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Abstract

We consider the vacant set of random interlacements on Z¢, d > 3, in the percolative
regime. Motivated by the large deviation principles recently obtained in [13], we
investigate the asymptotic behavior of the probability that a large body gets discon-
nected from infinity by the random interlacements. We derive an asymptotic lower
bound, which brings into play tilted interlacements, and relates the problem to some
of the large deviations of the occupation-time profile considered in [13].
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0 Introduction

Random interlacements constitute a percolation model with long-range dependence,
and the percolative properties of their vacant set play an important role in the investiga-
tion of several questions of disconnection or fragmentation created by random walks,
see [5], [19], [23]. Here, we consider random interlacements on Z%, d > 3. It is by
now well-known that as one increases the level u of the interlacements, the percola-
tive properties of the vacant set undergo a phase transition, and the model evolves
from a percolative phase to a non-percolative phase, see [20] and [17]. In the present
work, we are mainly interested in the percolative phase of the model, and we derive an
asymptotic lower bound on the probability that a macroscopic body has no connection
to infinity in the vacant set. Strikingly, this lower bound corresponds to certain large
deviations of the occupation-time profile of random interlacements investigated in our
previous work [13], where we analyzed the exponential decay of the probability that
a macroscopic body gets insulated by high values of the (regularized) occupation-time
profile.

We now describe the model and our results in a more precise fashion. We refer to
Section 1 for precise definitions. We consider continuous-time random interlacements
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A lower bound for disconnection

on Z% d > 3. We denote by P, the canonical law of random interlacements at level
u > 0, and by 7" and V* = Z\Z" the corresponding interlacement set and vacant set.
It is known that there is a critical value u.. € (0,00), which can be characterized as
the infimum of the levels v > 0 for which the probability that the vacant cluster at the
origin reaches distance N from the origin has a stretched exponential decay in N, see
[18]. It is an important open question whether u., actually coincides with the critical
level u, for the percolation of the vacant set (but it is a simple fact that u, < u..).

In this work, we are primarily interested in the percolative regime of the vacant set,
but, specifically, we assume that 0 < u < u,. (because our lower bound on disconnection
actually provides information in this possibly wider range of levels).

We consider a compact subset K of R?, and its discrete blow-up:
Ky ={z€Z% dy(z, NK) < 1}, (0.1)

where N K denotes the homothetic of ratio N of the set K, and d (2, NK) = inf e vk |2—
Y| stands for the sup-norm distance of z to NK. Of central interest for us is the event
stating that K is not connected to infinity in V*, which we denote by

AN = {KN X/: OO} (02)

The main result of this article is the following asymptotic lower bound.

Theorem 0.1. Foru € (0, u..] one has

1 1
lim inf 7 log(Pu[AN]) > == (Vs — V) capra (K), (0.3)

N —o00
where cappq(K) stands for the Brownian capacity of K.

In essence, the lower bound (0.3) replicates the asymptotic behavior of the probabil-
ity that the regularized occupation-time profile of random interlacements insulates K by
values exceeding u.., see Theorems 6.2 and 6.4, as well as Remarks 6.5 2) and 6.5 5) of
[13]. It is a remarkable feature that such large deviations of the occupation-time profile
induce a “thickening” of the interlacement surrounding Ky, rather than a mere change
of the clocks governing the time spent by the trajectories defining the interlacement.
This thickening is potent enough to typically disconnect Ky from infinity. We refer to
Remark 2.5 for more on this topic. It is of course an important question, whether there
is a matching upper bound to (0.3), when K is a smooth compact, and whether the large
deviations of the occupation-time profile capture the main mechanism through which
T" disconnects a macroscopic body from infinity.

Incidentally, the tilted interlacements, which we heavily use in this work, come up
as a kind of slowly space-modulated random interlacements. Possibly, they offer, in a
discrete set-up, a microscopic model for the type of “Swiss cheese” picture advocated
in [3], when studying the moderate deviations of the volume of the Wiener sausage
(however the relevant modulating functions in [3] and in the present work correspond
to distinct variational problems and are different).

One may also compare Theorem 0.1 to corresponding results for supercritical Bernoulli
percolation. Unlike what happens in the present set-up, disconnecting a large macro-
scopic body in the percolative phase (when K is a smooth compact) would involve an
exponential cost proportional to N¢~!, in the spirit of the study of the existence of a
large finite cluster at the origin, see p. 216 of [10], or Theorem 2.5, p. 16 of [4].
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Further, it is interesting to note that when u — 0, the right-hand side of (0.3) has
a finite limit. One may wonder about the relation of this limit to what happens in our
original problem when one replaces Z“ by a single random walk trajectory (starting for
instance at the origin), that is, when we consider the probability that K is discon-
nected from infinity by the trajectory of one single random walk starting at the origin.
We refer to Remark 5.1 2) for more on this question.

We briefly comment on the proofs. The main strategy is to use a change of probabil-
ity and an entropy bound. We construct through fine-tuned Radon-Nikodym derivatives
new measures ]?’N corresponding to “tilted random interlacements”, which have the
crucial property that under Py the disconnection probability tends to 1 as N goes to
infinity:

Py[An] — 1. (0.4)

Then, by a classical inequality (see (1.61)), one has a lower bound for the disconnection
probability in terms of the relative entropy:

. 1 . 1 ~
lﬂlglof Ni—2 log(P,[AN]) > — hjffnjgop WH(IPNHPU). (0.5)

We relate the relative entropy of P ~ with respect to P, to the Brownian capacity of K,
and show in Propositions 2.3 and 2.4 that

—~ 1 ~
limWH(IPN\IPu): (V/Ur — Vu)%cappa(K) (0.6)

1

d
(where lim refers to certain successive limiting procedures involving N first, and then
various auxiliary parameters entering the construction of Py).

The measure P ~ governing the tilted interlacements is constructed in Section 2.
Intuitively, it forces a “local level” of interlacements corresponding to u.. + ¢, in a
“fence” surrounding K. This creates a strongly non-percolative region surrounding
Ky and leads to (0.4). Of course, a substantial part of the work is to make sense
of the above heuristics. This goes through a local comparison at a mesoscopic scale
between the occupied set of tilted interlacements and standard interlacements at a
level exceeding ..

In particular, we show in Proposition 4.1 that for all mesoscopic boxes B;, with
size N™ (with r; small) and center in I'", a “fence” around K, one has a coupling Q
between 7, distributed as Tuwste/8 N Bj, and f, distributed as the intersection of the
titled interlacement set with B;, so that

QE T >1—ce N (0.7)

The proof of this key stochastic domination bound relies on two main ingredients.
On the one hand, it involves a comparison of equilibrium measures, see Proposition 3.5,
which itself relies on a comparison of capacities on a slightly larger mesoscopic scale,
see Proposition 3.1. On the other hand, it involves a domination of Z%:=t</8 0 B; by the
trace on B; of a suitable Poisson point process of excursions of the simple random walk
starting on the boundary of B; up to their exit from a larger box Bs. For this last step
we can rely on results of [1].

