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Abstract

It has been shown that certain types of random walks in random potentials and Brownian
motion in Poissonian potentials undergo a phase transition from sub-ballistic to ballistic be-
havior when the strength of the underlying drift is increased. The ballistic behavior has been
manifested by indicating a limiting area for the normalized motion. In the present article, we
provide a refined description of this limiting area with a further development for the case of
rotation invariant Poissonian potentials.

1 Introduction and preliminaries

In this article, we simultaneously study a discrete and a continuous model of a random motion
evolving under the influence of a nonnegative random potential. In the discrete setting, we
consider a symmetric nearest-neighbor random walk (S;)¢eny on Z¢ with start at the origin.
The random potential is supposed to be an i.i.d. collection (V;;) ¢z of nonnegative, nondegen-
erate random variables with existing dth moment. For convenience, we additionally assume
essinfV,, = 0. In the continuous setting, we consider a symmetric brownian motion (S;);cp+ on
R? with start at the origin. The potential (V,.),cra is supposed to be obtained by translating
a fixed nonnegative shape function W at the points of a Poissonian cloud w =37, §,, on R?,
with fixed intensity v > 0:

Va(w) & Zl W(x —x;) for w= Zl Os; s

where w runs over the set of cloud configurations (i.e. simple pure point Radon measures on
R?) and the nonnegative function W is chosen bounded, measurable, compactly supported
and nondegenerate.

We write P for the probability and E for the expectation associated to the random motion.
The random potential is supposed to be independent of P. Its probability and expectation are
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denoted by P and E, respectively. Thereby, if not explicitly indicated, we do not distinguish
between the discrete and the continuous setting.

The influence of the potential to the random motion is manifested by introducing the so-called
path measures for finite paths. To any drift » € R? and with w being a concrete realization of
the potential, they are given by

t
1
Q. = Zi &P <h~St — § Vsk(w)) dP, teN,
tw k=1

in the discrete and

1 t
dQt = 5= exp (h .S, —/ Vgu(w)du) dP, teRY,
0

t,w

in the continuous setting. The normalizations Zt’fw are called partition functions, and they are
given by

t
Zgw_E{eXp(h'St_ZVSk(w))]a teN,

k=1

in the discrete and

¢
Zﬁw:E{exp<h-St—/ Vgu(w)du>}, teRT,
0

in the continuous setting. Again, if not explicitly mentioned, we will not distinguish between
the discrete and the continuous version.

In this definitions, the path measures and the partition functions are random objects again,
depending on the concrete realization of the potential. This approach is called the quenched
setting. It is also convenient to consider the annealed setting, in which the objects are averaged
with respect to the environment. The two settings, at least as far as they are studied here,
can be treated in a very similar way. In particular, all the proofs we perform are identical for
both settings. To avoid repeatings, we thus restrict ourselves to the quenched setting.

A particle moving under the path measures underlies two contrary influences. On the one
hand, it is convenient to stay in regions of small potentials and thus to dislocate only slowly.
On the other hand, the particle is urged to develop in the direction of the drift h, where
the strength of the urge of course increases with the size of h. As a consequence, there is a
transition from a sub-ballistic phase for small drifts, where the displacement of S; from the
origin is of order o(t), and a ballistic phase for large drifts, where the displacement of S; from
the origin grows of order O(t).

This was first established for the continuous setting by Sznitman (see Chapter 5 of [2]) and
then adapted to the discrete setting by Zerner and Flury in [3], [1]. In the underlying method,
the velocity of dislocation is obtained from a large deviation principle for S;/¢ under the path
measures Qﬁw of which the rate function is connected to the exponential growth rate of the
partition function Zt’fw. The transition in the velocity of dislocation then is (partially) brought
back to a transition in the growth rate of Z[fw.

More detailed, it is shown that there exists a family (a))x>o of (nonrandom) norms on R?,
such that, on set of full P-measure, S;/t under Q?’w satisfies a large deviation principle with
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convex rate function
I(z) < sup (ar(z) — \), zeR
A>0
On the same set of full P-measure, by an application of Varadhan’s lemma, one then obtains
that

log ZI
lim 225 — gup (-2 — I(z)), (1)

t—00 zeR4

and that S/t under Qﬁw satisfies a large deviation principle with rate function

In(y) € Iy) —h-y+ sup (h-a = I(z)).

