Nc W.

A nondegenerate and admissible IT in this case is nothing but a projective fan such
that the set I1(1) of one-dimensional cones in I7 is contained in the preassigned allowable
set {R (&| e Z}. Thus the codimension-one orbits of the corresponding projective toric
variety Xj; occur only among the preassigned allowable set {orb(R (&) | &€ Z}. We know
that Xj; has at most quotient singularities if and only if IT is simplicial. We can identify
G(W, E) with the scalar extension to R of the group of linear equivalence classes of
preassigned allowable T-invariant Weil divisors on X;;, while G, (W, E) is the cone in
G(W, E) spanned by the linear equivalence classes of preassigned allowable T-invariant
effective Weil divisors. The GKZ-cone cpl(IT) coincides essentially with the cone in
G(W, E) spanned by the linear equivalence classes of pseudo-ample divisors on X, but
is so adjusted that all the preassigned allowable divisor classes are taken into account
as well. The cones cpl(IT) for simplicial IT’s are exactly those of maximal dimension
and turn out to intersect along faces and fill up the cone G, (W, E) of preassigned
allowable effective divisor classes without overlap. For different IT and IT’, the bi-
rational correspondence (blowing-up, blowing-down or flop, for instance) between
X and Xp;. is reflected in the relative position of the cones cpl(IT) and cpl(IT’) inside
G?_ O( W’ E)

It might be interesting to relate this result with the codimension-one characteriza-
tion of toric varieties due to Fine [2] and [3].

As we show in Corollary 3.8, the case of strongly convex W, ,(Z) also has an
interesting application: Suppose a convex polyhedral cone n in W is strongly convex,
i.e., does not contain any nonzero R-linear subspace. Then there exists a simplicial and
quasi-projective polyhedral cone decomposition IT with | IT|== such that the set II(1)
of one-dimensional cones in IT coincides with that of one-dimensional faces of =. If all
the proper faces of 7 are simplicial, then IT does not subdivide any of the proper faces
of #. In particular, we get another proof of the following known result (cf. Stanley [17]
and Goodman-Pach [10]): A simplicial convex polytope Q has a triangulation without
additional vertices, that is, one by means of simplices having vertices only in the set of
vertices of Q. Moreover, any two such triangulations turn out to be obtainable from
each other by a finite succession of elementary operations called flops (cf. Corollary 3.9).
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As an important consequence of the result above for n, we get a non-divisorial,
relatively projective and equivariant modification of an affine toric variety with a bad
isolated singularity: Namely, suppose that © above is rational with respect to a Z-lattice
N in W, and that all the proper faces of © are simplicial. Then the corresponding affine
toric variety U, may have a bad isolated singularity at the unique 7-fixed point orb(r).
The above decomposition I gives rise to an equivariant, relatively projective and
birational morphism f:X;—U, from the toric variety X, with at most quotient
singularities such that f is isomorphic outside orb(n) and that the fiber f~!(orb(n)) is
of codimension at least two in X,.

Details for more applications to toric varieties will be published elsewhere.

For necessary results on convex geometry, we refer the reader to [13, Appendix],
for instance.

Thanks are due to Eiji Horikawa who kindly made available the English translation
of Gelfand-Zelevinskij-Kapranov [9]. Thanks are also due to Takayuki Hibi, who
provided the references for triangulations, without additional vertices, of simplicial
convex polytopes.

As the writing of this paper was coming to a close, we received a preprint of
Billera-Filliman-Sturmfels [1] which also notices the relevance of the Gale transforms
to the secondary polytopes of Gelfand, Kapranov and Zelevinskij.

This paper is dedicated to the sixtieth birthday April 9, 1991 of Professor Heisuke
Hironaka, whose Harvard thesis in 1960 noticed the importance of cones in the bira-
tional geometry of projective algebraic varieties, which led to the tremendous later devel-
opments in birational geometry due to S. Kleiman and S. Mori among others, thereby
helping to enrich the content of this paper as well.

1. Linear Gale transforms. Throughout this paper, we fix a finite dimensional
vector space W over the field R of real numbers with r:=dim W, and denote
by W*:=Homg(W, R) its dual space with the canonical R-bilinear pairing
> W*X W-R.

Let & be a finite subset of W spanning W over R. Introduce an R-vector space W,
with a basis {eé‘ieE} which is in bijective correspondence with Z. By sending e; to
Ee W, we get a surjective linear map W, - W. Let W¥:=Homg(W, R) be the dual
space with the dual basis {e} | ¢eE}. Then we have the dual injective linear map W*—
Wt which sends ze W* to ), _.<z, {ek.

DerFINITION.  We denote the cokernel of the injective linear map above by

G(W, E):=W*/W*,

which is an R-vector space of dimension *Z—dim W. For each &, we denote by

g()eG(W, E) the image of efeW¥. We denote g(&):={g(¢)|{eZ} and call
(G(W, E), g(E)) the linear Gale transform of (W, E).
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By definition, the defining relations among the elements of g(Z) are

Y (z, E)g(6)=0  forall zeW*,

tel

which we may express more symmetrically as

LE®9O=0 in W@GW.3).
(=10)

REMARK. McMullen [11]and Shephard [16] used the appellations linear transform
and linear representation, while the term Gale transform was reserved for an affine
version. We adopt our present terminology to avoid possible confusion in our context.

Instead of considering finite subsets = of W, we could generalize our situation and
formulate the linear Gale transform more symmetrically as follows: Consider a finite
set =, a finite dimensional R-vector space W and a map:: &— W whose image spans
W over R. Then the linear Gale transform g: E—G of 1: E— W is defined to be the
universal one among all the maps f: Z—V to R-vector spaces V such that the image
f(Z) spans V over R and that

§Z_ (O®f(Q)=0 in WRgV.
€x
The universality means that for each such f: Z—V, there exists a unique R-linear
maph: G-V with f=hog. It is then easy to see by symmetry that :: £— W in turn is
the linear Gale transform of g: £—G.

In the rest of this paper, however, we restrict ourselves to the case where 1 is
injective. Clearly, the linear Gale transform in this generalized sense then coincides with
the earlier one given in the definition above.

Recall that a subset ¢ is said to be a convex polyhedral cone in W if there exist
wy, ***, we€ W such that o is the set of nonnegative linear combinations of w,, - - -, w,,
namely,

o=R,ow;+R, ow,+ " +R.qw,,

where R, is the additive semigroup of nonnegative real numbers. ¢ is said to be
simplicial if {w,, -+ -, w,} can be chosen to be R-linearly independent. ¢ is said to be
strongly convex if o n(—a)={0}, that is, o does not contain any nonzero R-linear sub-
space of W. The dual cone for o is defined to be

oV :={ze W*|{z,w)>0 for all wea},

which is a convex polyhedral cone in the dual space W*. A subset t<o is said to be
a face of a convex polyhedral cone ¢ and denoted <o if there exists zes"” such that
t=on{z}t:={wea|{(z, w)=0}.

