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Markovian loop soups: permanental processes
and isomorphism theorems”
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Abstract

We construct loop soups for general Markov processes without transition densities
and show that the associated permanental process is equal in distribution to the
loop soup local time. This is used to establish isomorphism theorems connecting the
local time of the original process with the associated permanental process. Further
properties of the loop measure are studied.
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1 Introduction

A Markovian loop soup is a particular Poisson point process £ on paths associated
to a Markov process X. It is determined by its intensity measure u which we refer
to as loop measure. Loop measure for Brownian motion was introduced by Symanzik
in his seminal paper [25] on Euclidean quantum field theory, where it is referred to
as ‘blob measure’, and is a basic building block in his construction of quantum fields.
Brownian loop soup was introduced by Lawler and Werner [20], in their work on SLE
and conformally invariant processes in the plane. Le Jan extended the notion of loop
soups to other Markov processes [12], and this has been generalized further in [14, 15].
In all this work the loop measure is constructed using bridge measures for X. This
requires that X have transition densities. The main point of this paper is to show how
to construct loop measures and hence loop soups for Markov processes which have
potential densities but not transition densities.

Our motivation in studying Markovian loop soups is to better understand the won-
derful and mysterious Isomorphism Theorem of Dynkin, [7, 8], which connects the fam-
ily of total local times L = {L%Z ,z € S} of a symmetric Markov process X in S with the
Gaussian process G = {G,,x € S} of covariance u(x,y). (When X is symmetric, u(z,y)
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Markovian loop soups

is positive definite.) Actually, in the Isomorphism Theorem it is the family of squares
of G, that is G? = {G2%,z € S}, which is connected with L. This theorem is not an iso-
morphism in the usual sense, but the connection between L and G? is sufficiently tight
that it has been used to derive many new properties of the local times, as described
in [23]. This is why we consider the Isomorphism Theorem to be wonderful. We call
it mysterious because it is hard to see intuitively why there should be any connection
between Markov local times and Gaussian processes.

As noted by Le Jan, [13, Theorem 9], loop soups offer a deep understanding of this
connection. Recall that each realization of £ is a countable collection of paths w. Set

L*=>" L% (). (1.1)

weLl

We call L® the loop soup local time at x. A simple application of the Palm formula
for Poisson point processes provides a connection, an Isomorphism Theorem, between
L={L*,z € S}and L = {L*,z € S}. Since L is defined in terms of local times of X
this should not be surprising. What may be surprising is that when X is symmetric then
L = {L*,z € S} has the distribution of G2 = {G2,z € S}! Furthermore, the definition of
(1.1) of L does not require the symmetry of X, so we obtain an Isomorphism Theorem
for non-symmetric X.

In 1997, D. Vere-Jones, [27], introduced the a-permanental process 6 := {0,,z € S}
with kernel u(z,y), which is a real valued positive stochastic process with joint distri-
butions that satisfy

B[]0 | = D] @[] ulws, 2xi), (1.2)
j=1

TEPy J=1

for any z1,...,x, € S, where ¢(n) is the number of cycles in the permutation 7 of [1, n].
In addition, by [27, p. 128], the joint moment generating function of (¢,,,...,6,,) hasa
non-zero radius of convergence. Consequently, an a-permanental process is determined
by its moments. It is not hard to show that in the symmetric case G?/2 = {G?/2,z € S}
is a 1/2-permanental process with kernel u(zx,y), the covariance of G.

In [9], Eisenbaum and Kaspi were able to show the existence of an a-permanental
process with kernel u(z,y) whenever u(x,y) is the potential density of a transient
Markov process X, and use this to obtain an Isomorphism Theorem for non-symmetric
X, where the role played in the symmetric case by the Gaussian squares G2 is now
played by a permanental process. In this paper we will see that the loop soup local time
L is an a-permanental process with kernel u(z, y).

The advantage of using loop soups to construct permanental processes and obtain
Isomorphism Theorems is two-fold. First, as mentioned, loop soups provide an intuitive
understanding of the connection between permanental processes and local times. Sec-
ond, this approach is capable of great generalization. Recent work, [14, 15], uses loop
soups for Markov processes with potential densities u(x, y) which may be infinite on the
diagonal. In this case there are no local times and no permanental processes. Rather,
loop soups are used to prove the existence of permanental fields (indexed by measures
rather than points in S) with which to establish Isomorphism Theorems: for continu-
ous additive functionals in [14], and for intersection local times in [15]. We know of no
way other than using loop soups to prove the existence of permanental fields associated
with not necessarily symmetric X, and the Isomorphism Theorems contain constructs
which seem inaccessible without the loop soup. For example, in the symmetric case
the Isomorphism Theorems contain random variables which are not in the associated
Gaussian sigma field.
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Here is an outline of this paper. The loop measure is constructed and studied in
Section 2. In the short sub-Section 2.1 we show that when transition densities exist, our
definition of loop measure agrees with the standard definition using bridge measures.
In Section 3 we introduce the loop soup and quickly show that the loop soup local time L
is an a-permanental process with kernel u(x,y). In the short Section 4 we use the Palm
formula to prove our Isomorphism Theorem. Further properties of the loop measure are
derived in Sections 5-7. These include invariance under loop rotation, and the behavior
of the loop measure under restriction and space-time transformations. Here again the
novelty is in deriving these properties in great generality and without the assumption
of transition densities.

A recent paper of Lupu, [22], uses the results of this paper to construct a loop soup
for Brownian motion on a simplicial complex associated with a graph. This Brownian
motion does not have transition densities.

Acknowledgements: We would like to thank Yves Le Jan for pointing out the connec-
tion between loop soups and isomorphism theorems.

2 The loop measure

Let S be a locally compact topological space with a countable base. Let X =
(Q, Fi, Xy, 0:, P*) be a transient Borel right process with state space S, and continu-
ous potential densities u(z,y) with respect to some o-finite measure m on S. That is

P [T rxoa) = [wenimman.  vees

for each non-negative Borel function f : S — [0,00). We assume further that u(z,y) > 0
for all x,y € S. This amounts to the assumption that each point is regular, and that
the process is irreducible in the sense that P*(T, < oo) > 0 for all z,y. Then there
is a function (w, s,y) — L¥(w) from Q x [0,00) x S to [0,00) that is jointly progressively
measurable in (w, s) and Borel measurable in y, such that foreach y € S, t — L} is a CAF
increasing only when X is in state y (i.e., a local time at y), and E*(LY,) = u(z,y) for all
z,y € S. This follows from the proofs in [23, Section 3.6] if we choose the approximate
delta functions f, ,(z) used there to be of the form

o Jeldy @)
fey(T) s fe(d(y, z)) m(dz)

where d is a metric for the topology of S, and f. is a continuous function supported on
[0, €], and define LY (w) = lim inf,,_, fot fn-14(Xs) ds. (This is used to show measurability
in y).

