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ON CONNECTION ALGEBRAS OF HOMOGENEOUS
CONVEX CONES

By

Tadashi TsujI

§1. Introduction.

Let V be a homogeneous convex cone in an n-dimensional vector space X
over the real number field R. If the dual cone of V with respect to a suit-
able inner product on X coincides with V, then V is said to be self-dual. By
using the characteristic function of V, we can define a canonical G(V)-invariant
Riemannian metric gy on V, where G(V) is the Lie group of all linear auto-
morphisms of X leaving V invariant. Let us take a point eV and a system
of linear coordinates (x%, x2, ---, x® on X. Then, a commutative multiplication
O is defined in X by

xY(a0b)y=— E}erfk(e)x’(a)xk(b) (l=i=n)
I

for every a, be X, where I'}, means the Christoffel symbols for the canonical
metric gy with respect to (x%, x?% ---, x"). The structure of the algebra (X, O)
is independent of choosing the point e and the system of linear coordinates
(x4, x2, ---, x®). This algebra (X, O) is called the connection algebra of V (cf.
[13], [14]). A commutative (but not necessarily associative) algebra A over R
is said to be power-associative if the subalgebra R[a] of A generated by any
element a< A is associative.

The aim of the present note is to prove the following assertion: If the
connection algebra of a homogeneous convex cone V is power-associative, then V
is self-dual (Theorem 1.

It is known that any Jordan algebra over R is power-associative (cf. e.g.
[3] or [7). So, from this, we have the known result by Dorfmeister [2]: A
homogeneous convex cone V is self-dual if the connection algebra of V is Jordan.
On the other hand, it is known that a commutative power-associative algebra
over R having no nilpotent element is Jordan (cf. chap. 5 of [7)). From this,
we can see that a power-associative connection algebra is necessarily Jordan.
Therefore, the above assertion is contained in [2], but our method used here is
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elementary and quite different from that of [27]. In fact, we will start out from
the theory of T-algebras developed by E.B. Vinberg and use an identity for a
power-associativity condition on a connection algebra. And also, we will make
use of the results on the invariant Riemannian connection for the canonical
metric obtained in the previous papers [9], [11].

Throughout this note, the same terminologies and notation as those in the
author’s previous papers will be employed.

§2. Preliminaries.

In this section, we will recall the fundamental results on homogeneous con-
vex cones and T-algebras due to Vinberg. Detailed description for them may be

found in [12], [13], [14].

Let A= > A;; be a T-algebra of rank » provided with an involutive anti-
1st,jsr

automorphism *. A general element of ,; will be denoted as a;;, and also an
element of A will be denoted like as a matrix a=(a;;), where a;; is the U;;-
component of a=U. From now on, the following notation will be used:

ni,-=dim QIU (1=q, J=r),

1 1 )
ni=1+——12 "kt+‘2— 2 Nk 1=i=r),

2 15F<i ilksr

Spa= XY nau (a=(ay)eW),

1sisr
2.1) (a, b)=Sp ab* (a, beN).
From the axiom of T-algebra (cf. p. 380 in [[13]), it follows that the scalar

product (,) defined by (2.1) is positive definite and the numbers {n;;}<;, j<- satisfy
the following condition :
(2.2) max{n, n;} Sni
for every triple (7, 7, k) of indices i<j<k satisfying n;;n;,#0.

Let us define subsets T=T(), V=VA) and X=X(A) of A by

T={t=0t,)eNU; tyu;>0 (1=i<r), ti;=0 (A=5j<i=n)}
and
V={tt*;teT}CX={xeWU; x*=x}.

Then V=V () is a homogeneous convex cone in the real vector space X and T
is a connected Lie group which acts linearly and simply transitively on V. Con-
versely, every homogeneous convex cone is realized in this form up to linear

equivalence.
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Let e=(e;;) be the unit element of the Lie group T. Then e;;=4d;; (Kronecker
delta) and e=V. The tangent space T, V) of V at the point ¢ may be
naturally identified with the ambient space X and also with the Lie algebra t of
T. On the other hand, the Lie algebra t may be identified with the subspace

> A;; of A provided with the bracket product: [a, b]=ab—ba. A canonical

1sisjsr
linear isomorphism between t and X is given by

(2.3) E:ract= 3 WU, — at+a*eX=T(V).

