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Abstract

In the present paper, we determine the full spectrum of the simple random walk on
finite, complete d-ary trees. We also find an eigenbasis for the transition matrix. As an
application, we apply our results to get a lower bound for the interchange process on
complete, finite d-ary trees, which we conjecture to be sharp.
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1 Introduction

Finding the spectrum of a transition matrix is a very popular subject in graph theory
and Markov chain theory. There are only a few techniques known to describe the exact
spectrum of a Markov chain, and they usually work under very specific conditions, such
as when the Markov chain is a random walk on a finite group, generated only by a
conjugacy class [12]. Most well-known examples where a transition matrix has been
diagonalized usually rely on combination of advanced representation theory, Fourier
analysis, and combinatorial arguments [3, 5, 6, 7, 13, 15, 17, 22]. But even in most of
these cases, there is no description of what an eigenbasis of the transition matrix would
look like, which in general is needed as well in order to understand the transition matrix.

In this work, we present the full spectrum of the simple random walk on complete,
finite d-ary trees and a corresponding eigenbasis, and we use this information to produce
a lower bound for the interchange process on the trees, which we conjecture is sharp.
Consider the complete, d-ary tree 7j, of height h, whichhasn:=1+d+---+d" = dhdtll_l
vertices. We study the simple random walk on 7;, whose transition matrix is denoted by
@1, according to which when we are at the root we stay fixed with probability 1/(d + 1),
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Spectrum of random walks

or we move to a child with probability 1/(d 4+ 1) each. When we are at a leaf, we stay
fixed with probability d/(d + 1) otherwise we move to the unique parent with probability
1/(d + 1). For any other node, we choose one of the neighbors with probability 1/(d 4+ 1).

This is a well studied Markov chain. Rojo [24] and later Rojo and Soto [23] linked
the spectrum of the Laplacian of the complete binary tree to the spectrum of suitable
submatrices. Aldous [1] proved that the cover time is asymptotic to 2h2d"**log h/(h —1).
The order of the spectral gap and the mixing time of this Markov chain have been widely
known for a long time. In fact, the random walk on 7}, is one of the most famous examples
of a random walk not exhibiting cutoff (see Example 18.6 of [20]). In fact, Basu, Hermon
and Peres [4] have introduced a criterion for cutoff for random walks on trees which the
simple random walk on complete, finite d-ary trees fails to satisfy. However, finding the
exact value of the spectral gap has been an open question for years, let alone finding the
entire spectrum and an eigenbasis of the transition matrix Q.

We denote by p the root of T, by V(7;) the vertex set of 75, and by F(7;) the set
of edges of 7. Let £ : V(T) — [0,..., h| denote the distance from the root. For every
node v, let 7Y be the complete d-ary subtree rooted at v, namely consisting of v and all
vertices of V(7},) that are descendants of v in 7. Let 7;” be the complete d-ary subtree
of 7% rooted at the i-th child of v.

The next theorem includes the first result of this paper, presenting the eigenvalues
and an eigenbasis of Q).

Theorem 1.1. (a) @), is diagonalizable with 1 being an eigenvalue with multiplicity 1.
Every other eigenvalue )\ # 1 of Q}, is of the form

d 1

where ¢ # ﬁ:ﬁ is a solution of one of the following h + 1 equations:
d}l+1x2}L+2 -1 (12)

and
AR 2 p2ktd _ ghA22k 48 gy 1 =0, forO<k<h-—1. (1.3)

Conversely, each solution x # :I:% of these equations corresponds to an eigenvalue
A according to (1.1). For each of these equations, if x is a solution then so is ﬁ.
Both x and % correspond to the same \. The correspondence between x and )\ is
2-to-1.

(b) For each solution x # iﬁ of (1.2), an eigenvector f, with respect to X is given by
the formula

_dwz—xi z—1

1
hav) = dz? — 1:1: + dz? — 1 dia?

for every v with £(v) =14, 0 < i < h. (1.4)

For each 0 < k < h — 1, each solution x # i% of (1.3), each v € V(T},) such that
l(v)=h—1—k, andeachj€[l,...,d— 1], an eigenvector f, ; j+1 with respect to
A is given by the formula

gf;tzl — (dmz—ll)dixi forw € ’7}”, where i = {(w) — h + k,
fogjrr(w) =4 —dg 4 @ o forw€ Tl wherei={(w)—h+Fk,
0, otherwise.
(1.5)
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(c) The collection of these eigenvectors together with the all-1 vector form an eigenba-
sis of Qp,.

