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Let X be a compact Riemann surface of genus g>2. The automorphism group
Aut(X) can be represented as a subgroup of GL(g, C), since elements of Aut(X) act on
the g-dimensional module of abelian differentials of X. We denote the representation
by p: Aut(X)—>GL(g, C), and denote the image by p(4G; X) for a subgroup AG of
Aut(X). We have studied groups which are GL(g, C)-conjugate to p(AG; X) for some
X with fixed g and some AG. These groups are said to come from a Riemann surface
X (see Definition 1). In this connection, we have introduced the CY-, RH- and
EX-conditions (see Definitions 2, 3 and 5 in §1). We saw in [6] that all groups which
satisfy the CY- and RH-conditions come from Riemann surfaces except for two groups,
i.e., the dihedral group 24 and the quaternion group 24 in the case of g=35. Recently,
on the other hand, Kimura [3], [4] studied which groups (isomorphic to 94, 25 or
U;) come from Riemann surfaces for unspecified g (> 2).

In this paper, we consider for unspecified g (>2) the CY- and RH-conditions for
groups isomorphic to GL(3, F,) of 3 x 3 invertible matrices with entries in the field F,
with two elements. We take the group GL(3, F,) since it is the simple Hurwitz group
of the smallest order. We apply the character theory of groups and see that if
G (~GL(3, F,)) satisfies the CY- and RH-conditions, then G comes from Riemann
surfaces except in very few cases. This phenomenon seems to be rooted in some structure
of groups although we cannot explicitly point out which.

1. Preliminaries.

DEerFINITION 1 (cf. [5], [6]). A subgroup G=GL(g, C) is said to come from a
compact Riemann surface of genus g, if there exist a compact Riemann surface of genus
g and a subgroup AG of Aut(X) such that p(4G; X) is GL(g, C)-conjugate to G.

DEerFINITION 2 (cf. [S], [6]). G<=GL(g, C) is said to satisfy the CY-condition if
every element of CY(G)={K |nontrivial cyclic subgroup of G} comes from a compact
Riemann surface of genus g.

DErINITION 3 (cf. [8]). Assume that G GL(g, C) satisfies the E-condition, i.e.,
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{Tr(c)+Tr(c ")} is an integer for any o€ G. For any He CY(G) we set the following
terminology:

90(G)=(1/#¥G) Y. _; Tr(0),

r(H)=2—{Tr(o)+Tr(c ')} for H={o),

re(H:G)=r(H)=Y v .cye) n cx"+(K:G)  (defined by descending condition)
I(H:G)=r(H:G)[[No(H): H].

Here Ng(H) means the normalizer of H in G. Then, we say that G satisfies the
RH-condition if G satisfies the E-condition and if /(H: G) is a non-negative integer for
any He CY(G).

DErFINITION 4 (cf. [8]). Assume that G<=GL(g, C) satisfies the RH-condition and
let {H,,---, H;} be a complete set of representatives of the G-conjugacy classes of
CY(G). The RH-data RH(G) of G is defined as

RH(G)=[gO(G)9 #G, #Hb. ) 1"':I_Ila. ) 1t}Isa. T #Hs] .
Here #H, appears /(H;: G)-times (1 <i<s).
REMARK 1 (cf. [8]). Assume that G= GL(g, C) satisfies the E-condition. Then we
have

29—2=4%G[2g4(G)—2 + 2 I(H,: G)(1—1/$H)] .
i=1

DErFINITION 5 (cf. [9]). Assume that G=GL(g, C) satisfies the RH-condition and
let [go, #G; m,,- - -, m,] be the RH-data of G. Then we can construct a Fuchsian group
r(G):

r go
F(G)=<a1, Bl,' ) ago’ ﬂgo, V1o "5 Ves H ‘Yj I_I [ai’ Bl]z 1’ ‘y';”= e =.y:n,-= l> .
j=1 "i=1
We say that G satisfies the EX-condition if there exists a surjective homomorphism
¢: I'(G)-G with #o(y)=m; (j=1,...,r).
We remark here that 2g0—2+z;=1(1 —1/m;)>0. See also [5], [11].