We now derive immediate consequences of the definition, which we need in Section 3.
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We refer the reader to [11] and [16] for more.

PrOPOSITION 1.1. Let & be a vector belonging to E.

(1) &+0 if and only if g(&) is in the R-linear subspace of G(W, E) spanned by
9| &€&, &' #E}.

(2) 9g(&)#0 if and only if & is in the R-linear subspace of W spanned by E\ {&}.

(3) A subset Q of E is an R-basis for W if and only if {g(¢)| &€ E\Q} is an R-basis
for G(W, E).

Proor. (1) If £#£0, there exists ze W* such that {z, £)= —1. Hence

9= Y {7,E(E).
&eE\

Conversely, suppose g(é)=zg,€5\m cgg(&"). Then by the definition of G(W, E), there
exists ze W* such that (z,{)=—1 and {z, ') =c, for all {’e Z\ {¢}. In particular,
E#0.

(2) can be proved symmetrically.

As for (3), suppose Q is a basis for W. Then each e E\ Q2 can be written as
E=Y  .adsow for a; € R, hence

0=) 0® (g(w) + X ag,wg(€)> :
weN AN

Since Q is supposed to be a basis for W, we have g(w)+ ) tez 0%:09(f)=0forall weQ.

Thus {g(¢)| & € 2\ 2} spans G(W, E) over R. Since its cardinality is *Z —r =dim G(W, &),

it is a basis for G(W, Z). The converse can be proved symmetrically. q.e.d.

DEerFINITION.  For each pair (W, E), we define convex polyhedral cones in W and
G(W, E), respectively, by

WzO(E):zéz R.o,¢ and G,o(W,E):= Z R ,9(0) .

ex tel

If W, o(E)=W (resp. G o(W, E)=G(W, E)), then we say that = (resp. g(E)) positively
spans W (resp. G(W, £)).

Lemma 1.2. (1) We have W, ((E)# W if and only if desaég(£)=0for a subset
{a;|EeE} =R, not all zero.

(2) A subset Q< E is a facial subset, that is, Q=ZEnF for a face F<W, (), if
and only if' Y, éeg\gaég(f):o Jor positive real numbers a; for e E\ L.

Proor. (1) Clearly, W, o(Z)+# Wholds if and only if there exists a nonzero ze W*
such that {z, &> >0 for all £ € E. If such a z exists, then des@’ E>g(&)=0with (z, £> >0
not all zero, since Z spans W over R and z#0. Conversely, suppose Y ez:9(8)=0 with
a:eR, not all zero. By the definition of G(W, E), there exists ze W* such that
{z,¢)=a,>0 for all {eZ. We have z#0, since a,’s are not all zero by assumption.
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(2) By definition, 2 is a facial subset of Z if and only if there exists ze W* such
that {(z, w)> =0 for all we Q2 and that {z, £) >0 for all £€ E\ Q2. The rest of the proof
is similar to that for (1). q.ed.

ProrosITION 1.3. (1) Suppose g(£)#0 for all (L€E. If G, W, E) is strongly
convex, then W o(Z)=W.
2) If W,o(E)=W, then G, oW, E) is strongly convex.

PrOOF. (1) If W, o(E)# W, then by Lemma 1.2, (1), there exist {a;| € E} = R,
such that )., _.ag(£)=0 with a,,#0 for a {,e Z. Hence

_agog(éo): Z aqg(f)

geE \\(o}
is contained in
GZO(W7 E)n(—GEO(W, 5))

and is nonzero since g(¢,) #0 by assumption. Thus G, o(W, Z) is not strongly convex.
(2) Suppose G (W, E) is not strongly convex. Then there exists a nonzero
element

L aol6)= X, (=b9g(0)
€eE ek

in G o(W, E)n(—G, (W, E)) with a, b, >0 for all L€ Z. Thus des(a§+b¢)g(§)=0 with
as+ b, nonnegative and not all zero. As in the proof of Lemma 1.2, (1), there exists a
nonzero ze€ W* such that {z, ) =a,+b:>0 for all £eZ. Hence W, (Z)#W. q.ed.

By symmetry, we have:

PrROPOSITION 1.4. (1) Suppose Z does not contain 0. If W ., o(E) is strongly convex,
then G, (W, Z)=G(W, E).
2) If G.o(W,E)=G(W, B), then W, ((Z) is strongly convex.

2. Convex polyhedral cone decompositions.

DEFINITION. A convex polyhedral cone decomposition for W is a finite collection
IT of convex polyhedral cones in W such that (i) the faces of any o €Il belong to IT
and (ii) the set-theoretical intersection o no’ of any pair o, '€l is a face of both ¢
and ¢’. IT is said to be simplicial if every o € II is simplicial. IT is said to be nondegenerate
if every o €I is strongly convex. The support of II is defined to be [IT|:=|],_ 0. We
say IT to be complete if |II|=W. For each 0<j<r, we denote by II(j) the set of
Jj-dimensional cones in 1.

Note that simplicial implies nondegenerate. A convex polyhedral cone decomposi-
tion IT is easily seen to be nondegenerate if and only if {0} belongs to IT. More gen-
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erally, a convex polyhedral cone decomposition IT possesses a unique R-linear subspace
W, W such that W,<o for all gell. The induced convex polyhedral cone decom-
position

Wy :={c/W,|oell}

for the quotient vector space W/W, is nondegenerate, and IT consists of the inverse
images of the cones in IT/W,. Clearly, II(j) is empty for j<dim W,,.

In this paper, we restrict ourselves to convex polyhedral cone decompositions IT
with support | I1| spanning W over R.

We denote by PL(IT) the finite-dimensional R-vector space of functions #: | I |—>R
which are piecewise linear with respect to I1, that is, there exists z, € W* for each oIl
such that

nw)=<{z,,wy forall weo.
We denote by PL ((IT) = PL(II) the subset consisting of # with n(w) >0 for all we|IT|.

LEMMA 2.1. 1T is simplicial if and only if I1 is nondegenerate and dim PL(II) coin-
cides with the cardinality of the set II(1) of one-dimensional cones in II.

ProoF. If II is degenerate, then, clearly, IT is not simplicial.

We thus suppose IT to be nondegenerate, hence I1(1) is nonempty. For each p € I1(1),
we may regard the one-dimensional R-vector space W*/p! as the R-vector space of
linear maps p— R. By restriction, we get an R-linear map

a: PL(IT)» @ (W*/ph),

pell(1)

which is clearly injective. For each oell, the R-vector space W*/g* of linear maps
g— R can also be embedded by restriction as

W*lot—> @&  W*p*,

pell(1), p<eo
which is bijective if and only if ¢ is simplicial. The rest of the proof is clear. q.ed.