In Lemma 2.1 and Figure 1, we describe and illustrate the eigenvectors in more
detail.

The idea behind the proof is to consider appropriate projections of the random walk.
For example, let X; be the state of the random walk at time ¢ and let Y; be the distance
of X; from the root. Then Y; is a Markov chain on [0, 4], whose eigenvalues are also
eigenvalues of Q5. Also, the eigenvectors of Y; lift to give the eigenvectors presented in
(1.4). This computation is not going to give us the full spectrum, however.

For example, in the case of the binary tree, another type of projection to consider is
as follows. We consider the process W,, which is equal to —Y; if X; € 7y and equal to
Y; otherwise. The second largest eigenvalue can be derived by this new process, while
the eigenvectors are of the form presented in (1.5). The reason why this is the right
process to study is hidden in the mixing time of the random walk on 7. A coupling
argument roughly says that we have to wait until X; reaches the root p. The first time
that X, hits p is captured by W4, since W, is a Markov chain on [—h, k], where the bias
is towards the ends and away from zero. The projections that we consider form birth
and death processes, whose spectral and mixing properties have been studied by Chen
and Saloff-Coste [9, 10, 11] and Ding, Lubetzky, and Peres [14]. To capture the entire
spectrum, our method is to find in each eigenspace a well-structured eigenvector, which
occurs by considering an appropriate projection, which gives rise to a birth and death
process.

Our analysis has immediate applications to card shuffling, namely the interchange
process on 7y, and to the exclusion process. We enumerate the nodes in V(7,) and we
assign cards to the nodes. At time zero, card ¢ is assigned to node ¢. The interchange
process on 7, chooses an edge uniformly at random and then flips a fair coin. If heads,
interchange the cards on the ends of ¢; if tails, stay fixed. A configuration of the deck
corresponds to an element of the symmetric group, which we denote by S,, where we
recall that n is the number of vertices of 7},.

Let g € S,,. Let P be the transition matrix of the interchange process on the complete,
finite d-ary tree 7, and let P/,(g) be the probability that we are at g after ¢ steps, given
that we start at the identity. We define the total variation distance between P}, and the
uniform measure U to be

it =5 3

TES,

1
Piy(z) — —

n|

A celebrated result concerning the interchange process was the proof of Aldous
conjecture [8, Theorem 1.1], which states that the spectral gap of P is the same as
the spectral gap of the Markov chain that the ace of spades performs. Adjusting our
computations, we now get the following result.

Theorem 1.2. Consider the interchange process on the complete d-ary tree of depth h.
We have that
(a) the spectral gap of the transition matrix is Wﬁ)nﬂ] +0 (dlo#)

ne

(b) and ift = ﬁnQ logn — d—ilnz log (%) + 0 (nz) then

d(t) Z 1- &,
where ¢ is any positive constant. Here, the implicit constants do not depend on
d,h,n.
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The order for the mixing time of the interchange process on 7, has been known to
be of the form C(d)n?logn (see Corollary 8 of [2] and Theorem 1.4a of [18]). However,
no explicit bounds on constant C(d) have been stated. We conjecture that the lower
bound in part (b) of Theorem 1.2 is sharp and that the interchange process on 7;, exhibits
cutoff at ﬁrﬂ logn. This would imply that this process mixes much faster than the
interchange process on the path, another card shuffle that uses n — 1 transpositions,
which Lacoin [19] recently proved exhibits cutoff at 27%2”3 log n.

We can get lower bounds for the mixing time of another well studied process, the
exclusion process on the complete d-ary tree. This is a famous interacting particle system
process, according to which at time zero, ¥ < n/2 nodes of the tree are occupied by
indistinguishable particles. At time ¢, we pick an edge uniformly at random and we flip
the two ends. Similar computations to the ones of the proof of Theorem 1.2 give that if
t =5 n?logk — A5n?log (1) + 0 (n?logk), then

d(t) > 1—c¢,

where € > 0 is a constant. Combining Oliveira’s result [21] with Theorem 1.2 (b), we get
that the order of the mixing time of the exclusion process on the complete d-ary tree is
n?log k.

As potential open questions, we suggest trying to find the spectrum or just the exact
value of the spectral gap for the simple random on finite Galton-Watson trees or for the
frog model as presented in [16].

2 The spectrum of (),

This section is devoted to the proof of Theorem 1.1, which presents the full spectrum
of @5, and the corresponding eigenvectors.

Let A be an eigenvalue of @), and let E()\) be the corresponding eigenspace. We first
show that there exists an eigenvector in E()\) that has the form described in Theorem
1.1 (b).