Under our assumption that u(z,y) is continuous, it follows as in the proof of [23,
Lemma 3.4.3], that uniformly in =, u(z,y) as a function of y is locally bounded and
continuous. This implies that for any § > 0, the same is true for

(2.1)

uP(z,y) == u(z,y) — ,B/Uﬁ(x,dz)u(z,y), (2.2)

and it follows from the resolvent equation that for each z, u”(z,y) is a density for
UP(z,dy) with respect to m(dy). It then follows from the resolvent equation that for
any «, 8 > 0and all z,y

u”‘(m,y) — uﬂ(‘r7y) _ «a B8 _ B8 e
o —/u (z, 2)u’(z,y) dm(z) —/u (z,2)u“(z,y) dm(z). (2.3)
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Using (2.2) and the resolvent equation for additive functionals we see that

uP(z,y) = E* (/ e_'@tdtL%’> . (2.4)
0

We now show that m(K) < oo for each compact K C S. To see this note first that
from (2.4) and our assumption that u(z,y) > 0 for all z,y € S, that also u!(x,y) > 0 for
all z,y € S. It then follows from the last paragraph that y — u'(z,y) is bounded below
for y € K by a constant C = C(z) > 0. Consequently

C~m(K)§/

ut(z,y) m(dy) < / ul(z,y)m(dy) = UM(x) < 1. (2.5)
K

S

We may take the canonical representation of X in which 2 is the set of right contin-
uous paths win Sa = SUA with A ¢ S, and is such that w(¢) = A for all t > ¢ = inf{t >
0|w(t) = A}. Then X;(w) = w(t). We define a o-finite measure y on (2, F) by

[Fan= [ P (/ TFok dth) dm(z), (2.6)
s o t

for all F-measurable functions F' on (). Here k; is the Kkilling operator defined by
kww(s) = w(s) if s < t and kw(s) = A if s > t. We call u the loop measure of X be-
cause, when X has continuous paths, p is concentrated on the set of continuous loops.
See also Lemma 2.4 below. Even if X is not assumed to have continuous paths we can
verify that p is concentrated on {X, = X.-,( < oo}. To see this, note first of all that
since 1y—u} o k; = 0 for each ¢, it is clear from (2.6) that (¢ = o0) = 0. Then, since L}
is constant for ¢t > ¢, while on ¢t < ( we have (o k; = t,

o o
pr (/ xopx, ) Ok dth> _pe (/ S, ) dth> . 2.7)
0 0

But by right-continuity of paths, the set of times for which X;_(w) either fails to exist or
exists but is different from X;(w) is at most countable, for each w € Q, [4, IV, Theorem
88D], while L7 is continuous in ¢ so that d; Ly has no atoms. Hence (2.7)

1
= P* </ n Liatx,) dth> =0, (2.8)
0
where the last equality used the fact that d; L7 is supported on {X; = z}.

As usual, if F' is a function, we often write u(F') for f Fdpu.

Lemma 2.1. For any k, and any y1,...,yx € S

k
H H Lgé = Z U(yk, yﬂ'(l)) T u(y‘fr(k—Q)a yw(k—l))u(yﬂ(k—l)a yk)» (2.9)
j=1 TEPK_1

where Py_1 denotes the set of permutations of [1,k—1]. When k = 1 this means u (LY}) =
u(y1,y1)-

Proof We present a derivation of Lemma 2.1 suggested by Symanzik, [25]. We first
show that for any k,ao > 0and z,y € S

0 k
V= p* / et [ L d.LY (2.10)
0

=1
= ) U@ 2 @)U (Zr(1) Zr(2) U (Zr(om1)s Zr() U (2 (k) )

TEPk
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To see this, note that

k

Y= Z pe / e*at/ H dLg? d, LY | | (2.11)
rEP 0 {0<s1<-<sp <t} =1
and for each m € P, we have
oo k
Ty = P° / et / 1] a5 dert (2.12)
0 {0<s1 < <sp <t} j=1

oo 2
— p= / </ oot dﬂz%) H dsti’;f(n
{0<s1< - <sp <0} Sk j=1
0o k
— p= / e~ 0sk (/ e—at dtht/> 00, H dstz;r(j)
{0<s1< <8 <00} 0 j=1

Using the Markov property, see for example Theorems 28.7 and 22.8 of [24], and (2.4),
we have

00 k
TIr = pe / e—askEXsk, (/ e—at d]ﬁ[/%}) H deLz;r(])
{0<s1< - <sp <00} 0 j=1

k
P* /{0< e e~ XSk H sz;'(J') ua(zﬂ(k)7y)_ (2.13)
81 < <8 <O j=1

It then follows by induction that
Tr = ua(xv Zﬂ(l))ua('zﬂ(l)v 271'(2)) e ua(zﬂ(k—l)v Zw(k))ua('zﬂ(k}» y) (2.14)

Using (2.11) then proves (2.10).
It follows from (2.10) that

o k
/Pﬂc / e~ T[ L diLy | dm(x) (2.15)
s 0 ol
= > /Sua(%Zﬂ(l))ua(zw(l)&w@))"'u“(zﬂ(kq),Zw(k))ua(zﬂ(k),’I)dm(l’)-
TEP

By (2.4) we have that u”(z,y) T u®(x,y) as 8 | a. Hence by (2.3) and the monotone
convergence theorem

d
/ u®(y, x)u®(z, z) dm(z) = ——u(y, 2). (2.16)
S da
Hence the right hand side of (2.15)
(03 [e3 d (67
== Z U (2r(1), Zr(2)) " U (Zw(k:q),zw(k:))@?ﬁ (Zr (k) Zr(1))- (2.17)
TEPk
The sum is over all permutations of the ‘labels’ of the points zi,..., 2, which in this

expression appear in a circle. By fixing z; and considering permutations = € Py_1, we
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can rewrite (2.17) as

k
d
- Z Z“a(zka Zr(1)) %ua(z‘n'(j—l)v Zr(y) U (Zr(—1), 2k) (2.18)
TE€EPK—1J=1
d « (e} «
= Z @(“ (2 2r(1)) U™ (Zn(i1) Zn(5)) - U™ (Zr(—1)5 2))
TEPK -1

where for notational convenience we set 7(0) = w(k) = k for # € Px_; in the first line.
The second line is the product rule for differentiation.
By (2.4)
lim u®(z,y) = 0. (2.19)

a—r 00

Hence by what we have shown about the right hand side of (2.15)

I

Z /Suo‘(a:, Zr (1)U (Zr(1), 2 (2)) - U (Zr (k) T) dm(x)) da

TEPK
* d
== > / Zo (W (@0 2r () -0 (i), 2i)) - 0 (B, 28)) ded
TEPK_1 0 a
= Y ulzk Zn(1) - W(Zn(i—1)s Zn(s) - W(Zm (1)) 2h)- (2.20)
TEPr—1

Thus by (2.15)

[’} o0 k
Pl (ot ) o) e
0 S 0

j=1

= >z ze)) U za (1)) 22 () W(Zn (k=1 28);

TEPK-1

and Lemma 2.1 follows by applying Fubini’s theorem to interchange the order of inte-
gration. 0O

Let Q*¥ denote the measure defined on (2, F) by

Q"Y(F) = P* (/ Fok dtL;’j> , (2.22)
0

for all F measurable functions F on Q. Since (ok; = (At, it follows that if F, € bF? where
FV is the o-algebra generated by {X,, 0 < r < s} then (Lgessy Fs) o bt = Lienrssy F.
Hence

QY (Ly¢essy Fs) = P° (Fe/ dtL%) (2.23)
= P¥(Fs LY, 06,) = P*(Fs u(Xs,vy)).

We remark that under the measures P*/" = 1L(;_y) Q™ Y, the paths of X are conditioned

to hit y and die on their last exit from y. P*/" is the h-transform of P*, with h(z) =
In the proof of the Isomorphism Theorem we will need the following Lemma.

Lemma 2.2. Foranyk, z,x; € S, j =1,...,k, and any bounded measurable function H
on R* we have
EJP 19 (2014), paper 60. ejp.ejpecp.org
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Proof of Lemma 2.2: Letz,y,z; €S, j=1,...,k. Since L3 ok, = L}, it follows
from (2.22) that
k

o k
Q| [[rx|=P" / [1ze art | . (2.25)
0 .
Jj=1

j=1
It then follows from (2.10) that

k

Q™Y HLié = ZU(m,xwu))u(%(l),xn(z))"' (2.26)

j=1 TEP

e 'U(xw(kfl), %(k))“(%(/«), Y).