REMARK 2 (cf. [9], [10]). If GeGL(g, C) satisfies the EX-condition, there exist
a compact Riemann surface X of genus g and an injective homomorphism : G— Aut(X).
Further, we have

Trp(o; X)=1+ Y Y (/m)H{aeGlo=ap@) ™™ }u/(1 ()

(u,m)=1m|m;

for 0 (#0=m=>2). Here m; is the order of y; and {,=exp(2ni/m). If there exists
a surjective homomorphism ¢ : I'(G)— G such that

Tro=Trp(o; X) for every o€eG,
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then we see that G comes from the compact Riemann surface X.

We shall give a necessary and sufficient condition for a finite cyclic group
H<GL(g, C) to come from a compact Riemann surface of genus g. Under the notation
of [10], we have:

REesuLT 1 (cf. [10]). Let x, be a character of a representation of A with y,(1)>2.
If there exists a normal rotation datum A of H such that y, =1+ y(1),, then there exist
a compact Riemann surface X and an injective homomorphism H— Aut(X) such that
for every ce H

x1(0)=Tr p(o; X) .
We also have:
RESULT 2 (cf. [7]). Let A be an element of prime order n of GL(g, C). The
following two conditions are equivalent:
(1) There is a compact Riemann surface X of genus g and an automorphism o

of X such that p(g; X) is conjugate to A.
(2) There are s (=0) integers vy, - -, v, which are prime to # such that

Trd=1+ Y (=0 (Trace formula of Eichler) .
i=1

2. The fundamental properties of GL(3, F,). We consider the group GL(3, F,),
which is known to be the unique simple group of order 168. The following facts are
well known.

Fact 2.1 (cf. [13]). GL(3, F,) has no subgroups of order 28, 42, 56 or 84.
Fact 2.2 (cf. [13]). Maximal subgroups of GL(3, F,) are of orders 21 and 24.

Throughout this section, we denote by a, b and ¢ elements of order 2, 3 and 4,
respectively, and we denote by d; and d, elements of order 7 whose traces are 0 and
1, respectively.

Fact 2.3 (cf. [1]). GL(3, F,) has the following generators and relations:
() a*=b3>=d" =abd=(dba)*=e.
For example,

1 0 1 1 0 0 1 0 1
=<0 1 0>, b=<l 1 l>, d=<0 0 1>.
0 0 1 0 1 0 1 1 0

(2) b3=b3=(bby)*=(b7 b)) *=e.
For example,
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1 0 o0 0 0 1
b1=<0 0 1>, b2=<l 0 o>.
0o 1 1 0 1 0

Fact 2.4 (cf. [12]). GL(3, F,) has the following character table:

|C| 168 8 3 4 7 7

e a b ¢ d, d,
X1 1 1 1 1 1 1
A2 3 -1 0 1 o &
X3 3 -1 0 1 & o
Aa 6 2 0 0 —1 -1
As 7 -1 1 -1 0 0
As 8 0 -1 0 1 1

Here the second row shows the representatives of conjugacy classes of GL(3, F,).
We know that if d belongs to the class d,, then d*, d° and d° belong to the class d,. Fur-
ther,

G=(—1—/ =7)2, a=(—=14+./ =7)/2 and a={,+{3+(5.
We shall show some simple properties of GL(3, F,).
PROPOSITION 2.1. GL(3, F,)={[x, y]

x,yeGL(3, F,)}.

Proor.. Itis sufficient to consider representatives of conjugacy classes of GL(3, F5,)
since we have the relation:

9™ '[x,ylg=[9 'xg,9 'yg]

for ge GL(3, F,).
(1) order 2. Put

1 0 1 1 0 0
a=<0 1 0>, b=<0 0 1>.
0 0 1 0 1 1

1 1 0
[a, b]——-a"b_lab=<0 1 0>.

Hence [a, b] is of order 2.
(2) order 3. Put

Then we have
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10 1 10 1
c=<0 0 1>, d2=<1 1 1>.
0 1 0 0 1 1

0 0 1
[e, d2]=c”‘d2_1cd2=<0 1 0>.

