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Abstract. This paper is concerned with the final value problem for a system of semi-
linear wave equations. The main issue is to solve the problem when the nonlinearity
is of a long-range type. By assuming that the solution is spherically symmetric, we
shall show global solvability of the final value problem around a suitable final state,
and hence, the generalized wave operator and long range-scattering operator can be
constructed.
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0. Introduction

In this paper we consider the final value problem for the following system
of semilinear wave equations:

O?u — Au = [0p|P in R? xR,

(0.1)
92v — Av = |0u]? in R? xR,
where 1 <p<gq, A=Y, 02, 0; = 9/0x;, and 0; = 0/0L.
First of all, we shall recall known results for single wave equations with
the corresponding nonlinearity:

0?u — Au = |Qul’  in R xR, (0.2)

where p > 1. If 1 < p < 2, then the classical solution of the initial value
problem for (0.2) generically blows up in finite time no matter how small
the initial data are (see [6]). On the other hand, if p > 2, then there exists
globally in time a mild solution of the problem for small initial data (see
for instance, [5], [11]). Moreover, the final value problem for (0.2) has been
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treated in [5]. Namely, for a given final state which is a solution of the
homogeneous wave equation:

#ut —Aut =0 in R®xR, (0.3)
one can find a unique solution to (0.2) satifying
Hu(t) - u+(t)HE —0 as t— o0,

provided ||ut(t)||g is small enough. Here ||w(t)| g stands for the energy
norm of w(x,t), i.e.,

ol = 5 [ (D@0 + 10,0, O )da.

As a consequence, the wave operator W, is defined by
(u™, 0pu™t) (2, 0) — (u, Opu)(z,0).

Solving (0.2) in (—o0,0] x R? around a free solution, we would define W_,
similarly. Then the scattering operator S = (Wy)~'W_ would be con-
structed in a neighborhood of the origin in the energy space.

We shall now return to the semilinear system (0.1). It was shown by
Deng [1] that if g(p — 1) < 2, then the classical solution of the initial value
problem for (0.1) blows up even for the small initial data in general. Thus
we assume in what follows that

alp—1)>2. (0.4)

Then, it was shown by Kubo, Kubota, and Sunagawa [7] that there exists
globally a radially symmetric solution of the problem for small initial data,
by assuming (0.4). Moreover, the global solution tends to a solution of the
following system of homogeneous wave equations:

Gtzwo — Awo = 0, 87521}0 — AUO =0 in Rs X R, (05)

if p > 2. On the other hand, when 1 < p < 2, the global solution does not
approach any solution to (0.5) of finite energy, but tends to a solution of the
following type of system with a suitably chosen F'(z,t):
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O*w — Aw = F(x,t), 0?v—Av=0 in R®xR

in the sense of the energy (see also Kubo and Takaki [8] where the case of
p = 2 was handled without assuming the radial symmetry). Hence, we may
call the nonlinearity in (0.1) a long-range type when 1 < p < 2.

In order to formulate the final value problem for (0.1), we need to specify
the final state to which the solution of (0.1) tends as ¢ — +oo. In view of
the result about the single wave equation (0.2), a natural choice of the final
state may be the solution to (0.5). However, we meet difficulties to solve
(0.1) around it for 1 < p < 2, because the nonlinearity then becomes a long-
range type. Therefore, we need to choose the final state, by making use of
the nonlinear structure. Moreover, when 1 < p < 2, a function z +— |z|P
is of class C', so that the loss of derivatives would not be recovered. For
this reason, we treat only radially symmetric solutions to the system (0.1)
throughout this paper. If we write

u(z,t) =ui(|z],t), wv(z,t) =u2(|z], 1), (0.6)

then (0.1) becomes to

{aful — (02 + 20, )uy = |0pualP in r>0, teR, 0.7

02y — (83 + %&)ug =|0wu1|? in r>0,teR.

Now, the final state is chosen as in the following way. When p > 2, we
simply take the free solution (wg,vo) as the final state (see Theorem 2.2
below). When 1 < p < 2, we first assume (p — 1)(¢(p — 1) — 1) > 1. Then
we may choose the first iterate (wy,vg) of (wg,vg) as the final state, where
wi (7, t) is a solution of

2
0?wy — (83 + T&)wl = |OwplP for r>0,teR (0.8)

(see Theorem 2.4 below). If we drop the additional assumption, we need to
iterate (wp, vo) several times so as to gain the integrability of the right hand
member (see (2.30), (2.31) below). Then one can solve (0.7) around the ¢-th
iterate in a suitable metric space given by (4.36) below, provided

(p—1)%*q—-1)>1 (0.9)
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(see Theorem 2.5 below). We remark that this is a stronger condition than
(0.4) and that it is an open question whether (0.9) can be removed or not.
Since the initial value problem for (0.7) can be solved in the same function
space used for the final value problem (see Theorem 2.6 below), we are able
to construct a long-range scattering operator for (0.7).

We observe that this kind of modification goes back to the seminal work
of Ozawa [9] for the nonlinear Schrodinger equation (see also [2], [3], [4], [10],
for instance). To our knowledge, this paper provides the first result on the
wave equation in this direction.

This paper is organized as follows. In the next section we collect no-
tation. In the section 2 we present our main results. The section 3 is a
summary of [7, Section 4]. We refine Theorem 6 and Theorem 7 in [7] so
that one can take a parameter v to be positive. The section 4 is devoted to
proving the main theorems.

1. Notation

First we introduce a class of initial data:

— —

V() = {F'= (£,9) € C'(R) x C(R); f(-r) = f{r) (r € R),

—

rf(r) € C*(R) x C*(R) and ig}g (1 —I—T)V‘H]F(’I“)H‘ < 5},

where v € R, ¢ > 0 and

L7 = £+ @+ ) @)+ g)) + (7 ()] + 19 (7))

Next we define several function spaces and norms. Let s =1 or s = 2.
First of all, we introduce a basic space of our argument:

X* ={u(r,t) € C*(R x [0,00)); ru(r,t) € C*(R x [0, 00)),
u(—r,t) = u(r,t) for (r,t) € R x [0,00)}.

