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Large deviations for extreme eigenvalues of deformed
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Abstract

We present a large deviation principle at speed N for the largest eigenvalue of some
additively deformed Wigner matrices. In particular this includes Gaussian ensembles
with full-rank general deformation. For the non-Gaussian ensembles, the deformation
should be diagonal, and we assume that the laws of the entries have sharp sub-
Gaussian Laplace transforms and satisfy certain concentration properties. For these
latter ensembles we establish the large deviation principle in a restricted range
(=00, z¢), where z. depends on the deformation only and can be infinite.
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1 Introduction

1.1 Deformed ensembles: typical behavior

In this paper, our goal is to prove a large deviation principle (LDP) for the largest
eigenvalue of the random matrix

Xy = — + Dy. 1.1
N\/N-FN (1.1)

Here W—ZI\V[ lies in a particular class of real or complex Wigner matrices. Specifically, we
will ask that the laws of the entries of W have sub-Gaussian Laplace transforms with
certain variances, and that these laws satisfy concentration properties. The archetypal
examples of this class are the Gaussian ensembles (GOE and GUE). We also assume that
Dy is a deterministic matrix whose empirical spectral measure tends to a deterministic
limit pp and whose extreme eigenvalues tend to the edges of up. In all of our proofs
we will assume that Dy is diagonal, but by rotational invariance, our results hold for
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LDP for deformed Wigner matrices

the deformed Gaussian models even when Dy is not diagonal. More details on our
assumptions will be given in Section 2.

If we write A\ (M) < --- < Ay (M) for the eigenvalues of a self-adjoint matrix M and
fire = & Zf;l dx,(m) for its empirical measure, it is well-known that

ﬂXN — Psc B KD,

both almost surely and in expectation, where ps. is the semicircle law normalized as
psc(dz) = 5=+/(4 — 22) 4 dz and p B v is the free convolution of the probability measures
wand v [34, 38].

If 11 is a compactly supported measure on R, we write 1(x) and r(u) for the left and
right endpoints, respectively, of its support. For some special cases of our model, it is
known that

AN(XN) = r(psc Bup) almost surely.

New cases will be a corollary of our large deviation principle; see Remark 2.8 below for
details.

Our model also exhibits edge universality for many choices of Dy; that is, the
fluctuations of Ay (X ), rescaled appropriately, are known to follow the Tracy-Widom
distribution. This was first established by [36] for the deformed GUE, if jip, — up
quickly (d(fipy,pn) = O(N*2/3*E) is enough, where d is defined in Equation (1.5)) and
without outliers. The convergence-rate assumption was removed by [18], which also
allowed a finite number of outliers in a controlled way, under a technical assumption
implying that up does not decay too quickly near its edges. The assumption of Gaussianity
was removed by [30], under a similar technical assumption on up.

1.2 History of large deviations in random matrix theory

The history of LDPs for random matrix theory is fairly sparse. The first result, from
[9], is for the empirical measure of the Gaussian ensembles. The first LDP for the largest
eigenvalue of a random matrix ensemble, namely for the GOE, appeared in [8]. We
mention also [23] for the largest eigenvalue of thin sample covariance matrices, and [16]
for the empirical measure and [4] for the largest eigenvalue of Wigner matrices whose
entries have tails heavier than Gaussian.

There are also several results for the large deviations of deformed random matrices.
For example, the paper [28] studied large deviations of the empirical measure of full-
rank deformations of Gaussian ensembles, making rigorous a prediction from [33]. The
largest eigenvalue of a rank-one deformation of a Gaussian ensemble was studied by
[32]; this result was recovered as the time-one marginal of a large deviation principle
for Hermitian Brownian motions in [20]. Finite-rank deformations, rather than rank-one
deformations, were covered in [10].

Our work builds on the recent papers [26] and [27]. These works use techniques
discussed below to establish LDPs for extreme eigenvalues, treating respectively sharp
sub-Gaussian Wigner matrices and the free-convolution model A + UBU™* (with U Haar
orthogonal or Haar unitary). This method was also adapted in [13] to study joint
large deviations of the largest eigenvalue and of one component of the corresponding
eigenvector for rank-one deformations of Gaussian ensembles. Very recently, [5] adapted
this method to study non-sharp sub-Gaussian Wigner matrices; see Remark 2.4 below
for a precise explanation of this terminology.

1.3 Large deviations for ensembles with full-rank deformations

In many large-deviations proofs, one wants to tilt measures by a Laplace transform.
The insight of the paper [26] was that the appropriate Laplace transform in our context
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is the so-called (rank-one) spherical integral
B, [eN0(e:Me)], (1.2)

Here M is an N x N self-adjoint matrix, # > 0 is the argument of the Laplace transform,
and the integration I, is over vectors e uniform on the unit sphere $¥~! (we take
§N—1 c RN if M is real, or $V~! c CV if M is complex, so that (1.2) is real). If M is
a random matrix, then (1.2) is a random variable. This is a special case of the famous
Harish-Chandra/Itzykson/Zuber integral.

For an LDP for the model (1.1), we encounter two technical challenges. If we write
P for the law of Xy and Ex, for the corresponding expectation (and define Ey, in
the obvious way), then the first challenge is the computation of

: 1 NO(e,Xne)|] _ 1 1 VNO(e,Wne) NO(e,Dne)
A}gnooﬁlogExN[]Ee[e ] —]\}gnmﬁlogIEe[EWN[e ]-e ]. (1.3)

The term Ex,, [E,[eN?¢X~€)]] appears as a normalization constant when tilting the mea-
sure, so its logarithmic asymptotics appear as part of the rate function. To understand
these asymptotics when Wy is not Gaussian, we use the method of [26, Lemma 3.2]
to understand Ey,, [eme(e’WNe>] pointwise for unit vectors e that are delocalized in an
appropriate sense. We combine this with the new result (see Lemma 4.4 below)

NG(e,DNe)]
=0.

1 ] . [16 delocalized €

for # small enough depending on pup, ]\;E}noo N I, [N 0% D e)]

The qualifier “for 6 small enough” means that, via this argument, we can only obtain
large-deviations asymptotics of events that localize Ay (X ) below some critical threshold
x., which depends on the deformation up only. We show z. > r(psc B up) with strict
inequality except in degenerate cases, and that x. can be infinite. For example, z. = +o0
when pp is the uniform measure on an interval. For the Gaussian ensembles, the limit
in (1.3) is directly computable for every 6 > 0 without recourse to this delocalization
problem, so our results for those models are stronger.

The second difficulty (in some respects the main one) is that we need a concentration

result of the form
. 1 . —K
lim 710g]PN(d(MXN7pSC BHIJ'D) >N ) = - (14)
N—oo N

for k > 0 small enough, where d is defined in (1.5). This result is Lemma 5.3 below. With
psc B pp replaced with E[jix, ], this is standard concentration of linear statistics [25],
easily extended to our model. To approximate E[jix, | with ps. B pup, we use local laws
for deformed ensembles [31, 30, 22]. Our argument is slightly technical, since these
local laws let us approximate E[/ix, ], not directly by ps. B p, but by a measure close to
psc B iip,, so several intermediate comparisons are needed.

The organization of the paper is as follows: In Section 2, we state our assumptions
and main result with commentary and examples. In Section 3, we provide background on
spherical integrals, introduce the tilted measures, and provide a high-level overview of
the technique as well as proofs of weak-large-deviations upper and lower bounds. These
arguments rely on several key lemmas, the proofs of which make up the remaining three
sections. In Section 4, we address the first technical issue discussed above. In Section 5,
we prove exponential tightness for our model, then address the second technical issue
discussed above. In Section 6, we establish properties of the rate function. Throughout,
our results are stated for both the real and complex cases, but we only give proofs in the
real case. The proofs in the complex case require only minor modifications.
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Conventions

We use the shorthand 3 for the symmetry class at hand: 3 = 1 refers to real symmetric
matrices and 3 = 2 refers to complex Hermitian matrices. Our norm ||M || on matrices is
the operator norm || M|| = supjj,,—; [[Mul|2. We define

[f(x) = f(y)]

[ fllLip = sup
® z#y |z —yl

for test functions f : R — R, and our metric d on probability measures will be the Dudley
distance (also called the bounded-Lipschitz distance), given by

mmuw=wpﬂ/}dw—u>

Recall that this distance metrizes weak convergence.

Finally, we recall the Stieltjes transform and the Voiculescu R-transform of a com-
pactly supported probability measure. If i is a probability measure on R the convex hull
of whose support is [a, b], then we will normalize its Stieltjes transform G, as

Gu(y):/g(ftz-

If we write G, (a) = limyy, G, (y) and G, (b) = lim,; G, (y), then it can be shown that G,
is a bijection from R\ [a,b] to (G(a), G, (b)) \ {0}. We will write

Ky (Gula), Gu(0) \ {0} = R\ [a, b]

for its functional inverse, and write

wmm+wmw<@. (1.5)

1

Ruly) = Kuly) =

for its Voiculescu R-transform, which linearizes free convolution: R,m, = R, + R, .

2 Main result

2.1 Assumptions

We first present our assumptions on Dy, which will be made throughout, even though
we will only state them in the presentation of the main results.

Assumption 2.1. The matrix Dy is real, diagonal, and deterministic, and its empirical
measure [ip, tends weakly as N — oo to a compactly supported probability measure
up. Furthermore,

AN(Dn) = x(pup),
M (D) = 1(pp)-

Assumption 2.2. There exist C > 0 and ¢y > 0 such that
d(fipy,ptp) < ON™.

Remark 2.3. We emphasize that up is allowed to be quite poorly behaved. For example,
it can be singular with respect to Lebesgue measure. It can also have disconnected
support. Notice that Assumption 2.2 is fairly mild. For example, if up has a density
and the entries of Dy are the +-quantiles of up, then in fact d(iip,, 1) = O(+). If the
entries of Dy were obtained from i.i.d. random variables, we would have d(jip,,up) =

O(7%):
In fact, the proof of Lemma 5.6 below shows that, instead of Assumption 2.2, it
suffices to bound the difference between the Stieltjes transforms of jip, and pp at

distance N~° from the real line, for § > 0 small enough.
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We will write the Laplace transform of a measure p on C as

T, (t) := / ™D (dz).

If in fact p is supported on R and ¢ is real, this reduces to the familiar
7,0 = [ eutda).

We assume that W—ZI\V[ is a Wigner matrix, by which we mean that its entries are
independent up to the self-adjoint condition. Our assumptions on the Wigner part are
named, rather than numbered, to emphasize that our results apply under either of them,
rather than both of them.