We will now explain how this article is organized. In Section 1 we introduce no-
tation and make a brief review of results concerning continuous-time random walk,
Green function, continuous-time random interlacements, as well as other useful facts
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and tools. Section 2 is devoted to the construction of the probability measure governing
the tilted random interlacements. We also compute and obtain asymptotic estimates on
the relative entropy, see Propositions 2.3 and 2.4. In Section 3 we derive a comparison
of capacities in Proposition 3.1, and, subsequently, of equilibrium measures in Proposi-
tion 3.4. The latter proposition plays a crucial role in the construction of the coupling
in the next section. In Section 4 we prove (0.7) in Proposition 4.1, and the crucial state-
ment (0.4) in Theorem 4.3. In the short Section 5 we assemble the various pieces and
prove the main theorem.

Finally, we explain the convention we use concerning constants. We denote by
¢,c,c,c... positive constants with values changing from place to place, and by ¢y, c1, . ..
positive constants which are fixed and refer to the value as they first appear. Through-
out the article the constants depend on the dimension d. Dependence on additional
constants are stated explicitly in the notation.

1 Some useful facts

Throughout the article we assume d > 3. In this section we introduce further nota-
tion and useful facts, in particular concerning continuous time random walk on Z¢ and
its potential theory. The Lemma 1.1 concerns the occupation-times of balls and will be
used in Section 3. Moreover, we introduce another continuous-time reversible Markov
chain on Z%, which will play a crucial role in the upcoming sections, and we state some
useful results regarding its potential theory. We also recall the definition and basic
facts concerning continuous time random interlacements. We end this section by stat-
ing some results about relative entropy and Poisson point processes.

We start with some notation. We let N = {0,1,...} stand for the set of natural
numbers. We write | - | and | - |, for the Euclidean and [*°-norms on R¢. We denote by
B(x,r) = {y € Z%; |x —y| < r} the closed Euclidean ball of radius r > 0 intersected with
74, and respectively by B..(z,7) = {y € Z%, |z — y|oo < r} the closed [*°-ball of radius
r intersected with Z?. When U is a subset of Z¢, we write |U| for the cardinality of U,
and U cC Z¢ means that U is a finite subset of Z?. We denote by dU (resp. 9;U) the
boundary (resp. internal boundary) of U, and by U its “closure”:

oU={xeU’ yel, |z—y|l=1}, (1.1)
U ={zcU; el |z—y|=1},andU =UUIU . )

When U C R?, and § > 0, we write U’ = {z € R% d(z,U) < ¢} for the closed §-
neighborhood of U, where d(z, A) = inf,c4 |z — y| is the distance function. We define
doo(z, A) in a similar fashion, with | - |« in place of | - |. To distinguish balls in R? from
balls in Z¢, we write Bra(z,7) = {z € R% |z — 2| < r} for the (closed) Euclidean ball of
radius r in RY. We also introduce the N-discrete blow-up of U as

Un = {z € 2% doo(x, NU) < 1}, (1.2)

where NU = {Nz; z € U} denotes the homothetic of U.

We will now collect some notation concerning connectivity properties. We call 7 :
{1,...n} — Z%, with n > 1, a nearest-neighbor path, when |7(i) — w(i — 1)| = 1, for
1 < i < n. Given K, L,U subsets of Z?, we say that K and L are connected by U and
write K & L, if there exists a finite nearest-neighbor path 7 in Z¢ such that 7 (1) belongs
to K and w(n) belongs to L, and for all k in {1,--- ,n}, 7(k) belongs to U. Otherwise, we

say that K and L are not connected by U, and write K &1 Similarly, for K,U C Z?, we
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say that K is connected to infinity by U, if K & B(0, N)¢ for all N, and write K & .
Otherwise, we say that K is not connected to infinity by U, and denote it by K & .

We now turn to the definition of some path spaces, and of the continuous-time simple
random walk. We consider W+ and W the spaces of infinite (resp. doubly-infinite)
(Z%) x (0,00)-valued sequences such that the first coordinate of the sequence forms
an infinite (resp. doubly-infinite) nearest-neighbor path in 74, spending finite time in
any finite subset of Z¢, and the sequence of the second coordinate has an infinite sum
(resp. infinite “forward” and “backward” sums). The second coordinate deggribes tllg
duration at each step corresponding to the first coordinate. We denote by W, and W
the respective o-algebras generated by the coordinate maps. We denote by P, the law
on W\Jr under which Z,, n > 0, has the law of the simple random walk on Z¢, starting
from x, and (,, n > 0, are i.i.d. exponential variables with parameter 1, independent
from Z,,, n > 0. We denote by F, the corresponding expectation. Moreover, if « is a
measure on Z?, we denote by P, and E, the measure }__.,. ()P, (not necessarily a
probability measure) and its corresponding “expectation” (i.e. the integral with respect
to the measure P,).

We attach to w € WJr a continuous-time process (X;);>o, and call it the random walk
on Z with constant jump rate 1 under P,, through the following relations

k—1 k
X;(h) = Zy, (), fort >0, when Y G <t<» ¢ (1.3)
=0 =0

(if £ = 0, the left sum term is understood as 0). We also introduce the filtration

Fi=0(X,, s<t), t>0. (1.4)

Given U C Z%, and @ € WJr, we write Hy (@) = inf{t > 0; X;(@) € U} and Ty = inf{t >
0; X (w) ¢ U} for the entrance time in U and exit time from U. Moreover, we write
Hy = inf{s > (;; X5 € U} for the hitting time of U.

For U C 74, we write I'(U) for the space of all right-continuous, piecewise constant
functions from [0, c0) to U, with finitely many jumps on any compact interval. We will
also denote by (X,):>o the canonical coordinate process on I'(U), and whenever an
ambiguity arises, we will specify on which space we are working.

We denote by g(-,-) and gy (-, -) the Green function of the walk, and the killed Green
function of the walk upon leaving U,

Tu

glz,y) = Em[/oool{xszy}ds], gu(z,y) = E[/O 1x. =y ds). (1.5)

It is known that g is translation invariant. Moreover, both g and g;; are symmetric and
finite, that is,

9(z,y) =9y, x), gu(z,y)=guly,z)forall z,y € Z*. (1.6)

When z tends to infinity, one knows that (see, e.g. p. 153, Proposition 6.3.1 of [12])

9(0,2) = dG(z) + O(|z|*~%), (1.7)

where for y € R?
G(y) = coly*™* (1.8)
EJP 19 (2014), paper 17. ejp.ejpecp.org
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is the Green function with a pole at the origin, attached to Brownian motion, and

G _ 1
=" =52 (5 -1): (1.9)

We also have the following estimate on the killed Green function (see p. 157, Proposition
6.3.5 of [12]): for = € B(0, N),

9B(0,N) (07 T) = g(O, x) - E; [g(o, XTB(O.,N) )]

= co(ja]*~" = N*7%) + O(l=|').