Comparing (2.26) with y = x and (2.9) we see that (2.24) holds for all polynomial H.
But it is easily seen from (2.9) and (2.26) that the random variables L?_  are exponen-
tially integrable both under @ and p (L%, -), hence finite dimensional distributions are
determined by their moments. O

Since ( o ky = ( A t, we note for future reference that

wr) = [p ([T 1ron arg) ane) @27)
S 0

_ /px (/OOO (?) o ky dtL§> dm(z)

S
R (?) dm(x).

S

In the sequel we will use the fact that (¢,z) — L¥(w) is an occupation density with
respect to m:

/ F(X,)ds = / f(@)LE m(dz), (2.28)
0 S

for all ¢ > 0 and all non-negative Borel functions f, almost surely. It suffices to prove
this for f > 0 which are continuous and compactly supported. This case follows from
the proof of [23, Theorem 3.7.1], with one change. That theorem assumed the joint
continuity of LY in order to show that the right hand side of (2.28), which we denote by
A, is a CAF. But this can be seen directly. A; is obviously monotone increasing in ¢ and
constant for ¢t > (. Also, using (2.5)

EY(Ay) = /Su(y,x)f(x) m(dx) < oo, (2.29)

hence A,, < oo a.s. Hence the a.s. continuity of A; follows from the dominated con-
vergence theorem after applying Fubini to the fact for each z € S, a.s. in w, L¥(w) is
continuous in ¢. Finally, fix s,z > 0. We have L%, ;(w) = L% (w) + L} 00 (w) foreach z € 5,
a.s. in w. Hence by Fubini this holds a.s. in w for a.e. = € S. From the right hand side
of (2.28) we then see that a.s. in w, As4(w) = As(w) + A 0 05(w), which completes the

proof that A; is a CAF, and hence the proof of (2.28).

2.1 Transition densities

For this sub-Section only, we assume that P;(z,dy) < dm(y) for each ¢ > 0 and
x € S; in other words, P;(z,dy) has transition densities with respect to m. Under this
assumption we give an alternate description of the loop measure. This is the description
found in the literature. Using this description we give a simple proof of the fact that
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the loop measure is invariant under loop rotation. A proof of this fact without assuming
transition densities is given in Section 5. The material in this sub-section will not be
used in the following sections of the paper.

Under our assumption that P;(z,dy) has transition densities with respect to m, it
follows from [6] that we can find jointly measurable transition densities p;(x,y) with
respect to m which satisfy the Chapman-Kolmogorov equation

/ps(;v,y)pt(y,z) dm(y) = psti(z, 2). (2.30)

Assume that p;(z,y) < oo, forall 0 < ¢t < oo and z,y € S. It then follows as in [10] that
forall 0 < ¢t < oo and z,y € S, there exists a finite measure @Q;"¥ on F,-, of total mass
pi(z,y), such that

QY (Fs) = P* (Fspi—s(Xs,v)) (2.31)

for all F; € F; with s < t. In particular, for any 0 < t; < --- < t_1 <t < t and bounded
Borel measurable functions f1,..., fx

k
Qrv [ T] #i(xe) (2.32)

= /sk ptl(T/;yl)fl(yl)PtQ—tl(yhyz)fz(yz)"‘

c Dty—trs Uk—1, Y) fe (U )Pt —tr (Ui, y) dm(yn) - - - dm(yg).

Lemma 2.3.

/Ool/Q (F ok,) dm(z)dt (2.33)

for all F measurable functions F on ).

Proof of Lemma 2.3 Let us temporarily use the notation fi(F') to denote the right
hand side of (2.33). It suffices to show that u(F) = u(F) for all F of the form F =
Hlefj(Xt].), forall 0 < t; < -+ < tp_1 < t < oo and bounded Borel measurable
functions f1,..., fr on S U A with f;(A) =0, j = 1,...,k. Note that this last condition
implies that

k k
H (Xy, 0 k) = Ly any [ £1(Xe)) (2.34)
j=1 j=1
Using (2.32)
oo 1 k
w(F) = / E/ Q" Hfj(th) okt | dm(z)dt (2.35)
0 5 i

_ /too /Q ﬁfj(xtj) dm(z) dt

— /t ;/Sk Pey (2, 91) f1(y1) ey 0 (W1, y2) fo(y2) -+ - Doty (Y1, Uk)

- Sre(Yr) Prti (yr, @) dm(yr) - - - dm(yx) dm(z) dt.
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Similarly, using the Markov property

p(F)

I
e
?

k
001 .
/O ;jli[lfj(xtj)oktst dm(x) (2.36)
0 q k
- /px / - 11 4i(x¢,)dLy | dm(z)
S tr j=1

- /pr 15 (/:Oidthtk) 00y, | dm(z)

j=1 ,

” <1 -
_ /sPL I 7(xe,) BXt (/tk tdtL;‘tk> dm(z)
= /SHlPtl(177y1)f1(y1)pt2—t1(ylvyz)fz(yz)"'Ptk—tk,l(yk—l,yk)

o fr(yr) B (/t:o 1dthtk) dm(z)dm(yr) - dm(y).

For y,x € S, we define the measure I'y ,(-) on [0, co) with cdf:
Fy-,z([ovt]) = EY(LY), (2.37)

so that for all bounded measurable functions g on [0, )

/OOC g(t)Ty o (dt) = EY (/OOO g(t) dth> . (2.38)

We claim that for each y, we can find a set S, C S with m(S,) = 0 such that

t
EY(LY) = / ps(y, ) ds (2.39)
0

for all t and = € Sj. Then by (2.38), for any ¢, and all = € S

1 >
/ Py ) de = B (/ tdth_tk> . (2.40)
tr t

k
Since the right hand side of (2.36) involves a dm(z) integral, by Fubini we can replace

the term EYx ( ftzo % dtLﬁ@) which appears there with the left hand side of (2.40). Thus
we will obtain

u(F) =[5 [ A ) ) 2.41)
th k1

Pt Uk—15 Y) fre(Ur)Pe—t), (Yr, ) dm(yr) - - - dm(yx) dm(x) dt.

Comparing with (2.35) then shows that u(F) = n(F).

It only remains to verify our claim concerning (2.39). Note that since the left hand
side of (2.39) is continuous in ¢ and the right hand side is monotone, it suffices to find a
set .S, which works for all rational ¢, hence for each fixed ¢. By the occupation density
formula (2.28)

/Sf(x) (/Otps(y,x) ds) m(dx) = FEY </Otf(XS)ds> (2.42)

/g F(x) (BY(L?)) m(dz).
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Since this holds for all bounded measurable f, our claim for fixed ¢ is established. O

For later use we note that applying the Chapman-Kolmogorov equation (2.30) for
the dm(z) integral in (2.41) shows that

k
p T (X)) (2.43)
j=1

:/ % Jr(y)Peo—t, (1, y2) fo(y2) - -
ty Sk

o Prp—t 1 Uk—1, Yk) Fe (Y ) D1+t —t, Yk, y1) dm(yr) - - - dm(yg) dt.

The next result justifies our calling x4 the loop measure even for a process with
discontinuous paths. This result will be proved in full generality in section 5. Define the
loop rotation p,, by

w(s+u mod ((w)), if0<s<((w)

puw(s) = { A, otherwise. (2.44)

Here, for two positive numbers a,b we define a mod b = a — mb for the unique positive
integer m such that 0 <a—mb <b. Set (a), =a mod b

Lemma 2.4. (4 is invariant under p,,, for any u > 0.

