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Abstract

The soft and hard edge scaling limits of 3-ensembles can be characterized as the
spectra of certain random Sturm-Liouville operators [12, 15]. It has been shown that
by tuning the parameter of the hard edge process one can obtain the soft edge process
as a scaling limit [3, 12, 14]. We prove that this limit can be realized on the level of
the corresponding random operators. More precisely, the random operators can be
coupled in a way so that the scaled versions of the hard edge operators converge to
the soft edge operator a.s. in the norm resolvent sense.
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1 Introduction

The size n Laguerre S-ensemble is a two-parameter family of distributions on R}
with density function

Z

1 L " B
Prpa(As .oy An) = TT 1 = Mel? T Azt 5, (1.1)
b §lk k=1

The parameters satisfy 8 > 0 and a > —1, and Z,, 3, is an explicitly computable normal-
izing constant. This density corresponds to the Gibbs measure of n positively charged
particles living on the positive half-line with a log-Gamma potential. For 5 = 1,2 or 4 and
a € Z>, the density (1.1) is also the joint eigenvalue distribution for an n x n Wishart
matrix with real, complex or quaternion ingredients, respectively. These are classical
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random matrix ensembles of the form M M' where M is an n x (n + a) dimensional
matrix with i.i.d. standard real/complex/quaternion gaussian entries. Notice that the
matrix (n +a)~' MM is the correlation matrix of n independent individuals whose n + a
characteristics are i.i.d. standard Gaussians.

When n + a is of the same order as n, the macroscopic behavior of this ensemble is
described by the famous Marchenko-Pastur limit law. Fix 8 > 0 and let a,, > —1,n >
1 be a sequence such that lim,, "ff" = v € [1,00) exists. Denote by A, 3., =
(M,ns- -+, Ann) @ size n Laguerre S-ensemble with parameter a,,, and consider the scaled
empirical spectral measure v,, := % EZ:1 Oy /n- The Marchenko-Pastur theorem ([9],
[7]) states that the sequence of random probability measures v,,n > 1 converges in
distribution a.s. to a deterministic measure with density given by

VE= 0 =),

oy(z) = 5 b (@), be=br(y) = (V7 E1)% (1.2)
Note that in the case v = 1, the density becomes 7%;‘?1[074] ().

The microscopic behavior of the Laguerre ensemble can be described by the large
n limit of the point process ¢, (A 5,4, — drn) Where d,, is the centering point and ¢, is
the appropriate scaling parameter. In order to get a meaningful point process limit, the
scaling parameter c,, would need to be chosen so that it is roughly the inverse of the
average spacing between the particles near d,,. From now on, we will focus on the lower
edge behavior i.e. the case d,, := b_. (See [8] and [15] for the bulk and upper edge
behavior.)

The distribution of the limiting point process depends on the asymptotic behavior
of the sequence a,. If a,, = a > —1 does not depend on n, then Ramirez and Rider [12]
showed that the scaling limit of nA,, g , exists, and gave an explicit description of the
limiting point process. This is called the hard edge scaling limit.

Theorem 1.1 (Hard edge limit of the Laguerre ensemble, [12]). Fix 8 > 0 and a > —1,
and let A,, g, be a size n Laguerre (3-ensemble with parameter a. Then the sequence
nA, g, converges in distribution to a point process Besselg , as n — co. The Besselg 4
process has the same distribution as the a.s. discrete spectrum of the random differential

operator
1 d 1 d
_ 1 4 a. 1.
s.a m(z) dz (s(m) dx ) ’ (1.3)

—(a+1)w—%Ba(w)

m(z) = mq(z) = e s(z) = so(x) = e+ VB (1.4)

Here B, is a standard Brownian motion, and the operator &g, is defined on a subset of
L?(R., m) with Dirichlet boundary condition at 0 and Neumann at infinity.

We will come back to the precise definition of ®4 , in Section 2. Let us just mention
that since the functions s, m are a.s. continuous, this differential operator fits into the
framework of classical Sturm-Liouville operators.

If the sequence a,,n > 1 goes to infinity with at least a constant speed then the
Marchenko-Pastur theorem and the expression of the limiting measure (1.2) suggest a
different scaling than the one seen in the hard edge case. This is called the soft edge
scaling scaling limit. The description of the limiting point process follows from the work
of [15].

Theorem 1.2 (Soft edge limit, [15]). Fix 8 > 0 and suppose that the sequence a,,n > 1
satisfies liminf,,_,» a,,/n > 0. Then there is a point process Airy,@ so that the following
limit in distribution holds as n — oco:

(0 +a)n)® 2 5 Aj
(Vnt an — \/5)4/3( npan — (VN4 an —/n)°) = Airy,.
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The point process Airys has the same distribution as the a.s. discrete spectrum of the
random differential operator

& >

defined on a subset of L?(IR) with Dirichlet boundary conditions at 0. Here B’ is the
standard white noise on R .

Ag =

The precise definition of the operator Ag will be discussed in Section 2. Note that a
priori it is not even clear that the operator Ag is well-defined, due to the irregularity of
the white noise term in the potential.

It is natural to conjecture that the condition liminf, . a,/n > 0 in Theorem 1.2
could be relaxed to lim,, ,,, a,, = oo, but the tools developed in [15] do not seem to be
sufficient to prove this. (See however [4] for the treatment of the case 8 = 2, a, = ¢y/n,
where the appropriate limit is proved using the determinantal structure present at
B = 2.) This conjecture, together with a diagonal argument, would imply the following
point process level transition from the Besselg , process to Airy:

a_4/3(Bessellg,2a —a2) = Airyg, as a — oo. (1.6)

See [18] for a similar diagonal argument for the transition between the soft edge and
the bulk limiting processes.

The process level limit (1.6) is called hard to soft edge transition. It can be analyzed
without considering the finite n ensembles, working directly with the limiting point
processes appearing in the statement. This transition was first proved in [3] for 5 = 2
using again the determinantal structure present in this case. For general § > 0, Ramirez
and Rider [12] proved the scaling limit for the first point of the respective point processes.
This result was extended in [14] to a full process level limit.

In light of Theorems 1.1 and 1.2, the statement of (1.6) can be rewritten using the
operators &3 o, and Ag as

a_4/3(spec(®572a) — az) = spec(Ag),

where spec(Q) denotes the spectrum of the operator . It is natural to ask whether it is
possible to prove the corresponding limit on the level of the operators. This is the main
result of our paper. Theorem 1.3 below shows that one can realize the operator level
limit as an a.s. limit with an appropriate coupling between the Brownian motion B, of
the Bessel operator (1.3) and the white noise B’ of the Airy operator (1.5).

To describe our coupling, we introduce a simple transformation of &z 5,. For a > 0
let 6, be the ‘stretching’ transformation defined via

(0af) (x) = f(a*?2), (1.7)

and define the following transform of the hard-edge operator corresponding to 2a:
Go2a = 0, (mb*6 5 20m5, %) a: (1.8)

As we will see in Section 2, Gg o, is a self-adjoint operator with the same spectrum as
O34, and the operators Agl and (Gg 2, — a®)~! are Hilbert-Schmidt integral operators
acting on the same space of L?(IR, ) functions.

Theorem 1.3 (Operator level hard-to-soft transition). Let B’ be white noise on R, and
let B be a Brownian motion defined as B(z) := [ B'(y)dy. Set By, (z) = a='/3B(a?/?z)
for a > 0. Consider Ag defined as (1.5) using the white noise B’, and Gg,2, defined with
the Brownian motion Bs, via (1.3) and (1.8) for a > 0. Then a*/3(Gg 2, — a%)~! — Agl
a.s. in Hilbert-Schmidt norm as a — oo.
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We expect that with a more careful application of our methods one could also get
estimates on the speed of convergence in our coupling. See Remark 6.5 in Section 6.

The theorem implies that a=*/3(Gg 2, — a?) — As a.s. in norm resolvent sense from
which the process level transition a=*/3(spec(®3,24,) — a?) = spec(Ag), and therefore
the limit (1.6) follow. The coupling of the operators produces a coupling of the point
processes in a way that almost surely the points in the scaled hard edge processes
converge to the points in the soft edge point process. More precisely, a version of the
Hoffman-Wielandt inequality (see e.g. [1]) shows that if we denote the ordered points in
the scaled hard edge process a~*/3(Besselg 2, —a?) by i 24,k > 0, and the ones in the
soft edge process Airyz by A,k > 0, then in the coupling of Theorem 1.3 we have a.s.

s 2
tim > A=Ak, =0
k=0

a—r o0

Moreover, as the spectrum of the operators are discrete, and each eigenvalue has
multiplicity 1, the a.s. norm resolvent convergence also implies the a.s. convergence of
the respective normalized eigenfunctions in L?.

The structure of the rest of the paper is as follows. In Section 2 we show how one
can describe the appearing differential operators using the generalized Sturm-Liouville
theory, show that Agl and (Gg 2, — a?)~! are Hilbert-Schmidt integral operators, and
describe their kernels in terms of certain diffusions. Section 3 outlines the main steps
of the proof of the main Theorem 1.3. Our proof uses the approximation of the integral
operators by their truncated version. We state the convergences of the truncated
operators towards their full operator as well as the convergence of the truncated hard
edge integral operators to the truncated soft edge integral operator in several lemmas
whose proofs are postponed to later sections. Section 4 estimates the truncation error
of the soft edge integral operator. Section 5 shows that the truncated hard edge
integral operators converge to the truncated soft edge integral operator by proving that
the integral kernels converge uniformly on compacts with probability one. Section 6
describes the asymptotic behavior of the diffusions connected to the operator Gg 5, and
provides the results needed to estimate the truncation error for the hard edge integral
operators. Finally, the final section gathers the proof of some technical lemmas needed
for the results of Sections 4 and 6.