(1.10)

We further recall the definitions of equilibrium measure and capacity, and refer to
Section 2, Chapter 2 of [11] for more details. Given M cC Z¢, and we write e,; for the
equilibrium measure of M:

GM(IE):PI[]?]W:OO]].]W({L'), l’EZd, (1.11)
and cap(M) for the capacity of M, which is the total mass of ey;:

cap(M) = Z ey (). (1.12)

zeK
There is also an equivalent definition of capacity through the Dirichlet form:

cap(M) = inf £z(f, f) (1.13)

where f : Z% — R is finitely supported, f > 1 on M, and

el =5 X 55 (I0) — f@)’ (119

lz—y|=1
is the discrete Dirichlet form for simple random walk.
Moreover, the probability of entering M can be expressed as
Py[Hy < o0l = Y g(w,y)enm(y), (1.15)
yeM
and in particular, when x € M, we have

> gz yem(y) = 1. (1.16)

yeM

We now introduce some notation for (killed) entrance measures. Given A C B subsets
of Z%, with A finite, we define for x € Z%, y € A,

hA_,B(ac,y):Pm(HA<TB, XHA:y)~ (1.17)
When B = Z9, we simply write h4(z, 2).
The equilibrium measure also satisfies the sweeping identity (for instance, seen as a

consequence of (1.46) in [20]), namely, for M C M’ CC VAS y € M, using the notation
from above (1.3),

PeM, [HM < OO,XHM = y} = Z 6]\4/(1‘)h]\4($,y) = eM(y) (1.18)

z€d; M’

The next lemma will be useful in Section 3, see Proposition 3.1. It provides an
asymptotic estimate on the expected time a random walk starting at the boundary of a
ball of large radius spends in this ball. We recall the convention on constants stated at
the end of the Introduction.
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Lemma 1.1.

B[ fy 1 X.)d
a(N) = sup ‘ oLy B(O,J;f)( s)ds]
z€9; B(0,N) ClN

71’ tendsto 0 as N — oo (1.19)

Proof. For simplicity, we fix z in this proof and write B(0, N) = B. We set
ev = N~Y2 ry =enN. (1.20)

We split B into two parts: B; = BN B and B; = B\B, where B = B(z, ry).
In B;, we use a crude upper bound for g(z, -), derived from (1.7),

¢ (1.21)

g(z,y) < (max{\x — y|oo7 1}>d—2'

As a result, we find that

[rn]
Ygay <Y Y W < i (1.22)

yeBI =0 y:ly—=|oo=l

Letx = ‘%m denote the projection of x onto the Euclidean sphere of radius NV centered
at 0. It is straightforward to see that

/ Gy —z)dy < cr¥;. (1.23)
Bra

R (Z,rN)

By the asymptotic approximation of discrete Green function (see (1.7) and (1.8)), writing
B = BRri(0, N)\Br«(Z,rn), we obtain with a Riemann sum approximation argument that

Y sww-a [ G- <| S oten) - d [ G-y

yEBy yEBy

+d‘/§(G(g_x) _G(ﬂ—j))dg‘ (1.24)
cN

<

Thanks to the scaling property and rotation invariance of Brownian motion, writing

€= d/ G(y — 2)dy, where z € R? with |z| = 1 is arbitrary (1.25)
Bpa(0,1)

(c1/d is the expected time spent by Brownian motion in a ball of radius 1 when starting
from its boundary), and putting (1.22), (1.23) and (1.24) together, we see that

‘Ew{/ 1B(O,N)(Xs)ds} —clNQ‘ <er? +¢N. (1.26)
0

By the definition of ) in (1.20), we obtain (1.19) as desired. O

We now introduce a positive martingale, which plays an important role in the defini-
tion of the tilted interlacements in the next section. We will show in the lemma below
that this martingale is uniformly integrable, and we will use its limiting value as a prob-
ability density.
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Given a real-valued function h on Z¢, we denote its discrete Laplacian by

Agish(z) = %d > h(z +e) = h(x). (1.27)

lel=1

We consider a positive function f on Z?, which is equal to 1 outside a finite set, and we
write

v Bl (1.28)
f
We also introduce the stochastic process
f(X4) /t
M, = ex V(Xs)dsp,t >0, (1.29)
=y P, VO

and define for all z € Z¢, T > 0 the positive measure JBLT (on WJF with density My with
respect to P,):

Py = MrpP,. (1.30)
The next lemma plays an important role in the construction of the tilted interlacements.

Lemma 1.2. Forall z € Z¢,

(M,;)¢>0 is an (F;)-martingale under P,, (1.31)
and
(My)¢>0 is uniformly integrable under P,. (1.32)
Moreover,
1 oo
1= E,[My] = ——E,[efo” V(Xa)ds], 1.33
ac[ oo] f(.’L') x[e 0 ] ( )

Proof. The first claim (1.31) is classical. It follows for instance from Lemma 3.2, p. 174
in Chapter 4 of [8]. Note that E,[My] = 1, so ]SI,T is a probability measure for each T
Using the Markov property of X under P, and (1.31), it readily follows that (X;)o<i<r
under ]SQJ’T is a Markov chain. By Theorem 2.5, p. 61 of [6], its semi-group (acting on
the Banach space of functions on Z¢ tending to zero at infinity) has a generator given
by the bounded operator:

Lh= %Adis( fh) — A‘Zj‘“f h, so that
~ (1.34)
Thiz) = % 3 f(jf(z)e) (h(z + ) — h(z)) .
le|]=1

We introduce the law @w on F(Zd) of the jump process starting from z, corresponding
to the generator L defined as in (1.34). Outside some finite set f = 1, and by (1.34),
outside the (discrete) closure of this finite set, this process jumps as a simple random
walk. As a result, the canonical jump process attached to @I is transient. In addition,
up to time 7, it has the same law as (X;)o<i<7 under ﬁLT.

Therefore, the claim (1.32) will follow once we show that

sup E,[M;log M;] = sup E‘m_T[log M;] = sup EQ- [log M;] < oo. (1.35)
t>0 T>t>0 t>0
EJP 19 (2014), paper 17. ejp.ejpecp.org

Page 8/26


http://dx.doi.org/10.1214/EJP.v19-3067
http://ejp.ejpecp.org/

A lower bound for disconnection

Now, setting g = log f, we split EQ- [log M,] into two parts

B [log M) = B [g(X,) — g(Xo) + / t V(X.)ds|

— g [g(Xt) — g(Xo) — /Ot f,g(Xs)ds} (1.36)
+ B9 [/Ot@g V) (X,)ds].

The first term after the second equality of (1.36) is zero since g(X;)—g(Xo) —fot Lg(X,)ds

is a martingale under @m (see Proposition 1.7, p. 162 of [8]). As for the second term, we
write

Ww=TLg+V. (1.37)
By (1.34) we see that
- 1 +
Eote) = 57 3 TS0t ) gto)) (1.38)
le]=1

Hence, with a straightforward calculation and the fact that
(1+w)log(l+wu)—u>0, foru>—1, (1.39)

we see that

@) 7(@) =0 (140

ldz( w+e og 1E+E) f(x+€)—f(w))

and that ¢ (z) is finitely supported.
Therefore, due to the transience of the canonical process under @T
~ & (1.40) = i
sup EQ= {/ w(xs)ds} < EG- [/ w(Xs)ds} < o0, (1.41)
t>0 0 0
whence (1.35).

The last claim (1.33) follows by uniform integrability. Indeed, the martingale con-
verges P,-a.s. and in L'(P,) towards

1 o0
Muc = Sy o0 {/0 V(Xs)ds}, (1.42)
so we have,
E,[Mu] = Eo[Mo] = 1. (1.43)
O

We thus define for all = in Z¢ the positive measure on WJF:
= def 1 i
P, < M. P, exp { V(Xs)ds}Px. (1.44)
f (37) 0
The following corollary is a consequence of Lemma 1.2 and its proof.
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Corollary 1.3. For all z in Z¢,
f’w is a probability measure. (1.45)

Moreover, (Xt)tZO under ]31 x € 7%, is a reversible Markov chain on Z¢ with reversible
measure _
Nz) = fA(z), z € 74, (1.46)

and its semi-group in L*(\) has the bounded generator

Th(z) = (% Auis(fh) + Vh)(z) = i 3 Jc(;f(:)e)(h(x +e)— (), (1.47)
le|]=1

for all I in LQ(X) and r in Z°. (Note that X has variable jump rate under P,, unless fis
constant.)