Proof of Lemma 2.4 Let0<t; <--- <t <t <ooandlet f1,..., fr be bounded
Borel measurable functions on S U A with f;(A) =0, j =1,...,k. Fix some ¢ and u.
Since f;(A)=0,5=1,...,k,

k k
H [i( Xy, opuoky) = 1g, <) H Fi(Xt4u).)- (2.45)
j=1 j=1

Sets; =t; +u. Since 0 < t; <--- <t <ty <t itis clear that for some ¢ and some [

0<sg—it<--<sgp—it<s;—(i—Dt...<s1— (-1t <t (2.46)

Therefore, by (2.32)

k
Qtz,z H f](th) O Py © kt (247)

j=1
= 1{tk<t}/ Psy—it (@, Y1) ()Pt —t (W yie1) frea (y2) -+
Sk

o Pt—ta o Uk—15 Ye) Fe (U )Dty 4t —t (Ui, Y1) F1 (1) -+
Dt Wi—2s Y1—1) fimet (Yi—1)Pit—s1_, Wi—1, ) dm(y1) - - - dm(yg).

Integrating both sides with respect to dm(z) and applying the Chapman-Kolmogorov
equation (2.30) we obtain

k
/ Q" H fi(Xe,) o puoky | dm(x) (2.48)
s =1
= 1{tk<t}/s Jiw)ptry—6 Wi Y1) fre (y2) - -
Pt —te_y (Yr—1, ?ch)fk(yk)pthttft;C (k> y1) fr(yn) -+

D=t W2, Yi—1) friea (Y= 1)t — 0 (Yi—1, wr) dm(yr) - - - dm(yg).
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where in the last line we used
wt—8_1+s —it=8 —s8_1=1 —1t_1.

Comparing with (2.43) we obtain our Lemma. O

3 The loop soup

Let 2 be the path space for X described after (2.5). For any « > 0, let £, be a Poisson
point process on (2 with intensity measure au. Note that £, is a random variable; each
realization of £, is countable subset of €. To be more specific, let

N(A) = #{L,NA}, ACQ. (3.1)

Then for any disjoint measurable subsets Ay, ..., A, of , the random variables N(A4;),...

are independent, and N(A) is a Poisson random variable with parameter au(A), i.e.

P(N(A)=k) = (O‘“](Ci‘:l))ke—a#(f‘). (3.2)

(When p(A) = oo, this means that P(N(A) = oo) = 1.) The Poisson point process L, is
called the ‘loop soup’ of the Markov process X. The term ‘loop soup’ is used in [20], [19]
and [17, Chapter 9]. In [12] L,, is referred to, less colorfully albeit more descriptively,
as Poissonian ensembles of Markov loops. See also [26] and [21].

We define the ‘loop soup local time’, EI of X, by

L*= Y L% (w). (3.3)

wEﬁa

The next theorem is given for associated Gaussian squares in [13, Theorem 9].

Theorem 3.1. Let X be a transient Borel right process with state space S, as described
in the beginning of this section, and let u(z,y), x,y € S denote its potential density. Let
{fﬁ,x € S} be the loop soup local time of X. Then {f“,x € S}, is an a-permanental
process with kernel u(z,y).

Proof By the master formula for Poisson processes, [16, (3.6)],

> (ez;':1ZjE“”f) — exp <a (/Q (e jor 2l (W) _ 1) d,u(w))) , (3.4)

for |z1],...,|zn| sufficiently small. Differentiating each side of (3.4) with respect to
z1,...,%2n and then setting 21, ..., 2, equal to zero, we get

n n l
E\TIZ= = > o] wl]] Lz, (3.5)
j=1

=1 ul_ B;=[1,n] i=1 JEB;

where the second sum is over all partitions By, ..., B; of [1,n]. Using (2.9) it is easily
seen that this is

n n
E HL“”-?’ = Z ac(™ Hu(acj,xﬁ(j)). (3.6)
j=1 TEP, =1

O
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Let 8 = {0,,2 € S} be an a-permanental process with kernel u(z,y), =,y € S,
as considered in Theorem 3.1. Clearly, by our loop soup construction, ¢ is infinitely
divisible. In [9, Corollary 3.4], Eisenbaum and Kaspi show that the Lévy measure of
{05,z € S} is given by the law of {LZ ,x € S} under the o-finite measure

(0%
EQy’y (3.7)
for any y € S. However it follows from Theorem 3.1 that the loop measure ayu is the

Lévy measure of {0,,z € S}. Therefore

1

Q") (3.8)

{Lhwe Sy &L xSy

for any y € S. This fact is also an immediate consequence of Lemma 2.2.

4 The Isomorphism Theorem via loop soup

For our Isomorphism Theorem we will need a special case of the Palm formula for
Poisson processes £ with intensity measure n on a measurable space S, see [2, Lemma
2.3]. This says that for any positive function f on S and any measurable functional G of

Ee <<Z f(w)> G(£)> = /Ec (G(w'U L)) f(w') dn(w'). (4.1)

weLl

Theorem 4.1 (Isomorphism Theorem). For any z,z1,xs,... € S and any bounded mea-
surable function F' on RT,

Ep Q" (F (ZL, +ij)) _ éE‘C’a (Z"LF (EM)) ) (4.2)

(Here we use the notation F(f(z;)) := F(f(z1), f(z2),...).)

Proof We apply the Palm formula with intensity measure apu,

f(w)=L"(w) (4.3)
and R
G(L)=F (L%‘) . 4.4)
Note that R
> flw)=L" 4.5)
weL
Also
LYW ULa)= Y. L%(w)
WEW'UL,
= L% (Lo) 4+ L% (W), (4.6)
so that R
G ULy) =F (LJ” (La) + L% (w’)) . 4.7)
Then by (4.1)
Ec. (Ew F (Z«”)) — o p (L”” F (Z% n L%‘)) , (4.8)
so that our theorem follows from Lemma 2.2. O
EJP 19 (2014), paper 60. ejp.ejpecp.org
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5 Invariance under loop rotation

In sub-Section 2.1, assuming the existence of transition densities, we gave a simple
proof of the fact that the loop measure is invariant under loop rotation. In this section
we give a proof of this fact without assuming the existence of transition densities. This
proof is considerably more complicated.

Because the lifetime ( is rotation invariant ({(p,w) = ¢(w) so long as ((w) < c0), the
rotation invariance of the loop measure p is equivalent to that of the measure v defined
by v(F) := u({F). By (2.27) and (2.22) we have

v(F) :/SQ'W (F) dm(z) = /SP'” (/OOO Fok, dth) dm(). (5.1)

The measure v is more convenient for the calculations that follow, because of the
following formula, where I, is defined in (2.37):

Lemma 5.1. Fora.e. 0 <t) <to <--- <ty,
v(Xy, € dyr,. .., Xy, €dyg, ¢ €dt) (5.2)
k
= m(dyr) [ [ Pry—t, 2 (Wi—1:dys) Ty (At — tg + 1)

j=2

as measures on the product space S* x (t;,,00). Furthermore, with t; = 0, (5.2) holds
forall0 <ty <ts <---<ty.

Proof of Lemma 5.1: Using (5.1) we see that

k k 00
v [ [ H(Xe)e ™) = / P[] £i(xe) / e P ALy | dm(x). (5.3)
j=1 s j=1 t

Using the Markov property and (2.4) we see that
k 00
P T 4(xe) / e Ptd,L? (5.4)
j=1 tk
k [eS)
=p* H fj(th)e_ﬁtk (/ e Pt dﬂf) o 0y,
j=1 0

k [}
= P* H fj(th)e_ﬁt’“EX% (/ e_ﬂt dth)
=1 0

k
= P [ [T £00,)e ™ o (Xy,, 2)
j=1
k
B /Sk Pf (e, dy) fulyn) | TT P, imrsdui £iwi) | o (e ).
=2

Here Ptﬂ(:v,dy) = ¢ PP (z,dy). Using (2.38) and then the Markov property as in the
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previous display

/ e Py, 4, (dt) (5.5)

t1

= EY* </oo e Pt dtL?tﬂ>
t1
— 67ﬁt1 Eyk ((/ €7ﬁt dtLty1> [e) 9t1>
0

— ¢ Bt pyk (uﬂ (Xt17y1))

= /SPE1 (yk, dz) u? (z,11) -

We claim that for a.e. ¢;, as measures in y;,

/ u? (yx, ) Pg (z,dyr) dm(z) = / Pg (Yx, dz) u? (z,y1) dm(y1). (5.6)
z€eS z€S

To see this, it suffices to integrate both sides with respect to et dt;, use (2.3) with «

replaced by a+ 3, and the fact that .S has a countable base. (It is important to note that
we allow yr = y1).