Gaussian Hypothesis. The matrix W—\/% is distributed according to the Gaussian Or-

thogonal Ensemble if 5 = 1, or the Gaussian Unitary Ensemble if § = 2. (That is, the
law of Wy on the space of symmetric/Hermitian matrices has density proportional to

exp(—Btr(W5)/4).)

SSGC Hypothesis. (This labelling stands for “sharp sub-Gaussian and concentrates,”
and matches the assumptions of [26].)
Write 4" for the law of the (i, j)th entry of Wy.

1. Assume both of the following.

e The first and second moments match those of the relevant Gaussian ensemble.
In our normalization, this means that for every N € Nand ¢,j € [1,N], if =1
we have

/x,ufvj(dx) =0, /x ,u”(dz) =1+ 94y,

whereas if § = 2 and ¢ # j we have

[ R = [sEul = [RE8EY ) =0,
[ Rzt = [ 8Gru@) - .

If 3 = 2, then 1."; is supported on R, with [ zx);(dz) = 0 and [ 2?u(dz) =
* For every N € N and i, € [1, N], the measure 1.; has a sharp sub- Gauss1an

Laplace transform:

teRifg=1 It (1 + d;;)
for all L T () <exp (DY) (24
{te@if52 i, @ eXp( 28 1)

2. In addition, assume one of the following concentration-type hypotheses.

e There exists a constant c independent of N such that, for all N € IN and all
i,j € [1, N], the law Mz satisfies a log-Sobolev inequality with constant c.

. There exists a compact set K independent of N (real if § = 1, or complex if
B = 2) such that, for all N € N and all i, 5 € [1, N], the law ui’j is supported in
K.

Remark 2.4. A list of examples satisfying the SSGC Hypothesis is provided in [26].

Among these examples are real matrices whose entries follow the Rademacher law

%(6,1 + 041) or the uniform law on [—\/3, \/3] (appropriately rescaled on the diagonal).
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In the literature, it is common to call a centered measure p on R with unit variance
sub-Gaussian whenever

1
A :=2sup e log T),(t)
teR

is finite. We emphasize that we are asking for more: in (2.1) we require A = 1 (off the
diagonal, with appropriate modifications otherwise), and following [26] we call such
measures sharp sub-Gaussian. This is a strict subclass; for example, the law of %BG,
where B ~ Bernoulli(p) and G ~ N (0, 1) are independent, has unit variance but A = 1/p.
This example appears in [5], which treats the general case A > 1, with zero deformation.

2.2 Main result

Definition 2.5. For a compactly supported measure v, a parameter § > 0, and a real
number .# > r(v), define

: O%GRV(t)dt if0 < 20 <G, (),
0.4 — 5 {1 +log (%9)} — 5§ [log(tt —y)v(dy) if 360> G, ().
(2.2)

TP, 0, .4) =

(If # = x(v), we recall our convention G, (r(v)) = lim,, .,y G, (y), which is possibly infi-
nite.) In Section 3.1 we will explain how this function arises as the limit of appropriately
normalized spherical integrals.

Forx > r(psc B up) and 6 > 0, we define

2
](5)(3779) = J(ﬂ)(psc tH MD,O,,@) - % - J(ﬁ)(/‘D797r(:u’D))

and then set
SUPp> IB®)(z,0) ifx > r(pse B up).
We will show below that
I () = 21M (z)
for all measures pup.
To state our result, we will need the following critical threshold.

Definition 2.6. Given the compactly supported measure [ p, define the real number x.
by

r(up) + Gpup (r(pp)) i Gy, (x(pp)) < 400,
+o0 otherwise.

z. =xz(pup) = {
It will be shown in Proposition 6.1 below that x. > r(ps. B pup), with equality if and only
if an inequality involving the Stieltjes transform of up degenerates.

The main result of the paper is the following:

Theorem 2.7. Suppose that Assumptions 2.1 and 2.2 hold.

1. If the Gaussian Hypothesis holds, then the law of the largest eigenvalue Ay (Xn)
satisfies a large deviation principle at speed N with the good rate function I(ﬂ)(x).
By rotational invariance, we have the same result when Dy is not diagonal but
simply symmetric (if 5 = 1) or Hermitian (if § = 2) and satisfies the rest of the
requirements of Assumption 2.1.
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2. If instead the SSGC Hypothesis holds, then the law of the largest eigenvalue
An(X ) satisfies what we will call a “restricted large deviation principle on
(=00, x.)” at speed N with the good rate function 1%)(x). In fact the restric-
tion is just for the lower bound; the upper bound is unrestricted. This means the
following:

e For every closed set F' C R, we have

1
limsup — log Py (An(Xn) € F) < — inf I(ﬂ)(x). (2.3)
N —o00 N zeF

» For every open set G C (—o0, z.), we have

1
minf — €@ > — inf IO ().

3. In particular, if the SSGC Hypothesis holds and up is such that x. = +oo, then the
law of the largest eigenvalue \n (X ) satisfies a large deviation principle at speed
N with the good rate function I?)(x) in the usual sense.

Remark 2.8. See Proposition 6.1 below for a more in-depth study of the function (%) (z).
There, it is shown that I(®) () has a unique minimizer at = = r(ps. B pup), where it takes
the value zero. In particular, if the Gaussian Hypothesis holds, or if the SSGC Hypothesis
holds and pp is such that x. = +o0, then

AN(XN) = r(psc Bup) almost surely. (2.5)

This result appears to be new in the real case when pg. B pp is multicut, and in the
complex non-Gaussian case when psc By p is multicut and (Dy)3_, has “internal outliers”
between the connected components of supp(up) that persist as N — oo. (Recall that we
forbid “external outliers” by assuming Ay (Dy) — r(up) and A1 (Dy) — 1(up).) In the
literature Equation (2.5) appears as an easy corollary of edge universality results, or as a
special case of BBP results when the deforming matrix Dy has no external outliers. For
example, it follows from [18] for deformed GUE, possibly multicut with internal outliers,
under some assumptions about the decay rate of up near its edges; from [30] for general
real or complex noise if i p is such that psc H up is supported on a single interval with
square-root decay at its two edges; and from [7] in the complex (and possibly multicut)
case with no outliers. Of course, all of these papers achieve much more.

Remark 2.9. The proof of the “restricted LDB” i.e., of Equations (2.3) and (2.4), follows
in the classical way from estimates of small-ball probabilities via a weak large deviation
principle and exponential tightness, except that we can only lower-bound small-ball
probabilities Py (|An(Xn) —z| < 0) for z < x. rather than z € R. However, we can
upper-bound these probabilities for all = (see Theorem 3.4); this is the reason for the
different restrictions on F' and G in (2.3) and (2.4).

Remark 2.10. Of course, one would prefer to write the rate function non-variationally,
and we can do this when the argument is at or above the critical threshold z.(up).
Proposition 6.1 shows that, for all z > r(psc B pp), the supremum in the definition of
I (5)(33) is achieved at a unique 9&6 ). For x > z. (which is relevant for the Gaussian case),
this 61" is given explicitly as 67 = g(a: —r(up)); thus if x > x.(up),

19) = 5 [T Fiogte = ) (o 8 o)) + [ 08(eem) ~ o ()]
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(If z.(pup) < oo, then [log(r(up) — y)up(dy) < co.) But for subcritical = values, 0! is
defined implicitly in the proof of Proposition 6.1 as the unique solution of the constrained
problem

2 2 .
59;6) + Kyup (ﬁgéﬁ)) =z subject to Q;ﬁ) € (ngscEHND (r(psc B up)), gG/m(r(ND))> .
(2.6)

We have not found a way to solve this constrained problem explicitly, nor to write
I (ﬁ)(x, 09(35 )) explicitly at its solution. If the domain of 99(5’6 ) in the constraint were instead

(0, ngscEH;m (r(psc Bup))), the equation would simplify to K, _m,., (%0&5)) = z, which has

the solution 0% = gG peeBun (). But K, m,, () is not generally guaranteed to exist for
arguments larger than G, _m,, (r(psc B itp)), and even when extendable it may not be
globally invertible.

Thus our rate function remains implicit for subcritical x values. Nevertheless, in
some simple cases the constrained problem can be solved explicitly; two examples are
given below in Sections 2.3 and 2.4.

Remark 2.11. If Dy =0, then z. = +o0,

18 () oo ifz <2 +oo ifr <2
€T) = - T
Supgz0 {7 (pses 0,0) = &} iEx =2 |4 f7 VR ddt ifw>2,

and we recover [26, Theorems 1.5 and 1.6], which in particular includes the classical
LDP for the Gaussian ensembles. (The last equality in the above display is true by [26,
Section 4.1].) Notice that we get the same rate function if Dy is not identically zero but
rather || Dy || — 0 sufficiently quickly.

Remark 2.12. One wants to recover large deviations for BBP-type problems, so it is
tempting to conjecture that, if the largest eigenvalue of Dy tends not to r(up) but to
some p > r(up), then an LDP should hold for Ay (Xy) at speed N with the good rate
function

f(ﬂ)(x = +oo if # < r(psc B pp)
Supezo{J(ﬁ)(Psc Bup,0,x)— % —J®)(up,0,p)} otherwise.

But, at least for certain simple situations, such a conjecture would be wrong. For
example, suppose that % is distributed according to the GOE (if 5 = 1) or the GUE (if
B = 2), that up = dp (so that psc Hup = psc), and that Dy has N — 1 zero eigenvalues with
one spike at, say, 2 for concreteness. Then it is known [32, Theorem 1.2] that Ay (Xy)
satisfies an LDP at speed N with the good rate function

[A(B)(@i +00 T <2
VAT B -+ 42— ()] @22

(The published rate function has a typo; it is corrected in the v2 arXiv posting. We also
normalize the semicircle law differently.) Notice that this vanishes uniquely at © = %
which lies outside supp(psc) — this model is past the BBP phase transition. But in this
situation we can compute

400 T <2
IP(z) =10 2<z<3
I®(z) z> 5
It is likely that our method could be extended as in [27] to models where limy oo An (Dy)

is a spike below the BBP threshold, i.e., such that still Ay (Xy) — r(psc B pp) almost
surely. But a new idea is needed beyond the BBP threshold.
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2.3 First example (z,. < o)
If

,U,D(dl') = 402 — x21xe[72a,20] dzr

2mo2
for some parameter o > 0, then pyc B pp is again semicircular, scaled so its support lies
in [—2\/02 + 1, 22 + 1]. The constrained equation (2.6) can be solved explicitly, and
writing r = r(psc B p) = 2V0? + 1 and . = 20 + = we can calculate

+o0 ife<r
z/x2—4(1+02) 2vI1Fo2 .
1) (@) = { # |~ awreny 1o <+_4<1+)>] fr<zsz.