2 The operators A; and &3, as generalized Sturm-Liouville oper-
ators

This section briefly introduces the background for the differential operators appearing
in this work, and shows how it can be used to describe the random differential operators
83,24, Gg,24, Ag and their inverses. We use the classical theory discussed in [19] and
Chapter 9 of [17].

2.1 Generalized Sturm-Liouville operators
We consider generalized Sturm-Liouville (S-L) operators of the form

% (—(pr(2)'(2) = qo(x)u(2))" — qo(@)u' (z) + po(w)u(z)), 2.1

Tu(z) = @

where u is a real valued function on [0, L] for some L > 0 or on R, (which we consider
to be the L = oo case in the following). We assume that the real functions pg, p1, qo, r are
continuous on [0, c0) and r(x), p1(z) > 0 for z > 0.

The operation 7u is well-defined if both v and p;u’ — gou are absolutely continuous on
[0, L]. From the standard theory of differential equations we have that for any A € C the
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differential equation 7u = Au has a unique differentiable solution on [0, L] with initial
conditions u(0) = ¢g,u’'(0) = ¢;. We note that if f, f> are both solutions of 7f = A\f then
integration by parts shows that the Wronskian p; (f1 f5 — f1f2) is constant on R...

We consider differential operators satisfying the following three assumptions:

(A1) The solution uq of the equation 7ugq = 0 with Dirichlet initial condition uq(0) =0,
u4(0) = 1is not in L*(R4,7), i.e. OOO w3 (z)r(z)dz = co.

(A2) There is a unique solution u., of the equation 7u,, = 0, with initial condition
Uso(0) = 1 that is in L2(R, 7).

(A3) With uq, us defined from (A1), (A2), we have [ [ too (@)ua(y)*r(z)r(y) dydz <
Q.

Under these assumptions, the operator 7 can be made self-adjoint on an appropriate
subset of L%([0, L],r) or L?(R,, 7). We introduce

Dy = {ue€ L*([0,L],r) : Tu € L*([0, L], 7), u, p1u’ — gou € AC([0, L]) } ,

and we drop the subscript L for L = co. Here AC([0, L]) is the set of absolutely continuous
real functions on [0, L].

The continuity of the functions pg, p1, ¢o and r implies that the operator 7 is regular
at 0 and at any finite L and therefore is limit circle at those points. The condition (Al)
implies that the operator 7 is limit point at +oo thanks to the Weyl’s alternative theorem.
Conditions (A2) and (A3) ensure that the inverse and the resolvent are Hilbert Schmidt
operators.

The following propositions summarize the basic properties of generalized Sturm-
Liouville differential operators satisfying conditions (A1)-(A3).

Proposition 2.1 (Self-adjoint version of 7). Assume that 7 is of the form (2.1) and that it
satisfies the condition (A1-A3), and let L € (0, o0]. Then there is a self-adjoint version of
the operator on [0, L] with Dirichlet boundary conditions on the domain

Dro=DrN{u:u(0)=0,u(L) =0},

where the end condition (L) = 0 is dropped in the case L = oco. We denote this
self-adjoint operator by 7y,.

Proposition 2.2 (Inverse as an integral operator). Consider the operator 7;, from Propo-
sition 2.1. If L is finite then assume that uq(L) # 0 (i.e. that 0 is not an eigen-
value of 71). Then the inverse 7; ' is an integral operator of the form 7, 'f(x) =

i KE) (@, ) f(y)r(y)dy on L*([0, L], r) with

1
p1(0)

Here uq is defined in (A1). If L = oo then uy, is us, from (A2), and in the case L < oo the
function uy, is defined as the solution of Tuy, = 0 with ur(0) = 1,ur (L) = 0. The inverse
operator 7. ' is a Hilbert-Schmidt operator in L?([0, L],r), and it has a bounded pure
point spectrum.

E®)(a,y) = —— (uz(@)ua(y)1(e > y) + ua(@)ur )1 < y)). 2.2)

Proposition 2.3 (Resolvent as an integral operator). Consider 7;, from Proposition 2.1,
and assume that a given \ € R is not an eigenvalue of 71,. Then the resolvent (r;, — \) !
is a Hilbert-Schmidt integral operator of the same form as K (L) from (2.2), where now
uq,uy, are the appropriate solutions of Tu = Au with the respective boundary conditions.
For L. = co the function uj, = us iS the unique solution of Tus, = Ao, With ux(0) =1
and uo, € L*(Ry,7).
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The proofs of these propositions follow from the theory of Sturm-Liouville operators.
Again, we refer to the monograph [19]. Note that the classical theory (when gy = 0) is
treated in a self-contained way in Chapter 9 of [17] (see in particular Theorems 9.6 and
9.7).

2.2 Bessel and Airy operators as generalized S-L operators

The operators &3 4, Gs,2,, and Ag can be represented as a generalized Sturm-Liouville
operators for which Assumptions (A1-A3) are satisfied, and hence the appropriate
resolvents are a.s. Hilbert-Schmidt integral operators. We summarize the relevant
results in the propositions below.

Proposition 2.4 (645, as a Sturm-Liouville operator). The operator &3 o, is a Sturm-
Liouville operator of the form (2.1) with r = mg,,p1 = sz_al, po = qo = 0. The operator
satisfies the conditions (A1-A3) with probability one if a > 1/2.

If ¢ solves the equation &g 2,¢ = \¢ with deterministic initial conditions ¢(0) = ¢y,
@'(0) = ¢y then (¢, ¢') is the unique strong solution of the stochastic differential equation
system

do(z) = ¢'(z)dz, d¢'(x) = %qﬁ’(x)nga(x) + ((Za + %)d)’(w) - Aefx(b(x)) dr, (2.3)
with the corresponding initial conditions.

Proof. The fact that &g 5, is a Sturm-Liouville operator is contained in the statement of
Theorem 1.1, the statement about the solution of the eigenvalue equation can be checked
with It6’s formula (see [12]). As explained in [13], the Neumann boundary condition for
B3 2, at oo for a > 0 can be dropped. The SDE (2.3) satisfies the usual conditions for
existence and uniqueness, so (¢, ¢’) is a well-defined process for all times.

We only need to check that the conditions (A1-A3) are satisfied for a > 1/2. This can
be done directly using the a.s. sublinear growth of the Brownian motion by noting that
ua(z) = [y s24(y)dy and uo () = 1. O

Proposition 2.5 (Integral kernel for (G 2, — a2)~1). For a given a > 1/2, let $3*) be the

unique strong solution of (2.3) with A\ = a? and initial conditions ¢(0) = 0, ¢'(0) = 1. Let

&, be the event that a® is not an eigenvalue of &4 ,. Denote by ¢é€“> the unique solution

of®57a¢£>2“) = a2¢£§i“) with qﬁga)(()) =1 and ¢éi“) € L*(R4,ma,), this exists on &,. Then
on the event &, the operator a*/*(Gg 2, — a*)~! is a Hilbert-Schmidt integral operator in
L?(R. ) with integral kernel

K62a(7, ) = doo()a(y)1(z > y) + da(2)doe (y)1(z < y),
where
ba(w) = aPmyl (a7 P2) T (@), doolw) = myl (a7 2)p 2D (a7 Px). (2.4)

On the event &, the operator a*/3(Gg 2, — a?)~! has a bounded pure point spectrum that
is the same as the spectrum of a*/3(® 3.9, — a?) 1.

Proof. By Proposition 2.3, the function qbg"’) is well-defined on &,, and the operator
(84,24 — a*®)~! is Hilbert-Schmidt on L?(R,ms,) with integral kernel

Ke 24(1,y) = 629 (2)05 (9)1(z > ) + 5V ()62 (y)1(z < y).

Recalling the definition of Gg s, from (1.8) we get that a?/3(Gg 2, — a?)~! is a Hilbert-
Schmidt integral operator on L?(RR.) with kernel

Ko aa(w,y) = a®Pmyl  (a7*x) Ke pa(a™ %2, a7 23y) my) (a=/%y),
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from which the proposition follows. O

Note that for any fixed a > 1/2, the event &, has a probability 1, see Remark 7.5.
Later, in Corollary 6.3 in Section 6 we show that in our coupling if a is large enough

then a? is not an eigenvalue for G4 5.

Proposition 2.6 (The operator Ag as a generalized S-L operator). The operator Ag is a

generalized Sturm-Liouville operator of the form (2.1) with r(xz) = p1(z) = 1, go(x) =

%B(x), po(x) = x. The operator satisfies the conditions (A1-A3) with probability one.
If ¢ solves the equation Agy = 0 with deterministic initial conditions ¢(0) = co,

¥'(0) = ¢1, (co,c1) # (0,0), then (v,v’) is the strong solution of the SDE system

dip(z) = (x)dz,  d(z) = b(z) (%dB n xdm) : (2.5)
which is well defined for all times, and satisfies
V' (z)
Y(2)Vx

A.s. 0 is not an eigenvalue of Ag, and the operator Agl is a Hilbert-Schmidt integral
operator with kernel

—1 a.s.asx — oo. (2.6)

Ka(z,y) = Yoo ()Pa(y) 1z > y) + Ya(2) Yoo (y)1(z < y). (2.7)

Here g is the solution of Agy) = 0 with initial condition 14(0) = 0, ¥4(0) = 1, and
Voo € L2(Ry4 ) is the unique function satisfying Agibs, = 0, 1o (0) = 1 (see Figure 1).