Combining (5.3)-(5.6) we obtain for a.e. t;

k
v 1 £(x)e o (5.7)
=1
ty

k fe'e)
- / Fu) TI Py i1 dyi) 3 () / e PT,, 1 (dl) dm(y).
j=2

This agrees with what we obtain from the right hand side of (5.2):

k

/ m(dyl)HPtj*tj—l(yjflﬂdyj)rykyyl(dt_tk+t1) (5.8)
Sk x (tg,00) j=2
k
11 fiwie
j=1
k
= [ mta i) T Pty () 1)
j=2
[ e -t )
tr
k
- /S ) fulon) T Py Gy, ) 15 (0)
j=2

e~ Bte—t1) / e—ﬁ’tryk’yl (dt).

ty

This completes the proof of our Lemma when ¢; > 0.
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When ¢t; = 0, it follows from (5.3)-(5.4), and then (2.4) and (2.38) that

k
11 £ (x)e?e (5.9)
j=1
k
- /S fia H 2 s Wit dy) 3 (95) o (g @) dim()

k 00
/fl H ti—ti_1 (yj—1,dy;) f5(y;) /0 e Ly, 2(dt) dm(z).

This agrees with (5.7) for ¢t; = 0, and the rest of the proof follows as in (5.8). O

As a byproduct of our proof we now show that

sup v (fl(th)e*’BC) < 00, (5.10)

t1>0

for any continuous compactly supported f;. To see this, note that by (5.3)-(5.4)
v (fl(th)e_ﬁC) = /S/SP£ (J:,dyl)fl(yl)uﬁ (y1,2) dm(z). (5.11)
By (5.6), for a.e. t; this equals
[ ([ 7 a0 G ) i) amion) (5.12)

But as noted in the paragraph containing (2.2), u” (z,y;) is bounded, uniformly in z for
y1 in the compact support of fi(y;). Hence (5.12) is bounded by

¢ [ ([ Phtn a2)) fon) dmion) <€ [ uton) drnton). (5.13)
s \Js S
Thus we have shown that for some dense D C R_l'L
su%u (fl(th)e_ﬁC) < C'/ f1(yr) dm(yy), (5.14)
ti € S

and the right hand side is finite by (2.5). (5.10) then follows using right continuity.
We will also need the following.

Lemma 5.2.

Py(x,dy) ds = m(dy)T'y ,(ds). (5.15)
Proof of Lemma 5.2: We have
[ Eeti0.0) £ may) 5.16
/EI LY) m(dy) = /EI LY, — LY o6;) f(y) m(dy)

= /(u(az,y) — B (u(Xy,y))) f(y) m(dy)

-/ P dy) Jy) ds.
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Let us define the process X to be the periodic extension of X; that is,

3 Xt—qC7 lfq§§t<(q_|_1)<'q:0ala27
Xt_{ X, i ¢ = 0o (5.17)
It will be convenient to write
I.(f) := / e (X)) dt,  I(f) = / e” " f(Xy) dt. (5.18)
0 0
The key observation is that
= oo La(f)
La(f) =~ =ac (5.19)
for all a > 0. This follows from
I.(f): = / e f(X,)dt
0
> plg+1)¢ .
= / G_Qtf(Xt) dt
q=0"4¢
= e [eepayan= ed
0 1—e ¢
q=0
Hence for any continuous compactly supported f
0 —
/ e ((1—e ) f(Xy)e ) dt (5.20)
0
=v((1—e ) Ia(fle ™) =v (Ia(f)e )
= / ey (f(Xt)efﬁg) dt < o0
0
by (5.10). It follows that for any «
v((1—e) f(X1)e™P) < oo, forae. t. (5.21)
The rotation invariance of i or v is equivalent to the statement that
k k o
v ITHXetp<e | =v [ TTHE ) n<q (5.22)
Jj=1 Jj=1

forall 0 < t; < --- <t and r > 0 and all f; > 0 continuous with compact support.
This will follow once we show that the joint distribution of (X, () is invariant under time
shifts. That is, ((X¢44)t>0,¢) has the same distribution (under v) as ((X¢):>0,¢) for all
v > 0.

To prove this we will first show that for all £ and all a4, ..., ag,

dt; (5.23)

—.

Il
N

k
[, e [ TTAED )

j=1 J

dt;

—.

:/ 672?:10”'” Fk(tl,...,ﬁk)

Jj=1
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for all g of the form g(¢) = (1 — e~*¢)e~5¢, and where

Fip(ty, .. oti) = > Loty gy <stonm) (5.24)
ocE€Py

k
v | for)(Xo) H o () Xty —tory) 9(C)

By (5.20) the left hand side of (5.23) is finite for all oy > «, while the right hand side is
finite since

V) = [ @ (1(X0) dm(@) = [ u(e)fy () dm(w) < o (5.25)

By uniqueness of Laplace transforms, it then follows that

11/ X)) 9©) | = Fulta, ... tx) (5.26)
for Lebesgue a.e. k-tuple (¢1,...,tx), and in particular, for any » > 0,
. k B k
/ e~ Xi=1%ti Hfj(th)g(C) H dt; (5.27)
[r,00)* j=1 j=1
. k
:/ 6_2121 @t Fk(tla---atk)H dtj.
[r,oo)k 7j=1
It follows that for any r > 0,
i k B k
/ e~ Ti1eg(ti+r) H £ (Xt 40) 9(0) H dt; (5.28)
[0,00)* j=1 j=1

k
— / o D1 g (tj+r) Fe(ti+r,... tp+1) H dt
[0,00)% =1

But it is easily seen that Fy(t1 + r,...,tx + 1) = Fi(t1,...,tx) so that, canceling the
k
common constant factor e~ 2i=1 %", we obtain

k
/[ ety (T o© | TT (5.29)
0,00)k

Jj=1 J
:/ e_zé?zlajtj Fk(tl,...,tk)H dt;,

and thus comparing with (5.23) we have that for each r > 0

k
/ e _q ot 1% Hf] Xt +r ) H dtj (5.30)
[0,00)%
ko k
/[0 e e Zwt | [T A& 0@ | TT d
,00 et
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It follows that
k L k o
[IH&X 09 | =v | [[HX) Q) |, forae. ts,... t. (5.31)
=1 s —

This holds for any k, in particular for k£ = 1, so that using (5.21) we have

v (1(Xt40)9Q) = v (f1(X) g(Q)) < oo,  fora.e. t;. (5.32)

Thus by Fubini we can find a set 7' C R, with 7T° of Lebesgue measure 0 such that for
all t; € T we have (5.32), and (5.31) holds for a.e. ts,...,t;. Using the boundedness
and continuity of the f; and the right continuity of X, it follows from the Dominated
Convergence Theorem that (5.31) holds for all (¢, ta,...,t;) € T X Rf’fl. Let now f; ,, be
a sequence of continuous functions with compact support with the property that f; ,, T 1.
By the above, (5.31) with f; replaced by f ,, holds for all (¢1,ts,...,tx) € T, xR'j’r_l for an
appropriate 7,, C R, with T¢ of Lebesgue measure 0. In particular 7}, = N,,T,, # ), and
we can apply the Monotone Convergence Theorem with ¢; € T, to conclude, spelling
out g(¢), that

k k
v [@=e )] X ™| =v | @ —e )] £H(Xe)e (5.33)
j=2 j=2
for all t,,...,t;. Applying once again the Monotone Convergence Theorem for a — oo
we obtain
k k
[ & me | =v | [] H(Xe)e (5.34)
s -
forall to,...,t;. Fixa compact K C S. If we replace f, by a sequence f,, T 1x and then

set to = 0, we can conclude from (5.34) and (5.25) that the finite measures 1x(Xy) - v
and 1x(Xy) - p..«v agree on the c-algebra generated by X;,# > 0 and (. Since this
holds for any compact K C S, so do v and p, .. Here and below we use the notation
fev(A) = v(f~H(A)).