(z—20)* Ty/ z2—4(1402)—a” 1 20 1 3
B T+ (109 + 5 log Y= R Teww) +5| ifz >

Notice that [ (ﬁ)(:c) is C? but no better at z., which is perhaps surprising. Figure 1
plots this function when § = 1 and ¢ = 1 (i.e., when pup is the usual semicircle law
supported on [—2,2]). Here r(ps. B up) = 2v/2 ~ 2.83, =, = 3, and ¥ (z.) ~ 0.03 - 3.
Under the SSGC Hypothesis, we would be able to estimate, say, Py (Ax € (2.9,2.95)) but
not Py(Ax € (2.9,3.1)).

M= |

=

Figure 1: Sketch of the rate function when 5 =1 and pup = psc.

2.4 Second example (z. = )

Now suppose
1
WD = 5(57a +0+4a)

for some parameter a > 0. Here z.(up) = a+ G, (a) = 400, so all z are subcritical; that
is, we can estimate any probability Py (Ay € A) under either the SSGC Hypothesis or
the Gaussian Hypothesis. Our computations use the known result

2 /3 L 1\3/2

r(psc Bup) = (a? — 1+ V8aZ + 1)V =:r(a). (2.7)

2v/2a(v/8a% + 1 —1)

In the physics literature this dates back to [39, Equations (55), (56)]; it was established
in the mathematical literature in [14, Equations (3.5), (3.6)] (for a > 1), [3, Section 1]
(for a < 1), and [15, Section 7] (for a = 1). The latter three papers establish that the
measure ps; B up undergoes a phase transition at ¢« = 1. When a > 1, the support of
psc B up consists of two intervals; when a = 1, these intervals meet at zero, where the
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density has cubic-root decay; and when a < 1 the support is a single interval, on the
interior of which the density is strictly positive. (This set of three papers also establishes
universality of correlation functions.) We emphasize that our results apply to all a > 0.

The details of the computations are given in Appendix A, but the result is this: With

(—1 + 4a? + V1 + 8a2)3/? \/(1 +8a?)(—1 — 4a? + 8a* + V1 + 8a?)

cla) = - . (2.8)
(a) 3v2a(—1+ /1 + 8a?) 3v2a(—1+ 1+ 8a?)
a(y) = dla,y) = oyt 180Ty 2y 2.9
’ V=43 = 3a2 — y2)3 — (9y + 18a%y — 2¢3)2’ '
we have

3

10 = [ 2 o Vo et Jarctan (d(a:))>H2

2
o/ 313272 /1
+ log (; + 3 +33a Rk sin (3 arctan (d(a:)))] ) —a?

- 2/z 2 [t — /=3 + 32 + 2sin (g - %arctan (d(t)))} dt

r(a) 3

— (c(a)® +log((x(a) — c(a))* — az))}

for « > r(psc B up). Figure 2 plots this function at the critical parameter a = 1 (so that
r(psc Bup) = %) when 8 = 1.

> X

| ot
VRN

r(psc H /tb) ~ 2.60

Figure 2: Sketch of the rate function when 8 =1 and up = %(61 +d_1).

Question 2.13. Does the mechanism driving the deviations {\y(Xy) &~ 2} change as
x passes the critical threshold z.? Specifically, can one formalize and prove the notion
that, with large probability, while the eigenvector corresponding to Ay is delocalized
under the above event for subcritical x values, it localizes for supercritical x values?
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3 Proof overview

3.1 Spherical integrals

Given a self-adjoint NV x N matrix X and 6 > 0, consider
I3 (X, 6) = B gl[e"*X ),
1
I (X,6) = o 19(x,9).

Recall that E,. g is integration over vectors e uniform on the unit sphere, understood as
SN-L c RN ifB=10or 8N c CVif § =2, so that I](f) (X, 0) is real and nonnegative
for both symmetry classes. We emphasize again that IE. g only averages over the unit
sphere, so if X is random then I](VB)(X ,0) and JI(VB)(X ,0) are random variables.

If {Xx} is such that jix, has a weak limit v, then we might hope that JJ(\?) (Xn,0)
also has a limit depending on v and 6. This is so; but the limit also depends on Ay (Xy)
if # is sufficiently large. This should not be surprising, since the integrand eN?(¢:X¢) is
maximized near the eigenvector corresponding to Ay (X), especially for larger 6 values.
Indeed, we have the following result.

Proposition 3.1. [24, Theorem 6] Suppose that the sequence (An)%_, of self-adjoint
matrices is such that 14, — v weakly for some compactly-supported measure v, that
M (An) has a finite limit, and that An(Ayx) — # for some real number .#. (Notice
that we are not assuming that .# is the right edge of v, but of course we must have
M > 1(v).) IfO >0, then

Jim IO (An,0) = TP (w,0,.4),

where JP) (v, 0, .#) is as in (2.2).

3.2 Tilted measures and weak large deviations

Our general strategy will be to show a weak large deviation principle, as well as
exponential tightness. In the proof of the weak-large-deviations lower bound for our
measure of interest, we will actually need a weak-large-deviations upper bound for the
following family of measures.

Definition 3.2. Given 6 > 0, we consider the “tilted” measure P% on N x N matrices
(symmetric if § = 1, or Hermitian if § = 2) whose density with respect to the law IP 5 of
Xn is given by

APy IW(X.0)

APy Exy (I3 (Xn.0))

Notice from the definition ofII(\f) that P%, = Py.

We will need the following asymptotics of the free energy for this measure, with proof
in Section 4.

Proposition 3.3. Given the compactly supported measure yp, define the threshold

B .
8 — 0P (up) = {zGuD (x(pp)) Gy (f(up)) < oo, G.1)
400 otherwise.

Under the Gaussian Hypothesis, choose any 6 > 0; or, under the SSGC Hypothesis,
choose any 0 < 6 < 0£B). Then

. 1 62
Jim - log Ex, [y (X, 0)] = 5+, 0.x(up)).
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The reason for the appearance of 0§ﬁ ) and z. is this: Under the SSGC Hypothesis, we
can only give lower bounds for Ey, [eN0(e:Xne)] = ¢NO{e.Dne)Fy, [eVNO(eWNe)] when e is
delocalized, since we only have lower bounds for the Laplace transforms of the entries of
Wy near zero. Informally, to understand the normalization constant in P§; we therefore
need 6 to be such that

N9(e,DNe)] ~ T, P

)

Ee,,@[le delocalized © [6N9<87DN6>]

at exponential scale, which we can only prove for 6 < Giﬁ ) (in fact it probably fails for
larger #). To establish the weak LDP lower bound, we need to show that the event
{An(Xn) =~ z} is likely under P4, for some 6 = 6,.. Under the SSGC Hypothesis, this is
possible only if x is such that 6, < QEB ), and this turns out to be true if and only if z < =z,
where z. is as in Definition 2.6.
We split up the weak-large-deviations upper and lower bounds as follows:

Theorem 3.4, First, let x < r(psc B up). Under either Hypothesis, choose any 6 > 0.
Then

1
lim limsupN log P4 (|An (Xn) — 2| < 6) = —oc.

=0 Nooo
Second, let x > r(psc B up). Under the Gaussian Hypothesis, choose any 6 > 0; or, under
the SSGC Hypothesis, choose any 0 < 6 < 9@. Then
1
lim sup lim sup N log P (AN (Xn) — 2] < 8) < —(IP () — 1P (x,9)).

5—0 N—o0

Notice that I?)(z,0) = 0 for all measures up and all © > r(psc B pp). Thus when 6 = 0
we recover the weak large deviation upper bound for the measure of primary interest,
under either Hypothesis.

Theorem 3.5. Under the Gaussian Hypothesis, choose any x € R; or, under the SSGC
Hypothesis, choose any x < x.. Then

1
lim inf lim inf — log P Xn) — > 1P (z).
iminfliminf — log Py (A (Xn) — 2| <) 2 (z)
3.3 Outline

When estimating - log Py (|]An (Xn) — 2| < 0) by tilting by spherical integrals, one
wants to estimate JJ(\?) (Xn,0) on the event {|Ay(Xn) — x| < d}. To localize Jj(f) (Xn,0),
one needs to control jix, . Therefore one wants to find a set

A5 C{IAn(Xn) — 2| <68}

of matrices with controlled empirical measures (which will turn out to depend on some

M > 1) satisfying both of the following:
* On the one hand, A% is a continuity set for spherical integrals, in the sense that we
have a good enough understanding of JZ(\}B) (T,0) for T € A% to be able to estimate

1 .
5 108 P (AM) = e V1O,

* On the other hand, A%; is not too much smaller than {|Ay(Xy) — z| < 6}, in the
sense that

1 1 )
N logPy(JAN(XN) — 2| <6) = Nlog]PN<A£{5)-

The next subsection first details the continuity result of [32], which helps us choose
Ai‘/ﬂ; while satisfying the first point, then states a proposition which we need to show
that our choice satisfies the second point.

EJP 26 (2021), paper 34. https://www.imstat.org/ejp
Page 12/37


https://doi.org/10.1214/20-EJP571
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

LDP for deformed Wigner matrices

3.4 Continuity of spherical integrals

Proposition 3.6. [32, Proposition 2.1] For any ¢ > 0 and any x > 0, there exists
a function g.p : Rt — R' going to zero at zero such that, for any 6 > 0 and N
large enough, if By and B}y are sequences of matrices such that d(fipy, fip,) < N7",
[AN(Bn) — An(BYy)| < 6, supy ||Bn|| < 0o, and supy || By || < oo, then we have

T (Bw,8) — T (B, 0)| < g0 (0).

This suggests that we introduce the following deterministic sets of N x N symmetric
matrices. Fix once and for all a  satisfying Proposition 3.9, below, and write gy for gx ¢;
then foranyx € R, § > 0, and M > 0, let

AMs = {X +|]AN(X) — 2] < 6,d(jix, psc Bup) < N7F, and || X|| < M}.