Proof. The fact that the soft-edge operator Airy; can be represented as a generalized
Sturm-Liouville operator of the form (2.1) with the listed coefficients was shown in [2]
(see also [10]). The SDE representation of the solutions of Agy) = 0 with a deterministic
initial condition is shown in [15]. Since the SDE (2.5) satisfies the usual conditions
of existence and uniqueness for SDEs, the solution is well defined for all times. The
asymptotics (2.6) was stated without proof in [15], we include a proof of this statement
in Proposition 4.1 in Section 7.1 below for completeness.

To check that the conditions (A1)-(A3) are satisfied we first observe that if 14 is the
solution of Agy = 0 with Dirichlet initial condition then by (2.6) for any fixed ¢ > 0 we
have

(2/3=)2%/? <qa(z) < /307 gor o large enough, (2.8)

hence 14 is not in L?(RR.y). This means that a.s. there can be at most one L?(R ) solution
of Agtyp = 0 with initial condition +(0) = 1. We will construct such a function using #q.

Denote by 2y the largest zero of ¢q on R, and let zy = 0 if such a zero does not
exists. Motivated by the Wronskian identity we introduce the function

Unele) = vao) | ~ paly)dy 2.9)

which is well defined for x > z;. One can check that 1), satisfies Agt)o, = 0 and the
Wronskian identity

Voo (2)0a () — Yoo (2)0y(x) = —1 (2.10)

for x > zp. Then, the function ., can be uniquely extended to R, as a solution of
Ay = 0. This function satisfies (2.10) on R, hence it will satisfy 1 (0) = 1.

EJP 26 (2021), paper 39. https://www.imstat.org/ejp
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Using (2.9) we see that for z > 2y we have

s = [ = [ oo (= [ 55550

and from (2.6) we get the bounds

Vi / D a(a)aly) 2z < C, Vg / T ale) a2z <O, (2.11)
0 Y

for some random C' < oco. Together with the bound (2.8) this is now sufficient to show
that ¢, is in L?(R. ), and that

/OOO / oo @)aly)dy do < .

By Propositions 2.2 and 2.6 it follows immediately that Agl is almost surely a Hilbert-
Schmidt integral operator with kernel given in (2.7). O

ba/va

t s 1

Vo /U0

Figure 1: Representation of the log-derivatives of 14 and 9.

Remark 2.7. Using the identity (2.9) and the limit (2.6) one can show that ¢)._(x) /e (z) —
—\/Z a.s. as @ — oo, and that 1 (z) < e~ (232" for 1 large enough. This behavior
was also noted in [15]. See Figure 1 for an illustration for the behavior of ¥q, V-

We record here the Wronskian identities for the appropriate operators:

Ya(@)¥5 (2) — Ya(2)des(z) = =1, Ga(2)d(2) — ¢a(2)Poo(2) = —s20(z).  (2.12)
where we dropped the a-dependence in ¢)£12a), ¢§,Z“> to alleviate the notation. From the
second equation of (2.12) one can obtain the following analogue of the identity (2.9) for
the hard edge diffusions:

o) = 6ala) [ dal) sl 2.13)

if x is larger than the largest zero of ¢q.

Note that the functions 4, ¢4 are diffusions with respect to the natural filtrations
of the Brownian motions B, By,. This is not the case for the functions ¢, and ¢, as
the starting values of these processes depend on the o-field generated by the whole
Brownian motion B(t),¢ > 0. In particular, those functions are not Markovian.
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3 Proof of Theorem 1.3

Proof of Theorem 1.3. In order to prove the theorem, we first need to show that in our
coupling with probability one a? is not an eigenvalue of the operator Gg o, if a is large
enough. This will be the content of Corollary 6.3 in Section 6: we will show that there is
an a.s. finite random variable Ce, such that the operator Gg s, — a? is invertible for all
a > Cegy. In particular, this means that on the event {a > Ce} the operator (Gg 2, — a?) ™!
is a well-defined integral operator with kernel given in Proposition 2.5.

By the results of Section 2, to prove Theorem 1.3 we need to show that we have

a—r o0

o0 (o)
lim / / |Ka(z,y) — Ko 2q4(2, YPdedy=0 a.s. (3.1)
o Jo

We do this by approximating K, and Kg 2, with the resolvent kernels of the appropriate
differential operators restricted to [0, L], with L > 0. We denote these operators by K f\L)
and KéLQ)a More specifically, set

KB (2,) = ¢p(2)¢a()1ly < © < L) + dalz)pr(y)L(z < y < L), (3.2)

where v;, which solves Agy = 0 with boundary conditions ¢ (0) = 1, (L) = 0. The
function 1y, is well-defined if 4 (L) # 0.
Moreover, set

K (2,y) = dr(@)day)Ly < 2 < L) + da(2)dr(y) Lz < y < L) (3.3)

where
dr(x) = myl (@ 2)¢ 421 (a7 ),
and ¢,—2/3;, solves the equation &3 9,0 = a’¢ With ¢,—2/37(0) = 1, ¢y—2/31(a"2/3L) = 0.
The function ¢, is well-defined if ¢q(a~2/3L) # 0. (Note that ¢ and ¢ depend on a as
well, which we do not denote.)
By the triangle inequality we have

1Ka — Ko allz < [1Ka — Ky o + 1KY — KS9ll2 + K620 — Koy lo-

We will show that all three terms on the right will vanish in the limit if we let a — oo
and then L — oo along a particular sequence, this is the content of the Lemmas 3.1, 3.2
and 3.3 below. From these three lemmas, we deduce the convergence (3.1), and hence
Theorem 1.3 follows. O

More precisely, we will prove the following three lemmas.

Lemma 3.1 (Truncation of the Airy operator). ||Ks — Kf\L)H% —0a.s.as L — oo.
Lemma 3.2 (Convergence of the truncated operators). For any fixed L > 0 we have

IKE — K((LLQ)(LH% —0a.s. asa— 0.
Lemma 3.3 (Truncation of the Bessel operator). With probability 1, we have,

lim limsup || Kg 24 — K((;LQ)aH% =0.
L—oo g0 ’
We prove Lemma 3.1 in Section 4 using the the asymptotics (2.8). The proof of
Lemma 3.2 is given in Section 5, we will show that for a fixed L < oo the kernel K éLQ)a

converges uniformly to K ,EL) on [0, L]? as a — oo. Finally, the proof of Lemma 3.3 will be
g%ve)n in Section 6, and it will rely on a careful analysis of the asymptotic behavior of
2a

dq -
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Cl/(,‘()i -7

Critical parabola t — 4/t

Figure 2: Schematic illustration of the asymptotic behavior of the diffusion X

4 Truncation of the Airy operator

We analyze the solutions of the SDE (2.5) via the Riccati transform % Suppose
that 1,1’ is the strong solution of the SDE (2.5) with deterministic initial conditions
¥(0) = co, ¥ (0) = ¢1, (co,c1) # (0,0). Set X(¢) = %(tt)) by It6’s formula X satisfies the
SDE

dX(t) = (t — X(t)?)dt + Z5dB(1), (4.1)

with initial condition X (0) = ¢1/cp. The initial condition is oo if ¢y = 0, ¢; # 0. Note that
the diffusion blows up to —oo at the zeros of v, and it restarts at co instantaneously
whenever this happens.

The drift in (4.1) vanishes on the parabola x> = t, it is positive for |z| < /¢, and
negative for |z| > v/t. This suggests that the asymptotic behavior of X (¢) should be v/#
(since the branch z = —+/t is unstable), as stated in (2.6). The proposition below proves
this statement by providing quantitative bounds on |X(¢) — v/t|. See Figure 2 for an
illustration of the asymptotic behavior of X. Note that less precise asymptotic bounds
on X were also proved in [6] for the study of the small 5 limit.

Proposition 4.1. Let 1,1’ be the strong solution of (2.5) with deterministic initial
conditions (0) = ¢g, ¥'(0) = ¢1, (co,c1) # (0,0). Let X(t) = ﬁT(tf)) Then there is an
a.s. finite random time T' such that

|X(t) —Vt| <t *Int, forallt>T. (4.2)

Our upper bound in (4.2) is not optimal. In fact by evaluating the error terms in the
proof given below it can be shown that t~*/*Int can be replaced with ¢t~'/4y/Int g(t) for
any positive function g(¢) satisfying lim;_, g(t) = co.

The proof of Proposition 4.1 relies on the following two technical lemmas, whose
proofs are postponed to Section 7.1.

Lemma 4.2. Let X be a strong solution of the SDE (4.1). For a given s > 10 set
o5 = inf{t > s 0 | X () -V < 3 lnt}. (4.3)

Then o, is a.s. finite.