It then is clear that, again on the same set of full P-measure,
e . h .
dist - My, ) — 0 in @y, probability as t — oo, (2)
where the limiting area

M, & {yeRd: h-y—1(y) = sup (hx—](w))}
z€R4

is a compact set.
The norms (a)x>o are the so-called Lyapunov functions or Lyapunov norms. In the discrete
setting, they are characterized by

ax(z) = —nILH;O% logE[exp (— ;i_:l (A + Vsk(w))); Hy, < oo], (3)

where H,,, = inf {k € Ny : Sy = nz} denotes the first hitting time of nz € Z?. In the contin-
uous setting, the they can be expressed by

on(@) = — lim + logE[eXp ( - /O o (A + Vs, (w)) du>; Hy. < oo], (4)

n—oo N

where H,, = inf{u € R" : |[nx — S,|| < 1} denotes the first entrance time to the closed unit
ball around nx € R%. In both settings, the limits exist P-almost surely and in L!(P) and the
map A — ay(z), to any fixed z € R?\ {0}, is continuous, concave and strictly increasing with
limy o ax(x) = oo (Proposition 4 and page 272 in [3] and Theorem 2.5 and Proposition 2.9
in Chapter 5 of [2]).

The transition from sub-ballistic to ballistic behavior is specified by the dual norms

L ) /e R

a5 (0) % sup (

70 ak(x)

the map A — 1/aj (¢) inherits the property of being continuous, concave and strictly increasing

It is easily seen that (a})x>o is indeed a family of norms again. Also, to any fixed ¢ € R¢\ {0},
in
with limy_,o 1/a3(¢) = oo.
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Still according to the references mentioned above, we finally have the following characterization
of the phase transition:

For ag(h) <1, sup (h-x —I(x)) =0 and M) = {0}. (5)
z€R4

For aj(h) > 1, sup (h-2 — I(x)) > 0 and, as a consequence, 0 ¢ M},. (6)
z€R4

The aim of this article is to improve the picture of the ballistic phase by the following refined
description of the limiting area M.

Proposition 1. For h € R¢ with a(h) > 1, we have
h-y= )
ye M, — { 7 Y gA(h) (y) (7)

where A(h) > 0 is the unique number with o}y (h) =1.

The condition h -y = ayp)(y) indicates the possible directions for S(t) to evolve. That is, the
sites in M}, lie in the half-lines from the origin to one of the points in which the hyperplane
{z € R?: h-z = 1} touches the closed unit ball {z € R% : ay,)(z) < 1}, where the existence of
such a touching point is guaranteed by the choice of A(h). The condition I(y) = axp)(y)—A(h),
on the other hand, specifies the possible speed of the dislocation in such a direction (i.e. the
possible distance from the origin of y € M}, in a certain half-line). To make this point more
clear, we consider the right and the left derivatives

aj{(m) def lim Ol)\+s(l') - Ol)\($) and O'z;\ (x) def lim Oé)\(il') — a)\fg(q;)

€l0 3 el0 3

)

which exist by concavity. By the definition of I, we then have I(y) = axm)(y) —A(h) if and only
if c'u;(h)(y) >1> o'zi(h) (y), which again, by scalar linearity inherited from ap), is equivalent
to

1 .
oz)\(h)(ey) 2 m 2 oz;\"(h)(ey), (8)
where e, < y/|y].
Observe also that (7) implies
sup (h-xz —I(z)) = A(h), 9)

z€ERC

which, since A(h) > 0, then leads to the ballistic characterization in (6).
We now have a closer look at the continuous setting in the case where the shape function W
is invariant under rotations, i.e. when

W(z)=W'(|z]) VzeR’, (10)
for a suitable function W’. In that case, for any rotation ¢ on R%, we have