For r > 0 and ¢ > 0 we put

[u(r, )]z = [u(r,t)] + (L+7) Y |0%u(r, ) +7 ) |0%u(r,t)]

la|=1 lov[=2
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if u € X2, and

[u(r, )] = [u(r, )]+ Y 10%u(r,t)|

laf=1

if u € X', where 0 = (9,,0;) and « is a multi-index. For v € R, we define
Banach spaces:

X*(v)
2*(v)

{u(r,t) € X% [Jul|xs@0) < oo},
{u(r,t) € X% [Jul

ZS(V) < m},

where we have set

lullxsy = sup [u(rt)]s (1+|r—1])", (1.1)
r>0,t>0

|ullzs(y = sup [u(r,t)]s(l—l—r—i—t)”*l(l—i— |r —t]). (1.2)
>0, >0

Notice that X*(v) € Z*(v) if v < 1, while Z°(v) C X*(v) if v > 1. In
the application, we shall use the wider space to which a component of the
solution of (0.7) belongs. For example, when 1 < p < 2 and ¢(p — 1) > 2,
we look for a solution (u1,uz) of (0.7) in Z2(p — 1) x X%(q(p—1) — 1).

For notational symplicity, we shall denote ||w(| - |,t)||g by ||w(t)| g for
a function w(r,t).

2. Main Results

2.1. Existence of wave operators

When p > 2, the evolution obeying (0.7) is well characterized by the
homogeneous wave equation. For this, we first recall known facts about the
initial value problem for the homogeneous wave equation (see e.g. [7]):

2
Uy — (u,«r + ur> =0 in (0,00) x (0,00), (2.1)
r

(u, Ogu)(r,0) = f(r) for r>0. (2.2)

The solution of this problem is expressed by
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K[A(r 1) = = {/TH)\ (A)dwi[ﬂ )\f()\)d)\}. (2.3)

2r t —t

Moreover, we have

Proposition 2.1 Lete >0, v > 0. If f € Y, (¢), then K[f] € X2(v) and

HK[']E]HX2(II) < Ce (24)

holds, where C' is a constant depending only on v.
We set
ki=p—1, kKe=q—1 (2.5)
for p > 2. Our main result in this subsection is as follows.

Theorem 2.2 (Existence of a wave operator) Let 2 < p < q. Then
there is a positive number o (depending only on p and q) such that for
any € € (0,e0], one can define Wy = (WJ(rl),Wf)) from Yy, () X Yy, (g) to
Y., (2¢) x Y, (2¢) by

WfL F)(r) = (g ;) (r,0) - (G =1,2), (2.6)
where (u1,uz) € X2(k1) x X2(ka) is a unique solution of (0.7) satisfying

Jur(t) — K[F)0)|| , + Jua(t) = K[f](®)]|, =0 as t—o0  (2.7)

I

for each (f1, f2) € Yy, (€) x Y, (€). Moreover, we have for r > 0

}HW(I) [f1, Fa)(r (M| (1+ 7)™ < CeP, (2.8)
W (f1, fal(r) — f2<r>m<1 +r)R2 < Cel, (2.9)

provided f; € Y, (e) (j = 1,2) and 0 < € < &g, where C is a constant
depending only on p and q.

Our next step is to construct the inverse of W, based on the existence
result given in Theorem 1 of [7] about the initial value problem for (0.7)
with
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(u1, Opur)(r,0) = G1(r), (u2,dwus)(r,0) = FGo(r) for r >0, (2.10)

where (@1, B32) € Yy, (€) X Yy, (). Let (u1,uz) € X%(k1) x X%(k2) be the
unique solution of the problem satisfying

||U1‘|X2(m) + HU2HX2(/<;2) < 2Cpe (2.11)

with Cy the constant in (2.4). Note that (u1,us2) satisfies the following
system of integral equations:

uy = K[G1] + L(|0wuz”),  ug = K[Fa] + L(|0yua|?). (2.12)
Using the solution (ui,u2), we define
w =wu; — R(|Opuz2|?), v =uy— R(|Opu1]?). (2.13)

Here, L and R are integral operators associated with the inhomogeneous
wave equation whose definition will be given in (3.3) and (3.8) below, re-
spectively. If we set

fi(r) = (w(r,0), pw(r,0)), jg(r) = (v(r,0), dv(r,0)) (2.14)
for r > 0, then we see that
w=K[fi], v=K[fa). (2.15)

Now we state the result for the inverse of W, .

Theorem 2.3 (Existence of the inverse of a wave operator) Let2 < p < q.
Then there exists a positive number £y (depending only on p and q) such
that for any ¢ € (0,&¢], one can define (W)™t by (F1,P2) € Y, (g) ¥
Yy, (&) — (f1, f2) € Yy, (26) X Yy, (2¢) so that (2.7) is valid. Here (uy,us)
is the solution of (2.12) satisfying (2.11), and (f1, f2) is defined by (2.14)
Jor (@1, @2) € Vi, () X Yy (e).

Moreover, we have for r > 0

| £1(r) = G1()[| (1 + 1) < Ce?, (2.16)

1 F2(r) = Ga(r)|| (1 + )2 < Ce, (2.17)
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provided @g; € Yy, (¢) (j = 1,2) and 0 < ¢ < g, where C is a constant
depending only on p and q.

Remark Now we are in a position to conclude the existence of a scattering
operator for (0.1). Asin Theorem 2.2, there exists a positive number €1 such
that for € € (0,e1] one can define W_ = (Wil), WEQ)) 1Y, (e) x Y, (e) —
Y, (2¢) x Y, (2¢) by

WOIFL £)0) = (w5, 005)(,0) (G =1,2),

where (u1,u2) € X2(k1) X X2%(k2) is a unique solution of (0.7) satis-
fying (2.7) with ¢ — oo replaced by t — —oo. Therefore, if we put
g9 = min{ey,e0/2} with ¢ being from Theorem 2.3, then we are able to
define S = (W, )7'W_ : Y, (g2) X Yy, (g2) — Yy, (2¢0) X Y, (220), which
is called a scattering operator, thanks to Theorem 2.3.

2.2. Existence of generalized wave operators
In this subsection we consider the case where 1 < p < 2. We set

ki=p—1, ke=g¢qlp—1)—1 (2.18)
for 1 < p < 2. While, when p = 2, we take k; and k5 in such a way that
O<kri <l<ka<qg—1, @Kk =kKo+1. (2.19)

For instance, k1 = (¢+2)/(2q), k2 = q/2 satisfy the above conditions. Note
that 0 < k1 < 1 and k2 > 1 in both cases, by the assumption (0.4).

