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Abstract

We give a simple proof of a central limit theorem for linear statistics of the circular
B-ensembles which is valid at almost microscopic scales for functions of class C. Us-
ing a coupling introduced by Valko and Virag [48], we deduce a central limit theorem
for the Sineg processes. We also discuss connections between our result and the
theory of Gaussian Multiplicative Chaos. Based on the results of [37], we show that
the exponential of the logarithm of the real (and imaginary) part of the characteristic
polynomial of the circular S-ensembles, regularized at a small mesoscopic scale and
renormalized, converges to GMC measures in the subcritical regime. This establishes
that the leading order behavior for the extreme values of the logarithm of the char-
acteristic polynomial is consistent with the predictions coming from log-correlated
Gaussian field theory.
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1 Introduction and results

1.1 circular S-ensembles

The circular S-ensemble or CSE, for N € N is a point process 0 < 6 < --- < 0y < 27
with joint density

(14 2)n I do
d]P]B\,zi( 2) IT 1% =% ] 27’_“ (1.1)

B
IF(1+n5) 1<j<k<N 1<k<N

where I' denotes the Gamma function. When g = 2, this ensemble corresponds to the
eigenvalues of a random matrix sampled according to the Haar measure on the unitary
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group U(N). For general 8 > 0, these ensembles were introduced by Dyson [18] as a toy
model for scattering matrices or evolution operators coming from quantum mechanics.
They also correspond to the Gibbs measures for N charged particles confined on the
circle at temperature 3! and interacting via the two-dimensional Coulomb law. For this
reason, $-ensembles are also called log-gases. It is well known that (1.1) can also be
realized by the eigenvalues of certain CMV random matrices [31], so we will refer to
the random points (Gj)j»v:l as eigenvalues. We refer to Forrester [19, Chapter 2] for an
in-depth introduction to circular g-ensembles.

We define the empirical measure by uy = Z;.V:l dg;, (in contrast to the usual con-
vention, uy is not normalized to a probability measure) and its centered version by
Un = uny — N %. In the following, a linear statistic is a random variable of the form

/fdﬁN = > f(6;) = Nfo (1.2)

J<N

where f is a continuous function on T = R/27 and fk for k € Z denote the Fourier
coefficients of f, see (1.6). By mesoscopic linear statistic, we refer to the case where
the test function in (1.2) depends on the dimension N in such a way that f(8) = w(L#)
for w € C.(R) and a sequence L = L(N) — +oo with L(N)/N — 0 as N — oo. In this
regime, it is usual to consider test functions with compact support so that the random
variable (1.2) depends on a vanishing fraction of the eigenvalues.

1.2 Central limit Theorems

The main goal of this article is to study fluctuations of linear statistics of the CSE
for large N at small mesoscopic scales. Circular ensembles are technically easier to
analyse than g-ensembles on R, so this is also an opportunity to give a comprehensive
presentation of the method of loop equation introduced in [29]. Then, we discuss
applications of our result to characteristic polynomials in section 1.4 and obtain a central
limit theorem for the Sineg processes in section 1.5.

Theorem 1.1. Let w € C37*(R) for a a > 0. Let L(N) > 0 be a sequence such that
L(N) — +o0 in such a way that N"'L(N)(log N)> — 0 as N — oo and let wr,(-) = w(-L).
Then, we have for any 3 > 0,

A}i_r}nQQ E]ﬁv {exp (/ UJLd/AJjN>:| = exp (ﬁ—1||w||§{1/2(R)> . (1.3)
The probabilistic interpretation of Theorem 1.1 is that as N — oo,
[ (L) (@) > N0, 30l s )

in law as well as in the sense of Laplace transform.! The variance of the limiting Gaussian
law is given in terms of the Sobolev norm:

+oo
ool oy = 2 / ela(e) P, (1.4)

where @ is the Fourier transform of the test function w, which is given by @(¢) =