Lemma 4.3. For a given ty > 0,29 € R consider the solution X of the SDE (4.1) on
[to, 00) with initial condition X (to) = x¢, and denote by P, ., its distribution. Then

lim inf Piy.o <|X(t) — Vi <t™Y4nt, forallt > to) =1 (4.4

to—00 |I0—\/t0|§%t51/4 Intg
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Lemma 4.2 shows that for any solution X of the SDE (4.1) and any s > 10 the process
X (t) — v/t will get close enough to 0 after time s. Lemma 4.3 shows that if X (¢) — v/ is
close to 0 for a given large t = tg then with a high probability it will stay close to 0 for all
t>t.

Proof of Proposition 4.1. Let f(t) = t~1/#Int. By Lemma 4.2 for any fixed s > 10 there is
an a.s. finite stopping time o, with o, > s so that | X (o) — /75| < 3 f(0s) with probability
one. Lemma 4.3 shows that if the diffusion is close to v/# then with a high probability it
will stay close forever.

More precisely, for a given € > 0 one can choose s > 10 so that

inf Py (\X(t) — Vi < f(t), forall t > to) >1-e.

tOZs
|zo—+/T0|< 3 f(to)

The strong Markov property and Lemma 4.2 now imply that the inequality (4.2) holds
with T' = o4 with probability at least 1 — €. This shows that the random time

Ty :inf{s >10: |X(t) — Vt| < f(t) for all t > 5}

is finite with probability at least 1 — ¢, hence it is a.s. finite. Therefore (4.2) holds with
probability one with T' = Tj. O

We can now prove Lemma 3.1.

Proof of Lemma 3.1. By Proposition 2.6 with probability one the operator Agl is a
Hilbert-Schmidt integral operator with kernel K,. From (2.6) and the estimate (2.8)
it follows that g has a largest zero (if it has one), hence if L is larger than that, the
linearity of the equation Agy = 0 implies that

)
Ya(L)

YY) = Yoo (y) Ya(y)- (4.5)

Hence the truncated operator K ,§L> is well-defined in this case. From the definition of
K ,gL) we get

K- kM= [
(0,12

By Proposition 2.6, with probability one we have ||Ka||3 < oo. This implies that the
term ff]RQ \[0,1)2 | Ka(, y)|2 dx dy converges to 0 a.s. as L — co. In fact, by the arguments
+ 9

2
KA(x,y)—KﬁL)(ﬂc,y)‘ dwdy+// |Ka(z,y)[* d dy.
R2\[0,L]2

(4.6)

described in the proof of Proposition 2.6 it follows that /. \[0,L]2 |Ka(z,y)|” dz dy can
2\[o,

be bounded by C'L~!/2 with a random constant C.
We now estimate the first term on the right hand side of (4.6). By symmetry we have

Voo

From (4.5), for L large enough, and 0 < x <y < L, we get

O P drdees [ [ O
Ka(z,y) — Ky (z,y)| dedy=2 Ka(z,y) — Ky (z,y)| dzdy.
o Jo

Ka(z,y) — K§(2,9) = (Voo (y) — ¥1(y))va(z) = Ya(@)baly) / " gale) 2z,
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2 1
Ka(a,y) = K ()| dedy =5 (/
0

and
/L /1/ L wd(m)z " 2< oo wd(L)z
o Jo Ya(L)? L %a(z)?

From the bounds of (2.11) we get that the expression in (4.7) is bounded by a random
constant times L2, and thus it converges to zero a.s. as L — oo. This concludes the
proof of Lemma 3.1. O

2
dz> . 4.7

5 Convergence of the truncated operators
Recall the definition of (Z;L7wL from Section 3. Lemma 3.2 will follow from the
following statement:

Lemma 5.1. For any fixed L > 0 we have ¢q — ¥q and ¢, — v, uniformly on [0, L] with
probability one as a — oo.

Proof of Lemma 3.2. From (3.2), (3.3), and Lemma 5.1 it follows that if L > 0 is fixed
then KéLQ) (z,y) > K f\L) (x,y) uniformly on [0, L]? with probability one. From this Lemma

a

3.2 follows. O

The proof of Lemma 5.1 relies on the following proposition:
Proposition 5.2. Let B’ be standard white noise on R, and B the corresponding
Brownian motion. Define ®p 1, using Ba,(z) = a~'/*B(a*?z), and Ag with B’ as in
Theorem 1.3. Let ng,n1 be fixed real numbers. Suppose that the processes u,,a > 1
satisfy the following conditions:
(@) &p20Uq = auq,
(b) u,(0),u,(0) are deterministic, depend continuously on a, and satisfy

(a*/*uq(0), uf (0) — auq(0)) — (mo,m)
as a — oo.

Let d,(z) = a?/3e=%"**u,(a=2/32). Then for any L > 0 we have (i, i) — (1,1')
a.s. uniformly on [0, L] where v, is the unique solution of Agy = 0 with initial conditions
¥(0) = no, ¥'(0) = m.

Proof. To ease notation, we drop the dependence on a in u,, i,. By Proposition 2.4 the

process (u(t),u/(t)) satisfies the SDE

du(x) =/ (z)dx, du'(z) = %u’(x)nga(m) + ((2@ + 2 () — aQe_g”u(x)> dr. (5.1)

The initial conditions for @ are

@(0) = a*3u(0),  @'(0) =u'(0) — au(0),
hence by the conditions of the proposition we see that (4(0),4'(0)) — (1o, 71). Note that
@/ (z) = —a'3a(z) + e~ **u/ (a=2/32), by Itd’s formula and (5.1) we have that

-2/3,,

di' = 25 (o™i + @) dB(x) + (a2/3(1 —e TN+ Z2a P+ ga*/?’a/) dz.

This means that 4, 4’ satisfies

di(z) = 4/ (z)dz, (5.2)
di/ (z) = ﬂ(x)(%dB(x) + zdx) + Fi(e,z,4(zx), 0 (x))dr + Fy(e, x,4(x), 4’ (z))dB,
EJP 26 (2021), paper 39. https://www.imstat.org/ejp
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where € = ¢~ /3 and

2
Fl(gaxapa q) = (572(1 —ec I) - l’)p + %Sp =+ %62(]3 FZ(Ea z,p, q) = %gq (53)

With a bit of abuse of notation we will use 1., 4. to denote the dependence on ¢ € (0, 1].

The functions Fy, F; can be continuously extended to ¢ = 0 by setting F;(0, z,p,¢q) = 0.
Define (o, 1) to be the solution of (5.2) with £ = 0 and initial conditions (1o, 7). This is
exactly the solution (¢, v’) of Agyp = 0 and ¢(0) = 1o, ¥'(0) = ;.

Note that for z € [0, L], € € [0, 1] the functions Fi, F; are globally Lipschitz in p and g,
and (4., 4. ),e € [0,1] gives a stochastic flow where the deterministic initial conditions
are continuous for ¢ € [0, 1]. Standard theory of stochastic flows (see e.g. Theorem 37 in
Chapter 7 of [11]) shows that there is a unique one-parameter family of strong solutions
for the SDE (5.2) for ¢ € [0, 1] which is a.s. uniformly continuous in ¢ for = € [0, L].
But this implies that (d.,4.) — (o, 4g) a.s. uniformly on [0, L] as € — 0, proving the
statement of the lemma. O

Proof of Lemma 5.1. Consider u,(x) = ¢a(x). These functions satisfy the conditions of
Proposition 5.2 with 79 = 0,1; = 1. Thus 4(z) = a2/3e*“1/dm¢d(a*2/3x) converges to g
a.s. uniformly on [0, L] as a — co. Then the same is true for

W—2/3 W—1/3

ba(z) = a®Pmi2(a2P2)pa(a ) = d(x)e” 2 v P,

To show the convergence of qNS 1. we first consider ¢,, the solution of & 5,¢. = a®¢$. with
initial conditions ¢, (0) = a=2/3, ¢.(0) = a'/3. Then v,(z) = ¢.(z) satisfies the conditions
of Proposition 5.2 with 79 = 1,7, = 0. This means that #(z) = a*/3¢=%"""%¢,(a=2/32)
converges uniformly to 1. (z) where Agy, = 0 and 9..(0) = 1, ¥, (0) = 0 (i.e. the solution
with Neumann initial conditions).

By linearity ¢ (x) = ¢.(z) — wd(L z/;d( ). Note that ¢4(L) # 0 with probability one
for a fixed L, so vy, is a.s. well-defined. This also implies that for a fixed L the random
variable ¢q(L) is not zero if a is larger than a random constant, and in this case ¢y, is
also well-defined.