In the next few results, we discretize the measure psc B up so that we can apply
Proposition 3.6 and control J{" (X, 6) uniformly for Xy € AL,
Lemma 3.7. Fix x > r(psc B up) and M > max(z,|1(psc B up)|). Then there exists a
sequence of deterministic matrices B/, with the following properties:

* AN(By) ==,

* SUpy>g | Biy]l < M, and

¢ d(ﬂBE\,a psc B MD) = O(l/N)

Proof. Given N, define the & quantiles {vtit = {VJ(N)};V:l of the measure psc B up
implicitly by

J

N = (psc & MD)((_Oov’Yj))'
(This is possible since psc B pp admits a density [12, Corollary 2].) Then let Bj =
diag(v1,-..,vv—1,2). The distance estimate is easy to show, since d(-,-) is defined with
respect to bounded-Lipschitz test functions. O

Corollary 3.8. Forevery§ > 0, x > r(pscBpup), 6 >0, and M > max(x+9, |L(psc B up)
we have

),

limsup sup JI(VB)(BNﬁ)—J(ﬁ)(PscEEMDﬂJC) < 9o(6).
N—oo BNEAQ/{J

Proof. Let { B} }3_, be as in Lemma 3.7, so that d({ip_, pscHBup) < N~* for N sufficiently
large, with « fixed as above. Then whenever By € A;’; we have d(iipy, fip, ) <2N7" <
N~%,and |A\y(By) — An(BY)| < 4, so that by Proposition 3.6 and by our definition of gy

sup |7 (B 0) = I (Biv.0)| < 90(0)
BneAM;

for N sufficiently large. In addition, by Proposition 3.1 we have

N—oc0

The result follows. O

On the other hand, the result below shows that the restrictions we added to {X :
[An(X) — 2| < §} to arrive at .Aiv)fé have probability negligibly close to 1 at the exponential
scale. Notice that the first point is exponential tightness. The proof will make up Section
5.
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Proposition 3.9. Assume either the Gaussian Hypothesis or the SSGC Hypothesis.

1. For every # > 0 we have

1
lim limsup v log P4 (| Xy || > M) = —cc.

M—00 N 00

2. There exists v > 0 such that, for any 0 < k < v and any 6 > 0,
. 1 N -k
lim 710gIP?V(d(MXN7pSCBE|,uD) >N ) = —00.
N—oco N

Theorem 2.7 follows in the classical way from the exponential tightness above, the
weak LDP upper bound (Theorem 3.4), and the weak LDP lower bound (Theorem 3.5).
We now prove the latter two.

3.5 The proof of the weak LDP upper bound

Lemma 3.10. Fix y > r(psc B up) and M > max(y, |1(psc B up)|). Under the Gaussian

Hypothesis, choose any 6 > 0; or, under the SSGC Hypothesis, choose any 0 < 6 < 9(@.
Then

1
lim sup lim sup i log IP?V(A?]JV{(;) < —(IP(y) = 1P (y,0)).

6—0 N—o00

Proof. For any #’ > 0, we have

PR (Ays) =

(B) /

1 (8) Iy (Xn,0')

Exy [Lxyean I8 (Xy,0) 22002

Ex,[I¥ (Xn,0)] N[ NESye 1P (X, 0)

(B) ’

E I X

< Xy ]E[ﬁ)( N, 0] sup I{(X,0) SUp - — ! )
Ex, 19 (Xn,0)] \xeam, xeav, 1D(x,0)

Fix € > 0. By Corollary 3.8 and Lemmas 4.1 (applied to #’, which is any nonnegative
number, hence the need for Lemma 4.1) and 4.2 (applied to 8, which is subcritical if
necessary), if M > y + § (true for small enough § since M > y) and for N sufficiently
large depending on 6, ¢, and ¢, we thus have

1

7 08 PR (Ays) < 19 (y,0) = 19 (y,0') + 299 (6) + 299 (8) + €.

By taking N — oo, then ¢ | 0, then ¢ | 0, we obtain

1
tim sup lim sup - 1og P4 (A)%) < (1) (y,0') — 1) (3,0))
640 N—o00

which gives us the result by optimizing over 6. O

Proof of Theorem 3.4. We first focus on the case when x < r(psc B pp). For such an
x, if 0 is so small that  + § < r(psc B pp) — I, then whenever |A\y(Xy) — z| < 6, the
empirical spectral measure [ix, does not charge (r(psc B pp) — 9, r(psc B 1p)). Hence
d(fix,psc B up) > f(0) for some positive function f. Thus for such § and for N large
enough we have

1

1 o —K
N og Py (AN (Xn) — 2| < 6) < Nlog]P?v (d(fixy,psc B up) > N7F)

which suffices in light of Proposition 3.9. Thus in the following it remains only to consider
x> 1(psc B pp).
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Fix0 >0, >0, x > r(psc B up), and a sufficiently large M. Then we have
Py (AN € [z — 6,2+ 0]) < PY(AYS) + P (d(fixy s psc Bup) > N~%) + PL(| Xy | > M).

An application of Proposition 3.9 gives us

lim sup % log P& (A\y € [z — 6,2 + 6))

N—o00

1 1
< max <limsup i log P4 (AM5), lijrvnsup i log P4, (|| X || > M)) :
—o0

N—00

By taking ¢ | 0 and applying Lemma 3.10, we obtain

1
lim sup lim sup N log P& (\y € [z — 6,2 + 0))
510 N—o0

1
< max ((ﬂﬂ)(x) — I (z,0)), lim sup ~ o8 PY (| X n | > M)) :
N—oc0
Finally we obtain the result by taking M — oo and applying again Proposition 3.9. O

3.6 The proof of the weak LDP lower bound

The following lemma relies on results about the rate function which will be established
in Section 6.
Lemma 3.11. Under the Gaussian Hypothesis, choose any = > r(psc B up); or, under the
SSGC Hypothesis, choose any r(psc B pup) < x < x.. Then there exists Gg(fj) > 0 such that,
for any M sufficiently large depending on x and any ¢ > 0 sufficiently small depending
on x, we have )

8

lim N log IP?\’; (AY5) =o0.

N—o0

If x < ., then 99@ < 9(@.
Proof. Fix x > r(psc B pp), and let 6’&6 ) be such that

I®(z) = sup 1P (z,0) = 10 (,0(9).
0>0
Proposition 6.1 below shows that this exists and is unique (except at = r(psc B 1p),
where we choose one of many possible 99(05 ) values by convention), and that 69(5'8 ) < eéﬁ )
(8

whenever x < z.. We claim that in fact ]P?\f (AL5) = 1—0(1); to prove this, by Proposition
3.9 it suffices to show

. 1 PIG)

limsup —loglPy (Ay €[z —d,2+4]) <0

N—oc0 N

for § small enough. Since {A\ny < r(psc B pp) — 1} C {d(fixy,psc B pp) > €} for some e,
and since the law of Ay is exponentially tight under IP?\“;, we need only show that for K
large enough

1 (8)
lim sup 5 logIP(;\‘f (AN € [x(pse Bup) — 1,z —|U[z+ 4, K]) <O0.
N —o0
)
But Theorem 3.4 shows a weak large deviation upper bound for IP]Q\“; with the rate func-
tion J\7 (y) = I® (y) — I (y, ")), which Proposition 6.1 below shows is nonnegative
and vanishes uniquely at ¥y = x. (This theorem applies, since 09(5’8 ) is less than 9£5 ) if

necessary.) Since [r(psc Bup) — 1,2 — U [z + 4, K] is a compact set that does not contain
x, this suffices. O
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Proof of Theorem 3.5. If x < r(psc B up), then I¥)(z) = 400, and there is nothing to
prove. Thus we will assume in the following that x > r(psc B up).
Whenever X € Affé, by Corollary 3.8 we have

IO (x,00) < 205 (8) + T (poc B pup, 01, )

for N sufficiently large. In addition, for every e > 0, Lemma 3.11 tells us that for N
)
sufficiently large depending on ¢ we have IP?\’}“ (Ai‘/ﬂ;) > e Ne,
We wish to use Proposition 3.3 to conclude that, for NV sufficiently large depending

on ¢ and on 9;(5[3), we also have

Ex, [In(Xn,00)] > NG+ (up 68 x(up)) =€)

Under the Gaussian Hypothesis, this is permissible for every z; under the SSGC Hypoth-
esis, our restriction x < z. tells us by Lemma 3.11 that 03(05) < 9&8), so that Proposition
3.3 indeed applies.

Thus

Exy[Lxyeam IN (Xn,05")
Ex, I} (Xn,057)]

0(B)y2 _ (B) (B)
(P22 47 (up 08 x(up))—e) .~V S0P xeart, In7 (X057

—Nsupy S (X607

P (AM) > s I (X, 09)]e

9(3)

(Ax 6)6

(B)\2
S e_NEeN((e 4 IO (1p 8P r(up))— 6) (J(ﬂ)(pscE#D76;5)7m)+2g9&B)(5))

— NI (z)+2e+2g (5 (5))
= e O .

Thus, fixing some M sufficiently large, we obtain

1 1
liminf — log Py (| AN (XN) — 2| < 6) > liminf — logIPN(A%;) > —(I(ﬁ)(x) +2e+2g,5(0))
N—=o00 N N—=o00 N ’ O

and since this is true for every ¢ > 0 we can take the limit as § | 0 to conclude. O

4 Free energy expansion
In this section we prove Proposition 3.3, recalling that we state the results for
B € {1,2} but give proofs only for 8 = 1. (In particular, in the proofs we drop 5 from
notations, writing Iy (-, -) for I](f)(~, -) and so on.)
Proof under the Gaussian Hypothesis. For the remainder of this paper, we introduce the
notation
Dy = diag(dy, ..., dy) = diag(d"", ..., a{").

For every unit vector e, we have

N
Ex[eN(eXv ] = HT (2VNbeie)) | | T] 7y, Nﬁae%)e”die?]
i< i=1
I (4.1)
= | [ exp (2N6%¢; lH exp (N62e? +N9dief)]
_z<]
= exp (N6?) exp (N (e, Dye)) .
Integrating over $V !, we find
2
EXN [IN(XN7 9)] = eN9 IN(DN7 0),
so Proposition 3.3 follows from Proposition 3.1. O
EJP 26 (2021), paper 34. https://www.imstat.org/ejp
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The proof under the SSGC Hypothesis is more involved and will take up the remainder
of this section. We separate the upper and lower bounds as follows.

Lemma 4.1. Under the SSGC Hypothesis, for any 6 > 0 and any N we have
02
Exy (I (Xn,0)] < M5 17 (D, 6).

In particular, by Proposition 3.1, for any § > 0 we have

. 1 02
hmsupN logEx, [I](\?)(XN,H)] < E + J(ﬁ)(uD,G,r(uD)).

N—o00

Lemma 4.2. Under the SSGC Hypothesis, for any 0 < 0 < OEB) we have

1 2
1imian logEx, [I](VB)(XN,H)] > % + J(B)(MD,G,r(,uD)).

N—00

The proof of the lower bound will use the following two technical results.

Lemma 4.3. Under the SSGC Hypothesis, for every 6 > 0 there exists () > 0 such that,
for every N € N, every i,j € [1,N], and every t € R with |t| < ¢(§) if 8 = 1 (or every
t € C with |t| < €(d) if  =2),

2 ..
T.x, (t) > exp <(1 - 5)|t|(12;_6”)> .