1 0 1

Then we have

Hence [¢, d,] is of order 3.
(3) order 4. Put

0 0 1 1 0 1
d1=<1 0 1>, a=<0 1 o>.
0 1 0 0 0 1

1 1 1
[dl,a]=d1_‘a_1d1a=<0 1 0>.

Then we have

Hence [d,, a] is of order 4.
(4) order 7 of trace 0. Put

1 1 0 1 0 0
Cl=<0 0 l>, 02=<l O 1>.
0 1 0 0 1 0

Then we have

0 1 0
[cy, cz]=cf‘c2_’clc2=<0 1 l>.
1 0 1

Hence [c,, c,] is of order 7 and Tr[c,, ¢,]1=0.
(5) order 7 of trace 1. Put

1 0 0 1 1 0
c1=<1 0 1), c2=<0 0 1>.
0 1 0 0 1 0

Then we have

341
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1 1 1
[cl,cz]=c1“cz‘1c1c2=<l 0 0>.
1 1 0

Hence [¢,, ¢,] is of order 7 and Tr[c,, c,]1=1. q.e.d.
We get easily the following:

PROPOSITION 2.2.

(1) Neither d,-d, nor d,-d, can be of order 2.

(2) Neither d,-d, nor d,-d, can be of order 7, except when d, is a power of d,.

(3) Neither d,-di nor d,-d; can be of order 4. Here, d; and d (i=1, 2) belong to
the same conjugacy class.

(@) If c-c is of order 2, then c=c'.

PROPOSITION 2.3. There exist x and y in GL(3, F,) such that
GL(3a FZ) = <x’ J’>

with [x,y] having order 3, 4 or 7. However there do not exist x, y such that
{x, y>=GL(3, F,) with [x, y] having order 2.

ProOF. In the cases of order 3, order 4 and order 7, we see that the x and y in
Proposition 2.1 are generators of GL(3, F,) by considering Fact 2.1 and Fact 2.2. We
shall prove the case #[x, y]=2, where we denote by # the order of an element.

1. [d,x]=d 'x'dx. Since x 'dx and d ! belong to different conjugacy classes,
[d, x] cannot be of order 2 by Proposition 2.2, (1).

2. Assume that #[c, a]=2. By Proposition 2.2, (4), we see that a 'ca=c~'. Put
S=cand T=a. Then §*=T?=(ST)? = E, which define the group 2 of order 8 (cf. [2]).

3. Assume that #[c, b]=2. By Proposition 2.2, (4), we see that b~ 'chb=c"!, and
(ch)*=b%. Hence #(ch)=3 or #(cb)=6. This is absurd since GL(3, F,) has no element
of order 6 and c#e.

4. Assume that #[¢, ¢']=2. By Proposition 2.2, (4), we see that ¢’ "cc’=c~!. Put
S=c, T=c¢. Then S*=T*=E, T"'ST=S"", which define the group (2, 2|4; 2) of
order 16 (cf. [2]).

5. Assume that #[b,, b,]=2. Assume that #b,b,=2 or #b;'b,=2. Put S=b,,
T=b,. Then S3*=T3=(ST)>=E, which define the group ,. Assume that
#b,b,=4b; 'b,=3.PutS=b,, T=b,. Then S*=T>=(ST)*>=(S ' T)3 = E, which define
the group (3, 3|3, 3) of order 27. Assume that #b,b,=4. We have #b,b, =#(b,b,) "' =4
since b,b, ~b,b,. From #[b,, b,]=2, we see by Proposition 2.2, (4) that (b,b,) "' =b,b,.
Hence b, =b3 and so <{b,, b,> cannot be GL(3, F,). Assume that #b; 'b,=4. Then we
see that #b,b; ' =4. From #[b,, b,]1=2, we see that #[b; !, b,]=2. Hence by Proposition
2.2, (4) we have b, =b,. This is absurd. Assume that #b,b,="7. Similarly as above, we
see that b,b, ~b,b, and in this case (b,b,) ! is not conjugate to b,b,. So [b,, b,] cannot
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be of order 2 by Proposition 2.2, (1). In the case #b; 'b,=7, we have the same result.
Thus, all cases have been checked.