The function ¢, satisfies Agy;, = 0 with ¢(0) = 1, ¢ (L) = 0. By our previous

arguments we have 9(z) — ”Ei; (z) — 9 (z) a.s. uniformly for x € [0, L], as a — co. We
have

A (L) . a?3e="*Lg (oL B (
’U(Qj)— ( )u(x)*a2 —at ZL’¢ ( —2/3 ) ( )a2/3 a' ng ( 2/3x)

a2/3e=aPLgy(a=2/3L)

—2/3
= e (g0 on) - S a0,

and we can check (by plugging in z = 0 and « = L) that

= e_a1/3x¢a72/3L(a_2/3x) = quL(x)ea 7 eteg Ble)

o(L) .
(L) ()

o(x) —

But this now implies that qNS 1, — %, uniformly on [0, L] with probability one, completing
the proof. O

6 Truncation of the Bessel operator

In order to control | Kg 2 — KéLQ)a |4 and prove Lemma 3.3, we need to understand the

asymptotic behavior of ¢q(t) = ((fa) (t) uniformly in a. As before, we turn to the Riccati
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t(p(t)/a) =1

-----
.=
-

-----
-="
. .=
.
.
P

a2/3], to=1/8] Tt

Similar to Airy diffusion  Airy behavior extended Fluctuations not too large around 1
~ a"/SX(az/;‘t)

Figure 3: Schematic representation of the behavior of the diffusion ¢t — (p(t)/a) — 1

transform p = p®¥)(t) = i:‘:gg It6’s formula together with (2.3) implies that p(t) satisfies

the diffusion

Ap(t) = —=p(t)dBaa(t) + (20 + 2)plt) — p(t)* — ®e) di 6.1
\/B B
with initial condition p(0) = co. The diffusion could reach —co at a finite time, in which
case it restarts at +-oo instantaneously.

Our next proposition describes the behavior of p in the region [a=2/3L, co) uniformly
in a. In words the asymptotic behavior of p can be explained as follows: on a microscopic
a~?/3 time scale the scaled version of p (that is a=%/3(p(a=2/3t) — a)) will mimic zggg
by Proposition 5.2, and this behavior can be extended up to a small macroscopic time
of order a?/. For large macroscopic times the diffusion p(t)/a will behave like a time-
stationary diffusion supported on R, which yields logarithmic bounds on Inp(t) — Ina.

For the rest of this section we set ¢, := 1/8. Recall that for a > 0 we have By, (t) =
a= '3 B(a?/?t).

Proposition 6.1 (Behavior of the Bessel diffusion). Let d;,ds > 0. For a given L > 0 and
a1 > 1, define Cr, o, to be the event where the following inequalities hold for all a > a;:

pPI(t) > a(1 + diV1), forallt € [a=?/3L,ty],  (6.2)

exp(—a_l/6 Int) < p(2a) (t)/a < exp(ds + a Y%1n t), for all t > tg, (6.3)

Z5|Baa(t) = Baa(s)| < a?(t = 5) + a0 n(a®?s),  forallt>s>a?’L. (6.4)
Then we can choose deterministic constants d,, d, > 0 so that

Lh—>H;o a}l_r)nooP(CLm) =1. (6.5)
See Figure 3 for an schematic illustration of the behavior of the Bessel diffusion.
The proof of Proposition 6.1 is postpoged to Section 7.2. Using this proposition we can
control the products ¢q () ¢oo(z) and ¢q(y) ~2¢a(r)? when y > z > L. This will be key to
: _gA(L) 2
estimate || K¢ 24 KG’2a||2.
In the rest of this section, we assume L > 10 and set ¢z, = (10L)3/2 v 4(1 — e~t0) =2,
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Proposition 6.2. Define

I(s,8) = —2 / (p(2) — a)dz + %(Bga(t) ~ Bouls)). (6.6)

There are absolute constants c, ¢’ so that for all a; > c;,, the following inequalities hold
on the event Cy, ,, (as defined in Proposition 6.1): for all a > a;,

—ca\/s(t—s)+c t>s, to>s>a /3L,

(6.7)
—ca(t—s)+5a‘1/61ns+c’ t>s5>t.

Z(s,t) < {

Proof. We first prove the case when t > s > {3 in (6.7). From this point on we will work
on the event Cy, o, with a; > c;, allowing us to assume the inequalities (6.2)-(6.4). Let us
define

q(t) := ¢?9 () == pP?(t) — Ina.

On the event Cr, ,,, and for ¢ > tg, ¢(¢) is well defined as p(¢) > 0. By Itd’s formula the
process q satisfies the following differential equation:

dq(t) = FdBaa(t) + a(2 — 1V — 7710t

with the initial condition ¢(¢p) = In(p(tp)/a) > 0. Note that the drift of the diffusion ¢ will
be close to a(2 — e?) for large ¢t. The corresponding diffusion

dj = 25dBaa(t) + a(2 — M)t

converges to a stationary distribution supported on R (which can be computed explicitly).
This suggests that ¢ behaves like the stationary solution of ¢, and hence we cannot expect
to get a uniform constant bound on a(e?Y) — 1) = p(t) — a in (6.6). Because of this we
instead look for a bound on the integral term in (6.6).

We start with the following identity: for all ¢ > s > ¢y, we have

a/ (") —1)dz = a(t — s) + Z5(Baa(t) = Baa(s)) = (a(t) — a(s)) — a/ em1)=7q.
(6.8)

Using the lower bound from (6.3) and the fact that —a V0 1nt > —t+tg forall t > ty, we
get

a/ (e9) ~ 1)dz > a1 — ) (t = 8) + 2 (Baa(t) = Baals)) — (a(t) —a(s)).  (6.9)
and thus
T(s,) < ~2a(1 — e=)(t — 8) — 35 (Baa(t) — Baa(s)) + 24(t) — 24(s).

Using the inequality Int < Ins + tal(t —s) fort > s > tg, the bounds (6.3), (6.4), and
by our choice of ¢;, we get that there exist positive constants c;, ¢ such that for all
t > s >tg, we have

I(s,t) < —cra(t—s)+5a 5 Ins+ ¢ .

This completes the proof of (6.7) in the case t > s > ;.
Let us consider now the case a~2/3L < s < ty. From (6.2) we have for all a=2/3L <
s <t <t

t
/ (p(2) — a)dz > %aall(f‘/2 —s3/2) > %adlx/g(t— s).
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Using the lower bound from (6.4) we deduce that for all a=2/3L < s < t < t,
I(s,t) < —% adiVs(t —s)+a?(t — s) +a /5 In(a?s) .
As o ?/3L < s <ty and a > a; > c;,, we get that there exists a constant ¢; such that:
I(s,t) < —dya/s(t—s)+cy.

Fort >ty > s > a~2/3L, note that Z(s,t) = Z(s, to) + Z(to,t). Therefore, we get

I(s,t) < —dyav/s(to—s) +cr —ecra(t —to) +5a~ Y0ty + ¢,
< —coa/s(t—s)+cf,
where ¢, = min{dl,cltalﬂ}. We choose ¢ = min{c;,ce} and ¢ = max{c|,cs, )} to
conclude the proof of (6.7). O

As a consequence of Proposition 6.1, we can also show that a? is not an eigenvalue of
B39, if a is large enough.

Corollary 6.3. Let a; > c;. On the event Cy,,, defined in Proposition 6.1, a? is not an
eigenvalue of &g o, for all a > a1. As a consequence, there exists an a.s. finite random
variable C,, > 0 such that a2 is not an eigenvalue of 3,2, on the event {a > Cov}.

Proof. The value a? is not an eigenvalue of &g 5, exactly if the function qﬁ((f“) isnotin
L*(R4,ma,). On Cy, 4, and for a > a;, using the identity (6.8) and the bound (6.9) in the
proof of Proposition 6.2, we get

a/ e?®dy > a(2—e ") (t —tg) + %(Bga(t) — Bau(to)) — q(t) + q(to)-

to

Recall that ae?® = p(t) = ii‘—g;. Using the above lower bound on the integral of ae?®),
and the bounds (6.3) and (6.4), we get

da(t)maa(t) = da(to)* exp (2 / p(2)dz) exp(— (20 + 1)t — 25 Baa(t))

to
> c(to) exp (2a(1 —e ")t —t — a'’?t —2a7Y%1n t),
where c(ty) is an a.s. finite random constant. Choosing a > a; > ¢f, > (1 — e~%0)~2
get that [~ ¢a(t)*ma,(t)dt is infinite, proving the statement.
Now set

, We

Cov=1+ alzcan,fLZlO ar ICL‘al ’
If a > C,, then «? is not an eigenvalue of &g 5,. By the limit (6.5), the random variable
Cev is a.s. finite, which completes the proof. O

Proposition 6.4. Recall the definition of the event C, ,, from Proposition 6.1. On this
event a? is not an eigenvalue of By, (0r Ggag) if a > a1 > c¢f, by Corollary 6.3, hence
g?)oo is well-defined. There exist deterministic constants cy,c > 0 such that for all L > 10
and a, > cr, the following inequalities hold on Cy, 4, : for alla > a,,

(6.10)

~ ~ cx—1/? L <z < a?/3ty,
< <
¢d($)¢oo($) = {Cal/gea—2/3z/2 T 2 a2/3t0’
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and

~ e exp(—c1v/x(y — ) + ¢) y>x, aPtg>x>1L
$a(y) 2da(r)® < 1/3 ~1/6 2/3
exp(—c1a'/? (y—x) +5a Inz+c) y>x>a*.
(6.11)

Moreover, under the same conditions, we also get the following inequality for all y > x >
L:

ba(y) 2pa(x)? < exp (—clﬁ(y —z)+5a Y% Inz + c) . (6.12)

Proof. Recall the definition of ¢q, ¢~ from (2.4). On Cr,q,, the diffusion p(¢) does not

(2a)
d

explode on [a~%/3L, 00), which also implies the largest zero of ¢; *’ is smaller than a—2/3L.