Similar to the results in potential theory for the continuous-time simple random walk
earlier in this section, we can also define for (X;);>o under {ﬁI}mezd the corresponding
notions such as (killed) Green function, equilibrium measure, and capacity. We also
refer to Section 2.1 and 2.2 of Chapter 2 and Section 4.2 of Chapter 4 of [9] for more
details. We denote the corresponding objects with a tilde, and refer to them as tilted
objects.

Specifically, we write g and gy for the tilted Green function and killed Green function
(outside U C Z%):

- oo _ 1 . TU
g(x,y) = =—E, [/ 1{sty}ds}, gu(z,y) = =—FE, [/ lix,=y)ds|. (1.48)
) 0 Ay) 0

One knows that § and gy are symmetric and finite. Given M CcC Z¢, the tilted equilib-
rium measure and tilted capacity of M are defined as:

en(z) = Po[Hy = oo]lM(x)f(m)<$ Z flx+ e))7 for z € Z¢ (1.49)

le]=1

(the expression after the indicator function of M is a reversibility measure of the dis-
crete skeleton of the continuous-time chain, which can be viewed as a random walk
among the conductances ﬁf(x)f(y), for x,y neighbors in Z¢, and §(-, ) is also the cor-
responding Green density of this discrete-time walk). Then (see (2.2.13), p. 79 of [9])

Gap(M) = En(x). (1.50)

zeM

Moreover, the following identities, analogues of (1.16) and (1.18), are valid:

> Gla,y)em(y) =1, forallz € M, (1.51)
yeM
and for M C M’ cc 74,
Pz [Hy <00, Xpy =yl = > Ewr(@)hu(z,y) = (y) forall y € M, (1.52)
zeM’

where for AC B C Z%, x € Z4, y € A,

EA(%Z/) = ﬁz[HA <00, Xpg, =yl EA,B(%Z/) = ﬁz[HA <Tp,Xu, =Y (1.53)
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are the respective tilted entrance measure in A and tilted entrance measure in A rela-
tive to B, when starting at x.

We now turn to continuous-time random interlacements. We refer to [22] for more
details. We define W* = W/ ~, where @ ~ @’ is defined as @() = w'(- + k) for some
k ke Z, for w,w’ € W. . We also define the canonical map as 7* : W — W*. We write
W i for the subset of W* of trajectories modulo time-shift that intersect M CC Z<. For

*e WM, we write W, 4 for the unique element of WJr which follows w* step by step
from the first time it enters M.

The contmuous time random interlacement can be seen as a Poisson point process
on the space W* with intensity measure u v, where v > 0 and 7 is a o- -finite measure
on W such that its restriction to W s (denoted by 7yy), is equal to 7* o QM, where QM
is a finite measure on W such that (see (1.7) in [22]) if (X}):er, is the continuous-time
process attached to w € W, then

Qu[Xo = 2] = em(z), (1.54)
and when ey (z) > 0,

under @ m conditioned on X = z, (X;):>0 and the right-continuous
regularization of (X_;);~¢ are independent and have same respective

1.
distribution as (X;):>o under P, and X after its first jump under (1.55)
Pm[-‘H]V[ = OO]
We define the space (2 of point measures on W* as
Q={B=) 650 € W foralli >0, 5(W3,) <ooforall M cC Z?}.  (1.56)

i>0

IfF:W* > Rand® = > 0r, we write < @, ' >= Y, F(w}) for the integral of F' with
respect to &. Given M CC Z% and & = >i>0 0wr In €, we let p (@) stand for the point
measure on W, par (@) = D50 Lgeews, (@*) 4 Which collects the cloud of onward
trajectories after the first entrance in M (see below (1.53) for notation).

We write P, for the probability measure governing random interlacements at level u,
that is the canonical law on €2 of the Poisson point process on W* with intensity measure
uv. We write I, for its expectation. Given &w = ), 5@;, we define the interlacement set
and vacant set at level u respectively as the random subsets of Z%:

T*(@) = {U,Range(w])} (1.57)

where for @* in W*, Range(w*) stands for the set of points in Z? visited by any @ in W
with ©* (@) = @w*, and
Ve = 7N\ (T4(@)). (1.58)

The above random sets have the same law as Z“ or V* in [20].

The connectivity function of the vacant set of random interlacements is known to
have a stretched-exponential decay when the level exceeds a certain critical value (see
Theorem 4.1 of [21], or Theorem 0.1 of [18], and Theorem 3.1 of [14] for recent devel-
opments). Namely, there exists a u.. € (0,00), which, for our purpose in this article,
can be characterized as the smallest positive number such that for all v > ..,

P[0 5 0B (0, N)] < ea(u)e =N forall N > 0. (1.59)
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(actually, by Theorem 3.1 of [14], one can choose ¢4 = 1, when d > 4, and ¢4 = % or any

other value in (0, 1), when d = 3).

We also wish to recall a classical result on relative entropy which will be helpful in
Section 2. For P absolutely continuous with respect to IP, the relative entropy of P with
respect to P is defined as

d]?} _ E{dfﬁ dP

H(P[P) :E[logd—P il ] € 10,50, (1.60)

ap °% Ip

For an event A with positive I?’-probability, we have the following inequality (see p. 76
of [7]):

P(4] > Blaje” Fa T EPF),

(1.61)
We end this section by recalling one property of the Poisson point process on general
spaces. It rephrases Lemma 1.4 of [13]. Let p be a Poisson point process on F with
finite intensity measure 7 (i.e. n(E) < o), and let ® : £ — R be a measurable function.
Then, one has

E[e<*®>] = el e~ 1du (1.62)

(this is an identity in (0, +o0)).

2 The tilted interlacements

In this section, we define a new probability measure P N Oon W* which is absolutely
ggntinuous with respect to IP,,, see Proposition 2.1. It governs a Poisson point process on
W*, which corresponds to the “tilted random interlacements”. Intuitively, these tilted
interlacements describe a kind of slowly space-modulated random interlacements. The
motivation for the exponential tilt entering the definition of P ~ actually stems from the
analysis of certain large deviations of the occupation-time profile of random interlace-
ments considered in [13], see Remark 2.5 below. In Proposition 2.1 we compute the
relative entropy of P ~ with respect to P,,, and we then relate this result to the capacity
of K after a suitable limiting procedure, see Proposition 2.4.

We begin with the construction of the new measure P ~, which will correspond to an
exponential tilt of IP,,, see (2.7).