. o dx
—izg fi .
/]Rw(x)e 5 oré e R

1The function ¢ — Eﬁ, [exp (¢t f wrdfin)] is called the Laplace transform or moment generating function of
the (bounded) random variable [wydfiy. Applying Theorem 1.1 to twy,, this Laplace transform converges
(locally uniformly for ¢t € R) to exp(t?02/2) = E[e!X] where X ~ N(0,02), a centered Gaussian random

variable with variance o2 = This implies a central limit theorem, as well as the convergence of

2
E”w”iﬂ/z([{).
all moments of f wrdpn to those of X; see e.g. [34].
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The proof of Theorem 1.1 is given in section 2. Let us point out that we can actually
obtain a precise control of the error in the asymptotics (1.3) and that a straightforward
modification of our arguments yields another proof of the CLT for global linear statistics.

Theorem 1.2. Let w € C3T%(T) for a o > 0 be a test function possibly depending on
N € N such that ||w'||;1(r) is uniformly bounded. There exists Ng € IN and a C ,, > 0
(which is given e.g. by (2.12)) such that for all N > Npg,

2
log E%, {exp (/wdﬁNﬂ —Bng(w)‘ < cﬁ,w%, (1.5)

where for any f : T — R which is sufficiently smooth:

dx

o (1.6)

2 =5 2 N izk
ao(f)*=2) klfel,  fu= [ fl@)e™

This CLT for linear statistics of the CSE, was first obtained by Johansson [28] for
general 5 > 0 using a clever change of variables. When § = 2, he also discovered a
connection between (1.5) and the Strong Szegé Theorem, see [44, Chapter 6]. In fact,
for g = 2, because of the rich structure of the circular unitary ensemble (CUE), there
exist many other different proofs of the CLT when 5 = 2, we refer e.g. to the survey [15].
Coming back to general g > 0, a CLT for trigonometric polynomials was obtained by
Jiang-Matsumoto [27] using Jack functions. Then, Webb [53] generalized this result
using Stein’s method and obtained a rate of convergence. Our proof provides precise
asymptotics for the Laplace transform of a linear statistic and it relies on the method
of loop equation which originates in the work of Johansson [29] on the fluctuations of
(B-ensembles on R. Let us also point out that Johansson’s method has been refined in
[6, 45, 3] and it has been applied to two-dimensional Coulomb gases in [2].

Remark 1.3. Let us comment on the optimality in Theorem 1.2. It is known that when
3 = 2, for any fixed test function w : T — R such that o?(w) < +o0o, we have as N — 400

B, {exp < / wdﬁN>] s exp (%02(11))) .

This follows from the Strong Szegd Theorem, e.g. [44, Chapter 6]. We conjecture
that this CLT holds under the optimal regularity condition o?(w) < +oo if and only if
the parameter 5 < 2. When 8 = 4, using the precise variance estimates from Jiang-
Matsumoto [27], we give an example of a bounded function f : T — R with mean 0 such
that o%(f) < 400, but the variance Ef " [(Z;.V:lf(éj))ﬂ diverges as N — +oc. Consider
the following sparse sequence:

, ke,

|k\*1/2/n if |[k| = |exp(expn)] for some n € N
M. —
k 0 else

We define the function f : T — R by f() = >, . »ke'*’. Observe that this function

f € L>*(T) and
1 1
502(f) = Zk%,% = Z 3 < +o00.
keN nelN

Let X, = Z?f:l %% for k € Z and E = 5 *. By rotation invariance, for any k,{ € Z

such that & # /,
]E[XkX,g] =0.
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This implies that

N 2
B|(S00)) ] =2 X BN,
keN
By [27][Proposition 2 (iii)], there exists ¢ > 0 such that E|Xx|?> > ¢cNlog N if N > 12.
This implies that along the subsequence N,, = |exp(expn)|, we have

B[(S)0) ] 2 25 tog(Na)

so that )
lim E[(S12£05)) | = +oc.

n—-+o0o
Hence, as claimed, the variance of the linear statistic Z;V:l f(8;) does not have a finite
limit as N — +o0. u