Lemma 2.1. The eigenspace F(\) contains an eigenvector f that has one of the following
forms.

(a) [Completely symmetric] f(v) = f(w) for every v,w € V(T;,) such that £(v) = {(w).
In this case we call f completely symmetric for Tj,.

(b) [Pseudo anti-symmetric] There is anode v andi,j € {1,...,d} such that f(w) = 0 for
everyw ¢ V(T,* UT?), flr» and f Ty are completely symmetric, and f|7» = —f T
We call such f pseudo anti-symmetric.

The following illustrations explain what the described eigenvectors look like for
binary trees.

Proof. Assume that E'(\) does not contain a completely symmetric eigenvector. Let f be
a nonzero element of E()). Since f is not completely symmetric, there exist vertices of
the same level at which f takes different values. Let v be a vertex with the largest ¢(v)
such that there are at least two of its children, say the i-th and j-th children, at which f
has different values. For example, if there are two leaves v and w at which f(u) # f(w)
that have the same parent v’ then we simply take v to be v'.

By the choice of v, f|7» is completely symmetric for all k € [d]. Indeed, let u be the
k-th child of v. We have 7Y = 7“. By the choice of v, f takes the same value at all
children of u. Let u1, us be two arbitrary children of u. Again by the choice of v, f takes

EJP 26 (2021), paper 43. https://www.imstat.org/ejp
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Figure 1: Completely symmetric eigenvectors (left) and pseudo anti-symmetric eigenvec-
tors (right)

the same value, denoted by f;, at all children of u;, and the same value, denoted by f5,
at all children of uy. Since f is an eigenvector of Qy,

M) = 75 fi+ o) and Af(ue) = = fo (),
Since f(u1) = f(u2), fi = f2. Thus, f takes the same value at all grandchildren of .
Repeating this argument shows that f|;« is completely symmetric.

Consider the vector g obtained from f by switching its values on 7, and 7;-”. More
specifically, g|7v = f\ij, g\ij = fl7», and g = f elsewhere.

By the symmetry of the tree and the matrix @, g also belongs to E()). Sois f — g,
which we denote by h. Observe that & is an eigenvector that is 0 everywhere except on

7" U T and h|7p» = fl7» — flrp = —h|7p. Moreover, h is completely symmetric when
restricted to 7;" and 7" because both f and g are, as seen above. Thus, h € E()) and is
pseudo anti-symmetric. O

2.1 Completely symmetric eigenvectors

In this section, we describe completely symmetric eigenvectors. We show that the
completely symmetric eigenvectors of ();, are given by the formula (1.4) and correspond
to A and x satisfying (1.1) and (1.2) as in Theorem 1.1.

Since a completely symmetric eigenvector of (05, has the same value at every node
of the same level (see Figure 2), we can project it onto the path [0, ] and obtain an
eigenvector of the corresponding random walk on the path.

Lemma 2.2. There are exactly h + 1 linearly independent completely symmetric eigen-
vectors of Qy,.

Proof. Each symmetric eigenvector of (J;, corresponds one-to-one to an eigenvector of
the following projection onto the path [0, ] with transition matrix Rj:

* Ru(0,1) = 7%, Rn(0,0) = zi7,

s R(l,l—1)= 2 Ry(l,1+1) = 7% forall 1 <1< h—1,

Ak T
* Ru(h,h—1) = 5, Ra(h,h) = 745

Since Ry, is a reversible transition matrix with stationary distribution

m=[1,d,d%...,d",

EJP 26 (2021), paper 43. https://www.imstat.org/ejp
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Figure 2: Completely symmetric eigenvectors

the matrix A := D'2R,D~'/? is symmetric where D is the diagonal matrix with
D(z,z) = w(z). Therefore, A is diagonalizable and so is Rj. In other words, R, has
h + 1 independent real eigenvectors. This implies that )5, has h + 1 linearly independent
completely symmetric eigenvectors. O

Lemma 2.3. The matrix Ry, has 1 as an eigenvalue with multiplicity 1. Each of the
remaining h eigenvalues A # 1 of R, is of the form

Tar1\" Tz

where x # :t% is a non-real solution of the equation

dh+1x2h+2 — 1.

This equation has exactly 2h such solutions. If x is a solution, so is ﬁ. There is a 2-to-1
correspondence between x and \. An eigenvector y = (yo, Y1, - ., yn) of Ry with respect
to \ is given by

dz® — x iy rz—1
;= x —
YiT ger 1 dz? — 1 diz?

for every 0 < i < h.