6. Assume that #[b, a]=2. If $ba=3, put S=(ba)~!, T=b. Then, S3=T3=
(ST)>=E, which define the group U,. If #ba=2, put S=b, T=a. Then, S3=
T?=(ST)?=E, which define the group S,. If #ba=4, put S=ba, T=a. Then, S*=
T?=(ST)3=E, which define the group S,. If #ba=7, we see that b~ 'a ' ~(ba)~ L.
On the other hand (ba) ! is not conjugate to ba. Hence [b, a] cannot be of order 2 by
Proposition 2.2, (1).

7. Assume that #[a,,a,]=2. Then (a,a,)*=e. Put S=a,a,, T=a,. Then,
S*=T?=(ST)?=E, which define the group %;. g.e.d.

3. Automorphism groups of Riemann surfaces. Let G be a finite subgroup of
GL(g, C) with a fixed isomorphism i: GL(3, F,)—G. We denote the images of a, b, c,
d, and d, under 1 by 4, B, C, D, and D,, respectively. Throughout this section we
keep this notation.

PrOPOSITION 3.1. Let xg; be the character of the natural representation
G—-GL(g, C) and let yo=nx1+ ... +hexe (Mm€Z,, i=1,...,6) be the decomposition
into irreducible characters of yg. Then G satisfies the CY- and RH-conditions if and only
if n;’s satisfy the following five relations:

(1) ny+n3—n,=>0,

2) 1—(n,+ns—ng)=0,

(3) 1—(n,+n,+n3—ns)=0,

4) p=({-—n,+2n,—n3+n,—ng)/3 is a non-negative integer,

(5) ¢g=(—n,—n,+2n3+n,—ng)/3 is a non-negative integer.

ProOOF. The “only if” part is trivial. We shall prove the “if”” part. First, we shall
show that G satisfies the RH-condition. To see this, it is sufficient to consider {(A4),
(B>, {C) and (D). Here (D) is a cyclic subgroup of order 7. We see that

ry({C*>:G)=r({C*»)—r, ({C>:G)
={2-2(n,—ny—ny+2n,—ns)} —{2—2(n; +n, +ny—ns)}
=4(n,+ny—ny,).

Hence by considering [ Ng(<{A4)): {4A)]=4, we see that
I({A):G)=n,+n3—n, .
Similarly,
I({(B):G)=1—(n,+ns—ny),
ICY:G)=1—=(n,+ny+n;—ns).
For /({D):G) we have
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r({D):G)=2—(xa(D1) + x6(P1 "))

and [Ng({D)):<{D)>]=3. Hence we see that
1
l((D):G)-——?(2——2n1 +ny,+n3+2n,—2ng)=p+q.

By assumption, all /’s are non-negative integers. Thus G satisfies the RH-condition. We
denote /[({A4):G) by I(A4) and so on.
» Second, we shall show that G satisfies the CY-condition. To see this it is sufficient
to consider (B), {C) and (D).
Asfor (B), weseethat yg(B)=n, +ns—ng. Puts=2—2ys(B). Putv,=-- - =vy, =1,
Vg2+1="""=v;=2 in the trace formula. Then we have

Tr(B)=1+{1—( (S &
= —n1+n5—n6)} ] C +‘1—? .
63 63

Hence {B) comes from a compact Riemann surface of genus g by Result 2.
As for {C), since its order is not prime, we use Result 1. (See [9] for notation

and terminology.) Result 1 works well for the case ( B) proved above. Define a rotation
datum 4. of (C) as follows:

C,C3*>(1—(ny+ny+ny—ns))(Asy +2443)
C?—(2—2(n;—ny,—ny+2n,—ns))A,,
E-Q2-2g)A, .
Then Red A is given by
C,C3-2(0)
C?—d(ny+ny—nyi,,
and
I(C,A)=2—-2(n,+ny+n;3—ns), 1(C?, Ac)=2(ny+n3—ny) .
We see that A, is a normal rotation datum, since we have
Red 1(C) 1(C, A¢)
[KCY<CH 2

(Aa1+243)

and
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Red A(C?) _ 4(ny,+ny—ny)
[{C>:{C?)] 2

Hence we see that

121 =1(C2, lc)'lzx .