For mesoscopic linear statistics, to our knowledge, Theorem 1.1 only appeared for
B = 2 in a paper of Soshnikov [46]. Soshnikov’s method is very different from ours: it
relies on the method of moments and it does not yield the convergence of the Laplace
transform of a linear statistics as in Theorem 1.1. For -ensembles on R, the mesoscopic
CLT was first obtained in [10, 35] when 8 = 2. The idea of combining loop equation
with rigidity estimates to prove a mesoscopic CLT for Gaussian ensembles on R valid
for general § > 0 originates from the work of Bourgade et al. [9, Section 5]. This
CLT has been generalized to other potentials by Bekerman and Lodhia [3] using a
method of moments based on higher order loop equations. This means that they obtain
the asymptotics of E5 [(fwrdfin)"] with L(N) = N° and 0 < § < 1 by an induction
procedure on n > 1 which relies the loop equation and eigenvalues rigidity. Note
that the rigidity estimates from [8] which are used in [9, 3] are weaker than that of
Section 1.3 and would not allow to control directly the Laplace transform of a linear
statistic down to arbitrary mesoscopic scales. We need such control for the applications
to the characteristic polynomial of the circular S-ensembles and Gaussian multiplicative
chaos discussed in Section 1.4.

We manage to obtain (optimal) rigidity estimates by studying moderate deviations for
the maximum of the eigenvalue counting function in Section 4. In the next section, we
present consequences for concentration of general eigenvalues statistics and eigenvalues
rigidity which we believe are of general interest.

1.3 Concentration and eigenvalues’ rigidity

For any function w € C(T), we define a new biased probability measure:

ef wdpn

B __ = aphB
dIPN,w - E?V [eIU)dI—LN]dPN' (17)

Proposition 1.4. Let w € C'(T) and suppose that ||[w'|| 1 (r) < n/v2 where 7 is allowed
to depend on N € IN. There exists Ng € IN such that for all fixedn € IN, all N > N3 and
any R > 0 (possibly depending on N € IN as well), it holds

PR Flan, ) in(da) - fin (dey)

Tn

sup
fEFn R

< \/nlog NN*="/5

where F,, p = {f e Cc™(T") : /

> R(B™'nlog N)"]

d

d
dixl"'@f(l'l,‘..,mn)

dxqy---dx, < R}.

n
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The proof of Proposition 1.4 will be given in section 4. Moreover, we immediately
deduce from Lemma 4.2 below, the following moderate deviation estimates: for any
N > Ng and any R > 0 (possibly depending on N), we have

2 2
Py |9k—2]’{,—k|§%R;k:1,...,N >1—3Ne tur, (1.8)

This provides a precise control of how equally spaced are the eigenvalues of the CSE 5
- this property is usually called eigenvalue rigidity. In the next section, we explain how
to recover optimal rigidity estimates in the sense that we find the leading order of the
maximal fluctuations of 6, with the correct constant — see Corollary 1.10. These optimal
estimates are obtained through a connection between the characteristic polynomial and
the theory of Gaussian multiplicative chaos that we recall below.

1.4 Subcritical Gaussian multiplicative chaos

Let us discuss applications of Theorem 1.1 within GMC theory. Let D = {z € C: |z| <
1} and define for any N € NN,

Py(z) =TI (1—ze" %), zeD.

Up to a phase, Py corresponds to the characteristic polynomial of the CSE ;. Our goal
is to investigate the asymptotic behavior of Py(z) for |z| = 1 as a random function. First,
let us observe that forany 0 < r < 1 and ¢ € T,

log| Py (re'”)| = =300, 60(0; —¥),  ¢n(0) =log[1 —re| . (1.9)

Hence, log | Py (re'?)| is a linear statistic and it follows from Theorem 1.2 that

g P ()] /2602

in the sense of finite dimensional distribution as N — oo, where G is a centered Gaussian
process defined on D with covariance structure:

1 _
E[C(=)C(z)] = ; log |1 7 Y. 2,7 eD. (1.10)