The vector f : T, — R that takes value y; at all nodes of depth i is an eigenvector of @},
with respect to \.

Proof. Let X\ be an eigenvalue of R, and y = (yo,91,-..,yn) be an eigenvector corre-
sponding to A. We have

(R1) 7% + F5¥1 = Ao,
(R2) Zi7¥i-1+ 7o7yie1 = Ay forall1 <i <h—1,
(R3) ZHUnh—1 + 757Yn = An.
Since y is not the zero vector, the above equations imply that yy # 0. Without loss of
generality, we assume yy = 1.
Let 1, x> be the solutions to the characteristic equation of (R2):

1
—— -z + =0

d+1 d+1

EJP 26 (2021), paper 43. https://www.imstat.org/ejp
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or equivalently

dz® — (d+ 1) Az +1=0. (2.1)
By (2.1), we have
1
T1Tg = E
and d d 1
A= ﬁ(fﬁ +12) = P <CU1 + 1‘1d> . (2.2)

If x1 # x5 then we can write yp = a3 — s, ¥y1 = @121 — aszs for some aq, as. We show
that forall 0 <i <A,
Yi = a1xy — QaTh. (2.3)

Indeed, assuming that (2.3) holds for vy, ..., y; for some 1 < i < h — 1 then by (2.1),

1 ) 1 , 1
Ai_ii— _ i—1 A I R i—1 A -
Y d+1y 1 Q1T ( X1 d+1) Qa2To ( o d-l—].)
d , .

= m (()(1.’1371-"_1 — 0623;‘22+1) .
Thus, by (R2),

d _ d i1 d i1

d+1yz+1 d+1a1x1 d+1a2x2
and so
Yit1 = apzitt — 0421'7;'_1.

Thus, (2.3) also holds for y; 1 and hence, for all yg, ..., yx.
Similarly, by (R3), we get

d 1 1 1
= A _ = h—1 A I R h—1 A -
d+1yh Yn d+1yh 1= Q1&g ( T d+1) Q2o T2 P
d
= m (OélI’erl — 0{2.%'g+1) .
Thus,
ozlx'fH — azxg’H = ozlx? — agx}; (2.4)
as they are both equal to yy,.
By (2.3), (R1) becomes
1
d(a1x1 — ag.’L'Q) = ($1d+ ; — 1) (041 - 042). (2.5)
1

For simplicity, we write @« = a7 and z = z;. Recall that yp = 1 and so by (2.3) for
1 =0, we get
ag = — 1.

Equation (2.5) becomes

-1 1
da:v—a =dr+-—--—1
T T

which gives

dz? — x 1—=x
0(1:Oé:d$2_1 and (nga—lzm. (26)
Plugging (2.6) into (2.4) and taking into account z5 = ﬁ, we get
(dz —1)(z — 1)(d" 12?2 1) = 0.
EJP 26 (2021), paper 43. https://www.imstat.org/ejp
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If z =1then as = a—1=0Dby (2.6). And so, y = «(1,...,1) which is an eigenvector

of the eigenvalue 1. Since A # 1, z # 1. If z = % then 2 = -5 = 1. By the symmetry of
and z,, this also corresponds to A = 1 which is not the case.

Thus, z satisfies
dhtig2ht2 1

This equation has 2h non-real solutions and 2 real solutions iﬁ. For each non-real
solution z1, observe that xq := i is also a non-real solution. Note that z; # z2 and by
setting A and y as in (2.2) and (2.3) with a7 and a5 as in (2.6), one can check that y is
indeed an eigenvector corresponding to A. Thus, these 2h non-real solutions correspond
to exactly h eigenvalues A # 1 of R,,. Since R,, has exactly h + 1 eigenvalues, these are
all. O

2.2 Pseudo anti-symmetric eigenvectors

In this section, we describe the pseudo anti-symmetric eigenvectors. We show that the
pseudo anti-symmetric eigenvectors of (J;, are given by the formula (1.5) and correspond
to A\ and x satisfying (1.1) and (1.3) as in Theorem 1.1.