1sisjsr
The canonical Riemannian metric g, at the point e¢ determines an inner product
{,> on t via the isomorphism & by

<a, b>=gy(e)&(a), £(b)

for every a, bet. Concerning two inner products (,) and <, >, we have the
following relations (cf. p. 389, p. 391 and p. 392 in [13]):

{aij, bijy=2(as;, bi)=2(a¥, b¥ (1=i<jsr),

(2.4)

@i, bi>=4(ass, bis) 1=:=r).
(2.5) aijbjp, Cik>:<a;.!<jcik, bjro=Xaij Cikb}!‘k> (I=i<j<k=r).
(2.6) Uiz, We>=0 (@, N+(k, D).

We now put

1
2.7 i= T =8 ii Sisr).
2.7) e 2\/nie =D (1<Z:i<7)
Then
(2.8) ledi=1.

Here, |a| denotes the norm of an arbitrary element a<t with respect to the
inner product <, >.

The connection function a« and the curvature tensor R for the canonical
Riemannian metric g, are described in terms of the Lie algebra t and the inner
product <, > as follows (cf. Nomizu [4]):

a: txXt—t,

2a(a, b), c>=<[c, a], b>+<a, [c, bI>+<[a, b], ¢>
and
R: tXtxXt—t,

2.9 R(a, b, c)=R(a, b)c=ala, a, c))—ab, ala, c))—a(la, b], ¢)
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for every a, b, cet. The multiplication O in X defined in §1 determines a
multiplication O in t via the isomorphism & (cf. [2.3)) as follows:

a0b=£"1(a)DéD)

for every a, bet. Then it is known that the identity
(2.10) a0b= 5 EE@EB +ED)E@)

holds for every a, bt (cf. in p. 389 of [13]). In the present note,
the algebra (f, 0) thus obtained is called the connection algebra of V=V (). It
is known in Proposition 1 of Shima that the curvature tensor R has the
following expression :

(2.11) R(a, b, ¢c)=bo(aoc)—ao(boc)

for every a, b, cst.

§3. Power-associativity.

In this section, (1, ©) always denotes the connection algebra of a homogeneous
convex cone V=V () in X(N) given in §2. By making use of the results ob-
tained in and [1II], we will calculate a condition for the connection
algebra (, O) to be power-associative in terms of the curvature tensor R.

It is known in Albert that a commutative algebra (4, O) over R is
power-associative if and only if the identity

3.1 (a0a)o(aoca)=ao0(ao(a0a))

holds for every ac A. Therefore, by [2.11) and [3.1), the connection algebra
(t, 0) is power-associative if and only if the identity

3.2) R(aoa, a, a)=0

holds for every ac<t.
From now on, we will prove two lemmas on the necessary conditions for
the connection algebra to be power-associative. We first prove the following

LEMMA 1. If the connection algebra (t, O) is power-associative, then the
equality ny=n; holds for every pair (i, j) of indices i<j satisfying ni;#0.

Proor. By [2.3) and [2.10), we have
3.3) aoa=£""¢(a)s(a)=5"((a+a*)(a+a%))

for every act. Putting a=a;; (¥0) in (3.3), we have
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1
aoa:“2“<aija;!<j+a?§aij)ewii+mjj .
By (2.4) and we have
2 1
<aija>1!<jy e>=4 Sp((aija;!‘j)ei)::/’isp(aija;kj):7'77;“01:]“2
and
(atay, ep=——layl*
tjUij, € '\/le ij .

By using the formulas (1) in Lemmas 3.1 or 3.2 of and the formula [2.9),
we get

1 1 1
(3.4) R(ei; aij, ai]')———4—”a”|| (,\/n:ﬁ;e.’ —Ei—ei>
and
1
2 ) — —
Riey aus @)= laul( o).