Indeed according to formula (1.6), one has

+oo
E[G(2)G()] =23 kfonon

k=1

where f,.iv = ¢,.(- — ) and the RHS can be explicitly computed using the Fourier series
¢ (0) = >_7=, r*Cs(k0) which converges absolutely for r < 1; see (3.4) below. We can
define the boundary values of the Gaussian process G as a random generalized function
on T. Then, according to formula (1.10), this random field which is still denoted by
G, is a log-correlated Gaussian process. Actually, this process has the same law as
\/7/2 times the restriction of the two-dimensional Gaussian free field on T, see [17,
Proposition 1.4], so we call it the GFF on T. Moreover, one can show that the function
¥ € T — log|Py(e'?)| converges in law to the random generalized function G in the
Sobolev space H~%(T) for any § > 0, see [25].

Log-correlated fields form a class of stochastic processes which describe the fluctua-
tions of key observables in many different models related to two-dimensional random
geometry, turbulence, finance, etc. One of the key universal features of log-correlated
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fields is their so-called multi-fractal spectrum which can be encoded by a family of ran-
dom measures called GMC measures. Within GMC theory, these measures correspond to
the exponential of a log-correlated field which is defined by a suitable renormalization
procedure. For instance, using the results of [42] or [4], it is possible to define?

N ) e'yG(rew)
pG(dY) = lim ———~dd. (1.11)

r—1 EerG(rel?)
The measure p/, exists for all v > 0, it is continuous in the parameter v and it is
non-zero if and only if v < 2; this is called the subcritical regime.> The random measure
p lives on the set of y-thick points:

i9
G(re'?) a} (1.12)

imi S @
ﬂ {HET hgl—glfilog\l—rﬂ—l 25

0<a<y

and this set is known to have fractal dimension (1 — 42/4) . In particular, if 7, = 2 is the
critical value, the fact that the measure p/, is non-zero if and only if v < v, implies that
in probability: "

1

5 log |1 — 72|
For a non Gaussian log-correlated field, it is also possible to construct its GMC
measures in the subcritical regime. This has been used to describe asymptotics of
powers of the absolute value of the characteristic polynomials of certain ensembles of
random matrices, see e.g. Webb and co-authors [52, 5] for an application to the circular
unitary ensemble (5 = 2), and to a class of Hermitian random matrices, in the so-called
L2?-regime. Based on the approach from Berestycki [4], a general construction scheme
which covers the whole subcritical regime was given in [37] and then refined in our
recent work [13]. This method has been applied to (unitary invariant) Hermitian random
matrices [13], as well as to the characteristic polynomial of the Ginibre ensemble [36]. A
similar approach has also been applied to study the Riemann ¢ function [43] and cover
times of planar Brownian motion [26]. Using the method from [37] and relying on the
determinantal structure of the circular ensemble when 5 = 2 to obtain the necessary
asymptotics, Nikula-Saksman-Webb proved in [40, Theorem 1.1] that for any 0 < vy < 2,

| Py (e)]Y
EX2 (| Py (ei?)]7]

dY — g, (dv) (1.14)

in distribution as N — +4o0. It is a very interesting and challenging problem to gen-
eralize (1.14) to all 8 > 0. In the following, we provide the first step in this direction
which consists in constructing the GMC measures associated with a small mesoscopic
regularization of |Py|. Namely, by adapting the proof of Theorem 1.1, we are able to
obtain the following result:

Theorem 1.5. Letry =1 —
measure for any v € R,

(logTN)G and, by analogy with (1.11), define the random

() = DN

= —. 1.15
EZ [P (rwe®) 1) 27 (1:19)

For any || < 4/2p (i.e. in the subcritical regime), i), converges in law as N — oo to a
GMC measure /JZ; associated to the GFF on T with parameter ¥ = 7\/%.