First of all, we present a result for a special case of Theorem 2.5 below,
because it would make easy to recognize the statement for the general case.
Namely, we assume that 1 < p < 2 and the following stronger condition on
p,q than (0.9):

rike = (p—1)(glp—1) —1) > 1. (2.20)
In order to have an analogue to Theorem 2.2, we define
Eilfy, o) = K[Ai] + L(10.K[f2])

(for the definition of L, see (3.3) below), and replace the final state
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(K[A], K[f2]) by (wi,v0) = (Kilf1, fo], K[f2]) € Z2(k1) x X?(k2) which
is a solution of the initial value problem for

{&gwl — (83 + %8r)1U1 = [Oywol? for >0, t R, (2.21)

02vy — (83—%%8,«)7}020 for r>0,teR
with
(w1, Opwy)(r,0) = ]?1(7”), (vo, Osvo)(r,0) = fZ(T) for r >0, (2.22)

where (f1, f2) € Y, (€) x Yy, (¢). Then, we have the following.

Theorem 2.4 (Existence of a generalized wave operator; a special case)
Let 1 < p < q. Suppose that 1 < p < 2 and (2.20) holds. Then there exists a
positive number eg (depending only on p and q) such that for any € € (0, &0,
one can define W+ = (/WV/J(:), V[N/f)) fromY,, (e) XYy, (g) to Yy, (2e) x Yy, (2¢2)
by

W, 1) = (ug, 0 (r,0) - (G =1,2), (2.23)
where (uy,uz) € Z%(k1) x X?%(k2) is a unique solution of (0.7) satisfying
[ur(8) = K1 [f1, ) (O] + Jue(0) = KIf)(0)]| ; = 0 as ¢ — o0 (2.24)
for each (f1, f2) € Yy, (€) X Yy, (€). Moreover, we have for r > 0
W0 17, 1) = A1+ ) < CetHEmDaqr g )=l (2.25)
and
WP, 210) = )|+ 7)™ < Ce, (2.26)

provided f; € Y, (e) (j = 1,2) and 0 < € < &g, where C is a constant
depending only on p and q.

Remark When p = 2, we have only to assume ¢ > 2, instead of (2.20). In
fact, if we replace the right hand side of (2.25) by Ce'*?(14r)~(#2=%1) then
the conclusions of Theorem 2.4 remain valid (for the needed modification of
the proof, see the remark after the proof of Theorem 2.5).
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Next we relax the condition (2.20) to
Kiko > 1+ K% — K1, (227)

which is equivalent to (0.9), while we shall keep 1 < p < 2. In the previous
case, it suffices to iterate just once for getting wy = K| ﬁ, ﬁ] as a final
state for u;. However, in order to treat the general case, we need to iterate
several times to obtain a suitable final state for u;.

First we define a sequence {a;}?2, by ap = 1 and

aj+1 =ri1(a;j — 1)+ ke for j >0, (2.28)

explicitly we have

ko — k1 (ko —1)(Kk1)? )
;= — fi > 0.
YT . 1— rp ors =

Observe that {a;}22 is strictly increasing, a; < (kg —#1)/(1—51) for j > 1,
and lim; o a; = (k2 — K1)/(1 — k1). Since p < 2 and (2.27) yield

1 Ko — K1

a=1<—< = lim ay,
K1 1—ry j—00
there exists a nonnegative integer £ such that
1 1
a > — ap < —. 2.29
> s (229)

Next we introduce a sequence {(wj,vj)}fié as follows: For (f1, fa) €
Y., (e) x Y, () we set

wy = wo + L(|0pwo|P), wo = K|[f1],

—

v1 = v + R(|Oqw1]?), w0 = K[fa].
Moreover, we define

w1 = wj + L(|0pv;]P — |0y -117)), (2.30)
vjt1 = vj + R(|Oyw;j1|? — |Opw;]9) (2.31)
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for 1 < j < ¢. Here L and R are integral operators given by (3.3) and
(3.8), respectively. Since wj; is determined by f; and f, we shall write
w; = Kj[ﬁ,f;] Notice that for 1 < j7 < /+ 1, we have

O?w; — (0% + 20,)w; = |0vj_1|P for r >0, t €R,
{t] ( r)J ’tJ1| (2.32)

O}v; — (02 + 20, )v; = |Oyw;|4 for »>0,teR

and (w;, Oyw;)(r,0) = fi(r) for r > 0.
The following theorem shows that K] ﬁ, f_é] is a final state for wuy.

Theorem 2.5 (Existence of a generalized wave operator) Let 1 <p < q.
Suppose that 1 < p < 2 and (2.27). Assume k1a¢ < 1 in addition to (2.29).
Then there exists a positive number g (depending only on p and q) such
that for € (0,20], one can define W, = (/W\;j_l), /V[Z(_Q)) from Yy, (e) x Yy, (e)
to Yy, (2¢) x Yy, (2¢) by (2.23), where (u1,uz) € Z2(k1) X X?(k2) is a unique
solution of (0.7) satisfying

Jur(t) = Kea[fr, R)0)]| p + [Jua(t) = K[R)(#)], = 0 as t— oo (2.33)
Jor each (f1, f2) € Yy, (€) X Y, (€). Moreover, for r > 0, we have (2.26) and
W17, f0) = Al (14 7)™ < CePe(a4m)=mleenb (2.34)

provided f; € Y (e) (j = 1,2) and 0 < € < &g, where C is a constant
depending only on p and q. Here we put

By=1+({p—-1)(¢+Lp+q-2)).

Remark If 1 < p < 2 and (2.20) holds, then (2.27) is valid and k1as < 1
is satisfied for £ = 0. Therefore, Theorem 2.4 follows from Theorem 2.5.

On the other hand, suppose k1ay = 1 (notice that we have ¢ > 1 in
this case). Then we need to modify the statement of Theorem 2.5 a little.
Letting § be a number satisfying

0<d<ap—ap, K,%(S < Kiag+1 — 1, (2.35)

we define



92 H. Kubo and K. Kubota

ap=a;—0, and ajp,, = ki(ay— 1) + K2 (= a1 — K106). (2.36)
Observing that
ar—1 < ap<apy, kay<l, and kiap, > 1, (2.37)

we can show the statement of the theorem with aysy; in (2.34) replaced by
/
UASE

Our next step is to construct the inverse of W+, based on the existence
result in Theorem 1 of [7] for the initial value problem (0.7) and (2.10). Let
(u1,uz) € Z%(k1) x X2(k2) be the unique solution of (2.12) satisfying

luill z2(xy) + lu2llx2(ny) < 2C0e (2.38)

with Cy the constant in (2.4). Using the solution, we set w§ = K[@],
vy = ug — R(|0¢u1]?). Moreover, when ¢ > 1, we define for 1 < j </

w; = wy + L(|8tv;f_1|p), (2.39)
v = vy + R(|0wj]?). (2.40)

We further define
w* = uy — R(|Opuz|? — |0y |P), (2.41)

which we wish to regard as a final state for u;. If we set
fi(r) = (w*(r,0),0yw*(r,0)) for r >0, (2.42)
fa(r) = (v3(r,0), 0w (r,0))  for r >0, (2.43)
then we see that v and w* are represented as
w* = K[fi] + L(9wilP), v = KIf3]. (2.44)

Now we state the result for the inverse of W+.