A function nePL(IT) is said to be convex if n(w+w")<n(w)+n(w’) for all w,
w'e|Il|. We denote by CPL(II) the convex polyhedral cone in PL(II) consisting of
the convex functions which are piecewise linear with respect to I1. Clearly, a function
n: | II|—R belongs to CPL(II) if and only if there exists z,e W* for each gell such
that

nw)=<z,, wy for all we|lIl|

and that the equality holds if weg.
Since | IT| is assumed to span W over R, the natural linear map
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W* —PL(IT)

is injective with the image contained in CPL(IT). From now on we always identify W*
with its image in CPL(IT).

LEmMMA 2.2. We have CPL(IT)c W*+PL, o(Il). If 1T contains an r-dimensional
cone, then

CPL(II)n(—CPL(IT))=W* .
Proor. Let ne CPL(I1) and o€ Il. By definition, there exists z, € W* such that
nw)><{z,, w) for all we|ll|

with the equality holding if w e 6. Hence  — z,, belongs to PL ,, o(IT), and the first inclusion
holds.

Let us now choose a to be in I1(r), which is nonempty by assumption, and suppose
further that 5 belongs to — CPL(IT) as well. Hence there exists z, € W* such that

—nw)=<{z,, w) for all we|lIl|
with the equality holding if weo. Thus
{—=zL,wy=nw)=><z,, w) for all welIl|.

Moreover, the equalities hold for w belonging to the r-dimensional ¢. Hence we
necessarily have —z, =z, and, consequently, the equalities hold for all we|IT]|.
We are done, since W* is contained in CLP(IT) as well as — CPL(IT). q.ed.

DEFINITION. A convex polyhedral cone decomposition IT for W is said to be
quasi-projective if there exists y € PL(IT) which is strictly convex with respect to I1, that is,
there exists z,e W* for each o €Il such that

nw)=<{z,, w) for all we|Il|
and that the equality holds if and only if weo.

ReMaRk. The above terminology was motivated by the algebraic geometry of
toric varieties, where equivariant ample line bundles correspond to strictly convex
support functions. Consequently, complete and quasi-projective IT may be said to be
projective. In the literature, such a I is also said to be strongly polytopal in combinatorics
or regular by Gelfand-Zelevinskij-Kapranov [9].

ExampPLE. Here are examples of IT which are simplicial but not quasi-projective
with dim W=3.
(1) Choose an R-basis {w, w,, w3} for W. Let

Woi=Wi+w,+Ws, Wii=wo+w,, Wri=we+w,, wii=wy+w;,
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and denote by IT the set of faces of the following nine simplicial cones of dimension
three:

R.owo+R.owi+R,ows, Roowo+R,owir+R ow5, Roowot+Ryow3+R, W,
R.owi+R,ow3+ R, oWy, R,ow,+R,owi+R 0wy, Roowi+R,ow5r+R, w5,
R20w1+R20W2+R20W’1, R20W2+R20W3+R20W’2, R20W3+R20W1+R20W,3.

Then IT is a convex polyhedral cone decomposition for W with | IT|=R, ow,; + R, ow, +
R (w; simplicial. In this case, no n € CPL(IT) can be strictly convex with respect to I1.
Indeed, since w, +w’, =w’ + w,, we have w’, =w’ + w, —w, the right hand side of which
is a linear combination of three vectors contained in a common cone belonging to IT.
Thus n(w?)=n(w))+n(w,)—n(w,), so that n(w,)+n(wh)=n(w,)+n(w,). Similarly, we
have n(w,) +n(w3) = n(w3) +n(ws) and n(ws) +n(w'y) = n(ws) +n(w,). Adding these three
inequalities, we see that they are necessarily equalities.

(2) Let wy:=—(w,; +w,+w,;) instead, and consider the set IT consisting of the
faces of the nine simplicial cones in (1) as well as the tenth simplicial cone

Roowi+ R, owy+ R, w3 .

Then IT is complete but there exists no # € CPL(II) which is strictly convex with respect

to IT for exactly the same reason as above. This is precisely the simplest fan which gives

rise to a smooth non-projective toric variety of dimension three (cf. [13, pp. 84-85]).
We refer the reader to [12, pp. 68-74] for more examples.

To characterize quasi-projective I1, let us consider the dual space
PL(IT)* : = Homg(PL(II), R)
with the canonical R-bilinear pairing denoted again by
{, >: PLUI* x PL(ITj>R..

Since |IT| is assumed to span W over R, we have a natural surjective linear map
PL(IT)*—> W. We need to consider the dual polyhedral cone

CPL(II)Y : ={le PL(IT)* ] <l,n>=>0 for all ne CPL(II)} .

Beside assuming | IT | to span W over R, let us further assume that the support | IT |
is a convex polyhedral cone, although we do not assume it to be strongly convex. Thus
a complete I1, for instance, meets our requirement.

Under this further assumption, IT obviously contains an r-dimensional cone. Hence
by Lemma 2.2, we see that CPL(IT)" spans, over R, the kernel of the surjective linear
map PL(IT)* - W.

Recall that »:=dim W. A polyhedral cone in II(r—1) is called a wall for IT. We
say a wall Te II(r—1) to be internal if © is not contained in the boundary of the support
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| IT]. It is the case if and only if there exist o, 6’ € II(r) such that t=0ng’, since the
r-dimensional convex polyhedral cone | IT| is necessarily the union of cones in I1(r). In
particular, every wall is internal when IT is complete.

The following result, which was motivated by the toric version of the Kleiman-
Nakai criterion in algebraic geometry, plays a crucial role later. It is essentially a
local characterization of convexity and strict convexity of piecewise linear functions.

THeoreM 2.3 (Kleiman-Nakai criterion). Let I be a convex polyhedral cone
decomposition for W such that | I1| is a convex polyhedral cone spanning W over R. Then
for each internal wall TeIl(r—1), there exists a nonzero element I.e PL(I)* uniquely
determined up to positive scalar multiple such that the following are satisfied.

(1) [, for internal walls t€Il(r—1) span, over R, the kernel of the surjective linear
map PL(IT)*—> W.

(2) The polyhedral cone CPL(II)" consists of nonnegative linear combinations of I,
for internal walls te Il(r—1), that is,

CPLUT)'= Y Ru,

< T°
tinternal walls

Consequently, n e PL(IT) belongs to CPL(II) if and only if
l,n>=0 for all internal walls tell(r—1).
(3) nePL(II) is strictly convex with respect to I1 if and only if
{l,n>>0  for all internal walls tell(r—1).