It remains to prove (5.23). Using (5.19)

k
/efz;*:lajtj v [T HE) 90 | TT (5.35)

j=1
. k
_ — >0 ajt; _
=v /e ]1]]H1_e aJCHdtjg —ZJk(U)
Jj=1 c€Py
where
%
Ju(o) == v / e =1 %t H f"(J)_a z H dt; g(Q) |,
0<ty <+ <tg =1t 7@
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and using (5.2)

e~ %t
Ji(o) :/ g(t)/ mm(dyl)fa(l)(yl) (5.36)
0<ty <<t <t skl —e
k e Yot
H mptj—tj_l(yj—h dyj)fa(j)(yj)
j=2

Ly (dt — ty +t1) dty - - - dty,

We now make the change of variablesr =t1, s; =t; —t;_1 (j = 2,...,k), si =t —tp + 11
(with accompanying limits of integration 0 < r < s;, s; > 0) and then integrate out
r. Writing 5; := sp +--- 4+ s; and 5 := Z?:l s;, the expression in (5.36) is thereby
transformed to

Ju(o) =/ ( e (ontan)r dT) m(dy1) fo(1)(y1)
S1 >07---7Sk>0
1 k e~ % ()i
[P 1_[2 T omwos Lo Wi=1,dY5) fo () (Y5) Ty (ds1) dsz -~ dsi
i

—1
1— e*(alJr'--Otk)Sl)

= Zaj / 9(5)/ m(dyl)fa(l)(yl)( 1 — o>
s1>0,...,5,>0 Sk €

e~ % ()8]

k
HWP (Yi—154Y5) fo ) (Ui )y (ds1) dsa - - - dsy. (5.37)

Using (5.15), we can write (5.37) as

—1
k
o) [ ) (1 = et o)
j=1 $1>0,...,5, >0

e X%

k k
H %mS/ H m(dy;) fo () (Y5) Ty, 1,95 (dsj), (5.38)

where yy = yi and $; := 0.

We now turn to the right hand side of (5.23) and try to rewrite it in terms which
are similar to our last expression for the J;(o)’s. Using 2521 ajt; = Zf 1 Qo (la(s) We
have

k
Rloa, ... o) ::/e Eiareits Fy(ty, ..., H (5.39)
— Z/ o~ i1 (i toi)
cePy, Y {0<to() < <to(i }
k k
v | fowyX0) [ foi Koy 100 9O | T 5
j=2 j=1
= Z/ e‘Zf:laa(J’)ti
oep, JHosti<<i)
k k
v foyXo) [[ fo0 Ke,—e) 9(O) | T at
=2 j=1
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Let us now fix ¢ € P, and consider the corresponding term in (5.39)

k k
/ [[eobat;v| foryXo) ] foiry Xe,=) 9(0) | - (5.40)
0<ty <+ <tg j=1 j=2
Changing variables (ry =t,, r; =t; —t; for j = 2,..., k) and integrating out r, this can
be rewritten as
-1
k k k
> / [[ewmidrv | foyXo) [[ oy X)) 9(Q) |- (5.41)
j=1 0<ro<- <7 =2 =2

Summing first over all permutations ¢ € P, with (1) = ¢ and then over ¢ we obtain

-1

k k
Rlon,...;an) = [ oy | Y v | LX) [[Ta, () - 90 | - (5.42)
j=1 i=1 J#i
Using (5.19) we can express this as
k oy
R _ I(Xj (fJ)
j=1 i=1 J#i

Using Lemma 5.1 we then see that

R(a,...,ax) = Y Ki(o') (5.44)

o’ €Py,

where
-1
k
Ko = Y|
j=1 0

k
1Pt (W1 dys) for ) ()

Jj=2

ott) [ mldmn) e )

Lt < - <tp <t

e % it

with the convention that ¢; = 0. Once more making the change of variables s; =t — g,
sg =to, 55 =t; —t;_1 for j =3,...,k, (5.45) becomes

-1

k
o) = (Yo [ o) [ mld) () (5.46)
j=1 s1>0,...,5, >0 Sk
k —Q 084
e ol
I17 ;) for () W) T =argys Lwan (ds1) dsz - dsi.
j=2
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Using (5.15) again, we can write (5.46) as

-1

k
2 / 9(5)/ m(dy1) for 1) (y1) (5.47)
j=1 $1>0,...,5,>0 Sk

k e~ o (j) 85
[T m(dy,)r,,- v i) =05 | for) i)

Jj=2

Lypy (ds1)dsg - - dsy

k -1 k
S e / 4(5) / (1 — =) T m(dyy)
j=1 s1>0,..., s >0 Sk j=1

e_ad’(j)‘éj
Ly s, (d83) for () W3) T—=a 5 (5.48)
where 1y = y;, and §; = 0. We reorganize this as

-1

k
o) | o5)(1 - o)
= $1>0,...,55>0

k _ k
Qg ()85
H R /Sk 1T 7(dy)) for iy (W3)T, -, (ds). (5.49)
In view of (5.35) and (5.44), to prove (5.23) we need to show that
> ko) =Y Ki(o), (5.50)
ocE€Py o€Py

and to this end it suffices to show that for each o* € Py,

> Jilo) =) Kilo), (5.51)

o~o* o~o*

where o ~ ¢o* means that ¢ is a ‘rotation’ of ¢*. In other words, for some 1 <[ < k we
have
(U(l)a 0(2)7 ] 7U(k)) = (U*(l)v U*(l + 1)7 .. 70*(k)a 0'*(1)’ ey U*(l - 1))

Comparing (5.38) and (5.49) with ¢/ = o we see that the only difference is the
presence of e~ (artan)si jp (5.38) while in (5.49), with ¢/ = o, this is replaced by
e~ %3 Thus to prove (5.51) it suffices to show that

/ g(5)e(rtan)s (5.52)
s1>0,..., s >0

k a8 k

e a(4)%3

HW / LT m(dy;) foi) ()T, 0, (ds;)

j=1 Sk j=1
= / g(g)e—ao/(l)g

s1>0,...,5. >0

k —Qgr (53 k

H o ’(J)s/ Hm dy] fﬂl(J yj) Yj— lyj(ds.?)