Lemma 4.4. For any 0 < 0 < 0. we have

NG(@,DNe):|

Ee,s [1|| [

lim — log e =0. (4.2)
N—oo N ]](Vﬁ)(DN,(g)

Proof of Lemma 4.1. This is the same as the proof under the Gaussian Hypothesis, except

that the second equality in (4.1) is replaced by an upper bound, due to the upper-bound

assumption (2.1) on Laplace transforms. O

Proof of Lemma 4.2. Fix § > 0, and let ¢ = ¢(J) be as in Lemma 4.3, proved below.
Whenever the unit vector e is such that ||e[ . < N~3/8, we have

max ‘2\/]V6‘eiej’ < €(0), max ‘\/Neef < e(d)

2,9

for N > Ny(9). (The proof below will work with any exponent strictly between —1/2 and
—1/4; but since the exponent does not appear in the final result, we have chosen —3/8
for definiteness.) Thus the lower bound on the Laplace transform of Lemma 4.3 gives us,
for such vectors e,

[ N
2
Exy [eNeXN) = T Ton 2V N6eses) | [ T (v NGG?)GNM“]
] i,
i<j i=1
[ N
> H 6(175)21\[926?65 [H 6(175)N9263+N«9dief
i<j i=1
_ 6(175)N926N9<6,DN6)'
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Therefore

Ex, [In(Xn,0)] = E[Ex, [eN“ XN > B [1)0) <n-ssExy [In(Xn,0)]]

> ((1=ONO° { eNe<e,DNe>]
= el <N™8
2E8[ lellso <N~ 36N0<6’DN6>}
= (170N = In(Dn,0).
€ IN(DN,Q) N( N> )

Thus Lemma 4.4, which is proved below, and Proposition 3.1 give us

Jim inf — ~ og Bxy [In(Xn, 0)] > (1 - §)0% + J(up,0,x(up))

N—o0
for every § > 0. O

Proof of Lemma 4.3. Let  # Jy be a centered measure on R, and write u( ) for the
integral of a function f against . Whenever x € R, we have ¢* > 1 +z + % + %-; thus
tu(e?) | u®)

t2,U/($2) |t|3 M(|1’|3)
| >1+ =+ >1+ — .
l‘«(t) = 1 5 = 1 B

Now it is standard that the bound 7, (t) < exp(“4% liCa )) implies
u(lzl*) < 3(2u(2))*°T(3/2) < 8pu(a®)2.

Then the result follows from the limit

tQu(w ) 8|t|3u(12)3/2]
- 1 log [1 + 5 1l 8 1(22)
-0 ] <t2#§$2)) 3

The speed of convergence in this limit can only depend on p through u(z?); thus in the
result we may choose €(d) uniformly in the distributions ,usJ O

Proof of Lemma 4.4. This builds on the proof of Lemma 14 in [24]. Notice that the upper
bound in Equation (4.2) is for free; we only need to show the lower bound.
It is well known that

(61 eN) 4 < g1 gN >
e, UL
lgll2 ll9ll2

where g = (g1, ...,9n) is a standard Gaussian vector in R”". The idea is to work in this
Gaussian representation, relying on the fact that ||g|| will concentrate around v N.
Towards this end, we rewrite our desired inequality as

1 E|: 3/8 €XP (N@levldggl>:|
lim inf N log

i=19;
N—oo {exp (NGZ'LTVI 112]1>:|

i=19i

> 0.

Since standard Gaussian measure is isotropic, we may and will assume for the remainder
of this proof that the d;’s are ordered as d; > --- > dy. Write v = vy for the unique
solution in (dy — 55, +00) of the equation

i 1

2 \

11
20

%‘H
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(This exists and is unique because the left-hand side is a strictly decreasing positive
function of v € (d; — 35, 400), tending to infinity as v | d; — 5; and tending to zero as
vV — 00.)

Let us pause to collect some facts about v. If we write

Amax = dmax (NO) = Sup (max|d |)
N>Np 1
for Ny large enough, then we have [32, Fact 2.4(3)] that v < d; < dyax, and by definition
v>di — 55 > —dmax — 35, SO
1

< dpax + —- 4.3
lv] < + 50 (4.3)

Furthermore, the proof of [24, Theorem 2] shows that, since 6 < 6., there exists some
small n > 0 such that
for all i, 1+ 260v —260d; > n. 4.4)

By the proof of [24, Lemma 14] (for the first inequality) and Equation (4.3) (for the
second), for every 0 < K < % and N large enough depending on x, we have

1

B [exp (NS L]

N |
'EZ

[V/T+200 = 260d;] e~ ¥ov= N0 )

1

~
Il

(4.5)

[\/ 1+ 260 — 29di] e NOv=N'""0(2max +35)

V
N =
.EZ

1

2

ForO0 <k < % we introduce the event Ay (k) =

% — 1’ < N‘“}. Now the same
arguments from [24, Lemma 14], along with Equation (4.3), give

ZN digf
N
>E | 1ay)liglee < y-3/s €XP <N92:1N1“Z>1
Mgl = Zi=1 g
) N (4.6)
2 eNO'U*N 'e(dmax +|’U‘)]E 1AN(H)1w<N73/8 exp (Ze d _ U >]
Talls = -

>e

N
NOv—N'"%0(2dmax + o) 1 :|Pv <A 19/l < N—3/s>
= }:Il[\/—l—k%v—%di v AN T !

where Py, = P;{;DN’Q is the probability measure on R" defined by

P]ﬁ;(dgl, .. dgN

[\/ 1+ 200 — 20d;e (1 +20v=20d)g7 dgi} .

By Equations (4.5) and (4.6), we are done if we can show that

gll2

The proof of [24, Lemma 14] shows that, for our choice of v and since we have chosen
0 < 0., we have

lim Py (AN(,%), 9o < N_3/8> =1.
N—o00

PR (An(r)%) = o(1),

EJP 26 (2021), paper 34. https://www.imstat.org/ejp
Page 19/37


https://doi.org/10.1214/20-EJP571
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

LDP for deformed Wigner matrices

so it remains only to bound

N 2

" lgll2 lgllz ~

< E Py (|9i| > \/(N— Nl‘“)N‘?’/‘*)
N 1

<§ P (lg;| > =N/8

= 4 N <|gz| =9 )

for N large enough depending on «. But now we observe that

are i.i.d. standard normal variables under Py, so that by Equation (4.4) we have

N N
1 1
D OPY (|gi| > 2N1/8> -y Py (g}- > SNE/T 20 2odi)

i=1 i=1

< NP}, (g}- > “jzvl/S) < Nexp (—gN'/1)
which is o(1). This concludes the proof. a

5 Concentration and exponential tightness for tilted measures

5.1 Proof overview

The proof of Proposition 3.9 is broken into the following three lemmata. We emphasize
that Lemma 5.3 is perhaps the main technical difficulty of the present paper, and could
be useful by itself. As throughout the paper, proofs are only written for g = 1 and thus
we drop 8 from all notations.

Lemma 5.1. If Proposition 3.9 holds for § = 0, then it holds for all § > 0. (For the second
point, the same v > 0 works for all § > 0.)

Lemma 5.2. For any K > 2duyax,

Py (Xy) > K) < dexp (N (5 - 8\%)) ,

Py(M(Xy) < —K) < 4dexp (N (5 - 8\%)) .

In particular, the first point of Proposition 3.9 is true for 6 = 0.

Lemma 5.3. Under Assumption 2.2, the second point of Proposition 3.9 is true for 6§ = 0:
There exists v > 0 such that, for any 0 < kK < 7,
.1 A —r
lim 710g]PN(d(/'LXN7pSCBE|MD) >N ) = —0oQ.
N—oco N
Note that this result is the only place in the paper where we use Assumption 2.2.

5.2 Proof of Lemma 5.1

Fix 6 > 0. Lemma 4.2 gives sharp lower bounds on Ex, [In (X, )] for subcritical
0 values, but here we need a much weaker lower bound for all positive 6 values. To-
wards this end, notice that whenever p is a centered measure on R, Jensen’s gives us
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infier T),(¢t) > 1. Thus for every unit vector e we have

N

Ex, [ No(e, XNP> H j(2\/ﬁt9€i6j HT va \/>96 Né)dwf
i<y (5.1)

o2 —
NOdie? > o= NOdmax

IV
P

Now, whenever A = Ay is a Borel subset of the space of N x N real matrices,
Equation (5.1) and Cauchy-Schwarz give us, for IV sufficiently large depending on 6,

Ex,[1 In(Xn,0 X
Py (4) = XE[XX][}ZA(;N( ) L ot 1, caeOle )
N I

< eNedmax \/]PN(A)EXN76[€2N6<6’XN6 _ dmax \/IPN ]EXN IN(XN,QQ)]

Thus for any sequence {Ay} we have, from Lemma 4.1,

1 1 1 26)2 20
limsupﬁlogIP?V(AN) < Odmax + ilimsupﬁlogIPN(AN) + (20) + J(po, ,I(MD))'

N—o00 N—oc0 2

This estimate gives us the following two points, from which we can verify the various
claims of Proposition 3.9 by taking various choices of {Ay} and {An n}.

» If {An} is such that limpy o % logPy(An) = —o0, then for all > 0 we have

1
lim sup N log P (An) = —oo.

N—o0

o If {Ap,n} is such that limps oo imsupy_, . o log Py (Ap,n) = —oo, then for all
6 > 0 we have

1
N}iinoo I%njllop N log P& (Ayn) = —o0.

5.3 Proof of Lemma 5.2
For Lemma 5.2, notice that it suffices to bound Py (|| X x| > K). But

pa(inl > &) < oy (| 22| > 5 ) +oa (1001> 5 )

and the second term vanishes for K large enough, so we only need to control the first
term. But this was done in [26, Lemma 1.9]. The constants are slightly worse for the
[ = 2 estimate, and we phrase Lemma 5.2 in terms of these worse constants.

5.4 Proof of Lemma 5.3
Lemma 5.4. With C and ¢, as in Assumption 2.2, then for any n < 1 we have

8VCON—%

sup GPSCEBU’D (E + ZT]) - GPSCEHD (E + Z’r})‘ S 772

EeR

Proof. By recalling the definition of the Dudley distance and by calculating the L*° norm

and Lipschitz constants of the function y — ﬁnw we find that

. . 2 N
‘GPSCEE[LDN (E+in) — GpscEEuD (E+ “7)’ < ?d(PSC B iipy,psc B up),
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uniformly in F € R.
Now we control d(psc B fip,, psc B pp) in terms of d(jip, , up). Write dy, for the Lévy
distance between probability measures

dr(p,v) =inf{e > 0: u(A) < v(A°) + € for all Borel A}.