We recall that K is a compact subset of R¢ as above (0.1). We consider d,€in (0,1),
and let U and U be the open Euclidean balls centered at 0 with respective radii ryy and
rg, where ry > 0 and ri = ry + 4. We assume that ry is sufficiently large such that
K2 c U c U C RY (recall that K2 stands for the closed 25-neighborhood of K, see
below (1.1)). By the end of this section we will eventually let ry, ri tend to infinity and
then let § tend to 0. We denote by W, the Wiener measure starting from z and by Hp,
for F a closed subset of R?, the entrance time of the canonical Brownian motion in F.
We write

h(z) = W.[Hgs < Ty], z € RY, (2.1)

for the equilibrium potential of K2° relative to U. For n € (0,5) and ¢” a non-negative
smooth function supported in Bga(0,7) such that [ ¢"(z)dz = 1, we write

R = h % ¢" (2.2)

for the convolution of h and ¢".
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We then define the restriction to Z¢ of the blow-up of h as
hy(z) = h”(%) for z € Z¢. 2.3)

We now specify our choice of f in (1.29) as

*k +
fla) = ( u . < 1) ha(z) + 1, (2.4)
and recall that
Adisf
V==
f

f and V tacitly depend upon ¢, d, 7, N. We drop this dependence from the notation for
the sake of simplicity. We denote by Uy the discrete blow-up of U (as in (0.1) or (1.2)).
We also note that

f=1o0n(Z\Uy)U8;Uy, and for large N, f = Le=te on KY. (2.5)

From now on, we will denote by ﬁz the probability measure defined in (1.44), with f as
in (2.4).

We define a function F on W* through
/0 V(Xs)(Wg,, )ds, for @™ € W5N’ with 7*(@) = w*, and

F(w*) = g, the time-shift of @ at its first entrance in Un, (2.6)
0, otherwise.

We refer to (1.56) for the definition of .

Proposition 2.1.
Py = e<“F>P, defines a probability measure on ). 2.7)
Moreover, under P N

the canonical point measure & is a Poisson point process on W* with

- ~ N 2.8
intensity measure u, where v = D, (2.8)
and for M cC Z? (see below (1.56) for notation),

war is a Poisson point process on W* with intensity measure uﬁgM. (2.9)

Proof. We begin with the proof of (2.7~). By the first equality of (2.5) and using (1.33) of
Lemma 1.2, we see that for all x € 9;,Uy,

Ey[eJo” V(Xa)ds) — 1, (2.10)

Since F vanishes outside /Wé , it follows that
N

/A (e = 1)dv = /A (e =1)dv =" Ee, [l V(Xads _ 1) 19 ¢ (2.11)
* W
Un
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and by (1.62),
E,[e<®F>] =1, (2.12)

whence (2.7). We now turn to the proof of (2.8).

Writing E ~ as the expectation under P ~, taking G a non-negative, measurable func-
tion on W*, we have
~ P, 2.7 P,
EN[67<‘*”G>] (:) Eu[e<w,F—G>]

(211 E1L[6<Q,F7G>]67uf(epfl)dﬁ

(2.13)
(122) et J(F=C—1)ydo—u [(eF —1)dD

on WUN . .
— euf(eT"-DeldD

This identifies the Laplace transform of & under P ~ and (2.8) follows by Proposition 36,
p- 130 of [16].

There remains to prove (2.9). By (2.8) ?11(1 the definition of u;; (below (1.56)), we
see that s is a Poisson point process on W with intensity measure wy,;, where
is the image of 1+ T v under the map @w* — @7\/{,+ (see above (1.54) for notation). The
claim (2.9) will thu]swfollow once we show that

™ = Pgy,. (2.14)
We introduce M = M U (7N. We observe that

51\7 = ej;- (2.15)
Indeed, this follows by (1.11) and (1.49), together with the first equality in (2.5). We
also note that in (2. 6) the function F' does not change if we replace U n in the definition
by M since U N C M and V vanishes outside U ~. Therefore, in order to prove (2.14),
it suffices to verify that for any bounded measurable function g : W+ = R, its integral
with respect to ;s coincides with that with respect to ﬁgM. We begin with (yas, g). By
the definition of ~v;;:

<ung> = [l ol @)@

(1.54) oo 5~
(1?5) Eeﬂ[efo V(x4 g(wM)l{HM<OO}]’

(2.16)

where for w € /I/I7+, we let Wy € W+ stand for the time-shift of @ starting at its first
entrance in M. We then apply the strong Markov property at H,;, and decompose
according to where the walks enter M,

ki H o '
< a1 g >Ma;ov EeM [efo M V(XS)dsl{HM<oo}EXHM [efo V(Xs)dég]]
H g . ds
= E._[f(Xu,)eh V(XS)d‘Sl{HM<oo}EXHM{ e )efo g]}
Hpp s 0o R
= Z E(ilg[f(y)efo V(e 1{HM<<X>,XHM:y}] y{%efo V(Xe)d g]
yeod; M
(1.44) ~
MarkoV Z P HM <00, Xpy, = }Ey[g}
€o; M
(2.17)
EJP 19 (2014), paper 17. eip.ejpecp.org
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On the other hand, we can express ]SgM in terms of the tilted entrance measure by
the sweepinﬂgv identity (see (1.52)) and incorporate the fact that thi tilted equilibrium
measure of M coincides with the standard equilibrium measure of M:

(1.52)

Eeylgl =7 o Peg lHy < 00, Xp,, = y)E,ylg]
(2.15) (2.18)
= Zyeaij\l Peﬁ [HM <00, X, = y]E [g]
Comparing (2.17) and (2.18), we obtain (2.14). O

We will call the canonical Poisson point process under P N the tilted random inter-
lacements.

Remark 2. 2 The tilted 1nter1acements do retain an interlacement-like character be-
cause 7 = ¢F'D is a measure on W*, which has the following property. Its restriction to
WM, for M cC Z4, is equal to 7* o Qy;, where

QulXo = ] = en(), (2.19)
and when €y, (z) > 0,

under QM conditioned on Xy = z, (X;);>0 and the right-continuous
regularization of (X_;);>o are independent and with same respective
distribution as (X;);>o under ﬁw and X after its first jump under
P,[|Hy = o0

(2.20)

We do not need the above fact, but mention it because it states the property analogous
to (1.54) and (1.55) satisfied by v. 0

We will now calculate the relative entropy of P ~ with regard to P, and relate it to
the Dirichlet form of hy (see (1.14) for notation).

Proposition 2.3.

HPx[P,) = (Vtter + € — V)2Ega(hn, hy). (2.21)
Proof. By the definition of relative entropy (see (1.60)),
~ dP R
H(Py|P,) = Eyllog d]PN} @D Enl< s, F >, (2.22)
and -
En[< @, F >] = u<v,F>
(2.6) *
= E~ V(X,)d
(2.9) ON [/0 (Xs) S]
(1.48) _ ~_ ~ NV (2 ’)\V /
- UZIGUN,r’GZd eUN (JC)g(I,.Z‘ ) (I ) (‘T ) (2.23)
(1.51)
U greza V@ )A(@)
supp VCUN
(1.46)
139 —uY ez f(2)Aais f(2).

We also have, by the definition of f in (2.4), that

—u Y @) A f@) =u Y (,/“*“L6 1) £(@)Aaishn () (2.24)

€74 z€Z4
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and since hy is finitely supported, by the Green-Gauss theorem, the left-hand side of
(2.24) equals

= w5 - D) S ) — F@) () — by ()
= S (\/E ) Eza(hn, hy),

and (2.21) follows. O

(2.25)

We will now successively let N — oo, n — 0, ry — 0o, and § — 0. The capacity of K
will appear in the limit (in the above sense) of the properly scaled Dirichlet form of h .

Proposition 2.4.

1
}g% r;gnoo 71713%) A}gnoo Na- 2<5'Zdz(hI\/,h]\;) = gcap]Rd(K). (2.26)

Proof. First, by the definition of h and (1.14) we have

N 25Zd(hN,hN Nd D Z (hn(z 4 €) — hy(z))?