Therefore, by the condition [2.8), we have

1
R(aoa, a, a)=—2—(<a,-ja;"], ey R(eq, a, a)+<aka;; e;pRie;, a, a))

:_'” ”2(\/**13(91: a;jy az])+ \/ﬁR(eJy a;j, aw))

From this and [3.2), we get

R(aoa, a, a)— 8 lall ('—““" (\/1A‘3z \/#e,> 0,

which means n;=n;. q.e.d.
We next show the following

LEMMA 2. If the connection algebra (t, O) is power-associative, then the fol-
lowing two identities hold:

1) la¥ GQiel®=

1
271,1;
and

1
@) Hauea}“kllz=*27;Ilajk|lzllaikll2

fOV every ai,ESXU, ajkeQIjk and a“,EQIik (Z<]<k>

Proor. We first show the identity (1). Since the equality in (1) holds tri-
vially for the case of ny;n;,=0, we may assume that n;n;,#0. By
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we can put n;=n;=n,=m. Let usput a=a;;+a;, in (3.3). Then, by and
we have

aoa:xii+xjj+xkk+xjk:
where

1 1
xiizi(aua?‘j—f‘aikafk), xjj:—z'a’ikjaij,

Xrr=-—50a%a:;r and x;,=a¥a;.

1
2
Similarly as in the proof of Lemma 1, we have

_ L _
(35) Xii= 2~/ Hall e; and Xpp— 2\/7’{”01.17” €p (p——], k) .

We now consider the UA;;-component of R(aoa, @, a). Using a well-known
identity on the curvature tensor (cf. the formula (1.14) of [1I]), we get

<R(aoa,~ a, a)) ei>:_<R<aoa) a, ei)) a> .

From the condition (1.12) of and the formula it follows that the
identity

R(aoa, a, e;)=R(x4i, a4j, e))+R(x4, aip, €:)+R(xjj, asj, e;)
+R(Xkr ik, €0)+R(xj1, 15 €))F+R(xjr, Qir, €3)

holds. On the other hand, by using Lemmas 1.1 and 2.2 of [9], the formulas
(2.9) and [3.5), we obtain the following formulas:

R(xiil aip, l) 8 \/ ”a” alp
and
R(pr, Qip, €;) = 8m \/ ”azp” Qip (p=y, k).
Furthermore, we have
—1 —1 *
R(x e, aij, ei):maijxjk:’maij(aijaik)
and
R _ * . —1 *
(xjk, Qir, €5)= *47Eaikxjk —*m aik(aikaij)

(cf. the condition (1.14) of and the formula used in the proof of Proposition
5.1 of [1I]). Hence, from the conditions [2.5)] and [2.6), it follows that

1 1
{R(aoa, a, a), ei>=m(llai";aikllz—ﬁllaullzllaikllz)
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holds. From this, we have the equality (1).

We proceed to showing the equality (2). Similarly as in the above case, we
may assume that 7;,n,;,#0 and also we may put n;=n,=n,=m. By putting
a=a;r+a;;, we have

A0a=2Xyu+ X+ XeatXis,
where

1 1
XuZm”GikHzei, Xj;= 2\/7%—”0“”221,

1
xkkzzx/-n?”a”zek and xijzaika?"k-

Similarly as in the above case, we have
1 1
R(aoa, a, e;) ::m”aik”gR(ei, Qi ek)+m:|[ajki|2R(ej: Qjky 1)

+ 2«1/73% lall®*(R(er, ajr, ex)+R(ex, ais, er))

+R(xij, Qjr, €r)+R(xsj5 Qiz, 1) .