Consider a pseudo anti-symmetric eigenvector f with node v and indices %,j as
described in Lemma 2.1 (see Figure 1). Let k = h — ¢(v) — 1 € [0, h — 1]. As in Figure 1
and Figure 3 below, let y = (yo, y1, - . ., yx) where yo is the value of f at the i-th child of
v, which is denoted by u, y; is the value of f at the children of v and so on. With these
notations, we also write f as f, . . Observe that y is an eigenvector of the following
matrix Sy:

* 55(0,1) = 7,
© Sp(ll—1) = 745, Sk(l,1+1) = g4 forall 1 <1<k —1,
o Sp(k,k—1) = 75, Sk(k, k) = 3%

Conversely, for any eigenvector y of Sy, for any node v at depth h — k — 1 and for any
choice of 4,j € [1,d] with ¢ # j, we can lift it to a pseudo anti-symmetric eigenvector

Figure 3: Pseudo anti-symmetric eigenvectors

fyv,i-

EJP 26 (2021), paper 43. https://www.imstat.org/ejp
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Lemma 2.4. For each k € [0,h — 1], S;, has k + 1 eigenvectors. For each eigenvector y
of Sy, and for each v with {(v) = h — k — 1, there are d — 1 linearly independent pseudo
anti-symmetric eigenvectors of ()}, of the form fy . ; ;.

Proof. Since S}, differs from Rj only at the (0,0) entry, it also satisfies the equation
7(x)Sk(z,y) = 7(y)Sk(y, x) where m = [1,d,d?, ..., d"]. Thus, like Ry, the matrix DS, D!
is symmetric where D is the diagonal matrix with D(z,z) = n(x)'/?. By symmetry,
DS, D! has k + 1 eigenvalues and so does 5.

For each eigenvector y of Sy, we create d — 1 linearly independent vectors f, v ;.i+1
for 1 <14 <d - 1. It is clear that any f,,;; can be written as a linear combination of
these vectors. This completes the proof. O

We now describe the eigenvectors of Sk.
Lemma 2.5. Each of the k + 1 eigenvalues A of Sy, is of the form

A—L ac+i
Cd+1 dx

where x # iﬁ is a solution of the equation
dk+2l’2k+4 _ dk+2x2k+3 + d.’,E 1= O

This equation has 2k + 2 solutions that differ from ﬁ. Ifz is a solution, so is ﬁ. There is
a 2-to-1 correspondence between x and \. An eigenvectory = (yo, Y1, - - -, Yyr) of Sy, with
respect to \ is given by
dz'+? 1
LA (dz? — 1)dia?

for every 0 < i < k.

Proof. Let X\ be an eigenvalue of Sy, and y = (yo, y1, - - - , Yx) be an eigenvector correspond-
ing to A\. We have

(S1) 751 = Avo,

(S2) ghyi-1 + ghvir1 = Ay forall 1 <i <k —1,

(S3) k-1 + o Uk = AUk

As before, we let 1, x5 be the solutions to the equation

2=0.

1 Ao 4+ d
d+1 T ds1”
By exactly the same argument as in the proof of Lemma 2.3, we derive by setting yg = 1

that
Yi = Q12] — s

where
dx? and 1
a) = —5—— Qy = —5——
YA -1 2T da? 1
and x; and x5 satisfy
AR TR @228 4y —1=0 (2.7)
Note that, z = iﬁ are solutions of (2.7). The remaining 2k + 2 solutions split into
pairs (z, (}7) of distinct components. For each of these pairs, let 1 := x and x5 := % We
have x; # =2 and by setting A and y as in (2.2) and (2.3) with a; = % and oy = ﬁ,

one can check that y is indeed an eigenvector corresponding to A. Thus, these 2k + 2
solutions correspond to exactly k + 1 eigenvalues A of S;. Since Sj has exactly k£ + 1
eigenvalues, these are all of them. O

EJP 26 (2021), paper 43. https://www.imstat.org/ejp
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2.3 Proof of Theorem 1.1

The following lemma shows that we can retrieve all eigenvectors of ), from com-
pletely symmetric and pseudo anti-symmetric eigenvectors. Let Ag, be the eigenbasis
of Si as described in Lemma 2.5 and B be a collection of i 4 1 independent completely
symmetric eigenvectors of (), as in Lemma 2.3. Let

A= {fym,i,i-&-la v E V(ﬁl_l), (VRS 'Ash,_e(v)_ui S [d — 1]}

Lemma 2.6. The collection AU B is an eigenbasis for ()},.

Assuming Lemma 2.6, we now put everything together to complete the proof of
Theorem 1.1.

Proof of Theorem 1.1. The first part of the theorem follows from Lemmas 2.3 and 2.5.
As seen in Lemma 2.3, the set B in Lemma 2.6 consists of eigenvectors as in (1.4) and
the all-1 vector. By Lemmas 2.4 and 2.5, the set A consists of eigenvectors as in (1.5).
That gives the second part. Finally, the third part follows from Lemma 2.6. O

Before proving Lemma 2.6, we make the following simple observation. For a rooted-
tree T that is not necessarily regular, recall that a vector f : T — R is said to be
completely symmetric if f(u) = f(v) for all pairs of vertices u, v at the same level. A
vector f is said to be energy-preserving if for all levels [,

Z f(v)=0.

veT:L(v)=l

Observation 2.7. For any rooted-tree 7" and any vector f : T — R, if f is both energy-
preserving and completely symmetric then it is the zero vector.