Proor. (2) implies (1), since CPL(II)V spans the kernel of PL(IT)* > W as we
noted above.

For each aell(r) (resp. each internal wall 1), let us denote PL(c6):= W* (resp.
PL(t):= W*/t'), which consists of the linear maps ¢—R (resp. t—R). Since |IT]| is
assumed to be an r-dimensional convex polyhedral cone, we have | IT|=|J o as
we remarked above.

For each internal wall 7, there exist (1), 6'(t) € II(r) such that t = o(t) n o'(t). Define

cell(r)

5.: [l PL@)»w*
cell(r)
to be the R-linear map sending {=(z,),cne) t0 6A():=2,0— 24« and denote by
d.: [ I,enePUo)~PL(7) the composite of J, with the projection W*— W*/t+=PL(1).
Then PL(IT) can obviously be identified with the kernel of their product

8_: = (5—t)tintemal walls * H PL(O-)—) l—[ PL(T) :

oell(r) tinternal walls

In other words, PL(IT) coincides with the subspace of | | PL(0) consisting of { with

agell(r)
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6ett for all internal walls 7.

The induced R-linear map &,: PL(IT)—t* is surjective. Furthermore, ttna(t)” is one
of the two half-lines inside the one-dimensional R-vector space t=.
We now claim that

CPL(H)={CE [T PL(o)

cell(r)

60 ettna(r)Y for all internal walls r} ,

and that {e CPL(]) is strictly convex with respect to IT if and only if §({)#0 for all
internal walls 7. Indeed, CPL(IT) is obviously contained in the set on the right hand
side of the claimed equality. Suppose now that { is an element of the set on the right
hand side. In particular, { is an element of PL(IT). The r-dimensional convex polyhedral
cone |IT| is the union of cones in [I(r). By the defining property for {, we see that
{:|I|—R is locally convex, that is, for each o € I1(r), the function { is convex on the
union of {6’ €II(r)|¢'naell(r—1)}. By definition, { is a globally convex function on
| IT| if and only if so is its restriction to every affine line segment. Namely, for any
w, w' €| IT|, the function

FA):=lhw+(1—Dw'), 0<i<l

is convex in the variable A. This is clearly the case, since a function in one variable
which is locally convex is necessarily globally convex.

The assertion on the strict convexity can be proved similarly.

The R-linear map

8*: W/Rt—PL(IT)*

dual to §,: PL(IT)—t* is injective so that the image under it of the one-dimensional
cone (o + Rt)/Rz is again one-dimensional and is of the form

0X¥(o+R1)/RT)=R ., o/,
for a nonzero element /, determined uniquely up to positive scalar multiple. Obviously,
we have

CPLUN)'= Y R.,l..

tinternal walls

For { e PL(IT), we clearly have §,({)et*na(t)¥ (resp. 6({)et*na(r)” \ {0}) if and only
if <I, > =0 (resp. </, {>>0) for all internal walls . g.e.d.

COROLLARY 2.4. The following are equivalent for a convex polyhedral cone
decomposition I1 for W such that |I1| is a convex polyhedral cone spanning W over R.

(1) II is quasi-projective.

(2) CPL(I) spans PL(II) over R.

(3) CPL(I)Y is strongly convex.
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In this case, the interior of CPL(II) consists of those nePL(IT) which are strictly
convex with respect to I1.

PrOOF. (2) and (3) are equivalent by the duality for convex polyhedral cones (see,
for instance, [13, Proposition A.6]).

(1) implies (2). Indeed, suppose n e PL(I) is strictly convex with respect to I1. Then
for any n'ePL(IT) we can find a large enough positive real number ¢ such that
{l.,n"+cn)>0 for all internal walls teIl(r—1). Hence n’+cn is strictly convex with
respect to IT by Theorem 2.3.

If (2) is satisfied, then CPL(IT), as a subset of PL(II), has an interior point 5, which
is necessarily strictly convex with respect to IT again by Theorem 2.3. q.e.d.

REMARK. When IT is complete, it can be shown to be quasi-projective (hence
projective) if and only if there exists a nonzero w, in each p € I1(1) such that the convex
hull O of {w,|pell(1)} has exactly {w,|pell(1)} as its set of vertices and that IT
consists of the convex polyhedral cones spanned by the faces of [J.

A convex polyhedral cone decomposition IT is said to be a subdivision (or refinement)
of another IT' if |IT|=|II'| and if each g€l is contained in a ¢’ eIl’. In this case,
PL(IT’) can be canonically identified with a subspace of PL(IT), and CPL(I1")=PL(IT")n
CPL(I).

THEOREM 2.5. Let Il be a convex polyhedral cone decomposition such that |I1| is
a convex polyhedral cone spanning W over R. Then the faces of the convex polyhedral
cone CPL(II) are exactly of the form CPL(IT’) for quasi-projective convex polyhedral cone
decompositions I1' such that I1 is a subdivision of I1'.

Proor. Choose and fix an arbitrary n e CPL(II).

On the one hand, there exists a unique convex polyhedral cone decomposition IT’
such that IT is a subdivision of [T’ and that # is strictly convex with respect to IT". In
particular, IT’ is quasi-projective. Moreover, PL(IT’) can be regarded as a subspace of
PL(IT) and 5 is contained in the relative interior of CPL(IT")=PL(II’)n CPL(IT).

On the other hand, let F be the unique face of CPL(II) containing # in its relative
interior. It suffices to show that F=CPL(IT).

The face of CPL(IT)" dual to F by the Galois correspondence in [13, Proposition
A.6] is

F*:=CPL(II)¥ n F*=CPL(II)¥ n{n}*.
Let

I':={internal walls t with {/,n>=0}.
Then by Theorem 2.3, we see that

F*=Y R,ol, and F={{eCPL(I)|<L,{)=0,Vrel}.

tel
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Each ¢’ €IT'(r) is the union of the family {seI(r)|oc =¢'}. This family coincides with
that of the closures of the connected components of '\ |J,.,7. Thus {eCPL(IT)
is contained in CPL(IT') if and only if { is linear across the walls {r|tca’}, that is,

L, > =0. q.e.d.
Applying Theorem 2.5 to the improper face CPL(IT) itself, we get:

COROLLARY 2.6. Let Il be a convex polyhedral cone decomposition such that |1 |
is a convex polyhedral cone spanning W over R. Then there exists a quasi-projective convex
polyhedral cone decomposition I1" such that CPL(IT)= CPL(I1’) and that I1 is a subdivision
of IT".