Theorem 2.6 (Existence of the inverse of a generalized wave operator)
Let the assumptions of Theorem 2.5 be fulfilled. Then there exists a positive
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number g (depending only on p and q) such that, for any e € (0,&¢], one can

define (W)~ by (@1, B2) € Y, (€) X Yiy (€) v (f1, f2) € Vi, (2) X Yy, (2€)
so that

Jur (¢) — (K[f1] + L(1000; ) (t)]| , — 0 as t — o0, (2.45)

|us(t) — K[fa)(t)]|, = 0 as t— o0 (2.46)

0

hold. Here (ui,ug) is the solution of (2.12) satisfying (2.38), (f1, f) is
defined by (2.42), (2.43), and v; is given by (2.40) for (P, P2) € Yy, () X
Y., (e).

Moreover, for r > 0, we have (2.17) and

Mﬁ(r) - 951(7“)’“(1 + T‘)m < CE,‘BZ(l 4 ,,,.)—Kl(a€+1_1)7 (2.47)

provided g; € Y. (¢) (j = 1,2) and 0 < ¢ < €o, where C is a constant
depending only on p and q.

Remark In view of Theorems 2.5 and 2.6, we find that a long-range
scattering operator is defined by S = (W, )~1W_, similarly to the remark
given in the below of Theorem 2.3.

3. Inhomogeneous wave equations

In this section we give a refinement of Theorems 6 and 7 from [7], by
assuming a = c = 1.
First we consider the following initial value problem:

Uy — (ur,n + iur> = F(r,t) in (0,00) x (0, 00), (3.1)
u(r,0) = (Opu)(r,0) =0 for r > 0. (3.2)

The solution of this problem is given by

r+(t— s)
L(F)(r,t) / ds/ F(\, s)dA. (3.3)
27’ (t—s)

In order to study the qualitative property of L(F'), we set
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My(F)= sup [F(rt)[r*(1+r)°(14+r+t)7(1+|r—t))°, (3.4)
r>0,t>0
M\ (F) = My(F)+ sup |0,F(r,t)[r* L (14r)P7 (14 r41)Y (14 |r—t|)°.
r>0,t>0
(3.5)

for «, 3, 7, and 6 € R. Then we have

Proposition 3.1 Let F € X'. Then we have L(F) € X%. Moreover, if
Mg _1(F) with s =1 or s = 2 is finite for a« <3 —3s, f € R, v >0, and
0 > 1, then there exists a constant C depending only on o, B, 7, and § such
that

IL(F)x) < CMaca(F) if ot Bty >2, (3.6)

IL(F) |z (atprr—1) S CMsa(F) if 1<a+pB+7<2, (3.7)

where v = min(a + 8+ v — 1,6).

Proof. Note that the statement follows from the case v = 0, since (1+ XA+
s)77 < (14 A)77 when v > 0. Therefore, applying Theorem 6 in [7] where
the case v = 0 was shown, we conclude the proof. O

Next we study an integral operator

(s— t)+7‘
R(F / ds / FO\, $)d), (3.8)
(s—t)—r
related to the final value problem. Indeed, if F € X! and
sup |[F(r,t)|(14+ )P0 4+r+t)71A+|r —t)° < oo (3.9)
r>1,t>0

for B+~ > 2, § € R, then we have R(F) € X! and it satisfies
(07 = A)R(F) (||, t) = F(|xl, 1) (3.10)

in the distributional sense on R3 x (0, 00). The following result will play an
essential role in this paper.

Proposition 3.2 If F € X! and M, _1(F) with s = 1 or s = 2 is finite
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fora<3—s, 8,7 €R, and 6 > 1 satisfying a+ G+~ > 2, then R(F) € X*
and there exists a constant C depending only on «, B, v, and & such that

1=(F)]

where p = min(a+ 3 — 1,9).

ZS(M"F’Y) S CMS_I(F), (311)

Proof.  Since the statement for 7 < 0 was shown in Theorem 7 in [7], it
suffices to prove it for v > 0. The argument in [7] imply that R(F') € X* is
valid also for v > 0. Hence it remains to show (3.11).

It follows from (3.8) that

(s— t)+7‘
R(F)(r,t) 27“/ ds/(s Y r| F(X, s)dA,

since AF'()\, s) is odd in A. Observe that if A > |(s —t) — r| and s > ¢, then
we have A+ s > r+t,so that (14+A+s)"7 < (1+7r+¢)~7 when v > 0.
Therefore, if a4+ § > 2, one can reduce the proof to the case v = 0 which
was already shown in [7].

Suppose, on the contrary, that a + 3 < 2. We take a positive number
p > 0 satisfying

2—(a+B)<p<di+tl—(a+p), p<vy (3.12)

and set 3 = B +p, v =~ —p. Then we have a + 3 > 2,9 >0 and § > 1.
Applying the result in the preceding case with 3 and ~ replaced by 8’ and
respectively, we obtain the needed conclusion, because min(a + ' —1,§) =
min(a+3—14+p,0) =a+F—1+pand p =min(a+F—1,0) =a+[—1.
This completes the proof. O

4. Proof of Main Results

4.1. Proof of Theorems 2.2 and 2.3

First we prove Theorem 2.2. Suppose p > 2. Let (fi, f2) € Y, () x
Y., (e) with 0 < ¢ < 1, and set wy = K[f1], vo = K[f2]. Then it follows
from (2.4) that

[woll x2 (k1) + [voll x2(ry) < Ce. (4.1)
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Recall that ki =p—1>1and ke =q—1> 1.
We shall solve the following system of integral equations:

U1l :wo+R(|8tu2\p), U2 :v0+R(]8tu1|q),

(4.2)

where R is defined by (3.8). To this end, we define T'(u1,uz) = (T™ (us),

T (u1)) by
TW (uy) = wo + R(|9u2P), TP (u1) = vy + R(|0pu1|?).
For £ > 0 we introduce a metric space
D, = {(u1,uz) € X% x X2 d((uy,uz), (wo,v0)) <},

where we have set

d((u1, ug), (ui, u3)) = [lur = willz2(s,) + U2 = Uzl 22 ()

First we prepare the following.
Lemma 4.1 Let (uq,u2) € D.. Then we have
1
HT( )(UQ) - wOHzQ(Hl) S CEP’

|7® () < Cet.