Proof of Lemma 2.6. First of all, we check that their number is equal to n. By Lemmas
2.2 and 2.4, the total number of vectors is

h—1
h+1+Y (k+1)(d—1)d"*?
k=0

where d"~*~1 is the number of nodes v of depth h — k — 1. By algebraic manipulation,

. h41_
this number is exactly < —1
We now prove that the vectors considered are linearly independent. Assume that

there exist coefficients c, , ; and ¢4 such that

Z Cyv,ifywiit1 + Z cgg =0

geB

=n.

where the first sum runs over all v € V(75-1),y € As,_,,,_, and i € [d — 1]. We need to
show that ¢, ,; and ¢4 are all 0.
Since pseudo anti-symmetric vectors are energy-preserving on 7, the sum

E Cgg = — E Cy,v,i fy,,ii41

geB

is both completely symmetric and energy-preserving. Thus, by Observation 2.7,

ch,v,ify,v,i,i+l = Z Cgg = 0. (2.8)

geB

By the independence of vectors in 3, we conclude that ¢, = 0 for all g € B.

EJP 26 (2021), paper 43. https://www.imstat.org/ejp
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To complete the proof of the lemma, we now prove by induction on the vertices of
v € V(Th-1) and i € [d—1] that ¢, ; = 0 forally € Ag, ,, _,. For this induction, we use
the natural ordering of pairs (v, %) as follows.

{(v,i) < (v',i")} ifand onlyif {/(v) < {(v')} or {{(v) =£(v') and i <i'}.
For the base case, which is v := p and i := 1, from (2.8), we have

Fp,l = E Cy,p,lfy,p,LQ = - § cy,u,jfy;u’jaj+1

yE‘ASh,fl

where the second sum runs over all u € V(7,-1) and j € [d — 1] with (p,1) < (u, j) and
ally € As,_,,,_,- When restricting on the subtree 7, F},; is a completely symmetric
vector because all of the f, , 12 are completely symmetric. Likewise, F},; is energy-
preserving on 7/, because of the vectors f, . j ;j+1. By Observation 2.7, F,,; =0 on 7{.

Since the f, ;12 are only supported on 7" U7y’ and fy p12|7e = —fyp1,2|77, We have
F,1l7p = —F,1l7e. Therefore, F,; = 0 on 7, and thus on 7j,. So,
Z Cy,p1fyp1,2 =0.
yeAs, 4

By the independence of vectors in Ag, ,, we conclude thatc, ,; =0forally € Ag, .,
establishing the base case.

For the induction step, assume that for some (v, ), it is proven that ¢, ., = 0 for all
(w, k) < (v,i) and y € As,_,,,_,- We now show that ¢, ,; = 0 forall y € Ag, _,, By
this assumption, the left-most side in (2.8) reduces to

> ey fyaiia =0 (2.9)

where the sum runs over all (u, j) > (v,4). Our argument now is similar to the base case.
From (2.9), we have

Fy ;= E Cyw,ifyviitl = — E Cyu,j fyug,i+1-

YEAS), _p0y—1 y,(v,8)<(u,j)

v)—1°

Similarly to the base case, when restricting on the subtree 7., F,; is both completely
symmetric and energy-preserving on ’7;.“. By Observation 2.7, F, ; = 0 on 7}”. This leads
to F,,; =0 on 7, and thus F,,; = 0 on 7},. So,

E Cy,v,ifyw,iit1 = 0.

YEAS, _y(0y—1

By the independence of vectors in Ag, ,,, ,, we conclude that ¢,,; = 0 for all y €
As, 4., €stablishing the induction step and thus finishing the proof. O

3 Proof of Theorem 1.2

In this section, we prove Theorem 1.2, which gives the spectral gap for the inter-
change process on 7j, and a lower bound for its mixing time.

3.1 Proof of Theorem 1.2(a)

Consider the interchange process on 7;. Let @}, be the transition matrix of the ace
of spades. In other words, @)}, is the transition matrix of any fixed card on the tree.
By Aldous’ spectral gap conjecture proved in [8, Theorem 1.1], the spectral gap of the
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interchange process on the complete d-ary tree of depth h is the same as the spectral
gap of ()},. We note that

, 2n—d-3 d+1
= I
@n 2(n—1) ”+2m—n

Qh- (3.1)

And therefore, the spectral gap of @}, is 2(‘?_11) times the spectral gap of Q..