J:1 j=1

whenever (0/(1),0'(2),...,0'(k)) = (o(k),0(1),...,0(k — 1)).
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Note that

k
M, (dsla IR dsk:) = /S’“ H m(dyj)fo/(j)(yj)ryj—l»yj (dsj) (5.53)
S
= /Sk fU’(l)(yl)Fyk,yl (dsl)fa/@)(%)ryl,yz (dsg) -
k
"fa’(k)(yk) Yk— 17yk dsk H dy]
j=1
= /Sk Jote) 1) gy 0 (d51) for (1) (Y2) Ty o (ds2) - - -

k
o Sot=1) Wk yi 1y (dsi) H m(dy;),
j=1
and relabeling the y;’s this is

= /Sk Sty W)L y_1 i (d51) fo(1) (1) Ty g, (ds2) - - (5.54)

k
“fg(k_l)(yk’—l)l—‘yk—%yk 1 dsk H dy]

k
/Sk H m(dy;) fo) W)y, -1y, (dsjy1) = Mo (dsa, ..., dsg,ds1),

Jj=1

where s;+1 = s1. Furthermore, (recall that §; = 0),

k
Qyr(1)S + Z Qg1 ()85 (5.55)
=2
k J
= Qg(k)S + Z Qg (j-1) (Z 5[)
j=2 =2
k—1 141
= O[U(k)g + Z aa(i) (Z Sl)
i=1 =2

k-1 i k %
= ag(k)(sl + o+ Sk) + ZO[U(i) (Z 3l+1> = Zaa(i) <Z Sl+1> .
i=1 =1 i=1 =1

But also, using 2521 a; = Z§:1 Qo (5)s

k J
(a1 4 - ag)st + Za(, Zam) (Z ) (5.56)
j=2 =1
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where s;+1 = s1. Combining (5.53)-(5.56), we see that (5.52) is the claim that

/ 5) exp Zag <Z sl> (5.57)
sl>0,...,sk>0

j=1
L )
= / g(8)exp | — Z Qo (4) (Z Sl+1>
s1>0,...,5,>0 j=1 =1
b 1
H 77,—M0'(d82a ceey d8k7 dSl)
LL] e %»?
Jj=1
where s,41 = s1, and this claim follows immediately from the relabeling (si,...,s;) —
(s2,...,Sk,s1). This establishes (5.52) and hence (5.50). O
6 The restriction property
Let B C S be open and set
Tpe =inf{t > 0| X; € B°}. (6.1)
Let
> o Xt(UJ) ift < TBc
Xi(w) = { A otherwise. (6.2)

Clearly, t — )A(:t is right continuous. With

Pif(x) = B*(f(Xe)1{t<Tpe})s (6.3)
and ) )
~ | O(w) ift<Tpe(w

Or(w) = { A otherwise, (6.4)

we show in [23, Section 4.5] that X = (Q, G, G, )?t, '9}, ]5"”) is a Borel right process with
state space B and potential densities

u(z,y) = u(z,y) — B* (u(X1pe,¥)), x,y € B, (6.5)

with respect to the measure m(dz) restricted to B. Here we have used the convention
that u(A,y) = 0 and that X;(w) = A when ¢ = +oco. It follows as before that uniformly
in z, u(z,y) is locally bounded and continuous in y.

Let {L}, (z,t) € S x R, } be the family of local times for X used in the construction
of u. Set Ly = L{,r_. for x € B. It is easy to see that L? is a CAF for X and

B (Iy) = B°(14,.)
= E"(LY)— E*(LY, 0fr,.)
= u(zr,y) — EY (v (Xrg.,v)) = ulx,y).

It follows that {;f, (z,t) € B x R} are local times for X. We can then define the loop
measure g for X by the formula

/Fdﬁ:/ P </ Lron, dif) dm(). 6.6)
B o ¢
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(In our definition (2.6) of 1 we assumed that X had continuous potential densities. We
do not know if @(x,y) is continuous in . However, the continuity of u(x,y) was only
used to guarantee a nice family of local times for X, and by the above this is inherited
by {L?, (z,t) € B X Ry}).

Theorem 6.1 (The Restriction Property).
w(F;Tge = 00) = p(F). (6.7)

Note that B¢ = S — B does not contain A.
Proof of Theorem 6.1: It suffices to prove this for F' of the form Hle fi(Xy;) with
t; <--- <tg. Since fx(A) =0, and 1{p,.—oc} © ks = l{y<7,.} We have

k k
L{rpe=oo} © Kt H [i(Xe,) o ke = 1y <ct<mpey H [i(Xt,). (6.8)
j=1 j=1
Hence
k
L H £i(X4,); Tpe = 0 (6.9)
j=1

8

| /:Bcijf[lfxxtj)dw ()
L
[
[

But this is clearly

—

oo 1 ~x
fj(th)]‘{tk<TBc} / ; st dm(z)
123

<
Il
—

—

B er ([ 4T ) o0 | dn(o
ty

1

J

=

o0 1 .
fj(th)l{tk<TBc} Bt (/ t dth_tk> dm(z).
ty

1

<.
Il

k B 0o _
/sz [T /i (Xe,) EXu (/M tdth_tk> dm(z) (6.10)

Jj=1

which is precisely what we obtain from (H?Zl [i (X, )) by proceeding as in (6.9). O

7 Transformations of the loop measure

7.1 Mappings of the state space

Let S be another locally compact topological space with a countable base, and let
f: S+ S be a topological isomorphism. Then

Py(x,9) = Pi(f~H(x),90 ). (7.1)
forms a Borel transition semigroup on S. Let Q be the set of right continuous paths w

in Sp = SUA with A ¢ S, and such that w(t) = A for all t > ¢ = inf{t > 0|w(t) = A}.
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Then with X;(w) = w(t) it follows from [24, Section 13] that X = (Q, F;, Xy, 04, P*) is a
Borel right process. Furthermore,

U(z,g) = /OOO Py(z,g)dt = /000 Pt(f_l(x)7gof) dt (7.2)

|t @ ge ) dm(y)
Jutr @1 gl o).

S

Thus X has continuous potential densities %(z,y) = u(f~!(x), f~'(y)) with respect to
the measure f,m.
If we let f : Q +— Q be defined as f(w)(t) = f(w(t)), it follows that

pT(F)=p/ '@ (Fof). (7.3)
Note further that LY = L{il(y) o f~!is a CAF for X with
P (LL) = PO (L' W) = u(r~ @), /7 W) = ale.y), (7.4)

so that {L?, (y,t) € S’ x R, } are local times for X. Let ji be the loop measure for X.

Theorem 7.1. -
Fun(F) = (F). (7.5)

Proof of Theorem 7.1:
_ 1 _
a(F) = / pPr (/ n Fok; dth> dfem(x) (7.6)
/ 0
_ 1 _ -
- / pli@ (/ ;Fokof d. L] 1“)) df.m(z)
/ 0

= /P“"(/ 1Fokt0fdth)dm(x)
s o t

w(Fof) = Fun(F).

7.2 Unit Weights
We say that a random variable T' > 0 is a unit weight if

¢
/ T o pydu=1. (7.7)
0

Of course, since ( is invariant under loop rotation, 1/¢ is an example of a unit weight.
(7.20) will provide another example, which is be used in the proof of Theorem 7.3 to
determine how the loop measure transforms under a time change.

Let Z,(X) be the collection of measurable functions on 2 which are invariant under
loop rotation.

Lemma 7.2. IfT is a unit weight then for all F € Z,(X)

w(F) = /S Q" (T F) dm(x). (7.8)
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Proof: By invariance of 1 we have that for each v > 0 and F' € Z,(X)
w(Top, F)=p(TF). (7.9)
Since ( is invariant under loop rotation, this implies that for any v > 0

,LL(TOpu 1{u<(} F) :,U,(Tl{u<<} F) (710)

Hence - -
/ /,L(Topu 1{u<<} F) du = / u(Tl{u<C} F) du. (711)
0 0

This shows that

¢ o0
,u(/ TopuduF> M(TF/ 1{u<<}du) =u(TF(). (7.12)
0 0

Using (7.7) and (2.27) our Lemma follows. O

7.3 Time change by the inverse of a CAF
Consider
A = / LY dva(x) (7.13)
s

where v, is a Borel measure on S. We suppose that P*(A; = co,t <) =0forallz € S
and ¢ > 0. (This is the case, for instance, if v4(K) < oo for each compact K C S.) By
the argument at the beginning of the proof of Lemma 2.1, (7.13) defines a CAF of X.
Let S4 denote the fine support of 4; that is, the set of z € S such that P*(R =0) =1
where R = inf{t > 0| A, > 0}, see [24, Section 64]. Because m is a reference measure
and v(z) := E®(exp(—R)) is a 1-excessive function, S4 = {z € S : v(z) = 1} is a Borel
subset of S; see [1, Prop. V(1.4)].