Xcl<c>: 1+x(A¢); and XG|<A> =1+x(4 4, -

Thus (C) and {A4) come from a compact Riemann surface of genus g by Result 1.
As for (D) (=<{D,)), if we put

vi=co=v=1, v ==, =2, vy = =v;,=4,
Vip+1= """ =V3p4q=3, Vipig+1=""" =V3p424=3,
Vip+2g+1="" =V3p43,=0,

then we have, with {={,
¢ {2 % > < % £ ¢° >
TrD, =1+ + + + + + :
: p(l—g = )TN e e
Hence (D) comes from a compact Riemann surface of genus g by Result 2.
Thus we see that G satisfies the CY-condition. q.ed.

The conditions in Proposition 3.1 are rewritten as follows:
n,=l(A)+I(B)+I(C)+2p+q—3+3n,,
ny=0(A)+I(B)+I(C)+p+29g—3+3n,,

(*){ ng=1(A)+2/(B)+2I(C)+3p+3¢q—6+6n,,
ns=21(A4)+21(B)+3/(C)+3p+3q—T7+7n,,
ng=21(A)+31(B)+3/(C)+3p+3q—8+8n, .

Here we note that

(1) go(G)=n,,

(i) g=n,+3n,+3n3+6n,+7Tns+8ng>2.

Now we recall the Fuchsian group I'(G), considered in §1. We rewrite I'(G) as
follows:

F(G)=<(X1, Bl, AR} anp Bnlv Yis oo YI(A)’ 51’ R 51(8)9 Eiyenns Sl(C)’ /FTRERE r’pa éla BN} 54;-:
n)’jnéknﬁlnﬂmnfnn[“b Bl=1, 7,; =51? =3?= ’7; = 63 =1).

We wish to find out which groups come from Riemann surfaces by means of the
S-tuple (/(A4), [(B), [(C), p, q). For this purpose we use the following lemma:

REDUCTION LEMMA. For an arbitrary element = of GL(3, F,) and any positive
integer N, there exist E,, ..., Ey which are GL(3, F,)-conjugate to E such that E=

[;]

-
=
=1

Ne
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Proor. If #Z =1, there is nothing to prove. Assume that #Z=2. We have

1 0 1 1 1 1 1 1 0
E=<O 1 0>=<0 1 0>'<0 1 0>.
0 0 1 0 0 1 0 0 1

If N=0 (mod2), put =,, E, to be the first, the second matrices on the right hand

side and put £,=---=5y=E&,. Then we have
E=E 5,5, -Ey.
If N=1 (mod?2), it is sufficient to set E=Z,=- -+ =Zy. In the cases #5=3, 4 and
7, the proofs are similar. q.e.d

Let P=(ry,...,rs) and Q=(sy, ..., S5). PO means that r,;>s; (i=1,...,5) and
that if ;> s; for some j, then 5s;>0. We say Q to be minimal if Q is one of the last ones
through operations of the reduction.

REMARK. By the Reduction Lemma, we see that, for example,

() (3,2,0,0,0)0\(2,2,0,0,0),

2) (2,3,0,0,0)N(2,2,0,0,0),

3) (1,0,4,0,0)(1,0,3,0,0),

4) (3,0,0,0,2)(3,0,0,0,1).

Indeed, we can find £}, £}, 5} so that £1=5,, E}E}=2Z,, in (1). The proofs of
(2), (3) and (4) are similar to (1).

PROPOSITION 3.2.  Assume that n,>2. If G satisfies the CY- and RH-conditions,
then G comes from a Riemann surface.

ProOOF. We shall construct a sujective homomorphism ¢: I'(G)—G as follows:

(11—>X, Bl_’yb aZ_’U’ ﬁZ_)V7 “iaﬂi_’E(i:3’---9n1)a
yi—~A(=1,...,1(4), 6-B(=1,...,I(B), &-C(=1,...,1(C)),
Nu—D, (m=1,...,p), &-D,(n=1,...,q9).
Here X, Y are elements of GL(3, F,) so that GL(3, F,)=<X, Y) and U, V are
elements of GL(3, F,) so that [U, V]1=[X, Y1 Y[y, 10l Je:] [nm] [¢a} ~*- These are
possible by Fact 2.3 and by Proposition 2.1.