T€Z le|= 1

e £ SR G e

mGﬁN |5|:1

Then, we take the limit of both sides. By the smoothness of A7 and a Riemann sum
argument we have:

1 1
Jm L galhnhy) = d/\vm(y)ﬁdyz (1,17, (2.28)

where Ega (-, ) denotes the usual Dirichlet form on R¢.

Since h in (2.1) belongs to Hl(IRd), see Theorem 4.3.3, p. 152 of [9] (due to the killing
outside of U, the extended Dirichlet space is contained in H'(R%)), h" — h in H*(R?),
as n — 0. We thus find that

lim Ega(h", h") = Ega(h, h) = capga (K, (2.29)

n—0

where cap]RdyU(K 29) is the relative capacity of K%’ with respect to U, and the last equal-
ity follows from [9], pp. 152 and 71.

Letting ry — oo , the relative capacity converges to the usual Brownian capacity
(this follows for instance from the variational characterization of the capacity in Theo-
rem 2.1.5 on pp. 70 and 71 of [9]):

cade7U(K25) — capga(K?°), as ry — oo. (2.30)

Then, letting § — 0, by Proposition 1.13, p. 60 of [15], we find that

capga (K?) — capga(K), as § — 0. (2.31)
The claim (2.26) follows. O
EJP 19 (2014), paper 17. ejp.ejpecp.org

Page 16/26


http://dx.doi.org/10.1214/EJP.v19-3067
http://ejp.ejpecp.org/

A lower bound for disconnection

Remark 2.5. Our main objective in the next two sections is to prove (0.4), i.e. ]APN[AN} —
1. Actually, we could also use the above P ~ (with @ > u in place of u,, in the definition
of f in (2.4)) and the change of probability method to provide an alternative proof of
Theorem 6.4 of [13] (it derives the asymptotic lower bound for the probability that the
regularized occupation-time profile of random interlacements insulates K by values ex-
ceeding a). It is a remarkable feature that such a bulge of the occupation-time profile
is constructed in the tilted interlacements by mostly steering the tilted walk towards
K, and not by seriously tinkering the jump rates, see for instance (1.47), as well as
Propositions 3.1 and 3.4 in the next section. O

3 Domination of equilibrium measures

In this section, our main goal is Proposition 3.4, where we prove that on a meso-
scopic box inside K¢, the tilted equilibrium measure dominates (u.. + ¢/4)/u times the
corresponding standard equilibrium measure. It is the key ingredient for constructing
the coupling in Proposition 4.1 in the next section. A major step is achieved in Propo-
sition 3.1, where we prove that the tilted capacity of a mesoscopic ball (larger than
the above mentioned box) inside K¥ is at least (u.. + €/2)/u times its corresponding
standard capacity.

We start with the precise definition of the objects of interest in this and the next
section. We denote by I'V = 8Kfv/2 the boundary in Z¢ of the discrete blow-up of K 5
(we recall (1.1) and (1.2) for the definitions of the boundary and of the discrete blow-
up). The above I'"V will serve as a set “surrounding” K. We fix numbers r;, i = 1,...,4
such that

0<2ri<ro<ry<ryg<l1 (3.1)

We define for z in I'V two boxes centered at z (when there is ambiguity we add a
superscript for its center x, and B will only be used in Section 4):

B; = Boo(x,N™), By = Boo(x,N™); (3.2)
and three balls also centered at x:
B; = B(z,N™), By=B(x,N™), Bs=DB(z,2N™), (3.3)
so that (in the notation of (1.1)) one has
B, CByCBsCByCBsCB; CK} cczl (3.4)

(we now tacitly assume that N is sufficiently large so that for all z € 'V, B? C K{;, and
the second equality of (2.5) holds).

We start with the domination of capacities. To prove the next Proposition 3.1, we
calculate the time spent by the random walk in the mesoscopic body Bs in two different
ways (see Lemma 3.2), and relate these expressions to the capacity and to the tilted
capacity.

Proposition 3.1. When N is large, we have for all z € TV
ucap(Bs) > (u** + %)cap(Bg). (3.5)
The proof of this proposition relies on Lemmas 3.2 and 3.3.
Lemma 3.2.

Uss + €
u

Es,, [/OO 15, (X,)ds| = Ee, {/w 15, (X4)ds (3.6)
0 0
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Proof. By the definition of the tilted Green function (see (1.48)) and by (1.51),

EEB3 |:fOOO 133 (Xs)ds] = ZveaiBg, y€EDB3 ng ('U)g(’t), y)/\(y) (3 7)
(1.51) ~ :
=" yens 1B (WAY).
Moreover, X(y) = f?(y) = L=t for y € By C KY (see (1.46), (2.5), (3.4)). Hence,
= ° Usex + €
Ezp, [/ 15, (Xs)ds} = 2 By, (3.8)
0
By a similar calculation, we also find that
o0
E.p, [/ 133(Xs)ds] = |Bs. (3.9)
0
Comparing (3.8) and (3.9) , we obtain (3.6) as desired. O

In the second lemma we prove that starting from the boundary of By, the tilted walk
hits Bs with a probability tending to 0 with V.

Lemma 3.3.

BIN) Y max  P,(Hp, < oo) tends to 0 as N — oco. (3.10)

€N v€OB,
Proof. For v in 0B,4, we have
P,(Hp, < o) = P,(Hp, <Tg,)+ P,(Ts, < Hg, < ), (3.11)

By the second equality of (2.5), and in view of (1.47), (3.4), when starting in v € By,
under ]31), X. AT, behaves as stopped simple random walk. Thus, by classical simple
random walk estimates, we have an upper bound for the probability that the tilted walk
hits B3 before exiting Bs:

P < L - (ra—ra)(d—2)y
nax Py(Hp, <Tp;) < ax Py(Hpy < o0) = Bo(N)=O(N ) (3.12)

(note that 3y(IN) does not depend on z € T'V).

By the strong Markov property successively applied at times Tz, and Hg, we have:

P,(Tp, < Hp, < o0) < yrgglg% Py(Hg; < o) Jnax P, (Hp, < c0). (3.13)

Taking the maximum over v in 0B, on the left-hand side of (3.13), and inserting this
bound in (3.11), we find with the help of (3.12):

~ N
max P,(Hp, < o0) < Fo (V) . (3.14)
v€dBy 1 — max Py(Hgz < 00)
yE€ODBs 4
To prove (3.10), it now suffices to show that
lirr]lvinfxerjrvlgréaBs Py(HB—4 =00) > 0. (3.15)
As a result of (1.7) and the stopping theorem, for large N, and any x € 'V,
in P,(Hz = . 1
ernalgs 2 ( B o0) > ¢ (3.16)
EJP 19 (2014), paper 17. ejp.ejpecp.org
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By a similar argument as in Lemma 1.1,

E. [/ 15, (Xs)ds] < ¢(U)N?, for z € Z% and N > 1. (3.17)
0

By the Chebyshev Inequality, writing ¢(U) = 2¢(U)/c, with ¢ as in (3.16), and Iy =
{5 15, (Xs)ds <&U U)N?}, we have

PIy]>1— g for all z € Z°. (3.18)

With (3.16) and (3.18) put together, we obtain that for all z in 0Bs,

P.({Hyz = oo} N In) > g (3.19)
By definition of f (see (2.4)) and since h" € C§°, we see that
A U
\4 _’ d“f‘ < e(u ’AdwhN‘ < N2 ) (3.20)

By the first equality of (2.5), we have Ag;sf = 0 outside U ~n. Hence, we find that for
large N, for all 2 € 'V and y € 0Bs, on the event Iy,

dPy (38.17) s C o
> > — e, .
aP, c(u) exp / V(X ds (330) c(u) exp { ¢cN N2 } c(u)e (3.21)

Therefore, by (3.19, (3.21) we find that

liminf x_ o minger~ yeon, ﬁy[{HE =oo}] >
dP (3.22)
liminf o mingepn~ yeon, By d—Pyl{HE:OO}JN} > 0.
y

This proves (3.15) and concludes the proof of Lemma 3.3. O

With all ingredients prepared, we are ready to prove the domination of capacities
stated in Proposition 3.1. In the proof we combine the estimates obtained in Lemmas 1.1
and 3.2, perform an argument similar to (3.11), (3.12) and (3.13), and employ Lemma
3.3 to control the tilted return probability.