ReEMARK. It is essential to allow degenerate IT' to occur in Theorem 2.5 as well,
even when IT is nondegenerate. As we supplement this theorem in Proposition 3.10, the
description of facets (i.e., codimension-one faces) of CPL(IT) includes the wall geometry
which Reid [15] obtained in connection with Mori’s birational geometry in the partic-
ular case of projective toric varieties. Reid deals with the case where IT is a projective
fan. By Corollary 2.4, CPL(IT)" is then strongly convex. The one-dimensional faces of
CPL(IT)" are called extremal rays, and correspond to the facets of CPL(IT) by duality
(see, for instance, [13, Proposition A.6]). Contraction of an extremal ray R amounts
to removal of the walls teIl(r—1) satisfying /. € R and gives rise to I’ which is a
possibly degenerate fan. The corresponding equivariant morphism of toric varieties is
Mori’s contraction of extremal rational curves whose numerical equivalence classes are
contained in R.

3. Gelfand-Kapranov-Zelevinskij decompositions. In this section, a finite subset
E < W, which spans W over R as in Section 1, is further assumed to satisfy the following
conditions: = does not contain 0, and each £ € E is not a positive scalar multiple of any
other element of E\{¢}. Thus R, ¢ for (€ E are mutually distinct one-dimensional
cones in W.

DEFINTION. A (possibly degenerate) convex polyhedral cone decomposition IT for
W is said to be admissible for (W, £) if

(1) I is quasi-projective,

(ii) [IT|=W,o(&) and

(iii)) each cone gell is spanned over R, by a subset of =.

By definition, an admissible IT is complete if and only if W, ((E)=W.

REMARK. For the Gelfand-Kapranov-Zelevinskij decomposition considered later
in this section, it is essential to allow degenerate Il to be admissible as well. However,
if W, o(E) is strongly convex as in the case dealt with by Gelfand, Kapranov and
Zelevinskij, then an admissible IT is necessarily nondegenerate.
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DEFINITION. Let IT be a convex polyhedral cone decomposition admissible for
(W, E). A subset Sc Z is said to be a spanning subset for II if for each o eI, there exist
&y, -+, £,€8 such that
o=R,o¢i+ - +R,E,.

When IT is nondegenerate, we denote
E(N):={¢eE|R,tel(1)},
where T1(1) is the set of one-dimensional cones in IT.

If IT is nondegenerate, then Z(IT) is the smallest spanning subset for II. Indeed,
we have T1(1)={R,  ¢|&eE(IT)}. Moreover, the one-dimensional faces of strongly
convex g € IT are of the form R, o&y, - -, R, o&, for a subset {{,, - - -, £,} = Z(IT). Hence
0=R,oé1+ "+ R0,

By Lemma 2.1 and Corollary 2.4, an admissible IT is simplicial if and only if it
is nondegenerate and dim CPL(IT)=dim PL(IT)=*Z(II).

We have introduced in Section 1 a surjective linear map W, =@ ,_; Re;~ W which
sends e, to ¢, as well as the dual injective linear map W*— Wt =@ ,_. Ref which sends
zeW*to) ee=$7, £>e¥. We again identify W* with its image under this map.

The key idea due to Gelfand, Kapranov and Zelevinskij of considering the follow-
ing CPL"~(I1, S)’s instead of CPL(II)’s enables us to compare different IT’s in a quite
convenient manner.

DEFINITION. Let IT be a convex polyhedral cone decomposition admissible for
(W, E) and S a spanning subset for II. Denote by PL~(II, S) the linear subspace of W*
consisting of x=Y_ cesXe€f € W for which there exists € PL(IT) such that x,=n(¢) for
all {e S. We denote by CPL~(I1, S)<PL" (I, S) the convex polyhedral cone consisting
ofx=Z€e5x§e;”‘e Wt such that there exists ne CPL(IT) satisfying x.>n(¢) for all (e &
and x,=n(¢) for all {eS.

For nondegenerate I1, we denote

CPL~(IT):=CPL" (I, E(IT)) .

PROPOSITION 3.1. Let IT be a convex polyhedral cone decomposition admissible for
(W, E). Then for each spanning subset S for I1, we have

CPL~(I1, S)n(—CPL~(I1, S))=Ww*.

We have dim CPL™~(I1, S)=*E if and only if Il is simplicial and S=E(IT). The faces of
CPL™ (11, S) are exactly of the form CPL~(II', S"), where I1' runs through the admissible
convex polyhedral cone decompositions such that I1 is a subdivision of T1', while S’ runs
through the spanning subsets for I1' such that S'> S.

Proor. If xePL™(11, S), there exists a unique n € PL(IT) such that x,=#(&) for all
£eS. Sending xe PL~(I1, S) to
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<n, > (xg—n(é))ez*),

EeENS

we have a linear isomorphism

PL~(1I, S);PL(n)x< @ Reg>
SeENS

which sends CPL~ (11, S) onto the product cone

CPL(H)x( > Rzoeg“).

SeENS

The rest of the proof is an immediate consequence of Lemmas 2.1 and 2.2, as well as
Theorem 2.5 and the following easy lemma. q.ed.

LemMMAa 3.2. Let C (resp. C') be a convex polyhedral cone in a finite dimensional
R-vector space V (resp. V'). Then the faces of the product cone Cx C' in Vx V' are
exactly of the form Fx F’ for faces F<C and F'<C'.

PrROPOSITION 3.3. [Inside the vector space W¥, we have

W*+ Y R,.etf=|J CPL™ (11, S),
eZ m,s

where Il runs through the convex polyhedral cone decompositions admissible for (W, E),

while S runs through the spanning subsets for I1.

ProoF. The right hand side is obviously contained in the left hand side by Lemma
2.2. To prove the opposite inclusion, let x= gesx:e? be an element of the left hand
side. In the product space W x R, consider the convex polyhedral cone

E(x):=R. (0, 1)+ Z R o(¢, X{) .
¢eE
Since x belongs to the left hand side of the claimed equality, there obviously exists a
function n: W ((£)— R such that E(x) coincides with the epigraph

epi(n) :={(w, c)e W o(E) x R| c=n(w)}

of n. Since E(x) is a convex polyhedral cone, we see that 7 is convex and that the graph
of n, denoted graph(n), is the union of the non-vertical faces F<epi(n) of the form
F=epi(n)n{(z, 1)}* for some (z, 1)eepi(n)". The first projection pr,: W x R— W maps
the faces F<<epi(n) with Fc graph(n) isomorphically onto the convex polyhedral cones
pr,(F) which obviously form a convex polyhedral cone decomposition IT with support
W, o(Z). Clearly, each gell is spanned over R, by elements of S:={¢eZ|(, x,)€
graph(n)}. By construction, # is strictly convex with respect to I1. Consequently, IT is
admissible for (W, E). Moreover, we have x> (&) for any £ € Z with the equality holding
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if £ belongs to S. Hence xe CPL"~(11, S). q.e.d.