Let 7; be the right continuous inverse of 4;, and letY; = X,,. Then Y = (2, G;, Y4, @\t, PT)
is a Borel right process with state space 5S4 and lifetime A¢, see [24, Theorem 65.9] for
details, noting that [24, (60.4)] applied to exp(—A;) allows us to assume that A is a per-
fect CAF. Here @(w) = 0r,()(w). Using the change of variables formula, [5, Chapter 6,
(55.1)], we see that

E'”(/Ooof(Yt) dt) - / F(Xn dt) (7.14)

= (x,y )VA(dy)

so that Y; has continuous potential densities u(z,y) with respect to the measure v4(dy)
on S4. (In the last step we used the fact that for any measurable function h,, we
have [ hsdAs = [([f;° hsdL¥) va(dy). It suffices to verify this for functions of the
form hy = 1p4(s), in which case it is obvious). Furthermore, since S, is the fine
support of A, L“" is continuous in t for each x € S4, see [11, p. 1659], and of course
EY (L%_) = u(y,z). It follows that {LZ , (z,t) € Sa x Ry} is the family of local times for
Y. See [24, Theorem 65.6] for additivity.
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It will be convenient to use the canonical notation X' = (Q, 7/, X{, 6;, P’*) for Y. Thus
X/(w) = w(t), which is the same as X;(w), but we use the notation X/ to emphasize that
it is associated with the measures P’* which we now define. If we set g(w)(t) = w(m(w))
we have Y; = X, o g and put

P*(F)=P*(Foyg). (7.15)

Using [24, (62.20)], compare (2.23), we see that if t; < --- < t,,

g.Q"" | T[ 15 (X3,)

j=1

o (116 (%) (7.16)
=1

_ pr ﬁ fi (Xn, ) ulXs,, @)
j=1

P (115 ( X;j) u(X] )
j=1

Let Q'** be the measure in (2.22) associated with X’. Using (2.23) and the fact that X’
also has potential densities u(x,y) we have that if x € Sy

P ﬁfj (Xéj)U(Xt’n’a?) = Q" ﬁfﬂ' (thf)
j=1 !

Hence for all measurable F'
g Q™" (F) = Q™" (F), Vxe&Sa. (7.17)

Before considering general v4’s, we first study the special case where the measure
v, is equivalent to m. Thus v4(dxz) = h(z)m(dx) where h is a measurable function on S
with 0 < h(z) < oo for all z. It follows from (2.28) that

t
At:/ h(X,) ds, (7.18)
0

and thus S4 = S. Let u, 4’ be the loop measures for X, X’ respectively.

Theorem 7.3. If vs(dr) = h(x)m(dz) where h is a measurable function on S with
0 < h(z) < oo for all z, then

gp (F)=p'(F), VFeI,(X'). (7.19)
Proof of Theorem 7.3: Define the unit weight
h(w(0))
T(w) = . (7.20)
) A¢(w)

By (7.8) we have p (F) = [, Q%" (T F) m(dzx) for all F € Z,(X). It is easy to see that
F € Z,(X’) implies that F o g € Z, (X). Noting that A; = ( o g, and using (7.17)

gp(F) = p(Fog) (7.21)
= @@ Fog) mia)

/S Qe (CigFog> h(z) m(dz)
= [@e (1) eymida) = ().
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The last equality used (2.27) and the fact that v4(dz) = h(zx)m(dz). O

We next show how to combine Theorems 7.1 and 7.3. Let S’ be another locally
compact topological space with a countable base, and let f : S — S’ be a topological
isomorphism. With / as above, let mg: be the measure on S’ defined by

mg/(dy) == f. (h mg) (dy). (7.22)

It follows from the discussion in sub-section 7.1 and the present sub-Section that if we
set X := f(X,,) = f(¥;) and {P"*,x € S’} the measures induced by {P?,z € S}, then
X' =(Q, F:, X/, 0:, P'") is a Borel right process with continuous potential densities

@ (2,y) = u(f~(2), f () (7.23)

with respect to the measure f. (h mg) = mg on S’
Set ff(w)(t) = f(w(r;)) and let u, i’ be the loop measures for X, X’ respectively.
Combining Theorems 7.1 and 7.3 we obtain

Corollary 7.4.
fiu(F)=p (F), VFeZI,(X). (7.24)

Remark 7.5. Let D, D’ be two simply connected domains in the complex plane and let f
be a conformal map from D onto D’. Let X be Brownian motion in D. Since the potential
density for X with respect to A\p, Lebesgue measure on D, is not continuous, (it has
a logarithmic singularity on the diagonal), X does not fit into the framework of this
paper. Nevertheless, we argue by analogy. Let h(z) = |f’(z)|?>. Then X’ is a Brownian
motion in D', and f. (hAp)(dy) = Ap/(dy). It follows formally that (7.24) would yield
[18, Proposition 5.27], the conformal invariance of Brownian loop measures.

We now turn to a general CAF as in (7.13), Our results are not as complete as (7.19),
but see the Remark following the proof of Theorem 7.6.

For any B C S let Lp(X) be the c-algebra generated by the total local times
{L%,, x € B} of X, and let 1’ be the loop measure for X’.

Theorem 7.6.
gupp (F)=p' (F), VFeCLs,(X). (7.25)

Proof of Theorem 7.6: By Lemma 2.2
w(Ls, - F)=Q%"(F), VFeLlg(X), xz€b. (7.26)
Recall that L2 = L% o g so that
Ls, (XY =Ls, (X)og. (7.27)

Consider F' € Lg, (X). Since A; € Lg,(X) and A¢ > 0, P, a.s. for all z € Syu, by
replacing F'in (7.26) by F//A. and then integrating with respect to dv4(z) we can deduce
immediately that

p(F) :/s Q™" (i) va(dz), VFeLg, (X). (7.28)

Although S, may not be locally compact, X’ inherits from X all the properties
needed to define i/ as in (2.6), and it then follows as in (2.22) that

WF) = [ Qoo (1 F) dva(). (7.29)
Sa C
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By (7.17) this shows that

1
/ xT,Tr
MF:/ Q" (Fog) dva(x). (7.30)
B=[ e (s ()
Noting that A = ( 0 g, (7.28) and (7.27) then imply our Theorem. O
Remark 7.7. For x1,...,z, € S we define the multiple local time
Lovon (7.31)
— / dL:;”def2j+1 "'den_,+1dL§1_ +2dL§721_.+3 ...dLij—l,
T J0<si< <<t o Y - !
that is, we measure n-tuples of times in which z4,...,z, are visited in cyclic order. If

n =2 and z; # xo, then L7V = LT L7?, but in general L;*" " is not a product of the
corresponding local times. Let M(X) denote the o-algebra generated by the multiple
local times. When Supp (v4) = S we can show that (7.25) holds for all F' € M(X) =
M(X'). When S is finite, it is known that M(X) = Z, (X), [13, p. 24]. For diffusions,
see [21], especially Corollary 2.9, and for more general processes see [3].

We leave to the interested reader the task of combining Theorem 7.6 with spatial
transformations as in Corollary 7.4.
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