2There exist other equivalent ways to define the GMC measures ,uz; that we do not discuss them here. We
refer to [41] for a comprehensive survey of GMC theory.
3Because of the factor % in formula (1.10), with our conventions, the critical value is vy« = 2.
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It is known that the random measures p}; also lives on the thick points of the
characteristic polynomial Py, see e.g. [13, section 3] for a more in-depth discussion
discussion By analogy with (1.12), these thick points are the atypical points where |Py|
takes extremely large values. Concretely, for any v > 0, we say that § € T is a -thick if
the value of log | Py (¢)| is at least yEY; [(log | Py (¢1)])?] = Zlog N+O(1). In section 3.3,
we explain how to deduce from Theorem 1.5 that the mass of the sets of thick points
are given according to the predictions of log-correlated Gaussian fields. Namely, since
the convergence of Theorem 1.5 holds at arbitrary small mesoscopic scales, this leads
to accurate lower-bounds for the Lebesgue measure of ~-thick points. Hence, this new
approach based on GMC theory allows to replace the usual second moment method
which originates from the study of the random energy models (see e.g. [33]). We obtain
the following results.

Proposition 1.6. For any v > 0, let
T = {9eT;|PN(ei9)| ZNW} (1.16)

and |Ty| be the Lebesgue measure of the set Ty. Then for any v < v. = /23, we have
log |Ty| ol

o IV — —% in probability as N — +o00. Moreover, we have in probability as N — oo,
og
maxger log [Py ()] v _ [2 (1.17)
log N B B

The interpretation of Proposition 1.6 is that the multi-fractal spectrum of the sets
of ~-thick points of the CSE, characteristic polynomial is given by the function v —
(1—~2/28) 4 for v > 0. This is in accordance with the behavior of Gaussian log-correlated
fields. Proposition 1.6 was first obtained by Arguin-Belius-Bourgade [1, Theorem 1.3]
for the CUE (8 = 2). We generalize this result for all 5 > 0. Then, by [1, Corollary 1.41],
we also obtain the limit of the so-called free energy:

2
1 0y dO 33 ify € [0, 7
lim log ( / |PN<e“’)|7) = 05l
N—+o0 logN T 27 %—1 ify > v,

This shows an interesting transition at the critical value ~, = /2. For log-correlated
fields, the fact that the free energy becomes linear in the super-critical regime (v > )
is usually called freezing. In particular, this freezing phenomenon for the CSE,; charac-
teristic polynomial was conjectured by Fyodorov-Keating [20]* and it plays a crucial role
in predicting the precise asymptotic behavior of | Py]|.

We can also obtain analogous results for the imaginary part of the logarithm of the
characteristic polynomial of the CSE, . Let

Uy, () =0 Slog(1 —rel®=%)), rel0,1), JeT, (1.18)

where log(-) denotes the principle branch® of the logarithm so that the function 3 log(1—2)
is analytic for z € D. We also let

Uy (9) = 1EWN,T(ﬁ):Zf:1¢(§70j), ¥ e, (1.19)

where () = Slog(1 — €') = 5= for all € (0,2). Hence, Uy is directly related to the
eigenvalue counting function; see (3.35) below. This connection is a crucial motivation

4See also [21, Appendix B] for general 5 > 0.
5This is the usual convention used e.g. in [25, 1, 11, 40].
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to study the imaginary part of the logarithm of the characteristic polynomial, especially
its extreme values. It turns out that the GMC measures associated with Uy and |Py/|
have the same law.

_ (logN)*
N

Theorem 1.7. Letry =1 and define the random measure for any v € R,

N0 g

_— 1.20
EZ [ ¥n )] 27 (1.20)

fin (df) =
For any || < /28, [i}; converges in law as N — oo to a GMC measure ,ué with parameter
v 2
¥ = v\ﬁ :
Proposition 1.8. For any v > 0, let

S}{,z{GET:\IJN(G)Z logN}.