Then it is classical [21, Corollary 11.6.5, Theorem 11.3.3] that, whenever i and v are
probability measures on R,

1
§d(u, v) <dp(p,v) < 2+/d(p,v).
On the other hand, [11, Proposition 4.13] says that

dL(Psc & ﬂDNapsc H ND) < dL(pSCapsc) + dL(ﬂDNy,UD) = dL([)JDNnU'D)'

Putting these together, we obtain

d(Psc & KD, Psc EHﬂDN) < 2dL(Psc H KD, Psc EHﬂDN) < 2dL(,[LDNa,UfD) < 4\/ d(,&DNa,UfD)-

This finishes the proof by Assumption 2.2. O

Lemma 5.5. Fix some A > (0 independent of N. If § > 0 is chosen sufficiently small, then
A . <
| [ExalGin, (B4 N "] = Gy (B 4+ i) | = Oy -min00:%)),
—A

We first give an informal overview of the proof. We will compare Ex, [G; ()] and
G, @up () via three intermediate comparisons. First, we will import a local law to show
that with high probability and for appropriate z values,

1
Gixy (2) ~ N tr Mwvpe (%)
where the matrix Mype(z) = My Mpe(z) exactly solves a matrix equation called the
Matrix Dyson Equation (MDE). (The negatives appear since the convention in the local-
law literature is to define the Stieltjes transform of a measure as [ “z(%’é) instead of

our f %. We have preferred to stick to that convention when working in that vein,
so that the reader can more easily cross-reference.) Then we will show that a matrix
Miwig(z) = MnN,wig(2) whose normalized trace is exactly —G,_m;,, , approximately solves
the MDE; standard arguments about the so-called stability of the MDE will then show

1 1
— 8 Mwpe (2) = — 7 tr Mwig(2) = G @i, (2)-

Finally, we will use Lemma 5.4 to show

GPSCE,&‘DN (Z) ~ GpSCEIl’D (Z) .

Notice that all quantities here, except for G fix, » are deterministic.
Proof of Lemma 5.5. Throughout, we write z = E + in. Later, we will decide how to
choose n = n(N).

For a matrix M € CV*¥, we define its imaginary part as S(M) = 5;[M — M*].
Whenever S : CV*N — CN*¥ s a linear operator preserving the set {M : S(M) > 0}
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that is self-adjoint with respect to the inner product (R, T) = tr(R*T), it is known [29]
that the following constrained equation admits a unique solution:

1

0=Id+(zId =Dy + S[M(z)])M(z)  subjectto  S(M(z)) = %

[M(z) — M*(2)] > 0.
(5.2)

Furthermore, M (z) is a holomorphic matrix-valued function of z. In particular, we will

be interested in the unique solutions to this equation corresponding to two operators S:

1 1
¥ tr(M)1d —&-NMT induces the solution ~ Mypg(2),

1
Swig[M] = N tr(M)Id induces the solution Myig(2).

Smpe[M] =

By rearranging Equation (5.2) and taking the normalized trace, one can see that s(z) =
— = tr Mywig () satisfies the Pastur equation

5(2) = Gpp,, (2 = 5(2))

which characterizes the Stieltjes transform of psc B fip, ([34], see also [35, Section 2.2]).
Hence

1
—y B Mwig(2) = Goumin,, (2)-
» Forany d > 0, write H = {z = E +in € C: n > 0} and define the complex domain
DY, ={z€M:|z| <N 5 >N}

(The notation reminds us that points in this domain are relatively far from the real
line; typically in local laws the optimal scale is n > %.) Then [22, Theorem 2.1]
tells us that there is a universal constant ¢ > 0 such that, for any sufficiently small
€ > 0, there exists C' = C(¢) such that

1 Ne 3 Cce -
P (‘GﬂXN (2) + Ntr(MMDE(z))‘ <5 in Dfar> >1—-CN~19,
Since + tr(Mwupe(2)) is known by [1, Proposition 2.1] to be the Stieltjes transform
of some measure, we also have the trivial bounds
_ 1 1 _ 1

(G (B +im)| < and | tr(Maape (B + i) | < -
If n = N® for some —ce < a < 0, then for N sufficiently large we have {E + i :
|E| < A} C DE,; thus whenever |E| < A and 7 is as above we have

far’

- 1 . N¢ 20
GﬁxN (E+Z77)+trMMDE(E+’L?7)‘ S 7+7N 100,

E
X N N " p

so that

A
L.
* The following type of stability analysis is standard in the MDE literature; our exact

line of argument follows most closely that of [2]. By the definition of My and
since Svpr [M} = SWig [M] + %MT, we have

, 1 , Ne 2C  _
Exy[Gux, (B +in)] + NtrMMDE(E—i—m)‘dE <24 (N + TN 100) _

M%ig(z)

N
——

=:E(z)

M‘E}(z) = zId =Dy + Svpe[Mwig(2)] —

EJP 26 (2021), paper 34. https://www.imstat.org/ejp
Page 23/37


https://doi.org/10.1214/20-EJP571
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

LDP for deformed Wigner matrices

As the notation suggests, we will consider E(z) as an error term, so that Mwiq(2)
approximately solves Equation (5.2) with S = Supg. Indeed, from (4.1) in [1] we
have, for every z € H,

1

ma | Mo ()] [ Mg ()]} < - (5.3)
(Recall || - || is the operator norm induced by the standard Euclidean norm.) In
particular, we have
1
E < —. 5.4
1B < 57 6.4

Now manipulations of the MDE like those leading up to [2, (4.25)] yield the
quadratic inequality

[[Mwig(2) — Mype(2)]|
<17 ()l Myape () 1L (2) 1 Mwig (2) | + [|Supe ]| Mwig (2) — Mo (2)]1%),
where .Z(z) : CV*N — CN*¥ is the invertible operator
f(z)[T} =71 — MMDE (Z)SMDE [T]MMDE(Z)

and norms on operators from CV*¥ to itself are operator norms with respect to

| - |. Using (5.3), (5.4), and the estimate ||Supg/|| < 2, this simplifies to

[EARGIl
n

From [2, (3.23), (3.22), Convention 3.5] combined with (5.3), there exists a constant
C such that, for all z,

(| Mwig(2) — Mupe(2)|| <

1
(an + 2| Mwig(2) — MMDE(Z)||2> . (5.5)

—1 9
I (=) <C (1 + % + |MM3E3(Z)” > : (5.6)

We will use this in two regimes, depending on whethern > 1 orn < 1.
- Step 1 (n > 1): Taking norms on both sides of (5.2) and using (5.3), we obtain
1 Mygpg (2)I] < [2] + dinax +2.
Recall we are integrating over E in some [—A, A]; for such E, we have |z| <

7V 1+ A2, so (using (5.6)) there exist constants C’, C"" such that

M—l
sp WhoeCl <oy e cen 6

|B|<An>1 n |B|<An>1

Now fix E € [~A, A] and consider the functions fy : (0,00) — R and g3 :
[1,00) — R given by

In(m) = |Mwig(E + in) — Mwype(E + in)|,
+ U 8(C")?

For n > v/8C", the bound (5.3) gives us

U
< < gk

In(n) < =< Yol

ESHN )
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But the quadratic inequality (5.5) with the estimate (5.7) inserted tells us that

In(m) €10, 95 (MU (g7 (1), 00).

Furthermore, since Mupe(z) and My;g(z) are holomorphic functions of z, we
have that fy(-) is continuous; and since gy (1) < g (n) for all n > 1, we

conclude fn(n) < gy(n) foralln > 1.
- Step 2 (n < 1): Taking norms on both sides of (5.2) and using (5.3), we obtain

_ 2
HMM]%E(Z)” S |Z| +dmax + 5

Arguments like those above then give

127 Ol _ o

sup )

|B|l<An<t T

for some new constant C’”, which we again insert back in the quadratic
inequality (5.5). This lets us bound fy(n) with respect to the new functions
hE(n) : [N~1/%° 1] — R given by

23 112
+ n 8(C")
hN (77) = 40/// (1 + 1- N7748 )

but at n = 1 and for NV large enough we have (using 1 — /1 —x < x)

2c” 1

fN(l) < g](f(l) < N < 40 = hk(l)‘

Thus o
< 2

In(m) <hy(n) < N

uniformly over E € [—A, A]; hence
A 1 . s . 5 4AC«///
/;A Ntr(MMDE(E—FZN_ ) —Mng(E+ZN_ ))‘dES m

for sufficiently small 6 > 0.

e If n <1 then Lemma 5.4 gives us

A
/.
N—%

A
- / G, (B4 i)~ G (B -+ im)] 4B < 164VE= o

1 . .
¥ tr Mwig(E +in) — Gy mup, (E + m)' dE

Combining these estimates, we have the following result: If » = N~ and ¢ is sufficiently
small, then every assumption we made on 7 in the above bounds is satisfied and, for all
sufficiently small € > 0,

A
; . Ne¢ 1 1 1
[ B G (B + ] - G (B -+ )] 4B =0 (57 + i + s + 73 )

N% n?
—0 (N257min(0.99,670)) '
This concludes the proof. O
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Lemma 5.6. Write

FXN ($) = ﬂXN((iOO?l'])v
FpscEH/—LD (LU) = (psc s ND)((—OO, {,C])

Then there exists some v > 0 such that
Sup ’EXN [FXN (l‘)] PscEE’MD ’ =
x

Proof. To apply a standard method for bounding Kolmogorov-Smirnov distances, we
must first show

| IExulFay @) = Fpo @) do < . 68)

Since Ex, [Fx,] and F,_m,, both take values in [0, 1], it suffices to find M > 0 such that

/ [Exy [Fxy (1)) — Fp i (0)] dz < co.
|z|>M

Furthermore, since ps; H pp is compactly supported, we may take M so large that

F, mu, (x) vanishes for # < —M and is identically one for > M. Now,
N N
EXN[FXN( EXN Z S(Xn)<z | = Z XN <$)<IPN(/\1(XN)<1‘)

(5.9)
so that, by Lemma 5.2,

M —M
_a_ 2v/2 M
/_OC IEXN[FXN(x)]de/_OO 4eNOTER) dy = 3#fexp [N (5_8\@)} < 00.