- UOHZQ(KQ) =
Moreover we have

1T (u2) = T ()

ey < €Mz~ vl
HT(2)(UI) - T(2)(u>1k)HZ2(,€2) < ngiluul - u>1kHZ2(m)

fOT (u17u2); (UT,U;) € DE'

Proof.  First we observe that if (uq,us) € D, then we have

HulHX?(nl) + Hu?HXz(m) < Cg,

due to k1, k2 > 1 and (4.1).

(4.3)

(4.4)

(4.5)

(4.6)

(4.9)

We start with the proof of (4.5). In view of (4.3), it suffices to show
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[ R(|0uz|”)|| z2(x,) < CE. (4.10)

We see from (4.9) that M (|0;us|?) < CeP holds for « =y =0, § = p and
0 = pka, where M;(F) is defined by (3.4) and (3.5). Since a + [ +~v—1=
k1 > 1, by (3.11) with s = 2 we get (4.10), which implies (4.5). Analogously
we obtain (4.6), because kg > 1.

Next we show (4.7). It follows from (4.3) that

TW (ug) — TW (u3) = R(|8,usz|P — |0pus|P). (4.11)
Since p > 2, we see from (4.9) that
M (|0puslP — [Opu3|?) < CePHiug — w3l 22(xy)

fora=0,=p,y=ke—1l,and § =1+ (p— 1)ke. Sincea+ B +vy—1=
k1 + k2 —1>1, by (3.11) with s = 2 we obtain

HR(|8tU2|p — ‘atu§|p)HZ2(nl+nz—1) < C&p_1||u2 — U;HZZ(@)-

In view of (4.11), we get (4.7), since k3 > 1. Analogously we have (4.8),
because ¢ > p > 2. This completes the proof. O

End of the proof of Theorem 2.2. We see from Lemma 4.1 that there ex-
ists a positive number €y depending only on p and ¢ such that if 0 < & < &g,
then we have T'(uq,us) € D, and

d(T(uy, u2), T(ui, u3)) < 27 d((ur, u2), (uf, u3))
for (u1,us2), (uj,u3) € D., namely, T is a contraction on D.. Hence we
find a unique solution (u1,usz) € D, of (4.2). Here and in what follows, we

suppose that 0 < & < ¢ and (uq, ug) is the solution.
Since T™M (us) = u; and wy = K[fi], it follows from (4.5) that

[(ur — K[fi])(r, )], S CeP(L+r+ )" DA+ |r—t)~" (4.12)

Therefore we have
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(w1 = K[AA])(t)]| 5 < CeP(1+t)~ 1D (/000(1 +Ir = t!)zdr)m
< CeP(1+4¢)~(m—b (4.13)
for t > 0. Analogously by (4.6) we get
[(uz — K[f2])(t)]| , < Ce(1 + )~ (x2=1) (4.14)

for t > 0. Hence we obtain (2.7).
Moreover, we easily get (2.8) by taking ¢ = 0 in (4.12). Analogously,
(2.9) follows from (4.6). Thus we prove Theorem 2.2. O

Next we show Theorem 2.3. Let (uj,us) € X?(k1) x X?(ka) be the
unique solution of (2.12) satisfying (2.11). Then we see from (2.13) and
(2.15) that (2.7), (2.16) and (2.17) follows from (4.10) and

[ R(|10su1|?)[| 22 (ry) < CeT. (4.15)

By virtue of (2.11), (4.10) can be shown as before. In the same way we
obtain (4.15). Thus we prove Theorem 2.3. O

4.2. Proof of Theorems 2.5 and 2.6

Throughout this subsection, we assume the assumptions of Theorem 2.5
are valid. In particular, k1 and ko are then defined by (2.18). We start by
showing the following basic estimates.

Lemma 4.2 Let v € X?(ky). Then L(|0;v|P) € Z?(k1) and we have

HL(|atU|p)”Z2(nl) < C||vaX2(I€2) (416)
While, let w € Z?(k1). Then R(|Oyw|?) € Z%(k2) and we have
HR(‘atw|q)”Zz(n2) < CHw”qzz(Hl) (417)

Proof. For v € X?(ks), we have
[w(r, )]z < [[vllx2ge,) (14 [r —2) 7",

so that M (|0sv|P) < pHvHi—Q(@) holds for « =0, 8 =p, v =0, and 0 = pka.
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By Proposition 3.1 with s = 2 we get L(|0;v|P) € Z?(k1) and (4.16), since
a+B+v—1=k1 <1andd=pry > 1.
On the other hand, for w € Z2(k;), we have

[w(r, )]z < [wllz2(e) (L + 7+ A+ r =)

so that M (|0,w|?) < q||w||qZ2(m) holds for « = 0, 8 = § = ¢, and v =
qK1—q = ka+1—q. By Proposition 3.2 with s = 2 we get R(|0;w|?) € Z?(k2)
and (4.17), since o + 3+ — 1 = ko > 1. This completes the proof. ([

Next we examine the qualitative property of {wj}ﬁi(l) and {v; }ﬁi}) de-
fined by (2.30) and (2.31). As a corollary of Lemma 4.2, we derive the
following estimates.

Corollary 4.3 Let0<j<(+1,0<e<1 and f; € Yy, (e) withi = 1,2.
Then w; € Z*(k1), v; € X?*(k2), and we have

lw;ll z2(x,) < Ce, (4.18)
[vjllx2(xz) < Ce. (4.19)
Besides, we have
[wi — wol| z2(,) < CeP, (4.20)
o1 = vollz2(y) < Ce7. (4.21)

Proof.  Since fy € Yy, (¢), by Proposition 2.1 we get vy € X2(k2) and (4.19)
for j = 0. Analogously we have wy € X?(x1) and |Jwol|xz2(s,) < Ce. Since
0 < k1 <1, we find wg € Z%(k1) and (4.18) for j = 0.