REMARK. # and I in the above proof are uniquely determined by x, and are
denoted by 7, and IT,, respectively. I1, is nondegenerate if and only if epi(z,) is strongly
convex. This is the case if and only if the restriction of IT, to the linear subspace
W o(E)n(— W, 0(E)) is nondegenerate.

THEOREM 3.4. Under the assumptions on E at the beginning of this section,
{CPL~(I1, S )] IT admissible for (W, E) and S spanning subsets for I1}

is a convex polyhedral cone decomposition for W¥ with the smallest cone W* and with
support equal to W*+3 . R, ef.

PrRoOOF. In view of Propositions 3.1 and 3.3, we only need to show the following:
For any pair I1, IT' of convex polyhedral cone decompositions admissible for (W, &)
and for any spanning subsets S, S'<Z for IT and IT’, respectively, we have

CPL~(11, S)nCPL~(IT", S')=CPL"~ (1", Su S’

for another convex polyhedral cone decomposition IT” admissible for (W, E) such that
IT and IT’ are subdivisions of IT".

(1) We first show that CPL~(II, S)ynCPL~(IT’,S’) is a union of faces of
CPL"~(I1, S), hence is a union of faces of CPL~(IT’, S’) as well by symmetry. Indeed,
let F be a face of CPL™(I1, S) such that an element x in the relative interior of F also
belongs to CPL~(I1’, S”). Then in the notation in the remark above, 7, is strictly convex
with respect to IT, of which IT and IT’ are subdivisions. Consequently, F is contained
entirely in CPL~ (11, S)nCPL~(II’, S’) in view of Theorem 2.5 and Proposition 3.1.

(2) We see that CPL~(I1, S)nCPL~(I1', S’) is indeed a face of both CPL~(I1, S)
and CPL~(IT’, §"), since it is convex and, by (1), a union of faces of CPL~(I1, S) as well
as CPL~(IT', S").

The rest of the proof is clear. q.e.d.

REMARK. As a consequence of Corollary 3.11 given later, CPL~ (11, S) for de-
generate II’s turn out to be contained in the boundary of the support W*+
Z:esR >0€l.

The convex polyhedral cone decomposition in Theorem 3.4 is degenerate unless
W={0}, since W* is the smallest cone appearing in it. The linear Gale transform in

Section 1 is exactly what we need to obtain a nondegenerate convex polyhedral cone
decomposition. Recall that

G(W,E):=Wt/W*=} Rg(),

el

which is an R-vector space of dimension *Z —dim W, and
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G, oW, 5):=§Z_ R 49(S).
DEerINITION. Let IT be a convex polyhedral cone decomposition admissible for
(W, E) and let S be a spanning subset for II. We denote the image in G(W, E) of
CPL~(Il1, S)c W¥ by cpl(Il, S), and call it the Gelfand-Kapranov-Zelevinskij cone (the
GKZ-cone, for short) associated to IT and S. In particular, we denote cpl(IT):=
cpl(1, E(IT)) for nondegenerate IT and call it the GKZ-cone associated to I1.

‘By Proposition 3.1, we see that the faces of the GKZ-cone cpl(II, S) are exactly
of the form cpl(IT’, S’), where IT’' runs through the admissible convex polyhedral cone
decompositions such that IT is a subdivision of IT’, while S’ runs through the spanning
. subsets for IT' with $'5 S.

Taking the image of the convex polyhedral cone decomposition in Theorem 3.4,
we have the following main result in view of Proposition 3.1:

THEOREM 3.5. Suppose that a finite subset Ec W spanning W over R does not
contain 0 and that each £€E is not a positive scalar multiple of any other element of
EN{¢&}. Then the collection

{cpl(11, S) | I1 admissible for (W, E) and S spanning subsets for I1}

of the GKZ-cones gives rise to a nondegenerate convex polyhedral cone decomposition
Sfor G(W, E)with support equal to G, ( W, E). We call it the Gelfand-K apranov-Zelevinskij
decomposition (the GKZ-decomposition, for short) for (W, E). We have dim cpl(I1, S)=
dim G(W, E) if and only if I1 is simplicial and S = Z(IT).

REMARK. The GKZ-decomposition might also be called the secondary fanasin [1].
As a consequence of Corollary 3.11 given later, cpl(/1, S) for degenerate IT’s turn out
to be contained in the boundary of the support G, o(W, E).

By Proposition 1.3, (2) and Theorem 3.5, we have the following which includes
the case of projective toric varieties:

COROLLARY 3.6. Suppose that a finite subset E = W positively spanning W does not
contain 0 and that each E€E is not a positive scalar multiple of any other element of
EN({&}. Then the faces of the GKZ-cones cpl(IT), with I running through the simplicial
convex polyhedral cone decompositions admissible for (W, E), give rise to a nondegenerate
convex polyhedral cone decomposition for G(W, E) having a strongly convex polyhedral
cone G o(W, E) as support.

On the other hand, by Proposition 1.4, (1) and Theorem 3.5, we have a conic
variant of a result obtained by Gelfand-Zelevinskij-Kapranov [9]:

COROLLARY 3.7. Suppose that afinite subset E = W not containing 0 spans a strongly
convex polyhedral cone W, ((E) of dimension equal to r:=dim W and that each £eZ is
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not a positive scalar multiple of any other element of EN\{&}. Then the faces of the
GKZ-cones cpl(Il), with Il running through the simplicial convex polyhedral cone
decompositions admissible for (W, E), give rise to a complete and nondegenerate polyhedral
cone decomposition for G(W, E).

REMARK. In fact, the GKZ-decomposition in Corollary 3.7 is projective. To show
this, let us modify results in Gelfand-Zelevinskij-Kapranov [9] and first construct a
function x: W*+2555R203?—>R which is piecewise linear and strictly convex with
respect to the cone decomposition for W#¥ consisting of the faces of CPL~(IT) for sim-
plicial IT’s. A translate of it by a globally linear function then induces a function
K: G(W, E)=G, oW, E)>R which is piecewise linear and strictly convex with respect
to the GKZ-decomposition.

Indeed, let H_ be a half-space of W containing the origin of W in its interior and
that the intersection K:=H_n W, (&) is an r-dimensional convex polytope. Such an
H _ exists, since W, ((E) is assumed to be an r-dimensional strongly convex polyhedral
cone. Introduce the appropriately normalized Lebesgue measure du on W and let

x(x):=—f nedu for xeW*+ ) R,.e¥,
K el
where 7,.: W, o(2)—> R is the function piecewise linear and strictly convex with respect
to I1, as in Proposition 3.3 and the remark immediately after that. This k turns out to
be piecewise linear and strictly convex with respect to the convex polyhedral cone
decomposition for W¥ consisting of the faces of CPL~(II) for simplicial IT’s admissible
for (W, E).