Similarly,

/Oo(l — Ex, [Fxy(2)]) dz < o0
M

which finishes the proof of (5.8).
Thus we may import [6, Theorem 2.2], which says that, for any choice of n > 0 and
B > 0, we have

1
Sup|]EXN[FXN(x)} 7FpSCEE,uD(‘T)| < Sup/|< ’ pscBup I+y) FpscEE\,uD(x)|dy
z y|<5n

n z

27
+ o ‘ | B |]EXN [FXN (l‘)] - FI)SCBE‘,HD (‘T)| dx
z|>

10B
+ / B (G (i) = Gt (5 + im)| .
—10

We will control the three terms on the right-hand side in order. In the course these
estimates we shall choose the parameters B and n = n(N).

» Since the compactly supported measure psc B pp has L°° density [12, Corollary 5],

F, m,, is Lipschitz, so we can control the first term by
1
— sup | Fpoun (T +y) — Fpmp, ()| dy < 250 F @0, (2)|Lip-
oz Jly|<sn
EJP 26 (2021), paper 34. https://www.imstat.org/ejp
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* Choose some B > max(|r(psc B up)|, |1(psc B pp)|); then arguments as above show

that

m . [Exy [Fxy (2)] = Fpump, (2)] da < 2% ' 64}v\/§ [N (5 - &Bfﬂ

Since we will ultimately choose n = N —% for some small § > 0, we can choose B so
large that this decays exponentially fast.

+ If we choose = N9 for § > 0 sufficiently small, then Lemma 5.5 tells us that

10B
/ ’EXN Gy (E+iN"0)] = Gpmp (E+iN"°)|dE = O(N*~ %),
—10B

We combine these to obtain

sup |]EXN [FXN ($)} PscEE;LD | — Nmax 6,26—f)) -

Lemma 5.7. Under either the Gaussian Hypothesis or the SSGC Hypothesis, there exist
positive constants Cy and C5 (depending on the constants in those hypotheses) such that

Py |:d(ﬂXN)]EXN liixy]) > N_l/ﬁ} < C1NY*exp <—02N7/6) :

Concentration results of this type are quite classical, using either the Herbst argu-
ment under the log-Sobolev assumption, or results of Talagrand under the compact-
support assumption. Indeed, results of the former type are available “out of the box”;
results of the latter type are available “off the shelf” when Dy vanishes. But when
Dy # 0, the barrier to using existing results is that, even if the entries of Wy are
uniformly compactly supported, the diagonal entries of

VNXy =Wy +VNDx

are supported in boxes that, while of fixed size, may have centers tending to infinity. So
we modify the existing proofs for this situation.

Proof of Lemma 5.7. Suppose first that we satisfy the log-Sobolev option of the SSGC
Hypothesis, that is, that the laws of the entries of Wy satisfy a log-Sobolev inequality
with a uniform constant. Since Gaussian measure satisfies the log-Sobolev inequality,
the same statement is true under the Gaussian Hypothesis. Furthermore, one can see
directly from the definition of the inequality that, if the law of the real random variable
X satisfies the logarithmic Sobolev inequality with constant ¢, then for any deterministic
a € R the law of X + « also satisfies the logarithmic Sobolev inequality with constant
c. Thus the laws of the entries of /N X satisfy a log-Sobolev inequality with uniform
constant. This uniformity allows us to import the result [25, Corollary 1.4b], which tells
us that there exist positive constants C; and C5 such that, for any ¢ > 0,
Pxld(fixy, Exy[i 1 265
Nd(ixy, Exyliixy]) = 0] < 5572 exp (—CoN?6%).

By choosing § = N~'/6, this completes the proof under the Gaussian Hypothesis or under
the log-Sobolev option of the SSGC Hypothesis.

Next, we turn to the compact-support option of the SSGC Hypothesis, and start by
importing the following result.
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Lemma 5.8. [25, Theorem 1.3a] Fix some (a; ;)i j<n C RY, and suppose that there
exists a compact set K C R such that the i, jth entry of VNXy is supported on the
compact set a; ; + K = {a;; + k : k € K}. Write 6;(N) = 8|K|\/m/N. Let K C R be
compact, and define the class of test functions

Fripe = {f :supp(f) C K, [|flloc + [[fllLip < 1}

Then, for any 6 > 4./|K|01(N), we have

FE€Fip,c

32|K| N2 [ 52 ]2
< exp | ——— |—— — 5 (N)| .

(This result was initially stated for centered entries, but by shifting the test function
they use to apply [37, Theorem 6.6] the proof goes through.) The authors of [25] then
extend this result to a supremum over all bounded Lipschitz functions, not just those
that are compactly supported, but in the case that E[X ]| = 0. Their arguments require
a bound on 3 tr(X%), which we replace for our model with

P ( sup [try (f (X)) — Eftrn (f(Xn))] = 5)

1
Ntr(X?V) <sup{|lz]*:z e K} +d2,, +1,

which is true for N sufficiently large. Following their proofs but substituting this estimate,
we obtain the following result, which is analogous to [25, Corollary 1.4a]:

Lemma 5.9. Under the assumptions and notation of Lemma 5.8, write S = sup{|z|” :
xe€ K} and M = +/8(S+d?2,, +1). Then for any N sufficiently large and for any § > 0

max

satisfying the implicit equation § > (128(M + v/8)01(N))?/®, we have

IPXN (d(laXN7]EXN (ﬂXN)) > 5)

128(M + /3) N? §5/2 2
ST mr &P <16 K|? [128(M+ Vo) 61(N)] > '

For N sufficiently large, § = N~/ satisfies the implicit equation given in the lemma,
and it is easy to show that

§5/2 2 NT7/6
[128<M v W ’] > N212M)?

for N large enough, which gives the desired result in this case. O
Proof of Lemma 5.3. By Lemma 5.7, if k < % we have
Py (d(fixy, pse Bup) > N7F)

. . N—"
<1 )>Nn + Py (d(lu’XN7EXN [H‘XN]) > )

d(EXN [/A"XN]vpscEE\ILD 2

C
o +C1NY4exp <—22N7/6) :

1d(EXN [/lXN]7pSCEHll/D)>

Now we wish to estimate d(Ex,, [fixy], psc EBip), in order to show that the above indicator
vanishes. Towards this end, choose an arbitrary test function f with || f|| e + || f|lLp < 1.
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First we estimate the tails. For M large enough, Equation (5.9) gives us

’/__ f(@)(Exy[iixy] = (psc B pp))(de)

< fllpeExy [Fxy (=M)]

/_  F@) By [ix,)(da)

oo

< Exy[Fxy (=M)] < Py(M(Xn) < —M) <e ¥

where the last inequality follows from Lemma 5.2. Similarly,

\ /Mm F (@) By ] — (pse B up))(da)| < 1 - Bxy [Py (M)] < e,

Thus it remains to estimate ‘fi{w F(@)(Exy[ixy] — (psc B ,uD))(dx)’. We will do this
by approximating f by a test function smooth enough to integrate by parts.
More precisely, suppose first that f is C'! and that || f’||r~ < 1. Then

‘/—JM f(x)(EXN [ﬂXN] - (pSC BE‘MD»(dx)

M
= ‘/ f(l‘) d(]EXN [FXN ({,13)] - FPSCEEHD (l‘))‘
-M

< @M f Nz + f e + [ f o) B xy [Fxy] = Fpomup 2o
< 2M +2)|Exy [Fxy] = Fpuiup |-

Now suppose that f only satisfies || f||z~ + || f||Lp < 1. Since [-M, M] is a compact set
independent of N, we may choose g € C"' with ||¢/|| oo ((—ar,n)) < 1 and

If = gllze =) < (M + D Exy [Fxy] = Fpomup -

Thus

M
‘/M(f(x) = 9(2))(Exy [Axy] = (pse B up))(dz)| < 2[1f = gll Lo (- ar,01)
< (M + 2)|[Exy [Fxy ] = Fpeipp |l zoe-
Combining these and and optimizing over f, we have
d(Exy [fixy], psc B up) < 267N +4(M + 1) | Exy [Fxy] = FpmupllLe = ONT),
where the last equality follows from Lemma 5.6. Thus if we choose 0 < K < 7, we have
Ly o g LpseBiip)> 25n =0

for sufficiently large V; in particular this shows us that
N k C
P (d(fixy, psc B pp) > N7%) < C1NV*exp (;N”G)
from which point it is easy to conclude the proof. O
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6 Properties of the rate function

The purpose of this section is to show that the supremum in the definition of 7(%) (x) =
supgso I[P (x, ) is achieved at a value 6", which is unique (except for z = r(psc B pp),
where it is chosen by convention) and which depends injectively on x. This implies that,
in the large-deviation upper bound established for tilted measures in Theorem 3.4, the
rate function has a unique zero; this property was crucial in the proof of Lemma 3.11
above. At the end of this section, we establish goodness of I(%)(.).

Proposition 6.1. For every x > r(ps. B up) and for each § = 1,2, there exists a unique
0 > 0, which we will write 6%, such that

I®(z) = sup 1P (z,0) = 1) (,0(9).
>0

Furthermore, I'%)(z) vanishes uniquely at x = r(ps.Bpup); and if we define by convention

B
HE(B,LCEMD) = 5 Gpuup (T(psc B up))

then the map = — 6" on the domain {z > r(ps B up)} is injective. In particular,
whenever x # y are at least r(psc B up), we have

19() > 19y,
We also have

Te 2 r(psc & MD)

with equality if and only if G, (x(up)) = G, @, (t(psc B pp)). In addition, the optimizer
for x. is in fact Qgﬁ) as defined in (3.1):

56) _ g9 _ | 5Gun(x(up)) i G (x(pp)) < +oc,
e ¢ +o00 otherwise, by convention,

and ifz < z, then 0% < 6. Finally,
7@ — 91
Proof. For the duration of this proof, we introduce the notation

pp = psc B pp.

We now restrict ourselves to 5 = 1, dropping $ from all notations, until the last section
of the proof when we show I(?) = 27(1)| It can be checked directly from the definition
that that, for any compactly supported measure v and any .# > r(v),

0

,(20) if0 <20 <G, (),
D gy = { B (20) 020 < Golat)
90 L

M= L 20> G ().

Notice that this is a continuous function of . Furthermore, it is known [27, Lemma 6.1]
that

G (r(pp5)) < min(Gup (r(pn)), G (t(psc))) = min(Gp (x(pn)), 1).
Since G, is decreasing on (r(v), +00), there are three (or two) phases of 6 values:

5 0 if 0 < 20 < G (),
%I(mﬁ) =97 —20—-K,,(20) if Gus(z) <20 <Gy, (r(pp)),
r=20—x(up) 20> Gy, (x(up)),
EJP 26 (2021), paper 34. https://www.imstat.org/ejp
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where the third case disappears if G, (r(1#p)) = +oo and the second case disappears if
r = r(p3) and G (r(pF)) = Gup (r(pp)). Notice that this is a continuous function of
¢ > 0, and that, if G5 (z) < 20 < G s (r(p135)), we can in fact write

0
%I(x 0) =z — Ks (20).
In general we have

Gup (x(up)) € [Gus (x(1p)), +oo).
For the purposes of our analysis, the endpoints of this interval are degenerate cases, and
will be handled separately at the end. For now, assume that

Gup (x(1p)) € (G (x(135)), +00).