. . log | S} | 7
It holds in probability as N — oo, — ——— for any v < v, and then
log N 26
Uy (0 . 2
maxy Wy (0) S 2 (1.21)
log N B8 B
Remark 1.9. Since the function —¢(0) = (27 — ) for all § € (0, 27), we see that as ran-
aw o . inp ¥y (0
dom field: Uy (h) v —U N (—0). By (1.21), this implies for instance that Imnlzg]g()
2
1/ B in probability as N — +oc. |

The law of large numbers (1.17) and (1.21) for the maximums of the real and imagi-
nary parts of the logarithm of the characteristic polynomial of the CSE, have already
been obtained in [11] by a completely different method based on the Szeg6’s recur-
rence for orthogonal polynomials on the unit circle. In fact, the complete asymptotic
behavior of the maximum of the field log |Py| when 8 = 2 was predicted in [20] by
analogy with Gaussian log-correlated fields and part of this conjecture was verified
by Chhaibi-Madaule-Najnudel [11, Theorem 1.2] who showed that maxy log |Py| and
maxt Wy, once re-centered, are tight random variables. Let us also point out that
extensive numerical studies of the extreme value statistics of the CSE, characteristic
polynomial for large N € IN have been done by Fyodorov-Gnutzmann-Keating [21] and
they indicate some interesting relationships between the extreme values of the logarithm
of the characteristic polynomial and large gaps in the spectrum.

Finally, as observed in [1, Theorem 1.5] or [11, Corollary 1.3], the asymptotics (1.21)
imply optimal rigidity estimates for the CSE, eigenvalues.

Corollary 1.10. For any § > 0 and 6 > 0,

lim P& [(25)\/?0]ng < max |6, — Zk| < (2+5)\/?°ZgVN} -1  (1.22)

N—+o00 =1,...,

1.5 CLT for the Sineg point processes

The Sineg processes describe the bulk scaling limits of the eigenvalues of 5-ensembles.
This family of translation invariant point processes on R was first introduced indepen-
dently by Killip-Stoiciu [32] as the scaling limits of the CSE, and by Valké-Virdg [49]
as that of Gaussian 3-ensembles. For general § > 0, universality of the Sineg processes
in the bulk S-ensembles on R was obtained by Bourgade-Erdés-Yau [8] for a general
class of one-cut regular potential by coupling two different ensembles using the Dyson
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Brownian motion. Our proof of Theorem 1.12 also relies on a coupling from Valké-Virag
[48] between the Sineg and CSE, point processes. The Sineg process is usually defined
through its counting function which satisfies a system of stochastic differential equa-
tions [32, 49]. Recently, Valk6-Virag [51] introduced an alternate characterization as
the eigenvalues of a stochastic differential operator. It turns out that the CSE, also
corresponds to the eigenvalues of an operator of the same kind as the Sineg and that it
is possible to couple these two operators in such a way that their eigenvalues are close.
This coupling was studied in detail by Valk6-Virdg [48] and they obtain the following
result.

Theorem 1.11. Fix 8 > 0 and recall that 0 < 0, < --- < 65 < 27 denotes the eigenvalues
of CBE . Let us extend this configuration periodically by setting 0y¢n = 0y + 27{ for all
k € [N] and ¢ € Z. By [48, Corollary 2], there exists a coupling P of the CSE,, with the
Sineg process (\i)kez such that for any e > 0, there exists a random integer N. and we
have for all N > N,

14 k?
|20y — M| <

< g VSNV

As a consequence of this coupling and Theorem 1.1, we easily obtain the following
result. The details of the proof will be given in section 5.

Theorem 1.12. Let (\)rez be a configuration of the Sineg process and let w € C2T(R)
for some o > 0. We have as v — +0o0,

Zw(/\szl) 71// wdz — N (0, 3w}/ m))-

kez R

The convergence holds in distribution and the limiting variance (1.4) is the same as in
Theorem 1.1.

Let us mention that for 5 = 2, there is another coupling between the CUE and
Sine; existed prior to [51, 48] which is based on virtual isometries [7]. Moreover, it is
possible to obtain Theorem 1.12 directly by using the determinantal structure of the
Sine, process, see Kac [30] and Soshnikov [46].

Finally, it should be mentioned that there have recently been several developments in
the study of the Sineg for general 8 > 0. Using the SDE representation, large deviation
estimates for the number of eigenvalues in boxes were obtained in [50, 23, 24]. The
rigidity property for Sineg in the sense of Gosh-Peres was proved by Chhaibi-Najnudel
[12] and Holcomb-Paquette [22] computed the leading order of the maximum eigenvalue
counting function. Finally, Leblé [38] gave recently an alternate proof of Theorem 1.12
for test functions of class C2(RR) which relies on the DLR equations for the Sines process
established by Dereudre-Hardy-Leblé-Maida [16].