By the Wronskian identity (2.13), for all x > L we have

Goe)ba(s) = a¥Ps(a™ 2 maala=%2) [

a=2/3zx

dala™ o 0a(0) - 0y

o0
_ e_a72/3l./ exp (I(a_2/3:v,a_2/3y))dy7 (6.13)
xT
where

I(s,1) = —2 / (p(2) — a)dz + %(Bm@) — Bou(s)).

For the product ¢q(y)~2¢q(z)? for y > = > L, we have
Pa(y) *da(e)® = exp (a7 (y — ) + Z(a™*Pu,a”*y)).

For a; > ¢y, (6.11) follows from (6.7) directly. Integrating the exponential of (6.6) and
using the upper bounds (6.7), we get (6.10) and the statement of the proposition. The
inequality (6.12) follows by comparing the upper bounds in (6.11). O

We now turn to the proof of Lemma 3.3. We will use the following identity, that

follows from the linearity of the equation G4 2,¢ = a?¢:

N gy, cags (@ PL) e deo(D) -
Foo(2) — du(z) = m(a /3x)m¢d(a /By) = o) ¢a(). (6.14)

By Propositions 6.1 and 6.2, we have that qNSd(L) # 0 and ngo is well-defined for all a > a;
on the event Cy, 4, .

Proof of Lemma 3.3. For L > 10 define the event
K
¢ = {¢d(K)’2/ Ya(z)?de < 2K~1? forall K > L} N {Ya(t) >0, Vt>L}.
0

The family of events Cg), L > 10 is non-decreasing in L and limy_,+ P(C(Ll)) =1, by
Proposition 4.1. Define the events

L
e, =Cra e n {457 (L)*"/ 05" (2)dw < 3LV, Va>a}.
0

The family Cf’il is non-decreasing in a; for fixed L and the events Ualc(ﬁll are non-
decreasing in L. By the uniform convergence of (¢q, ) — (1,%') on [0, L], we have

lim lim P(C))=1.

L—oo a;—o0
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We now prove inequalities on the event Cfll for all a; > c¢r. In the following, ¢ is a
constant that may change from line to line. We start with the following identity:

2
| K6,20— G2aH2_// ‘KG 24 (T, Y)— ( ) (x,y)‘ dxdy+// \KG,ga(a:,y)\Zda:dy.
R2\[0,L]2

On [0, L)? we have

Voo

o)~ KBty =2 [ [ Ga6) — )Py,

~ L ~ 2 ~ ~
= <¢d(L)_2/O ¢d($)2dw> Poo(L)*da(L)?,
< (3L71/2)2(0L71/2)2,

using identity (6.14) for the second line and the bound (6.10) for = L for the third line.
Thus this term is bounded by ¢/ L2 uniformly in a.

We further split the region R \ [0, L] into the union of Ry = [L,00) x [0, L] U [0, L] x
[L,00) and Rs = [L,00)%. On R; we have:

// |K6.20(,y) | da dy = 2¢d /¢d dl‘ fbd / Poo(y

The first term 2 ¢4 (L fo ¢a(x)?dz is bounded from above by 6 L~'/2. For the second
term, we split the 1ntegral and apply Proposition 6.4 to get the following upper bound:

* [ " Bney)dy

a2/3t0 _ 0 _ -

- /L Goo ()2 da(y)?daly) 2da(L)?dy + / Goo(1)2Ba(y)*daly) 2da(L)2dy

2/3t0
< /
L
<

< C/(L—3/2 +L_1/2a_2/3).

2/34
a Oc2y71€701\/f(y7[l)+cdy+/oo 02a72/367a—2/3y67clﬁ(ny)Jrcdy

a2/3t0

At last, on Ry we have

J[ Veanta)? dudy=2 / / ala P (w)Pdrdy+2 [ / Ba(2)* ool )Py
Ro a2/‘5t0
We use (6.10) and (6.11) to bound the first integral,
/ / Gl dnely)dady = [
L
</
L
0‘2/31‘/0
S/ C/y_3/2dy
L

<JL7V?%,

a2/31,

2/34, 2/34 . } y )

$4(9)?Foo(y)? / Faly)>da(x)2dedy
L

2/34,

y
Ayt / e ﬁ(y_$)+cdxdy
L
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For the second integral, we use (6.10) and (6.12),

/a Oj /L " G (4)2a()dwdy = / Of / ba(y)2Ga(z) dzdy

oo
</ C a 2/3 —1172/3 / —c1VL(y—x)+5a~ l/ﬁlny-l-cdxdy
a2/3t0 L

oo
_ Co/a _.—2/3 —~1/6
S/ L 1/26L 2/36 a y+5a lnydy
a

2/3t0

<JL7Y?,

Recall that the family of events C(LQBH is non-decreasing in a; for fixed L, and the
events C(LQ) = ualcﬁl satisfy C(Lz) 1 Q as L — oo with P(2) = 1. On the event 2 we have

L
hm limsup || K6 24 — Ké,Z)a”g =0,
L—oo g—c0

which completes the proof. O

Remark 6.5. Note that our estimates give an upper bound of the order O(L~'/2) on the
squared Hilbert-Schmidt norm difference of K¢ 2, and K((fz)a. A bound of the same order
was shown on the truncation error for K.

By choosing L = L, to be dependent on a with L, — oo at some rate, one could
potentially obtain a bound on the rate of convergence in (3.1). This would require the
extension of the result of Lemma 5.1 to increasing intervals [0, L,]. We do not explore
this path in this paper, but we want to present a hand-waving argument to show that our
methods are not expected to give better than logarithmic convergence.

In the proof of Proposition 5.2, we viewed the process (i, %’) as a stochastic flow
depending on two variables ¢ = a~!/3 and z. It is reasonable to expect that if the
statement of Lemma 5.1 holds on the interval [0, L] then sup, |t (z) — to(z)| should
vanish as a — oco. This quantity should be of the same order as ¢ sup, . 1, |v(z)| where
v(z) = .1 (x)|.—o. One can check that v satisfies the stochastic differential equation,

dv=1v'dz, dv' = v(%dB + zdr) + %120( x)dx + }12’0( x)dB
with initial values v(0) = 0 and v’(0) = 0. If we assume that v' grows at least as fast as
the contribution of the %ﬁo(x)dm term then we would get that v grows at least as fast as

2" This would lead to the requirement o133 0, and L, < (Ina)?/3. Hence
the speed of convergence could not be faster than (Ina)~'/3.
7 Bounds on the soft and hard edge diffusions

7.1 Asymptotic properties of the soft edge diffusion 4

This section contains the proofs of Lemma 4.2 and 4.3, which were used for the
asymptotic analysis of the diffusion X in (4.1). In this section we set f(t) = t=1/41nt.

Proof of Lemma 4.2. We will prove that

lim P (\X( ) — Vi

to—00

< 1f(t) for some t € [to, to + ﬁ 1113(t0)}> =1 (7.1)

This means that with higher and higher probability we will hit the region | X () — v/#| <
% f(t) within a small time interval, which implies that o, < oo with probability one.
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Case HI

X

Casc [ l aan(n)/2tMY)
v

Case IV I

Case 11 T B R
Figure 4: Representation of the four different cases for the position of X (¢¢)

To prove (7.1) we consider X with initial condition X (¢y) = xo with ¢, > 10, 2o € R,
and give a bound on the probability in (7.1) in each of the following cases (see Figure 4):

Case I: zo > o + f(to)/2
Case II: zo < —V/to — f(to)

Case III: —Vto + fte) < 20 < Vto — %f(to)
Case IV:  —/to — f(to) < xo < —V/to + f(to).

In each one of these cases we will compare the diffusion to a time-homogeneous version
of itself. Then in Cases I-III we use the idea that as long as we control the maximal value
of the Brownian motion B, the diffusion will stay close to the deterministic path solving
the ODE z(t)" =t — z(t)? which is what we get if we remove the noise from the SDE of
X. In Case IV we will use explicit computations about hitting times of diffusions.

Let g(z) = m+ﬁ In(z). We consider Case I, when x¢ > /to+ f(to)/2. We set t1 = g(to)
and assume that ¢, is large enough. Let the time-homogeneous diffusion X, on [t, ;] be
given by the strong solution of

dX(t) = (t; — X (t)?)dt + Z5dB(t), X (to) = +oc.
Comparing the drifts of X and X we see that on the event {X(t) > v/%,t € [to, 1]} we
have X (t) > X (¢) for ¢ € [to, t1].

The process Z(t) := X, (t) — -2

5 B(t) with B(t) = B(t) — B(t,) satisfies the ODE

! 2 %B(t) 2
Z'(t) =t — Z(t)’ 1+ YE—),  Z(ty) = o0

for all time ¢t > ¢y smaller than the first hitting time of 0 for Z. We set

M = & f(to) = Lt  Into,

and introduce the event

A=Ay, :={ sup |B(t)— B(to)| < Y2 M}.

te(to,t1]
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Note that

P(A) =P | sup |B(s)| < ¥2/Intg
s€[0,1]
which shows that P(A;,) — 1 as tg — oo.
On the event A, if Z(s) = /iy for an s € [to, 1] then this would imply

X(s) <Vito+M < Vs+ f(s)/2.

Oon A = An{Z(t) > Vio,t € [to,t1]}, Z is bounded from above by the deterministic
solution of

F'(t) =t = F(t)*(1 = 2M /o), F(ty) = oo

which is given by

F(t) = v/ti/Dcoth(\/t1 D(t — to)), D =1—2M//1.