Proof of Proposition 3.1. We will bound the left term of (3.6) from above and the right
term from below. We start with the upper bound on the left-hand side of (3.6).

For all y in 9, B3, by strong Markov property at time 7z, (and then at time Hp,) we have

Ey[/ooolBg(Xs)dS] ZEy[/OTB4 133(Xs)d8} —|—Ey |:EXTB4 [/OoolBg(Xs)dSH

< max {Ey{/OTB4 133(Xs)ds” (3.23)

y€0; B3

oo
+ max {P,[Hp, < ]} glaaga{E [/0 133(Xs)ds]
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Taking the maximum over y € 0; B3 on the left-hand side of (3.23) and rearranging, we
find in view of (3.10):

U s B[ [P 15 (X,)d
e B[ [ 1, (x5 < B 1y[£O(N) O] (309
143 0 -

Then we notice that, since f is constant on Kj‘\, D By, see (2.5) and (3.4),

Ey[/OTB4 1BS(XS)ds} - Ey[/OTB4 1BS(XS)ds] (3.25)

We now have the following upper bound on the left-hand side of (3.6) under ]Bng:

Eng {/000 1B, (Xs)ds} < Ccap(Bs) maxyecs, B, Ey {/000 1B, (Xs)ds}

(3;4) cap(By) U0y {f?y[ é{;; B, (Xs)ds] }

2% Gap(By) y€0:bs {in_[ {30?;)133 (X.)ds] } (3.26)
< oty e B 10

U2 cap(Bs)er N?7s %.

On the other hand, by (1.19) of Lemma 1.1, we have a lower bound on the right-hand
side of (3.6):

Usex + € Usex + €

u

Eep, [/Oo I5:2 (Xs)d8:| > cap(B3)ci N3 (1 — a(N)). (3.27)
0

Combining (3.26), (3.27) and Lemma 3.2, we find

1+ a(N) S Uis H €
1—pB(N) —

With the help of (1.19) and (3.10) we see that Proposition 3.1 readily follows. O

cap(Bs) cap(Bs3)(1 — a(N)). (3.28)

We now turn to the domination of the equilibrium measures at a smaller scale on
B;. In the proof of Proposition 3.4, thanks to the domination of capacities proved in
Proposition 3.1, we are able to reduce the domination of equilibrium measures to the
domination of (relative) entrance measures. This is performed in Lemma 3.5.

Proposition 3.4. When N is large, for all z € I'N and z € 0;B1,

uep, (z) > (u** + 2)631 (2). (3.29)

The proof of Proposition 3.4 relies on the following lemma, where we prove that the
killed entrance measure of B; almost dominates the corresponding standard entrance
measure. From now on, we fix € = €/(4du.. + 2¢). We recall (1.17) for notation.
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Lemma 3.5. For sufficiently large N, for all z € TN and z € 8, B4,

in h >(1—¢ hp, (7, 2)- 3.30
in gy p(y, ) 2 (1= €) max hp, (¥, 2) (3.30)

The proof of Lemma 3.5 has the same flavour as Section 3 of [2] and indeed relies
on Lemma 3.3 of the same reference.

Proof. We decompose hp, g, (y, 2) according to the time and place of the last step before
entering B; at z, and obtain for y outside B; and z in B,

1
hiy,Ba(y,2) = o > gsas ). (3.31)

z'~z,2' €0By

Similarly, we have for y outside B; and z in Bj,

_ 1 iy
hp, (¥, 2) = 24 > gs:(G 7). (3.32)

z/~z,2'€0B,

Therefore, to prove (3.30), it suffices to show that for large N and for all y, y € 9; B3 and
Z/ S 831

9B\ (4, 7) > (1 —€)gpe(7,7). (3.33)

By an argument similar to Lemma 3.3 of [2] to B, and B, we have that

symmetry

9B4\B; (y, 2/) 9B4\ B, (Z', y)

Hage 934(2/7 y) — E. [934 (XH31 ), Hp, < TB4]
(3.34)

symmetry
= E. [934 (ya Z/) — 9B, (y7 )(HB1 )7 HB1 < TB4]

def
+ 9B, (y7 Z/)Pz’[HBl > TB4] = A+ B.

Then, by the gradient estimate and the Harnack inequality in Theorems 1.7.1, and 1.7.2,

p. 42 of [11],
c

NTs
and by a similar argument as below (3.30) of [2],

|A] < N"gp,(y,2"), (3.35)

C
B> <98y, 7). (3.36)

Hence, collecting (3.34), (3.35), (3.36), we find that
9B4\B; (y7 Zl) 2 9B, (y7 Z/)PZ' [HBI > TB4](1 - CNQTI_T?’)ﬂ (3.37)
By analogous arguments we also obtain

955 (5, 7) < 95,7 )P [Hp, = 00](1 4 cN?175). (3.38)

By the definition of r; and r3 (see (3.1)), N?2m1—7s « 1. Therefore, combining (3.37),
(3.38) together with the fact that

P, [I’IB1 > TB4] > P, [HB1 = OO], (3.39)
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the claim (3.33) will follow once we show (see above Lemma 3.5 for our choice of ¢)
that when N is sufficiently large, for all z € I'V, all y, 5 € 0; B3 and all 2’ € 0B,

!

98.(y,2) > (1 - %) 97, 7). (3.40)
By (1.7) and (1.10), for large N, setting B = B(y, 25*) we have the following bounds:
98,(y:2') = g5y, ') = coly — /|7 — eNT1C=D — N7 (3.41)
and
9(7,2") < eoly — 2|3 4 N0, (3.42)
Hence, we obtain (3.40) and (3.33) follows. This proves Lemma 3.5. O

We are now ready to prove Proposition 3.4. In the proof, we make use of the sweep-
ing identity, and, in effect, reduce the comparison of the standard and tilted equilibrium
measures of B; to the comparison on the standard and tilted capacities of B3, and to
the comparison of the (killed) entrance measures.

Proof of Proposition 3.4. For large N and for all z € I'N and z € 9;B;, we find that

- (152 =
uep, (z) = uPey, (Xpp, =2, Hp, < 00)

> UEaP(BS) minyéaq‘,Bs h31 (y,Z)

(3.5) (3.43)

¢ _
L € .
> (u + ) cap(Bs) min hp, (y,2)

2

€ . ~
> (u + 5) cap(B3) ,nin hp, B, (Y, 2).