Va(w) = Vi) (p(w)) Yz €RY, (11)
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where p(w) &' 3. Op(zy) for w =73, 0,,, and we thus obtain
H”LJJ
exp < — / ()\ + Vsu) du) 1{Hnm<oo} dP ® dP
0
Hpe
= exp ( - /0 ()\ + Vv(su)) du) 1{H,, <00} AP ® dPp~? (12)

Hyg (@)
= exp ( - / (A +Vs,) du) LH, (<o} dPp™! @ dPp~? (13)
0

for any z € R?. As a consequence, since dPp~' = dP and dPp~! = dP, we see that the
rotation invariance is transmitted to the Lyapunov norms (ax)x>o by their representation in
(4). That is, to any fixed A\, we have

ax(x)

iz = const. V€ R%\ {0}. (14)

In that situation, we find an even simpler description of the limiting area Mj,. To do this, we

consider the derivatives

ot . A(th) = A(h) Sy def 1o A(R) = A(th)
+ def A =
Oy A(h) = ltlgl | and 0, A(h) = ltlTI{l T .

The limits exist by convexity, which e.g. is obtained from (9), and 9 A(h) = VA(h)-h wherever
A(h) is differentiable.

Corollary 2. In the continuous setting with rotation invariant shape function W, for h € R?

with of(h) > 1 , we have

(15)

- +
M;, = {teh : ah A(h) <t< 8h A(h)},

Il == Rl
where e, = h/||h]|.

Observe that the description of the limiting area in (15), by some further rotation invariance
arguments, reduces to
My, ={vA(h)} (16)

wherever the gradient VA(h) exists (i.e. where 9;" A\(h) = 9, A(h)).
Proof of Corollary[2. By the definition of () and the rotation property in (I4), we have

s (h) = m — ye{th:t>0}, (17)

which, since af\(h)(h) =1, is equivalent to
axmy)=h-y <<= ye{th:t>0}. (18)

From Proposition[Iland in view of (8], we thus obtain

M, = {th L 1/dyg () <t < 1/aj(h)(h)}. (19)
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Moreover, since (18) in particular implies [|h|* = ax)(h), we have

2|81 = V([1R]1%) - b = Varmy(h) - b = axy(h) + iy, (h) Oy A(h), (20)
and therefore
o) = A ® AP 1)
&y (1) Ay (h)
which completes the proof. O

2 Proof of the main result

Let D {z € RY: I(x) < 00} denote the effective domain of I. In the continuous setting, as
is shown in Lemma 4.1 in Chapter 5 of [2], we have D = R?. In the discrete setting, on the
other hand, D is bounded and equals the closed unit ball of the 1-norm (see e.g. equation (66)
in [3]). Thereby, I (as a convex rate function) is continuous when restricted to D.

In order to prove Proposition [1] the crucial point is to evaluate the derivatives

a;[@)d:dhmM? z € D°,
tl1 t—1

_ def 1. I(x) — I(tm)

57;](33)*1]&1%111 =7 x € D\ {0},

where the existence of the limits is guaranteed by convexity. To this purpose, we introduce

A inf (A >0 af (z) < 1},

x

Ay Esup{A>0: a;(z) > 1} V0.

Observe that A\ (respectively A} ) is the largest (respectively smallest) transition point from
nondecreasing to nonincreasing behavior for the map A — ay(z) — A, and that consequently

A =max{\>0: I(z) = ax(z) — \}, (22)
A =min{\>0: I(z) = ax(z) — A}, (23)
for all x € D°.
Lemma 3. We have
8;[(93):04/\;(@, x € D°, (24)
0, I(x) = ay (), =eD\{0}, (25)

where qoo () L Yimy o a)(z) = oo for x #£0.