Now, we shall prove the GL(g, C)-conjugacy of the group. It is sufficient to check
for A, B, C and D,, D,.

14 1 _
Trp(A; X)=1+ ) —#{aeG|d=ap(y)o '} ———
i 2 1-(=1)

'fl# G|4 21y 1
+ ), —H#oe = )
4 HoeGld=a00)?a ™} —
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=1-2I1(A)—I(C)=n;—n,—n3+2n,—ns=yxg(4) .

Indeed, we see that both #{---} are 8 from the character table in §2. Hence
Tr(A)=Trp(4; X) .

1(B) 1
Trp(B; X)=1+) —#{aeG|B=ap(y;)e"'} &
i 3 1-03
@ | oy O
+ Y —#{aeG|B=ap(y;)*x" '} 5
i 3 1-(3

=]—1(B):n1+n5_n6=XG(B) .
We see that both #{ ---} are 3 from the character table in §2. Hence Tr(B)=
Tr p(B; X).
For the Tr p(C; X), Trp(D,; X) and Tr p(D,; X), the proofs are similar. So we
can omit them. q.e.d.

PROPOSITION 3.3.  Assume that ny=1. If G satisfies the CY- and RH-conditions,
then G comes from a Riemann surface except in the case of the 5-tuple (1,0, 0, 0, 0).

Proor. It is sufficient to consider the following 5-tuples.

I(A4) I(B) I(C) P q
(1) 1 0 0 0 0
) 0 1 0 0 0
) 0 0 1 0 0
@) 0 0 0 1 0
) 0 0 0 0 1
(6) 1 0 1 0 0
() 2 0 0 0 0
(8) 0 0 0 1 1
) 0 0 0 2 0
(10) 0 0 0 0 2

Except in (1), we can define homomorphisms ¢ easily. For the GL(g, C)-conjugacy
of the group, the proof is similar to Proposition 3.2. q.e.d.

ReEMARK. We have a Riemann surface for (2, 0, 0, 0, 0).

PROPOSITION 3.4. Assume that n,=0. Considering () we get a table of minimal 5
tuples:

I(4) I(B) I(C) P q
[ (1) 1 1 1 1
[ (1) 1 1 I 1 0

—
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1

()]
3)
(C))
)

[1I1] (1-a)

2

1
1

(1-b)
(1-0)

)
3
(4)
%
(6
(M

1
1
1
1

0

0
0
0
4
2

@®)
(€))
(10)

[IV] (1-a)

(1-b)
(1-¢)

(2-2)

4

2
1
3
3
1
1

(2-b)
(2-0)

(3-a)

(3-b)
(4-a)

(4-b)

(5-a)

0
0
0
0
0
0
0

(5-b)
(6-a)

(6-b)
(7-a)

(7-b)
(8-a)

0
0

(8-b)
(9-a)

0

(9-b)

(10-a)

0
0
6
0
0

(10-b)

vl (M

2

(€)
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4) 0 0 0 3 0
®)) 0 0 0 0 3

In the above table, some of them are easily induced from the other. Let us denote
P+ Q when Q is induced from P. That is;

[1](1) = [11](1) by considering D, - D3 = D%.

[11](2) > [1I](1) by considering the inverse.

[1I11(3), (4), (5) > [1II](3), (4), (7) respectively, by D, - D} = D%.

[TIT](3), (5), (8) > [III]1(2), (4), (7) respectively, by considering the inverse of
each member.

[TV](3-Db), (4-b), (6-b), (7-b), (8-b), (9-b), (10-b) +» [IV](3-a), (4-a), (6-a), (7-a),
(8-a), (9-a), (10-a) respectively, by considering the inverse of each member.

[V1(5) = [V]1(4), by considering the inverse.