Thus Theorem 1.2 (a) is deduced from the following.

Lemma 3.1. For sufficiently large h, the spectral gap of Q);, is equal 1 — Ao where A, is
the second largest eigenvalue of Q. Moreover,

_q_ (d—1)* loggn\ . (d—1)2 log,n
w1 +O () =1 e O () - @2

To prove Lemma 3.1, we use Theorem 1.1. Let A\ be an eigenvalue of Q;, and x be a
solution of

de? —(d+ DXz +1=0 (3.3)

which we have encountered in (2.1).
If A2 > ﬁ then this equation has two real solutions both of which have the same
sign as .

In Equation (1.2), we have d"t'2?**2 = 1 which only has nonreal solutions except

T = iﬁ. Combine this observation with Theorem 1.1, each eigenvalue \? > ﬁ is
given by Equation (1.1) for some z # i% satisfying
dF gt gt 4y —1=0 (3.4)

for k € [1,h]. This is simply Equation (1.3) (with k being shifted for notational conve-
nience).
We show the following

Lemma 3.2. (a) For all k € [1,h], Equation (3.4) has no solutions in (—oo,—%).
There are no eigenvalues of ), less than —, / ﬁ.

(b) There exists a constant hg > 0 such that for all k > hg, the largest solution = of
(3.4) satisfies

-1 2(d — 1) 1
<x<1—L where azd—l—i—w.

a
1= dk+1 dk+1 dk+1

(3.5)

Furthermore, for k = h, the eigenvalue that corresponds to this x satisfies

(d—1)? B log,n
- (- - () o

Assuming Lemma 3.2, we conclude that for sufficiently large h, the largest = that
satisfies one of the equations (3.4) for some & in [1, h] satisfies

_ 2

1 T ght1 qht1

a

Since the right-hand side of (1.1) is increasing in = for z > L the second largest
eigenvalue )\, of (Q;, corresponds to such x and so it satisfies (3.6), proving (3.2). By the
first part of Lemma 3.2, there are no eigenvalues of (), whose absolute value is larger
than \y. This proves Lemma 3.1.
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Proof of Lemma 3.2. Let f(x) = d*1a?k+2 — ght1g2k+1 4 gy — 1.

To prove part (a), for all z < —ﬁ, we have
dFt1a?* 2 > 1 and - d"TaT > —dr
and so f has no roots in (—oo, —ﬁ). Assume that there were an eigenvalue )\ <

—4/ ﬁ. In this case, \2 > ﬁ and so Equation (3.3) has two negative solutions

T < xo With x129 = é. We conclude that z; < —ﬁ. This is a contradiction because z;

satisfies (3.4) for some k while for all k£ the function f has no roots less than -1

vd
2k+1

m, we haVe

To prove part (b), for all x >
f(x) = d*1a?* (2k 4+ 2)x — (2k + 1)) +d > 0.

Thus, f is increasing on the interval [1 — ﬁ, oo) which contains [1 — 2%+, 1 — 4=1] for
sufficiently large k. Thus, to prove (3.5), it suffices to show that

f(ldki1)<0<f<1ilik+11> 3.7)
for sufficiently large k. Indeed,
-g) = aime(- )
< d—1—a(1—C;H)Qk+l<d—1—a<1—‘%).
Usinga=d—1+ %ﬂ“l) and standard manipulation gives that

f(1 a) C2(d—-1)2(k+1)  a?(2k+1)

— 2 <0,

dk--i—l dk+1 —

for sufficiently large k. Thus the first inequality of (3.7) holds. For the second inequality,

we have
d—1 d—1\**"" a-1
f<1_dk+1) = d_l_(d_l)(l_dkﬂ) T gk

3(d—1)\ d—1
d—l—(d—l)(l— = )— o >0,

Y

establishing (3.7).
We have shown that there exists a solution z = 1 — a where % <a< g Let A
be the eigenvalue corresponding to x as in (2.2). We have

s S N +1(1+)1 +1(1+ +2a?%)
d = « d(lfa) o d «), o p o o .

In other words,

A1y _(d+l d-1 dil d-1 2,
d d d Y4 a ‘Tt )

Using the bounds 4= < o < 5%+, we obtain

Ao (1o @ N2 el 20° < 2
D) a1 ) S a31% SWr1) 2 = @1 1) ot
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and

)\_(1_( (d—1)? )Z—d_l (d—1)? 2(d—1)3(k;—|-1)> 2(/4}—&—1).