Proof. We start with (24). From the characterization of A} in (22), we obtain

ay+ (tr) = Ah — o, (x) + 0T
0} I(z) = lim —t= S -
tl1 t—1
Qxf (tz) — xS () A= AF A (z) — )+ (z)

= lim : — lim
t]1 t—1 tj]r t—1 t—1
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It is easily seen that limgj; A\j, = A\f and

ay+ (tr) — a,+ (7)

i t—1 =limayy (2) = ayp (o). 27)

What remains to show is that the second limit in (26) is zero. To this end, observe that the
concavity of a;(x) in A implies

G @) = A 2 e () — oy (@) 2 é5 (@) (N = A7) (28)

Observe also that 1 > o'z;& (7) and, since either \;, = A/, (and thus d;\ﬁ (tz) = d;{m (tz) > 1)
or A\, < Af and d (tx) =1 for A, < A <AL,

. 1. 1
s (x) = n ozA:;(tx) > 7 (29)
We therefore have
)\2 — )\;r N/ (x) — % () 1
R I —— <N =N T (30)
where
_1 + a4
A — A
+ _ v+ t 13 tx T
ltlm (AL = AT) — ltlfrll ; 0 (31)

That is, the second limit in (26) is zero, which completes the proof of (24).
It remains to show (25), which (by the convexity of I) though easily follows from (24) by

0, I(x) = ltlTI{l o I(tx) = 1151%1 oyt (tz) = ay-(z), (32)

where at the last step, we used lim;11 A, = A5 . O

Before stepping to the proof of Proposition 1, we have a closer look at the limiting behavior
of I on its effective domain D. In the continuous setting, we have
0.1
lim OsI(57) =00 (33)
§— 00 S
for all z € R?\ {0} as follows from Lemma 4.1 in Chapter 5 of [2]. In the discrete setting, the

analogous behavior is not a priori guaranteed. There, in view of (25)), it remains the possibility
that

O, L(t
lim ty (y)

iy ; =0, I(y) < oo (34)

for y € 9D if and only if A\ < oo and

ay(y) =1 VYA> A . (35)
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Proof of PropositionlI. The existence and uniqueness of A\(h), as well as the property A\(h) > 0,
are plain by the assumption of(h) > 1 and the above mentioned properties of XA — 1/aj ().
It thus remains to show (7).

By scalar linearity and continuity, there exists e with |e]| = 1, such that
h-x h-e
1=a,(h) = sup < ) = . (36)
A o ell=1 \oam)(z) ) anmy(e)

Since A — ay(e) is strictly increasing, the right derivative (jzj\'(h)(e) is strictly positive. We
thus can set z = ¢/ d;f( h)(e). By (36) and scalar linearity, we have
h-z=aymn(z). (37)

In addition, since A — a(z) is concave and dj\'(h)(z) =1, the map A — a,(z) — A is nonde-
creasing for A < A(h) and nonincreasing for A > A(h), such that

I(2) = axm)(z) — A(h). (38)
From and (38), we thus obtain
AMh)=h-z—=I(z) < sup (h-z—I(x)). (39)
z€R4

Suppose now y € M}, and therefore y £ 0. If y € D°, we necessarily have

- +
Oy I(y) <h-y <9, I(y). (40)
Lemma [3/then implies that, by continuity, there exists A € [\, )\;‘ ], such that
ax(y)=h-y. (41)

If we are in the discrete setting and y € D, which is possible if J, 1 (y) < oo only, there also
exists A € [\, 00) such that (41) is true. Moreover, from the bounds of A, respectively from
(35) if y € OD in the discrete setting, we obtain

I(y) = ax(y) = A. (42)
Now, since A — a}(h) is nonincreasing, (41) implies A < A(h). After all, we thus have shown

(39)
M) < sup (hea—I(@) = hey— 1) "HP A < Am), (43)
zERC
such that the left-to-right implication of now is given by (41), (42) and A = A(h), and the
right-to-left implication follows from A(h) = sup,cpa (b -z — I(x)). O

References

[1] Flury, M. (2007). Large deviations and phase transition for random walks in random non-
negative potentials. Stochastic Process. Appl. 117 596-612. MR2320951

[2] Sznitman, A.S. (1998). Brownian motion, obstacles, and random media. Springer Mon-
graphs in Mathematics. Springer-Verlag, Berlin. MR1717054

[3] Zerner, M.P.W. (1998). Directional decay of the Green’s function for a random nonnegative
potential on Z%. Ann. Appl. Probab. 8 246-280. MR1620370


http://www.ams.org/mathscinet-getitem?mr=2320951
http://www.ams.org/mathscinet-getitem?mr=1717054
http://www.ams.org/mathscinet-getitem?mr=1620370