Next suppose that (4.18) and (4.19) hold for some j with 0 < j < /.
Since wj+1 — wo = L(|Oww;|P) by (2.30), we have wji; — wy € Z%(k1)
and [|wji1 — wollz2(s,) < CeP, using (4.16) and (4.19). Hence we get
lwjtillz2(s,) < Ce for 0 < ¢ < 1 and (4.20) by taking j = 0 in the
above. Analogously we obtain |[vj11 — vollz2(k,) < Ce? by (2.31), (4.17)
and (4.18). Therefore, [|vji1||x2(k,) < Ce for 0 < e <1 and (4.21) holds,
because ko > 1. The proof is complete. O

The following estimates are crucial in the proof of Theorem 2.5 for £ > 1.
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Lemma 4.4 Let1<j</{,0<e<1and f; €Yy, (¢) withi=1,2. Then
wjt1 —wj € Z3(k1a;), viz1 —v; € Z*(aj41), and we have

ij-i-l - ijZl(nlaj) < Cgbjithila (422)

[vj+1 = villz1(a;41) < Ceb, (4.23)
where we put by, = g+ k(p + q — 2) for a nonnegative integer k, and

ij+1 - wj”ZQ(Hlaj) < C837717 (424)

ijJrl - vj||Z2(aj+1) < CgBj71+q_17 (425)

where we put By =1+ (p — 1)by. for a nonnegative integer k.

Proof.  Observe that (4.21) implies (4.23) for j = 0, since by = ¢ and
a] = Ro.

First we show that if (4.23) holds for some j with 0 < j < ¢ — 1, then
(4.22) with j replaced by j + 1 holds. It follows from (2.30) that

wjro —wiy1 = L(G(vj41,v5)), G(v,v") = [0’ — |0 |P (4.26)

for 0 < j < ¢ — 1. Note that if v, v* € X?(ky) and v — v* € Zl(aj+1), then
we have

G (v, v")(r,7)]
< plde(v = 0)|(|0r0] + |00 )P~}
< pllv = v* 210y (10l x2(00) + 07 1x2000) )P
X 1 4+ r) TPV g ) T@n T (] e —g])TETRR2 L (4.27)

In addition, we have

147+ t)—(aj+1—1)(1 +r— t|)—1—mm2
S (1+r+t)—ﬁl(aj+l_1)(1+ ’T_tD—Hl—I{g’ (428)

since 0 < k1 <1 and ajy1 > Ka.
Applying (4.27) to G(vj+1,v;) and using (4.19), (4.23) and (4.28), we
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obtain
Mo(G(vj41,v5)) < CelitPt

for « =1, B = k1, v = K1aj41 — K1 (> 0), and 0 = K1 + k2. Since
a+B+v—1= rKiaj41 < Kiae and k1ap < 1 from the assumption in
Theorem 2.5, if we apply (3.7) with s = 1 to the right hand side on (4.26),
then the desired estimate holds. In particular, we have (4.22) with j = 1,
since (4.23) is valid for j = 0.

Next we show that if (4.22) holds for some j with 1 < j < ¢, then (4.23)
is valid for the same j. It follows from (2.31) that

Vi1 — vy = R(H(wjg1,wy),  H(w,w®) = Bpl? — g0 (4.29)

for 1 < j < {. Note that if w, w* € Z%(k;) and w —w* € Z'(k1a;), then we
have

| H (w, w")(r, t)]
< 4|0 (w — w*)|(|0pw] + |0pw*)*~"
< qllw — w21 (cyay) (W]l 2200 + 107 2200))* "

« ’r‘_l(l + r)_(q_l)(l +r 4+ t)-(‘]—l)(m—l)—(maj—l)(1 + ”I“ — t|)—q.
(4.30)

Applying (4.30) to H(wj41,w;) and using (4.18), (4.22), we obtain
Mo(H (w41, w5)) < Ce”

fora=1,8=q¢q—-1,7v=aj41+1—-¢qg,and d =¢q. Sincea+F+v7—-1=
aj+1 > 1, if we apply (3.11) with s = 1 to the right hand side on (4.29),
then the desired estimate holds. In conclusion, we have proven (4.22) and
(4.23) for 1 < j <.

Next we show (4.24) and (4.25). Observe that if we put B_; = 1, then
(4.25) with j = 0 follows from (4.21).

First we show that if (4.25) holds for some j with 0 < j < ¢ — 1, then
it, in combination with (4.23), implies (4.24) with j replaced by j+ 1. Note
that if v, v* € X?(k2) and v — v* € Z*(aj4+1), then we have
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{4+ )]G (v, 0")(r, 8)] + 7(0,G (v, 07) (r, 1)}
X TP (1 47 4 )R (@ =1 (1 g — gyt
< 2p{llv = 0151 (0, 1012000
+ v = v 220000 (10l x2002) + [0 x2002))" 7"} (4.31)

In fact, similarly to (4.27), we have

* * * -1
G(v,v*) (1, 8)] < pllv — 1" 220, 41) (V][ x2000) + [0 | x2(02))"
X (147)"P(1+7+¢) @71 4 |p — ¢])"17mak2,
Since 1 < p < 2, we obtain
|0-G (v, v™)(r, t)]
< 2p|0y(v — v*)[P7H8,0pv] + P8, 0, (v — v*)| B0 [P
* —1
< 3l — vl ol
xr P(1+r+ t)*"“(aj“*l)(l +|r—t) "
* *xp—1
+pHU -v ”Zz(aj+1)HU ”&2(&2)

X 7“_1(1 + T')_(p_l)(l +r+ t)_(aj+1—1)(1 4 ‘74 _ t‘)—l—ﬁlHZI

By (4.28) we get (4.31).
Applying (4.31) to G(vj+1,v;) and using (4.19), (4.23) and (4.25), we
obtain

M1 (G(vj41,v5)) < CeP= Dbt CeBiatpta=2

fora=p—-1(<1), B =1,v = Kiaj41 — K1, and 6 = K1 + Ka. It is not
difficult to see that

Bj<Bj_1+p+q—2 (4.32)

for 0 < j < ¢ (recall B_; = 1). Therefore we have M;(G(vj;1,v;)) < CeBi.
Since a+f+v—1 = Kki1aj41 < kiae < 1, if we apply (3.7) with s = 2 to the
right hand side on (4.26), then the desired estimate holds. In particular, we
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have (4.24) with j = 1, since (4.25) is valid for j = 0.