Using Taylor-expansion, we get that for ¢y large enough we have F (t1) < v/t +2M which
implies that on A we must have X (¢1) < /tg + 3M < /11 + %f(tl). This shows that

AC{|X(t) — V| < 2 f(t) for some t € [to, 1]},
which implies

. : <1 L3 ): .
BT <|X() V| < Lf(t) for some ¢ € [to, o + —=In*(t)]) = 1

Next we consider the case xg < —/fg — f (to) (this is Case II). Similar arguments used
as in Case [ show that for ¢( large enough X explodes to —oo before time t; = g(tg) on
the event A. Since X restarts at +oo at the explosion, we are back in Case I, and by the
arguments presented there we get that | X () — v/t| < 1 f(¢) must hold before time g(t;)
with high probability. Since g(t1) < to 4+ In® ty//%, for t large, we get

lim inf (X Vit| < 1f(t) for some t € [tg, to + —= In(¢ ):1.
W e B ) Prgto (1X(8) = VE[ < 5f(2) [to, to + <= In”(to)]

Now consider Case III, when zy € (—/to + f(to), Vto — f(to)/2). We show that X
reaches /o — f(to)/2 before time ¢; with probability going to 1. For this we can just
assume that zo = —/to + f(to), since the other cases stochastically dominate this one by
a simple coupling. Let us examine again Z = X — fB The process Z(t) satisfies the
ODE

Z'(t) =t~ (Z(t)+ HB1), Z(to) = Vo + f(to).

On the event A, the process Z is increasing when —/t+M < Z (t) < V/t—M, in particular
Z'(tp) > 0. Before Z hits 1/, we can bound Z from below by G(t) where

C'(1) = (Vi — BM)? — G*(t), Glto) = Vs + f(to).

Solving the above initial value problem, we get G(t) = (v/Tp — 3 M) tanh((y/To — 3 M)(t —
to) + ¢) where ¢ < 0 is chosen such that G(tg) = —/to + f(to). Here ¢ ~ —3 lnto if to
is large. Using Taylor-expansion again, we get G(t1) > /to — 2M which implies that
X (t) >\t — f(t)/2 somewhere in [ty,1].

For the last case IV when zy € [~y — f(to), —v/to + f(to)], denote by 7 the exit
time of X (¢) from the interval [¢—,q"]| := [-vt1 — f(t1),—vt1 + f(t1)]. We use the
time-homogeneous diffusion X () satisfying the SDE

dX(t) = (to — X(t)*)dt + 23dB(t), X(to) = 0.
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Let us denote by 7 the first exit time for X after time ¢, from (g7, q"). By the Cameron-
Martin-Girsanov formula, the Radon-Nikodym derivative of X with respect to X on the
time interval [to, ;] can be expressed as ¢“(X) where

~ t1 . — )3 t1 -
G(X) = (};P(/t (X(tl)—X(t))dt—(“GtO)—/to t(to—X(t)2)dt)~

On the event {X(t) € [¢~,¢T],t € [to, 1]} one can bound G(X) by a constant. This means
that P(7 > 1) can be bounded by a constant times P(7 > ¢1).

We can explicitly compute E[7] in terms of the scale function and speed measure of
X . The scale function sc and speed measure sp for X (t) are given by

sc(x) = / exp(—2toy + §y3)dy7 sp(dx) = s (D)
From this we can express the first moment of 7 as
Zo _ - +) —
ElF —to] = / (sc(y) sc(q+))(sc(q 2 sc(o))
- se(qt) — se(q™)

- " (selao) — selq”))(selq*) = sely))

0 sc(qt) —se(q™)

sp(dy)

sp(dy).

(See for example Theorem VII.3.6 [16].) By analyzing the above integrals as £y, — oo, one
can bound E[7 — to] by clnlﬁto with an absolute constant c for all ¢y large enough and all
zo € [—vto — f(to), —v/to + f(to)]. (We refer to Lemma 5.7. of [5] for additional details
for this argument.) By Markov’s inequality, we get

- Inlntg Inlntg
P, > t1] = Elexp(G(X))1x <d =c
0,to [T 1] [ Xp( ( )) { >t1}] — (tl _ tO)\/% lnto
with an absolute constant ¢’. Therefore X exits the region (¢—,¢") before time ¢; with
probability tending to 1 as t; — oo. Once X (t) exits this region, we get to Case II or III,
and repeating the arguments there we can show that

li inf P, (Xt— t| < 1f(t) for some t € [to,to + —= In®(¢ ):1.
tog%oxozlmoJrl\;l%\Sf(to) 0:to | () \[|7 Qf() [O 0 Vito n (O)]

This completes the proof of (7.1) and hence the statement of the lemma. O

Proof of Lemma 4.3. Introduce Y (t) := X(t) — v/t, then Y (t) satisfies the stochastic
differential equation

b

dY (t) = (=Y (£)% = 2VtY (¢) 277

)dt + ZdB(t),
with initial condition yy = x¢ — /%o.
With the same driven noise dB, we define two families of diffusions Y;(t) = YY" (¢),
Ya(t) = Y (t) on [to, 0o) with initial condition y as follows:
dY:(t) = —2VtYi(t)dt + Z5dB(t), Yi(to) = yo,
dYa(t) = (=2VtYa(t) — 2f(t)*)dt + Z5dB(1), Ya(to) = yo.

By comparing the drift terms in Y, Y7, Y5 we see that if for a given ¢y we start Y7, Y> from
yo = Y (to) at time ¢y then the coupling Y>2(¢) < Y (¢) < Y1(¢) holds for all ¢ > ¢y on the
event

Do = {—f(t) < Ya(t),Y1(t) < f(¢) for all t > to}. (7.2)
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Consequently, this shows that
Do C Y ()] < f(2),VE = to}, (7.3)
and thus it is enough to prove

lim  inf  P(Dyy) = 1. (7.4)

to—00 |yo|< 1 f(to)

Using the integrating factor trick, both Y; and Y5 can be solved explicitly:

t
3/2 $3/2
Yi() = exp(=3(¢%2 = 15/*)yo + Z5e ™' / dB,,
to

_4,43/2

t t
Ya(t) = exp(— (/% — t5/%))yo — 2¢73 t FAs)et* ™ ds + Zem it / 4B,
0 0

Let £(¢) fl s*’* 4s. There exists a Brownian motion W such that we have the following
distributional identity:

t
(/ 35" dB,, t > 1) L W(E)), t >1).
1
By the Law of Iterated Logarithm, there exist finite random constant C' such that

[W(u)| < CvVulnlnu, forall u > 20.

8¢

Note that £(¢) < Le3t*¢=1/2 for all t > 1. We may assume t, > max(10,£~1(20)), then
for ¢t >ty we get

Yi(t) < Le 310 g )+%ce*%t3”(\/§( YInIn&(£) + /€(to) InIn€(to))
< e 3N (L p(t0) + 201,V Intg) + 2017V,

Integration by parts yields the bound

o 4;3/2

/ft f(s)Qe%SS/zds < \[ f(t)%es

Therefore, we obtain that

Ya(t) > —e 30 (L (1g) + ZCty V' ntg) — 24712 f()? — L0V W int.

For a large enough deterministic ¢y, we have —f(t) < Y5(¢) < Yi(¢) < f(¢) for all
t >ty > ¢o on the event {C < 2—‘/§\/lnto}. Hence if tg > ¢o then

inf  P(Dyq4o) > P(C < %2 \/Inty)

lyo|< 3 f(to)
which completes the proof of (7.4). O

7.2 Bounds for the hard edge diffusion

We start this section with a lemma controlling the fluctuations of Brownian motion.
Although the bounds in the lemma are not optimal they are sufficient for our purposes.
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Lemma 7.1. Let B be a standard Brownian motion. Then there is a random finite
positive C' so that a.s. we have the following inequality:

IB(s + h) — B(s)| < C’\/hln(2 +2 4 |Inhf), forallh>0, s> 0. (7.5)
This implies in particular the following simple bounds:
|B(s+h)—B(s)| < Ci(h+1ns), forall h>0, s> 10, (7.6)
with a random constant C;.

Proof. First set h = 2™, s = m2"™, forn € Z and m € IN. We have

P(max|B(s) — B(s 4+ x)| > 4-2"/2/In(2 + |n] + m)) < 2P(|B(1)| > 4\/In(2 + |n| + m))

z<h
2

< 26781n(2+|n|+m) — ’
- (24 |n| +m)8

which is summable for n € Z, m € IN. Hence by the Borel-Cantelli Lemma, there is a
random C' so that

max | B(s) ~ B(s + )| < Cﬁ\/ln(z +|Inh|+ %) (7.7)

for all s = m2", h = 2™. For general s > 0,h > 0, there exist n € Z, m € IN such that
2" < h <27 and m2™ < s < (m + 1)2". Using (7.7) and the triangle inequality, we get

|B(s+h) — B(s)| < 8C/hIn(2+ | nh| + 2),

which proves the first part of the lemma with C' = 8C.
For s > 10 we have

VAIE@+ 5+ (A < \/hIn(@ + &+ [InA]) + Al(l + 5),
For h > In s, we have

In(2+ % + |Inh|) <h, In(l+s)<In(2s) < 2h,

which implies /A In(2 + £ + [InA]) < 2k in this case.