For instance, suppose x € CPL~(IT) so that IT is a subdivision of IT,. Then

K(x): - Z j l’,xd[l,
oellr) JKng

with the summand ., #.du linear in the variables {x;|E€Z, R, (<0}, since the

restriction of #, to ¢ is linear. Hence there exists y(IT)e W, such that

K(x)=<{x, y(IT)> for xeCPL~(II).

If x happens to belong to W*c W¥ so that there exists a unique ze W* with
x.={z, &) for all £eZ, then «(x) is linear in z. Denote by n: W, —> W the surjective
linear map appearing at the beginning of Section 1. Hence there exists y, € W, such that

k(x)=<x,yop =<z, m(yo))  for xeW*.

Consequently, k—y, vanishes on W* and induces a function ©: G(W, E)=G, (W, 5)—
R piecewise linear and strictly convex with respect to the GKZ-decomposition.
Moreover, {y(IT)|IT simplicial and admissible for (W, Z)} is contained in the affine
subspace n~ }(n(y,)) = W;.
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As we stated in [13, Theorem A.18 and Corollary A.19] (however, with upper
convex and inf there replaced by convex and sup, respectively), a convex polytope P in
a finite dimensional R-vector space V is in one-to-one correspondence with a function
h: V*— R which is piecewise linear and strictly convex with respect to a complete and
nondegenerate convex polyhedral cone decomposition for the dual space V*: Namely,
the support function h of P is defined by

h(u)=sup{<u, vy |ve P}  for ueV*,
while P is described in terms of 4 by
P={veV|<u,v) <h(u),Vue V*} .

The cones of outer normals for P at various points of P comprise the complete and
nondegenerate convex polyhedral cone decomposition for ¥*, with respect to which A
is piecewise linear and strictly convex.

As in Gelfand-Zelevinskij-Kapranov [9], consider a finite subset 4 of a finite
dimensional R-vector space W’. Denote by [] the convex polytope in W’ obtained as
the convex hull of 4. Then let W:=W'x R and Z:={(a, 1)|axe A}. Hence

W.ooE)=R,o(Odx{1}).

By Corollary 3.7, the faces of the GKZ-cones cpl(IT) for simplicial IT’s give rise to a
complete and nondegenerate polyhedral cone decomposition for G(W, E).

The secondary polytope constructed by [9] is, up to scale and symmetry with respect
to the origin, the convex polytope obtained as the convex hull in W, of { y(H)lI'I
simplicial and admissible for (W, E)} with y(IT) appearing above, where we let

H_:={(w,c)eW:=W'xR|c<1}.

The translate by —y, of this convex polytope is contained in the kernel =~ '(0) of

n: W,—»W. The GKZ-cones are nothing but its cones of outer normals in the space
G(W, £) dual to n~(0).

Corollary 3.7 has the following important application which guarantees the exis-
tence of a simplicial subdivision of a strongly convex polyhedral cone without any ad-
ditional one-dimensional cones:

COROLLARY 3.8. Let m be a strongly convex polyhedral cone in W. Then there
exists a simplicial and quasi-projective cone decomposition I with | I | = such that II(1)
coincides with the set of one-dimensional faces of n. If all the proper faces of n are
simplicial, then such a Il does not subdivide any of the proper faces of n. Moreover, any

two such subdivisions can be obtained from each other by a finite succession of flops to
be defined below.

Proor. Choose and fix a nonzero vector on each one-dimensional face of n. If
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we denote by Z the set of all these vectors, then the faces of = form a convex poly-
hedral cone decomposition which is nondegenerate and admissible for (W, Z). Since
W.o(Z)=n is strongly convex by assumption, we see by Proposition 1.4, (1) that
G. oW, E)=G(W, Z). Choose II to be any one of the admissible convex polyhedral
cone decompositions in Corollary 3.7 such that the corresponding GKZ-cones cpl(IT)
comprising the complete GKZ-decomposition satisfy dimcpl(/l)=dim G(W, £).
Clearly, IT is simplicial with Z(IT)=Z, and the last assertion holds. The last assertion
is an easy consequence of Theorem 3.12 below. q.e.d.

As a special case of Corollary 3.8, we get another proof as well as a strengthening
of a result in Stanley [17] and Goodman-Pach [10]:

COROLLARY 3.9. A simplicial convex polytope Q admits a triangulation without
additional vertices, i.e., one by means of simplices having vertices only in the set of vertices
of Q. Moreover, any two such triangulations can be obtained from each other by a finite
succession of flops.

Let us now follow Reid [15, §§2-3] and Gelfand-Zelevenskij-Kapranov [9] to
analyze when maximal dimensional CPL~(IT)’s (hence cpl(I1)’s), with IT simplicial and
admissible, intersect along facets (i.e., codimension-one faces).

We first supplement Theorem 2.5 and Proposition 3.1.

PROPOSITION 3.10. Suppose I1 is a simplicial convex polyhedral cone decomposition
admissible for (W, E). Then each facet F<CPL(II) is of the form F=CPL(II) for a convex
polyhedral cone decomposition IT admissible for (W, E) such that I1 is a subdivision of IT
and that one of the following holds:

(1) I is degenerate.

(2) T is simplicial and I1 is the star subdivision of IT with respect to a £, € E\ E(IT).
Namely, let o€ IT be the unique cone containing &, in its relative interior and let B, - - -, B,
be the facets of a with s:=dima. Then II consists of the faces of the cones belonging to
the union of

I \{oceM(r)|o>ao}
and

{A4B;+R. ¢, |1<j<s, AeTI(r—s) with A+ aeT1(r) and Ana={0}} .

—
=)

(3) I is nondegenerate but not simplicial with E(IT)=E(IT). There exists another
simplicial convex polyhedral cone decomposition IT' admissible for (W, E) such that IT
is a subdivision of IT with E(ITY)= Z(IT) and that CPL(IT)= CPL(IT)n CPL(IT") is a facet
of both CPL(IT) and CPL(IT*). We call IT" the flop of IT along I1.

PROOF. As in the proof of Theorem 2.5, consider

F*:=CPL(IT)" nF*
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and
I:={internal walls te IT with {/,{)>=0, V(e F}.

Since F is assumed to be a facet, F* is a one-dimensional face of CPL(IT)" (hence is
an extremal ray in the context of Mori’s birational geometry and Reid’s wall geometry).