Finally we show that if (4.24) holds for some j with 1 < j < ¢, then
(4.25) is valid for the same j. Note that if w, w* € Z?(k;) and w — w* €
Z?*(k1aj), then we have

{4+ ) H (w, w) (r, )] +r|0-H (w, w")(r, )]}
X (14797 1 4 r 4 )@ Dm—DFra; =11 41 ¢])9
< P llw = w* || z2(eyay) ([0l 2201y + 10 | 220)) (4.33)

since ¢ > 2. Applying (4.33) to H(wj41,w;) and using (4.18), (4.24), we
obtain

Mi(H(wji1,w;)) < CePimrtat
fora=0,8=0=qand vy =aj;1+1—gq. Since a+F+v—1=a;;q > 1,if

we apply (3.11) with s = 2 to the right hand side on (4.29), then the desired
estimate holds. In conclusion, all the asserion of the lemma is proven. [

Our next step is to solve the following system:
up = wer1 + R(G(ug,v0)), w2 = vp41 + R(H (u1, wes1)), (4.34)

where G(v,v*) and H(w,w*) are the notations from (4.26) and (4.29), re-
spectively. We define T'(uy,us) = (T™M (ug), TP (uy)) by

TM (ug) = weyr + R(G(uz, vr)), (4.35)
T® (ur) = verr + R(H (w1, wey))-

For € > 0 we introduce a metric space
D. = {(u1,u2) € X* x X?; d((u1,u2), (Wes1,ve41)) < s(pfl)be}, (4.36)

where by = ¢+ /4(p+q—2) and we have set d((uy,usz), (ui,u3)) = dq(ug,uf)+
do(ug,ud) with

p—1

dl(ul?ui) = ”ul - uﬂ|22(/€1ae+1) + Hul - UT||Z1(I€16L¢+1)7

-1
da(uuz,u3) = s — 03 22 aps) + 2 — w5l .
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We shall show that 7" is a contraction on D., provided ¢ is small enough.
First of all, we prepare the following.

Lemma 4.5 Let (uy,uz) € D. with 0 < e < 1. Then we have
lu1llz2(ky) + Ju2ll x2(ky) < Ce (4.37)

and

dy (u1,weq1) < z-:(pfl)bf, da(ug,v) < CeP—be, (4.38)

Proof. First we prove (4.37). Notice that agy; > k2 > 1 and (p — 1)by >
(p—1)q = k2 + 1. Then (4.37) follows from (4.18) and (4.19) with j = ¢+ 1.

Next we prove (4.38). The first inequality is apparent. On the other
hand, in order to get the second one, it suffices to show da(vey1,vp) <
Ce(P=b When £ = 0, it follows from (4.21) that

da(v1,v9) < C(e? +eP~D9) < Celp=Da

for 0 < € < 1. While, when ¢ > 1, it follows from (4.23) and (4.25) with
) = { that

da(vpy1,ve) < OB 071 4 gP=Die),

Since

Bioi+q-1=p-Db+2-p)p+qg—1)>(p—1)be

for £ > 1, we obtain the needed estimate. This completes the proof. O

The following estimate will play a basic role in proving that T is a
contraction on D..

Lemma 4.6  Let us, uj € X2(ka) satisfy us —ul € Z*(aps1) and
[uallx2(ra) + l[Us ]l x2(re) < Ce- (4.39)
Then we have

HR(G(U2>u;))||Z1(/€1ae+1) < CEpilHUQ - u;HZl(aHl) (440)
[R(G(ug, )| 22 (myapyn) < CeP™Hdo(un, u3). (4.41)
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While, let uy, u} € Z*(k1) satisfy uy — ul € Z*(k1ae41) and

lurllz2(ey) + lunllz2(ey) < Ce. (4.42)

Then we have
IR(H (w1, ui))l| 21 (arsn) < T Hlur = uill 21 (sra000)s (4.43)
IR(H (ur, ui))ll 22(arsn) < C*Hur = uillz2(mra,10)- (4.44)

Proof.  First we prove (4.40). It follows from (4.27) with j = ¢, (4.28) and
(4.39) that

Mo(G(uz,u3)) < Ce"Hluz = u3]| 210y

fora =1, f =K1, v = K1ap+1 — K1, and § = K1 + k2. Applying (3.11) with
s =1 to G(uz,ul), we get (4.40), because

a+pf+v—1=rkKiam1 >1, (4.45)

by virtue of (2.29).
Next we prove (4.41). It follows from (4.31) with j = ¢, (4.39) that

M1 (G(uz,u3)) < CeP~ dy(uz, uj)

fora=p—1,8=1,v = Kia¢41 — kK1, and § = K1 + Ko. Since (4.45) holds
for these o, # and ~y, we obtain (4.41) by (3.11) with s = 2.

Next we prove (4.43). It follows from (4.30) with j = ¢+ 1 and (4.42)
that

Mo(H (u1,u7)) < Ce®Hur — uill 21 (syar 1)
fora=1,6=q—-1,vy=ap12+1—¢q,and § =¢q. Sincea+pF+vy—-1=
ag4+2 > 1, by (3.11) with s = 1, we get (4.43).

Finally we prove (4.44). It follows from (4.33) with j = ¢+ 1 and (4.42)
that

M (H (uy, u7)) < Ce™Hlur — il 22 (ya,10)

fora=0,=d=qand y=apya+1—¢q. Sincea+B+~v—1=ap12 > 1,
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(3.11) with s = 2 yields (4.44). The proof is complete. O
Corollary 4.7  Let (u1,u2) € D, with 0 < e < 1. Then we have

dy(TD (ug), wpp1) < Ce®@=Dbete=1)% (4.46)

dz(T(z)(m%wH) < Ce=Dbet(p-1)(a-1) (4.47)
Moreover, we have

dy (TD (ug), TM (u5)) < C=P~D" dy (g, ub), (4.48)

do (TP (uy), TP (u?)) < Ce®P= D@D, (ug, ul) (4.49)

for (ui,u2), (uf,u3) € D, with 0 <e < 1.

Proof. Tt follows from Lemma 4.5 that if (uj,us) € D, and 0 < ¢ < 1,
then we have (4.37) and

Hul - w€+1"Z2(N1a5+1) =+ Hu2 - ’UfHZQ(ae+1) < Cg(pil)ba (450)

Hul - we-i-l”Zl(NlaeH) + Hu2 - Wuzl(ae“) < Ce". (451)

We start with the proof of (4.46). By (4.35) we have T (ug) — weyq =
R(G(u2,vg)). Therefore, applying the preceding lemma, we get (4.46). Sim-
ilarly, since T (u;) — vey1 = R(H (u1,wey1)), we obtain (4.47).