Now assume i < Ins. We have hln(2 + % +Inh) < 2 for h € [0,1], which yields
hln(2 + + + [Inh|) < 2In(s)Inln(s) for h < Ins, s > 10. We also have hln(l + s) <
(3/2)(Ins)® under the same conditions, which yields \/AIn(2+ 3 + [Inh[) < 2Ins. The
bound (7.6) now follows from (7.5). O

The next lemma gives estimates on the diffusion p(®®)(¢) at time ¢ = a~2/3L using the
convergence result of Proposition 5.2.

Lemma 7.2. For all positive L and a4, let A(L{)al be the event that

a(l+ %a‘1/3\/f) <pa™?PL) < a(l+ ga_l/?’\/z), foralla > a;.
Then lim_, o limg, o0 P(AY), ) = 1.
Proof. The uniform convergence of Proposition 5.2 implies that almost surely,

p(a?PL)a™%? — a3 - X(L), asa— . (7.8)
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Indeed

a3

ag(a=2Pt)e=") = (1), (1)),

uniformly on [0, L] and p(t) = ¢'(t)/¢(t) and X (t) = ¢'(t) /¥ (¢).
Fix L large and define the event:

(a2/3¢(a’2/3t)e’“1/3t,¢’(a’2/3t)e

Ap = {3Vt < X(t) <1Vt vt> L}

Note that the family 4, is non-decreasing in L. From Proposition 4.1 it follows that
limy_,o P(AL) = 1. For all L and a,, define

Apa, = ArN{a(l+ %ail/s\FL) < p(a™?PL) < a1+ gafl/‘g\FL), Ya > ay}.
By (7.8) and the condition 5L < X(L) < ¥+/L on Az, we have AL 4, T AL as a; — o0
which concludes the proof. O

Let us introduce ¢ = ¢(2%) = Inp(2*) —In . By Lemma 7.2, the diffusion ¢ is well-defined

at time a~*/*L on the event A", . By Itd's formula, for ¢ > a~2/3L we have
dq(t) = Z5dBaa(t) + a(2 — €1 — =104t (7.9)

The diffusion ¢ blows-up when p reaches 0, so ¢ may not be well-defined on the whole
interval [a=2/%L, +-00).

The next proposition controls the growth of ¢ from small times starting at a=2/3L
until a positive deterministic time. In this time-interval, ¢ is small and therefore p is
close to a(1 + ¢). Analyzing the drift of the ¢ diffusion for small ¢ and ¢, we see that one
can compare the behavior of ¢ with the diffusion X defined in (4.1). This allows us to
bound ¢ with constant multiples of the square root function with large probability.

Proposition 7.3. Fix t, := 1/8. For all positive L and a; with al_Q/SL < ty, we define
A(LQ,)Q1 to be the event that

2VE< g () < IVt, Vtel[a?PLty) foralla> a. (7.10)

Then limy, o0 limg, 500 P(A(L2,)al) =1

Note that the inequality (7.10) implies
PP (1) > a(1 + 2Vt), Vvte [a™2/3L,tg] foralla> a.

Proof. If a; > (8L)*/? then on the event A(Ll))a1 of Lemma 7.2, we have

%\/Z < a1/3q(a_2/3L) < %\FL, for all a > a;.
For 0 < ¢ < 1/2,t <ty we have the following inequalities:

—PHt>2—el—e "I =2—el—eT+e I(l—e")>—2¢"+ }t.
Let q; = q§2“) and q; = q§2“’ be the diffusions on [a~2/3L, o] so that
dqi(t) = Z5dBaa(t) + a(5t — 2q1(1)*)dt,  dga(t) = Z5dBaa(t) + a(t — q2(t)*)dt

with ¢1(a=%/3L) = g2(a=2/3L) = q(a=?/3L). Then the coupling {q:(t) < ¢(t) < ¢2(t)} holds
on the event {0 < ¢ (t) < qo(t) < 1/2,Vt € [a=2/3L, to]}.
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Recall that By, (t) = a~Y/3B(a?3t). Setting y1(t) = 2a'3q1(a=?/3t) and yo(t) =
a'/3qy(a=2/3t), we get

dyi(t) = 5dB(t) + (t — y1()*)dt,  dys(t) = HdB(¢) + (t — ya(t)?)dt,

with g\/f < (L) < 1—52\/f and gx/f < (L) < g\/f Thanks to Proposition 4.1, we
know that the event

(=L, @ eldVa 2V wo e 3V Ivi}) (7.11)
has probability going to 1 when L — co. On the event (7.11) we have
0< 2VE<qt) <q(t) <aa(t) < IVE<E, Vi€ la L),
implying that p(t) > a(1 + 2v/) on [a=2/3L, t). O

Next we estimate the growth of ¢(¢) in the time interval ¢ € [tg, 00). As we will see,
q will have a different behavior for large times: it oscillates near the value In2 with
possibly making large excursions away from this value. We will prove bounds on those
fluctuations using a comparison with a non-exploding, stationary version of the diffusion
q.
Proposition 7.4. Recall the definition ofA(LQ’)al from Proposition 7.3. Define

A(Lg,)al = Af{ll N {—a*1/6 Int < q(za)(t) <c+4+al/0 Int,Vt > tg,Va > a1}.
Then, there exists a constant ¢ > 0 such that limy,_, ., lim,, o0 P(.Af”)al) =1.

Proof. For each a, we bound ¢(¢) using two stationary diffusions ¢ (t) = qua)(t) and
g2(t) = qua) (t), and we show that the growth of ¢1, ¢> is at most logarithmic with a large

probability. Let ¢; and g» be the following diffusions:

dqi(t) = 25dBsa(t) + aler — e D)dt, das(t) = Z5dBaa(t) + alcz — e2V)dt,

with ¢y = 2 — e ¢y = 2, and ¢1(ty) = q2(tg) = q(to). Comparing the drift terms of
q,q1,q2 we see that the event {¢1(¢) > —t + to, Vt > o} implies the event {q;(t) < ¢(t) <
q2(t), ¥t > to}.

Notice that the SDEs for g; for « = 1,2 can be solved. We get that fort > ¢y, i =1, 2,

exp(—gi(t)) = exp(—g(to)) exp (acilty — £) + 25 (Baalto) — Baa(1)))

ta /t exp (a cils — ) + 25 (Baals) - Bga(t))>ds.

to
Recall that By, (t) = a~/3B(a?/3t). Applying the bound (7.6) of Lemma 7.1 on the event
{C1 < a}/ 6} for the Brownian motion B, we have the following inequality for = > a=2/3L,
L > 10 and for all a > a;:
%|B2a(x + h) — Baa(2)| < C1a73(a?3h 4+ In(a®3x)) < a/?h + a= Y0 In(a?/3x). (7.12)

Note that this is exactly inequality (6.4) of Proposition 6.1.
Moreover, on A(L%)al, for a > a1, we have exp(q(tg)) > exp(2v/to/5) > c1. We get that
there is an absolute constant c3 > 0 so that for all a > a7 > c3 we have

e~ 1® < exp (—qlto) + (acy — a'’?)(to —t) + a6 ln(a2/3t0))
+ exp (a_l/G 1n(a2/3t))(cl —a V! (1 —exp ((acy — a'’?)(ty — t)))
< e“_l/Gln(az/st) ((Cl — a71/2)*1 + e(aclfalﬂ)(toft)(E*Q(tO) — (1 — a*1/2)*1))

a—1/6

<t

EJP 26 (2021), paper 39. https://www.imstat.org/ejp
Page 26/28


https://doi.org/10.1214/21-EJP602
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Operator level hard-to-soft transition for 3-ensembles

We conclude that for all a > a; > ¢3 we have
q(t) > —a VIt > —t+ty, Vt>to,
which also implies that the coupling ¢2(¢) > ¢(t) > ¢1(¢) holds on {C; < a}/G} N .A(Lz’)al.

For the upper bound, first note that exp(q(to)) < e'/? < ¢ =2 on Ag)al. Then there is
an absolute constant ¢4 > 0, so that for all a > a; > ¢4 and t > t3, we have

() > e—a /% In(a®?t) ((02 + a*1/2)*1 + e(aCZJral/Q)(tO*t)(e*lI(tO) — (ca+ a*1/2)*1))

—a~ 6 1na?/3

>e —q(to)g=a™V7

Therefore, we deduce

—a YOIt <q(t) <a YoInt+1, Vt>t
on the event {C; < a}/G} N A(L%)al for all a > a; > c5 with a fixed c5 > 0, which completes
the proof of the proposition. O

Now we are ready to complete the proof of Proposition 6.1.

Proof of Proposition 6.1. The statement follows from Propositions 7.3 and 7.4, and the
inequality (7.12). O

Remark 7.5. A more careful analysis of the diffusion (bffa) (using ideas described in the

proofs of Lemma 4.4 and Lemma 7.3) can provide a logarithmic bound on the diffusion ¢
for a fixed a > 0. More precisely, it can be shown that for a fixed a > 1/2 with probability

one the diffusion ¢ satisfies [¢(t)| < 2(;’7?2 Int for all large ¢. In particular, this result

implies that ¢q := qbff“) is a.s. not in L?(R,,ma,) for a > 1/2 thanks to the identities
(6.8) and

t
2
ba(t)*maq(t) = ¢a(to)? exp(2a/ e?®) ds) exp(—(2a + 1)t — —= By (t)).
to \/B
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