For tel, there exist &, ---, &, & 4, €E(I) such that, in the simplified notation
pj:=R,; for 1<j<r+1, we have

r—1
1=y p; and t=(t+p)n(t+p,+,) With T+p, 1+p,,€M(r).
i=1

By rearranging the ¢;’s if necessary, we may assume that the linear relation, unique up
to nonzero scalar multiple, among the ;’s is of the form

vl a;<0 for 1<j<p
Z a;¢;=0  with [aj=0 for p+1<j<gq
=t a;>0 for g+1<j<r+1

for 0<p<qg<r—1. The facets of 7 are
j
wjii=p;+--+V 4+ +p,_; (p; omitted) for 1<j<r—1.

By Reid [15, Lemma 2.3 and Theorem 2.4], P(t):=t+p,+p,+, is decomposed into a
union of r-dimensional cones in two different ways

r—1 p

P(T)z(f+p,)U(T+pr+1)U < U (a)j+pr+pr+1)>= U (wi+pr+pr+1)

j=q+1 i=1

with 7: :Zf=1p,-+23.:;+1pj a face of P(r). Moreover, p, g and & are determined by /
independently of any particular choice of te /.

By Reid [15, Theorem 2.4 and Corollary 2.10], we now get the following:

If p=0, then = is an (r — g)-dimensional R-subspace of W such that P(t)=t+=. In

this case, the faces of the cones in
O(r):={t+n|tel}

turn out to form a degenerate convex polyhedral cone decomposition IT admissible for
(W, E) with 7 as the smallest cone such that IT is a subdivision of IT and that F=CPL(IT).
Thus we are in Case (1).

Suppose p#0. Then there exists a nondegenerate convex polyhedral cone de-
composition IT admissible for (W, E) such that IT is a subdivision of IT and that F=
CPL(IT). To describe IT in more detail, let us rewrite the linear relation among the
minimal linearly dependent set {&,, -+, &,, &, q, -+, &, &4, } more symmetrically as

(—'al)él-’_ e +(_ap)ép=alléll+ e +a;;’é;;’ Wlth ('—al)’ T, (_ap)9 a/17 Y a;;’>0a

where p':=r+1—¢g>2 with
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=G Chi=8, =80, ayi=a,,1,a5:=a, ", 4y =dg .
Let us denote
gi=p;+-+p,, gi=pi+- o +py, hence n=¢+¢',
where p1:=R, L, pr:=R. &5 -, pp =R, &, Let us further denote
£,.:=p1+"‘+\"+"'+p,, 1<i<p,
e;-:=p’1+‘--+\]/+~-'+p;,, 1<j<p’.
We see that Ag:=p,,+ - +p,ell(r+1—p—p’) satisfies
lon(e+e)={0}, Aote+eiell(r), 1<Vi<p’.

In particular, 1+p,=40+e+¢}, T+p,. 1 =Ao+e+e, and t=4,+¢e+(¢) ne,). Hence
Ao belongs to

A:={Ael(r+1—p—p)|in(e+e)={0}, A+e+e;ell(r), I <Vj<p’} .
We have
Ir)=(I()\{A+e+e;|ieA 1<j<p D] [{A+e+¢|1eA}.

If p=1, then ¢+¢’=¢’ is simplicial, hence so is I1. Obviously, IT is the star sub-
division of IT with respect to &,, and we are in Case (2).

If p>2, then IT is not simplicial. By Reid [ 15, Theorem 3.4], there exists a simplicial
convex polyhedral cone decomposition ITT admissible for (W, E) satisfying

M= \{A+e+ej|ieA 1<j<p D] [{A+e+¢e'|Aed, 1<i<p}.
By symmetry, CPL(IT) is a facet of CPL(IT) as well. Thus we are in Case (3). q.e.d.

REMARK. The process of obtaining the flop IIT from IT in (3) was called an
elementary transformation by Reid [15, §37], who later introduced the new terminology
Aip in algebro-geometric context. An analogous but symmetric operation called a flop
was also introduced in birational geometry. Since our operation is symmetric, we here
adopt the latter terminology in our context. The process is analogous to what
Gelfand-Zelevinskij-Kapranov [9] calls the surgery with respect to a circuit, ie., a
minimal dependent subset.

As the non-projective example in Section 2 shows, we also have the following
possibility: for a face CPL(IT) of CPL(IT) of codimension greater than one, there can
exist a flop IT1 of IT along I, which is not quasi-projective, hence is no longer admissible
for (W, ).

CororLary 3.11.  Suppose 11 is a simplicial convex polyhedral cone decomposition
admissible for (W, E). Then each facet F<CPL~(IT) is of one of the following forms:
(@) There exists a £y E\E(IT) such that
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F=CPL"~(I1, &(IT)u {&,}) .

(b) There exists a convex polyhedral cone decomposition T admissible for (W, E)
such that I1 is a subdivision of . IT, that CPL(IT) is a facet of CPL(IT) and that F=
CPL™~(I1, E(IT)). In this case, we have the following possibilities:

(bl) I is degenerate.

(b2) I is simplicial with E(I)N\E(T)={&,}. In this case, Il is the star sub-
division of IT with respect to &,.

(b3) IT is nondegenerate but not simplicial with Z(IT)= E(IT). There exists another
simplicial polyhedral cone decomposition IT' (called the flop of Tl along IT) admissible
for (W, E) such that IT" is a subdivision of IT with Z(I1")=E(IT) and that CPL~(IT)=
CPL~(IT)nCPL~(IT") is a facet of CPL~(IT") as well.

PROOF. By the proof of Proposition 3.1, we have an isomorphism
CPL~(IT)-=>CPL(IT)x ), R,ce¥.
ceE\EUD
In view of Lemma 3.2, a facet of the cone on the right hand side is either of the form
CPL(IT) x Y R, et for a EgeENED),
EeZ \EUD), E# &

=un Rsoef for a facet F<CPL(IT). Thus we are done by
Proposition 3.10. g.e.d.

or of the form Fx Z.:es\

We are now ready to describe when maximal dimensional CPL~(IT)’s and cpl(I1)’s,
with IT simplicial and admissible, intersect along facets. The proof is an easy application
of Corollary 3.11 above.

THeEOREM 3.12 (Reid [15] and Gelfand-Zelevinskij-Kapranov [9]). Suppose I1 and
IT' are simplicial convex polyhedral cone decompositions admissible for (W, E). Then
CPL~(IT)n CPL~(II") (resp. cpl(I) ncpl(IT")) is a facet of both CPL~(IT) and CPL™~(Il’)
(resp. both cpl(IT) and cpl(I1")) if and only if one of the following holds:

(i) II' is the star subdivision of I with respect to a &ye EN\ E(IT).

(ii) I is the star subdivision of I1' with respect to a £, € EN\ET).

(iii) [IT and II' are flops of each other with respect to a nondegenerate but not
simplicial convex polyhedral cone decomposition IT.
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