Since up to the exit time from B, the tilted and standard walk have the same law (see
(2.5)), we see that for y € 0;Bs and z € 0B;, we have

Ly . (Y, 2) = hp, B, (Y, 2). (3.44)

Taking Lemma 3.5 into account, we find that for large N and for allz € I'N and 2 € 9By,

(3.30)
in h > (1—¢€ hp, (7, 2). 3.45
yénai%g. B1,By (y,Z) = ( € ) gg})?§3 B, (y,Z) ( )

Thus, coming back to (3.43), we find that with our choice of ¢ (above Lemma 3.5),

uep, (z) > (u**—&—f)cap(Bngax hp, (¥, z)

4 y€0; B3
(1.17) €
> (u n 1) Poy (Xup, = 2 Hp, < ) (3.46)
(1.18) €
= (u** + 1) ep, (2).
This completes the proof of Proposition 3.4. O
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4 Coupling and Disconnection

In this section, we prove in Theorem 4.3 that the tilted interlacements disconnect
Ky from infinity with a probability, which tends to 1 as N goes to infinity. To this
end, we show that in mesoscopic boxes with centers in 'V (introduced above (3.1)),
the tilted random interlacements locally “dominate” random interlacements with level
higher than u.., and thus typically disconnect in each such box the center from its
boundary with very high probability. Therefore, there is a high probability as well for
the tilted interlacement to disconnect the macroscopic body from infinity. The main step
is Proposition 4.1 where we construct at each point of 'V a coupling so that the tilted
random interlacements with high probability locally dominate some standard random
interlacements with level higher than u...

We recall the definitions of B; and Bs from (3.2).

Proposition 4.1. When N is large, for all z € I'N, there exists a probability space
(©2, A, Q) and random sets T and 7, defined on (), with same respective laws as 7" N B;
under Py and 7"+ *% under P,,, y<, so that

QI DIy > 1 — cse N7 (4.1)

(the constants depend on r1, 72, €).

The idea of the proof is to stochastically dominate the trace in B; of random inter-
lacements with level higher than u,, by the “first excursions” (from some inner bound-
ary of B; to 0Bs) of the trajectories from some random interlacements with slightly
higher intensity, and then, further dominate these excursions by the same kind of “first
excursions” of trajectories of the tilted interlacement. The following proposition for the
above mentioned first stochastic domination in essence rephrases Proposition 4.4 of [1].
We begin with some notation.

For A C B CC Z%, we write k4 g for the law on I'(Z?) (see below (1.4)) of the stopped
process X. 7, under P, ,. We also denote the trace of a point process n = ) . d,,, on the
space I'(Z%) by

Z(n) = U;Range(w;). (4.2)

Proposition 4.2. When N is large, for all x € 'V, there exists a probability space
(3, B, Q) endowed with a Poisson point process 1), with intensity measure (u..+¢/4)kp, B,,
and a random set ; C Z% with the law of T%=*5 N B; under P,..+¢, and

Qi CZ(n) N B =1 —cse N, (4.3)

We refer the readers to Proposition 5.4 of [1] and to Section 8 of [1] for the proof of
Proposition 4.2.

We now construct another coupling such that the trace on B; of the first excursions
of the tilted random interlacements dominate the trace of the corresponding excursions
for random interlacements at level u.. + §. Combined with Proposition 4.2, this will
complete the proof of Proposition 4.1.

Proof of Proposition 4.1. We keep the notation of Proposition 4.2. Let o be the measure
on 9;B; such that for all z € 9;B;,

a(z) =uep, (z) — (u** + i) ep, (2). (4.4)
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By Proposition 3.4 « is a positive measure. Hence, we can construct an auxiliary prob-
ability space ((NZ, ﬁ, @), endowed with a Poisson point process 77 on I'(Z¢) with intensity
measure k() = P, (X-/\T32 ). Since for all z in 9; B4, the tilted walk coincides with the
simple random walk up to the exit from Bs, we obtain that

7 = (Z(3) UZ(n)) N By is stochastically dominated by Z* N By under P . (4.5)

We can thus construct on some extension (Q,4,Q) an Z distributed as 7" N By under
Py, so that Z D Z(n), Q-a.s.. We then have

. _ (4.3) er
QIZI>T>QIZMNBI DL =Q[Z(n)NBy DT > 1—cse N7 (4.6)

O

We are now ready to derive a key step for the proof of Theorem 0.1. Namely, we

o~ vu
will now show that with P y-probability tending to 1, the event Ay (= {Ky < oo}, see
(0.2)) does occur.

Theorem 4.3.
lim Py[Ay] = 1. 4.7)
N—oo

Proof. Note that for large N, when K is connected to infinity by a nearest-neighbor
path, this path must go through the set 'Y at some point x (see above (3.1)). Hence,
this path connects z to the inner boundary of BY, so that

AS € Upern {z &5 9, B71. (4.8)
Thus, we find that for large N

ByAg] < 3 Pyle <% 9,B7]. (4.9)

zel'N

By Proposition 4.1, for large N, uniformly in 2 € I'", we can bound the probability in
the right-hand side of (4.9) as follows,

(4.1 Pusxt g .
Pylz & 0;BF] < P, iclv +— 0;B¥] + cse N
(1.59) , ° (4.10)
< cem N,
where the constants depend on rq, 79, €.
Hence, we see that for large N,
Pr[AS] < [TV |ce N — 0. (4.11)
This concludes the proof of Theorem 4.3. O

5 Denouement

In this section we combine the various ingredients, namely Theorem 4.3, Proposi-
tions 2.3 and 2.4, and prove Theorem 0.1.
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Proof of Theorem 0.1. We recall the entropy inequality (see (1.61)), and apply it to P,
and Py defined in Sections 1 and 2. By Theorem 4.3, we know that
limy 0o Py[ANn] = 1, and (1.61) yields that

1 1 ~
1}\1{111an log(P,[AN]) > —hj{{n:upNi (Py|Py). (5.1)

By Proposition 2.3, we represent the right-hand side of (5.1) as

1 ~
— lim sup N2 H(Pn|P,) = —(Vtlx + € — Vu)? hmsup - 2gzd (hn,hy). (5.2)
N—so00

Then, by Proposition 2.4, taking consecutively the limits n» — 0, ry — oo, and § — 0,
and we obtain

1 1
1}\1]111111C — log(P,[AN]) > —3 (Vthr + € — V) ?capga (K). (5.3)
—00
Finally, by taking ¢ — 0 we obtain (0.3) as desired. O

Remark 5.1.

1) It is an important question whether Theorem 0.1 can be complemented by a matching
asymptotic upper bound, say when K is a smooth compact set. In view of Theorems 6.2
and 6.4 of [13] (see also Remark 6.5 2) of [13]), this would indicate that the large
deviations of the occupation-time profile of random interlacements, insulating K by
values u’ of the local field (with «’ corresponding to a non-percolative behaviour of V“/)
capture the main mechanism underlying the disconnection of a macroscopic body, in
the percolative regime of the vacant set.

2) As u — 0, the right-hand side of (0.3) tends to the finite limit —*:=cap(/). One
may wonder whether this limiting procedure retains any pertinence for the study of the
disconnection of the macroscopic body Ky by a simple random walk trajectory? For
instance, does one have

1 Range{(X¢)t>0}¢
lim inf Ni2 log Py HKN

N—o00

ooH > —%cade(K) ? (5.4)
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