By using the following formulas (cf. Lemmas 1.1 and 2.2 of and the condi-
tion [2.9)):

R(es, @i, er)=—R(es, Qs ek):—maik»

—1 —1
R(xij, Qjr,y ek):‘mxijajk :W7(aika?k)ajk

and
—1 * —1 *
R(xij; Qi ek):mxijaik :m(aﬁaik)aik »
we have
1 x 112 1 2 2
(R(ao0a, a, a), ek>:m<l]aikajkll —W”aik” lla;l )
Therefore, by la;raXl?=1/2m)| a;.)?|la;.|? holds. qg.e.d.

§4. Main result.

In this section, we prove the theorem stated in § 1 by making use of the
lemmas obtained in § 3.

We now have the following

THEOREM 1. If the connection algebra of a homogeneous convex cone V is
power-associative, then V is self-dual.
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PrOOF. By the result of Vinberg recalled in §2, we can assume that
V is realized as the cone V(%) in terms of a T-algebra A= 3 A;;. We first

1st, jsr
show that the equality n;,=n;, holds for every triple (7, j, k) of indices <j#
k+: satisfying the condition n,;;#0. In fact, let us consider the case of /< j<k.
Then, by (1) of the linear mapping: x €%, ,—akxY;, is injective
for an arbitrary non-zero element a;;%;;. Hence, we have n;,<n;,. Combin-
ing this with the condition (2.2), we get the equality n;,=n;,. We proceed to
the case of ;<k<j. By (1) and (2) of we can see that both of the

linear mappings:
x€W; — x*a;;€WUy; and yeW,; — a4,;y*€Ws,

are injective for every non-zero element a,;=%;;. Therefore, we have the equality
nix=n;, Finally, we consider the case of #<:<j. Similarly as in the above
cases, by using (2) of we can easily see that the equality n;,=n;,
holds in this case. Therefore, the kernel of the T-algebra U coincides with %
(cf. p. 69 of Vinberg or Lemma 2.2 of [11]). On the other hand, it is
known in that V=V (¥) is self-dual if and only if the kernel of U coincides
with 2. Hence, V is self-dual. q.e.d.

Several characterizations of homogeneous self-dual cones are known. Com-
bining the result obtained above with them, we can state the following

THEOREM 2. For a homogeneous convex cone V. in X=R", the following six
conditions are equivalent:

(1) The connection algebra of V is power-associative.

(2) V is self-dual.

(3) The connection algebra of V is Jordan.

(4) V is Riemannian symmetric with respect to the canonical metric gy.

(5) The tube domain D(V)={z=C"; Im z€V} is Hermitian symmetric with
respect to the Bergman metric of D(V).

(6) The level surface of the characteristic function of V is Riemannian
symmetric with respect to the metric induced from (V, gy).

In fact, the implications (2)—(3)—(1) have been proved by and (4)—(2)
has been obtained in [8], [9] or [11]. It is known in [5], that the conditions
(2) and (5) are equivalent and the condition (2) implies the condition (4). The
implications (4)<(6) are found in [10]. By [Theorem 1, we have the implication
(1)—(2) (For (3)—(2), see also [2].), and so the conditions stated above are mutually
equivalent.
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THEOREM 3. For a homogeneous convex cone V in R* (n=2), the following
three conditions are equivalent.

(1) The connection algebra of V is associative.

(2) The curvature tensor for the canonical metric gy is identically zero.

(8) V is linearly isomorphic to the product cone of the half-lines of positive
real numbers.

PROOF. As was stated in § 2, we can assume that V is realized as the cone
V() by means of a T-algebra %Izlsg‘_;sr A;; of rank ». The implications (1)«(2)
follow from the formula due to Shima recalled by [2.1I). The condition (3)
implies that V is isometric to the product Riemannian manifold of the half-lines
of positive real numbers. Hence, we get (3)—(2). By the formula in the
proof of Lemma 1, we can see that the condition (2) implies n,;=0 for every
pair (¢, 7) of indices 1=/<;j=<r. Hence, A=U;;+WAss+ - +A,.. From this and
the construction theorem of homogeneous convex cones due to Vinberg
recalled in § 2, it follows that the implication (2)—(3) holds. g.e.d.
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