We see that [TIT](6), [TV](9-a) and (10-a) cannot come from Riemann surfaces by
Proposition 2.2, (1), (3) and (2). We see also that [IV](9-b) and [IV](10-b) cannot come
from Riemann surfaces. Indeed, we see that [IV](9-b) +[IV](9-a) and [IV](10-
b) = [IV](10-a). However, the following five cases come from Riemann surfaces as we
can see in the proof of the next Theorem:

(1) (2,0,0,1,1), (1,0,0,2,1).

2) (0,0,2,2,0), (0,0,1,3,0).

3) (0,0,0,2,2), (0,0,0,3,1).

Thus we have determined all cases which do not come from Riemann surfaces.
We shall express this fact in terms of (ny, ..., ng) in (x), because it is more directly
related to the group G.

THEOREM. Assume that G satisfies the CY- and RH-conditions. If G does not come
from a Riemann surface of genus g then (n,, ..., ng) is equal to one of the following:
1M (4,1,1,1,2,2) (g=43),
2 ©,1,1,1,1,0) (g=19),
3) 0,2,0,2,2,1) (g =40),
4 (0,0,2,2,2,1) (g=40),
6 0,2,1,3,2,1) (g=49),
6) (0,1,2,3,2,1) (g=49).

Proor. By Propositions 3.2, 3.3 and 3.4 it is sufficient to prove that the reduced
members in Proposition 3.4 come from Riemann surfaces except in the five cases (2)-
(6). Further, the surjectivity is easy to show and so we shall show only the relation.
Here, for example, in [II](1) we mean A+ B+ C*D=E and {A4, B, C, D)=GL(3, F,).

111 0 1 1 0 1 1
[11] (1) A=<0 1 0>, B=<0 1 o>, C=<1 0 0>,
0 0 1 11 1 0 0 1
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A

[I11](1-a)

1
1
0
(1-¢) A=<

A=

(1-b)

0
1
1

(&)



1

[1V1(1-a) A1=<0
0

1
AF(O
0

(1-b) A,=A2=<0

(1-¢c) A1=<

(2-0)

(3-a)

1

0

1
0
0

(=]

—_ 0 -

—
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1 0 1 0O 1 o0 0o 0 1
(4-a) A=<0 1 1>, D,=<1 0 1>, D’1=<1 0 l>.
0 0 1 1 0 O 0o 1 0
1 0 O 0O 0 1 0 1 1
(5-a) Bl=<0 0 1 > BZ=<I 0 0>, C=<0 1 0>.
0 1 1 0O 1 0 1 0 O
(5-b) In (5-a), put B,, C;=B,B, and C,=B;'B,.

1 0 0 0 0 1
(6-a) 31=<o 0 1 BZ=<0 1 0>, D=
1 10 1

1 1 0
) o)
0 1 1 0 0
0 1 0 0 1 0 0 0 1
(7-a) B=<O 1 1>, D1='<0 1 1>, D’1=<0 1 1>.
111 1 0 1 111
1 1 0 1 1 0 0 0
6 c< 0 1), c2=<o 0 1>, D,=<o 1>
1 0 0 0 1 0 1 1

—
—

1
[Vl (1) A1=A6=<0 10
0 0 1

1 0 0 0 0 1
) Bl=<0 0 1>, B,=B;!, B3=<1 0 o>, B,=B;'.
1

0 1

1 0 1 0 1 0 0 1 1
3) C,=<o 0 1>, cz=<1 0 1>, c3_<1 1 0)
0 1 0 0 0 1 0 1 0
0 0 1 10 1 0 0 1
@) D1=<1 0 1>, D’1=<1 0 0>, D’;=<o 1 1>
0 1 0 0 1 1 111

We see easily what we stated just before the Theorem.

1 ,0,0,1,1)»(0,0,1,1,1); (1,0,0,2,1) > (1,1,0,0,1).

2) (0,0,2,2,0)+»(0,1,0,2,0); (0,0,1,3,0)>(0,1,1,1,0).

3) (0,0,0,2,2)+»(0,1,0,2,0); (0,0,0,3,1)+(0,1,0, 1, 1).

Finally, for the GL(g, C)-conjugacy of the groups the proof is the same as that of
Proposition 3.2. q.ed.
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