> _ _
d+1)-d-tt d+1a+(d+1),dk+1 =T d+ 1)k = 2k
Thus, for k = h,

b (- )< 22

d+1)-dh+l dazh

These bounds together with the equation n = dhdtll_ L ¢ (d",2d") give part (b). O

3.2 Proof of Theorem 1.2 (b)
For the proof of the lower bound, we use Wilson’s lemma.

Lemma 3.3 (Lemma 5, [25]). Let ¢ and R be positive numbers and 0 < v < 2 — /2. Let
F: X — R be a function on the state space X of a Markov chain (C;) such that

E[F(C111)|Ci] = (1= 1)F(Cy), B[[F(Cin1) - F(CIP|C)] < R,
and
- log max,ecx F(z) + 5 log(ve/(4R))
- —log(1 —7) '
Then the total variation distance from stationarity at time t is at least 1 — ¢.

Proof of Theorem 1.2 (b). Let 0 < z < 1 be a solution of (1.3) (for k& = h) satisfying (3.5)
and A be the eigenvalue of ), corresponding to x. In particular,

)\fi +i
a1\ )

Let f : 7, — R be an eigenvector of ()}, corresponding to A. As in the proof of Lemma
2.5, we can choose f as follows.

0 ifog TP UTY,
fo) = qdat®2 — L ifve Ty, (3.8)
—dgt+2 4 W, ifveTd.
We now consider the interchange process on the d-ary tree 7,. Fix an arbitrary

enumeration of the vertices of 7, by 1,2,...,n. Let ¢ € S,. We define F(o) =
>on_y f(v)f(o(v)). Then, we have that

E[F(Ot+1 ‘O’t 721[3 Ut+1 |Uta ]a

where the sum runs over all n — 1 edges e of the tree and the conditioning on the right is
conditioning on the edge e being chosen. So,

E[F(or41)lod] = i T ZZf(v)]E [f(o141(v))low, €]

n—lzf ZE (0141(v))ov, €] -

v=1

By direct computation, we obtain

Z]E (0t41(v))|ot,€) = <n _d.3 + )\(d+1)) f(ot(v)).

EJP 26 (2021), paper 43. https://www.imstat.org/ejp
Page 14/17


https://doi.org/10.1214/21-EJP608
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Spectrum of random walks

So, we have

n7477+A(d+1)

n—1

E[F (0t41)|or)] =

F(oy).

For n sufficiently big, we have that
n 2
, _ 1 dn
F(Zd) = ZfQ(U) Z th ! (d.’lﬁh+2 - dth) 2 7;
v=1

where the first inequality arises from keeping only the leaves of 77 U 7% and the last
inequality follows from Lemma 3.2 (b).

Finally, we consider what happens if we change a configuration ¢; by transposing an
edge e, which connects two vertices v and v. We have that

[F(0141) = F(oo)| = |(f(u) = f(0))(f(o(u)) = f(o(v)))].
For all vertices w, we have by definition of f,
[f(w)] <d

and by Lemma 3.2 (b), assuming wlog that ¢(u) = ¢(v) + 1 =:1+1,

1 1 1 1 2
+2 .
70) = F(0)] < 20— 0) + gmrmg (1- ) < g + 5 = g

Thus, |(f(u) = f(v))(f(o(u)) = f(o(v)))]* < 222s. The definition of f given by (3.8) gives
that the left-hand side is O if neither u nor v belongs to 77 UT4. And so,

h 4
Ee ((F(or1) ~ F(00)* o) < —szl S

where 2d' is the number of edges e that connect levels / and [ + 1 of T} UT?.

So we can take R = 64‘14.
, nfg”+k<d+l> . — .
Set ' = —=—>—-—2—_ Using Wilson’s lemma, we have that if

log(F (id)) + 3log((1 — X)e/(4R))

t<tg:=
=0 —log(\)

then the total variation distance is at least 1 — <. By Lemma 3.1,

B (d—1)2 log,n
A=l (d+1)-d+1 O )

which gives

1\ = d+1)(1-=x)  (d—1)? Lo (dlogdn>.

2(n—1)  2(n—1)dht? n3
We get
logn loge 2
=52 4+ 222 + O(logd ! 1 2
to = -2 ogd) _ (logn  loge o0 o)) (20 +0 (nlogyn)
(d—1)? +0 (dlogdn) 2 2 -1
2(n—1)dP¥1
n? (logn + loge) 9
T +0 (n?).
This completes the proof. O
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