Then 0pI(z,0) has three non-degenerate piecewise sections, and z. < oo, where we
recall the threshold

o = JGup(x(up)) +x(pp) i Gpup(x(up)) < oo,
¢ 400 otherwise.

In the course of the casework, we will show that x. > r(x35) in this nondegenerate
regime.

* Case 1 (z < z.): First we study 6 in (3G, (), $G,, (r(pp))) and write the function

OpI(z,0) as
0— fo(0)=2—20—-K,, (20)

defined on this interval. We have

4G}, (K, (20))
3

(G, (Kup (20)))

-3
_ pp(dt) pp(dt)
B 8</ (Ko (20>t>2> </ (o (29>t>3> <0

since 20 < G,,, (x(1p)), so that K,,,(20) > r(up) and [ % >0 fori=2,3.

2 (0) =

Thus f, is strictly concave.

Let us find out where it is maximized. Since

1
/ _ -
fa(0) =2 I pp(dt) K
(Kup (20)—1)2

we can rearrange
(D) = Kug (G (2(13)))

Ry (G (£ (1)) + Kpup (Grss (2 (135)))

G (r(1D)) + Kyup (G (x(13)))

to obtain
1 1
72 (36 e05)) =2 | g —— 1
(r(pu5)— G“sc (r(psg))—t)?

But it is known that
pp(dt)

(e05) — G ) — 07
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Indeed, using the notation and results of [17, Proposition 2.1] (although the
ideas date back to [12]), the above statement is equivalent to the statement
Vip (Fipup (xr(p35))) = 0. But Fy,, maps into {u+ive Ct:v> vy, (u)}, and
here

1 (x(0p)) = x(wp) — Gusg (x(1p))
is real; furthermore vy (u) is a continuous function [12] of the real parameter w.
These conditions force vy ,,,, (Fi,,,, (r(155))) = 0. But this means that

12 (36us 00 ) =0

Thus we have shown that f,(0) = dygI(x,0) is a strictly concave function on the
open interval (3G s (%), 3Gy, (r(1p)), taking a unique maximum value (which can
be computed to be  — r(155)) at the point 6 = %Gﬂsjg (r(ps5)). Its value at the left
endpoint of the interval is 0, and its value at the right endpoint of the interval is
x — x, < 0. In particular, since f, is decreasing on (3G s (r(155)), 3G, (x(1p))),
taking the value z — r(x55) on the left endpoint and value = — z. on the right
endpoint, we have z. > r(y}) as claimed.

Now if § > 1G,,, (x(pp)), then

9pl(x,0) = 2 — 20 —x(up) < @e = Gpup(r(up)) —x(up) = 0.

There are two subcases here:

- Subcase a (z = r(u55)): Here, f;(0) = 0pl(z,0) takes maximum value z —
r(135) = 0 on the interval

(3605 05D 36 a0p) )

and is negative on the 1nterva1 uwp (T(pp)), +00). Thus I vanishes at r(p55).
- Subcase b (z > r(u55)): Here, tﬁe value of the function f, at § = $G s (r(1155))

is x — r(p}s) > 0. Thus it vanishes at a unique point 6, in the interval
(%Gﬂs}g( (155)), G, (x(1p))). For such values of z, then, I(z, #) vanishes for
0 €0,5Gux(x )} strlctly increases for 6 € (3G s, 0,); and strictly decreases
for 0 (917 +00). In particular I(x) > 0 for such z values.

e Case 2 (z > z.): Here we can explicitly write

1
0, = §(x—r(uD)). (6.1)
The function f, defined above is still strictly concave on its domain and still
vanishes at the left endpoint of this domain, but now its value at the right endpoint
is nonnegative; thus I(x, ) is strictly increasing for § € (3G s (z), 3G, (x(1p)))-
A simple analysis of 9yI(z,0) for 6 > 3G, (r(up)) shows that 6, as defined above

is, as claimed, the unique 6 value that maximizes I(z,6), and I(z) > 0.

In particular notice that

1

0r. = 5(re (1) = 5Gup (x(u0)).

It remains only to show that z; # z9 = 6,, # 0,,. If 1 < z, < z9, then 6,, and
0., as constructed above lie in disjoint intervals, so cannot be equal; and if z. < x1, 24
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then we can see 0,, # 0,, from our explicit formula (6.1). Thus we only need consider
T1 < Ty < xe. If 11 = r(ps5), then 0, = G e (r(155)) < 6., by construction; thus we can
assume r(u$5) < z1 < 2 < z.. But then 6., and 6,, are defined on the common interval
(3G (x(1155)), 3G up (x(1p))) as the unique points satisfying

207;1 +KMD (291,1) =T # Ty = 29»@ +KHD (QGIQ) .

Thus we must have 0,, # 0,,.
Now we explain the necessary adjustments in the degenerate cases.

*+ Degenerate Case 1 (G, (r(up)) = Gus (r(p$5))):

The proof of [27, Lemma 6.1] shows that w(r(1$5)) > r(up), where w is defined
(see [17, Proposition 2.1]) as w(z) = z — G % (2); hence

ze =1(up) + Gup (x(1p)) = t(pp) + Gug (r(13))
=r(up) + r(pp) —w(r(pp)) < r(up)
and all z are “at least critical.”
- Degenerate Subcase a (z = r(15)): Then we only have
9ol (x (1), 0)

{o if 0 <20 < Gup (x(kp))
r(u$5) —20 —r(up) if20 > G, (r(1p)).

From the first line of this display and from the equality

Gup (x(pp)) = G (x(15))

we have

0= R (G (2(5))) = G (e (10)) = Rup Gup (lpp)))
— 1) — G (x(ip)) — x(uip). '

On the one hand, (6.2) tells us that
()

so that by convention

1

3 Guss (£(05)) = G ()

as claimed. On the other hand, if 26 > G, (r(1p)) then (6.2) tells us that

0, =

DpI(x (55, 0)) = () — 260 — x(1p) < T(1) — Crup (x(p)) — T(pp) = 0.

So 0plI(r(1s5)) < 0 for all @ and I(r(i55)) = 0 as claimed.
- Degenerate Subcase b (z > r(155)): Then f, as above is defined and strictly

concave on a nondegenerate interval; it vanishes at the left endpoint of this
interval; it takes a positive maximum (namely = — r(¢55)) at the right endpoint
of this interval. Thus the analysis of Case 2 above holds to show that 6, is
given by Equation (6.1).

The argument above for injectivity goes through, since Equation (6.1) works for all
x values.
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* Degenerate Case 2 (G, (r(1p)) = +00): Here z. = +o0, and all  values are
subcritical. The function f, from Case 1 is then defined and strictly concave on
the interval (%Gus]g (x),400). It has a unique maximum at %G#SDC (r(ps5)), where its
value is positive; and strict concavity tells us limg_, 1o f2(0) = —o0; thus f, still
has a unique zero on its domain, which we still call §,. The argument above for
injectivity goes through.

Now we reintroduce 3 to all notations and show I® = 2T If z < z,, then 0% is
defined implicitly by
2
B

(We showed this for 8 = 1, and the extension to 8 = 2 is similar.) If z > z., then we have

2 2
0P + K,, (56;B)> =z subject to BO;B) € (Gs (x (1)), Gpup (x(1p))) -

2

0 =@ —x(up).

Notice that %QJ(CB ) is independent of 5. But then the definition (2.2) gives us

TJD W, 0, 4) = 2T (v,0,,.4)
from which the claim follows. O
Proposition 6.2. The function I'%)(.) is a good rate function.

Proof. First, for any compactly-supported measure p and any A > r(u), we have
J®)(11,0,)\) = 0; hence I?)(z) is nonnegative.

For every fixed 6, dominated convergence tells us that .J(*) (ps. B 1up, 0, x) is a contin-
uous function of z > r(ps.); hence I9)(-) is lower semi-continuous at such x values. It is
also lower semi-continuous for z < r(ps. B pp), where its value is infinite. Finally, since
I®)(.) is nonnegative and vanishes at r(ps. B uup), it is also lower semi-continuous there.

Hence I (.) is a rate function. But since I(%)(.) is the rate function for a weak LDP
of an exponentially tight family, it is classical (see, e.g., [19, Lemma 1.2.18]) that I®) is
in fact good. O

A Computational details in examples

We give the computational details for the example in Section 2.4. Using the equivalent
[24, Theorem 6] formula

JB .0, .4)=06R, (Za) —5 [ log (1 + %HRV <Za) - ;9y> v(dy),

valid if 0 < %9 < G,(A), and the constrained equation (2.6) implicitly defining 09(55 ), one
can see that

10)(g) = { 3 S+ g /log (x - 59505) — y) pp(dy) — g/log(w — ) (psc B 1p)(dy)
_ B (2,0 8 200\ _ 2| B
) (591- —&-Zlog 37—597,- —a —E/log(x—y)(pscﬂﬂyp)(dy)
(A.1)
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for > r(psc B up). We invert K, m,,(y) = Y— o Lda? J 27 44 obtain G pomup (y) for
y > r(a), choosing branches according to the requlrement that G, m,, (y) be decreasing
n (r(psc B up),00); if y > r(a), this yields

2 1
G pipn (¥) = 3 y—+/—3+ 3a2 + y2sin (7?: ~3 arctan (d(y)))}

with d as in (2.9). In the limit y | r(a) we obtain

GPSCEMD (r(a)) = C(a’)

with ¢ as in (2.8). This gives us the bounds on the constrained problem (2.6); since

K.p(y) = %, this has the solution
2 2 1
B@EEB) =3 {x — \/msin (3 arctan (d(x)))} .

if x > r(a). On the other hand, since psc B up decays at most like a cube root near its
edges [12, Corollary 5], we can differentiate under the integral sign to obtain

T

/ log(z —y)(pscBup)(dy) = /

G oy (1) i+ / log(x(pseB i) — ) (pse By ) (dy).
r(psCEHD)

We compute the second term on the right-hand side by setting = r(psc B pp) in (A.1),
since then 1(®)(z) = 0 and 2 9 = G,.Bup (r(psc B up)) = c(a); this yields

[ 10850 B 110) = ) B 100) () = 5 (c(a)? + log((x(a) = c(a))* - %)
This gives the stated formula for 79 (z).
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