Next we prove (4.48). By (4.35) we have TW(uy) — TW (u}) =
R(G(ug,u3)). Since da(ug,us) < 2P~V for (uy,us), (uf,u’) € D, the
preceding lemma shows (4.48). Similarly, we obtain (4.49). This completes
the proof. O

End of the proof of Theorem 2.5. We see from Corollary 4.7 that there ex-
ists a positive number ¢y depending only on p and ¢ such that if 0 < & < &g,
then we have T'(u1,us) € D, and

d(T(uh u2)7 T(U’){v u;)) < 271d((u17 u2)7 (UT, u;))

for (ui,us2), (ui,ud) € D, namely, T is a contraction on D.. Hence we
find a unique solution (u,ug2) € D, of (4.34). Here and in what follows, we
suppose that 0 < € < g and (u1, uz) is the solution.
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Next we prove (2.33). Since (4.19), (4.37) and (4.51) yield
[uall x2 () + Vel x2(ng) < Ce, Ntz = vell 21(apsy) < C™, (4.52)
applying (4.40), we obtain
[R(G(ug,ve))(r, )]y < CeP™1Hbe(1 4 )~ (mraeni=D (1 4 | —¢)) 7L, (4.53)
In view of (4.34), we have
(w1 = wea)(O)]| < O™ (14 p) = (aaem=h) (4.54)
for t > 0. Similarly, by (4.18), (4.37), (4.51), and (4.43), we get
I(uz = ve1) (B) ]| < Ce™ 0 (14 1)~ (@er2 =D (4.55)
for t > 0. Moreover, it follows from (4.21) and (4.23) that
(Vo1 — vo) ()] < Cel(1+741)~F2=D(1 4 |r —t]) 7, (4.56)
so that
[(ves1 — vo) (@) ||p < Ce¥(1+¢) =27 b), (4.57)

Thus we obtain (2.33) from (4.54), (4.55) and (4.57).
Next we prove (2.34). Since (w41, Orwes1)(r,0) = f1(r), it suffices to
prove

[R(G(ug,v0))(r,t)]2 < CeBe(1 4 r 4 t)~Fraeni=D (1 4 |p —¢))~1  (4.58)
Using (4.31) and (4.52), we have
M (G(uz, ve)) < C(eP + e Hug — vel| 22(ays1))

fora = k1, B =1, v = Ki1ap41 — K1, and 6 = k1 + ka. It follows from (4.25)
and (4.32) that

Ep_1||/vz+1 - /UKHZZ(CLH-I) < CgB[
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for 0 < e < 1. We see from (4.34), (4.35) and (4.47) that

€p71HU2 _ W—i-lHZ?(aHl) < Ce(P—Dbet+(p—1)q

Since (p — 1)g = ko + 1 > 2, we therefore obtain
Ml(G(’LLQ,U[)) < CE—:BZ
for 0 < e < 1. Since (4.45) is satisfied for those «, (3, 7, and §, applying
(3.11) with s = 2, we get (4.58).
Finally we show (2.26), which follows from
HUQ — U()HZ2(,€2) S CEq. (459)
Let 0 < e < 1. By (4.33), (4.18) and (4.50) we have

My (H (u1, wppq)) < Ce?™1+@=Dbe < 0ga

fora=0,=d=qand y=ap2+1—gq,since (p —1)by > (p—1)qg > 2.
Noting a + f+ v — 1 = ag42 > 1 and applying (3.11) with s = 2, we get

||ua — W+1||Z?(a4+2) < Cel,
in view of (4.34). While, we see from (4.21) and (4.25) that
|ves1 — voll z2(ny) < Ce?,

since aj41 > ko and B;_; > 1 for j > 1. Therefore we obtain (4.59). Thus
we complete the proof of Theorem 2.5. O

Remark When p = 2, Lemma 4.2 and Corollary 4.3 with £ = 0 remain
valid, in view of (2.19). We replace (4.36) by

D, = {(u1,u2) € X% x X?; |lur — will z2(y) + lluz — v1ll 22(sy) < 7).
Notice that we have

[1B(G (ug, u3))|| 22 (ny) < Cellug = us]| 22(xa),
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instead of (4.41), because M1(G(uz,u3)) < Cellug — u3|| z2(s,) for a = 0,
B=2v=kKy—1,and 06 =1+ ko (remark that a + f+v—1 = Ky > 1).
Proceeding as in the proof of Theorem 2.5, we find the desired conclusion
stated after Theorem 2.4.

Next we prove Theorem 2.6. Similarly to the proofs of Corollary 4.3
and Lemma 4.4, one can establish the following lemma.

Lemma 4.8 Let 0 < ¢ <1 and g; € Yy, (¢) with i = 1,2. Then w} €
Z%(k1), vi € X?(k2), and we have

[wjllz2 (ry) + 105 ]| x2(ra) < Ce (4.60)

for 0 < j < L. Moreover, uy —w} € Z*(k1ay), ug —vj € Z*(aj41), and we

have
||’LL1 — ’w;”Zl(,ilaj) < C&bj_1+p_1, Hu2 — v;||Z1(aj+1) < C€bj, (4.61)
lur = w5l 22 (ya,) < C™72, lug — 0¥l z2(a 1) < CePirtat
(4.62)

for 1 < j < ¥, together with
luz — vgl z2(ky) < Ce?. (4.63)
Here b, and By, are defined in Lemma 4.4.

End of the proof of Theorem 2.6. Let (u1,u2) € Z?(k1) X X?(k2) be the
unique solution of (2.12) satisfying (2.38).
In order to prove (2.45), it suffices to show

[R(G(uz, v})(r, )]s < CeP" 0L 4 4) "o (1 4 |r — 1)1,
in view of (2.41) and (2.44). The needed estimate can be deduced from
(2.38), (4.60), (4.61), and (4.63), similarly to (4.53).
Next we show (2.47). By (2.41) and (2.42), it is enough to prove
[R(G(uz, v})(r,0)]2 < CeP* (147 + 1)~ e =D (L4 |r — )~

Similarly to (4.58), we obtain the desired estimate from (2.38), (4.60), (4.62),
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and (4.63).

Finally we show (2.46) and (2.17). Since it follows from (2.44) that

uy — K[fa] = ug — vg, we see that (2.46) and (2.17) are consequences of
(4.63). This completes the proof of Theorem 2.6. O
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