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COARSE SHEAF COHOMOLOGY FOR FOLIATIONS:
CORRIGENDUM

JAMES L. HEITSCH

ABSTRACT. We point out an error in the computation of the coarse
cohomology of the Sullivan foliation in our paper “Coarse sheaf coho-
mology for foliations.”

In [H], we claimed to have computed the coarse cohomology of the Sullivan
foliation. However, Proposition 6 of [H] contains an error, which makes the
computation incomplete.

Recall that the Sullivan foliation F' is a one dimensional foliation of the
compact manifold M = T'5?% x S? with all leaves compact, but with the
volumes of the leaves unbounded; see [S]. T1S? is the unit tangent bundle
of §2. For —1 <t < 1set Ty = T'S? x {(z,y,2) |z = t}, where (z,y, 2)
are global coordinates on S? C R>. Then the foliation on T4 is given by
the fibers of m : T18? — S2. For —1 < t < 1, T, is saturated by the leaves
of F and the length of each leaf in T} is f(t), where f : (=1,1) — R is a
smooth positive function with lim;_,4+1 f(¢t) = co. Set T = T3 UT—;. The
computations H?(L*) = Rys—r and HI(L*), =0 forz € M — T and ¢ > 0
given in [H] are correct. Proposition 6 of [H] is now

CONJECTURE. Forallz €T, and ¢ > 0, H1(L*), = 0.

Given this, the isomorphism HX*(F) ~ H*(M,T; R) follows immediately
since T is closed in M.

In the proof of Proposition 6 of [H], we claimed that we could assume
that for z € T, any element of H*(L*), is represented by a cochain which
is completely independent of u. This does not follow from our argument.
What the construction in [H] does is to eliminate any dependence on the T
coordinates, but it does not eliminate dependence on those M coordinates
transverse to 7. This has the effect of reducing the computation of H*(L*),
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to the computation of H*(L*)(g,0) for the metric family
Fr={UxR)/Z,d" =, U}.

Here U ~ D? with coordinates uy, us, and if (uy, us) # (0,0), then a generator
of the Z action takes (ui,usz,7) to (ug,us,r + (u3 + u2)~t). There is no
identification on the fiber (0,0) x R. « : (U x R)/Z — U is the natural
projection and for each u € U, dY is the metric on {u} x R/Z induced from
the usual metric on R.

In support of the conjecture, we have the following result.

PROPOSITION.  For all x € T, H'(L*), = 0.

Proof. As stated above, this is equivalent to showing that Hl(ﬁ*)(oyo) =0
for the metric family F,. Let o = [w10 + wo1] € HX'(F,). Then wi
is a 1 form on G; = (U x R)/Z which satisfies the support condition for
coarse cochains, so it has compact support. By restricting to a subset of U
if necessary, we may assume that its support is contained in the subset of G
determined by the subset of U x R given by

{(ur,ua, )| [t < 1/2(ui + u3)}.

Apply the Controlled Poincaré Lemma of [H] to wy ¢ to obtain a new repre-
sentative of o which has wy ¢ completely independent of u. Then dw; g is also
completely independent of u, and as dwy ¢ = dwo,1 (since D(wy,0+wp,1) = 0),
wp,1 must also be independent of u. Thus wp; is a function on Gy = (U x
R x R)/(Z x Z), which is independent of u, and which satisfies the support
condition for coarse cochains. Therefore we may view wp,1 as a function on
R? which satisfies the support condition for coarse cochains (since it satisfies
it on G at (0,0)) and which is periodic in each variable of period (u? +u3)~!
for all (uy,u2) € U, with (uy,u2) # (0,0) (since it defines a function on Gaz).
The only such function is the zero function, so we have wy; = 0. Now write
w1,0 = w(t)dt Then 5w1,0(t0,t1) = ¢(t1)dt1 — ’(/J(to)dto. As 5(4)1)0 = du)o)l, we
have dw; o = 0, which immediately gives w; ¢ = 0. O
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