1.6 Organization of the paper

This paper also aims at giving an exposition of some basic concepts in the study of ;-
ensembles in a simple setting: loop equations and the connections between characteristic
polynomials and GMC theory. We expect that the arguments presented here can be
applied more generally.

In section 2, we prove our main results Theorems 1.1 and 1.2 by using the method of
loop equation which we review in section 2.1. In section 3, we discuss applications from
the perspective of Gaussian multiplicative chaos. Specifically, in sections 3.1 and 3.2,
we explain how to modify the proof of Theorem 1.1 in order to obtain Theorem 1.5
and Theorem 1.7 respectively. Then, we give the proofs of Propositions 1.6 and 1.8
in section 3.3. In section 4, we obtain rigidity results for the circular S-ensemble by
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studying moderate deviations of the eigenvalues counting function. In particular, we
prove Proposition 1.4 which is a key input in our proof of Theorem 1.1. Finally, in
section 5, we give the short proof of Theorem 1.12.

2 Proof of Theorem 1.1

2.1 Loop equation

The method of loop equation relies on the following formula, see [29, (2.16)], to
compute the Laplace transform of the (centered) linear statistic associated with a
bounded test function w : T — R. According to (1.7), it holds for any ¢ > 0,

d o ~
alogE?\, [etjwduzv} — E?V,tw {/ wd,uN} . 2.1)

The idea from [29] is to compute the RHS of (2.1) by an integration by parts using
the explicit density (1.1). Let us record this Lemma for an arbitrary test function g; we
refer to [29, (2.18)] for the analogous formula for S-ensembles on R.

Lemma 2.1 (Loop equation). Let w € C*(T) and P?V,w be as in (1.7). Recall that we let
LN = Z;\;l b9,. For any g € C'(T) and any N € N, we have

E {g // Wuw(dw)w(dw +(1- g)/g’duw +/gw’duN] =0.

For our application to Theorem 1.1, it turns out that one lets ¢ = Uw, the Hilbert
transform of w. This choice is motivated by the proof of Lemma 2.3. Namely, using that
N =pun — N %, one can rewrite the loop equation as

~ 2 ;o d 2 —
B | [uadi] =3 [t @)gr + B L)

where W n~ is a random variable which is expected to be of order 1. Thus, to relate this
formula with (2.1), we are led to choose g so that w = —U/g. The Hilbert transform &/ on
L?(T) is a bounded operator defined in such a way that for any k € Z,

U’y = —isgn(k)e*?, (2.2)

where sgn(k) = + if k € Z4 and sgn(0) = 0. This operator is invertible on L3(T) with
U~' = —U. Further properties of the Hilbert transform that we shall use in the proofs
are recorded by the next Proposition.

Proposition 2.2. The Hilbert transform has the following integral representation: for
any f € C*(T) with o > 0,
() — f(t) dt

2
Moreover, we have (Z//I}’)O = 0 for any f € L*(T). If f is differentiable with ' € L*(T),
then (Uf) = U(f') and [|[(Uf) ||L2cry = || f'llz2(r)- In particular, this implies that the
function U f is absolutely continuous on T and ||U f||c < V27| f'|

These basic properties are easy to verify, so we skip the proof of Proposition 2.2.
Our CLT follows from the following lemma and technical estimates on the random
variable (2.4) that we discuss in sections 2.2 and 2.3.

L2 (T) .
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Lemma 2.3. Let w € C?(T) be a function which may depend on N € NN, let g = Uw and
define for anyt > 0,

Wity =5 [ 4el o ey Ditdeyita + (- 9) [gain -+ [ gty @20

2 ~(t)
If oy (w) = = sup |EY ., [Wy ]

and o?(w) is given by formula (1.6), then
BN te[0,1]

‘logE?\, [ef“’dﬁN} —ﬁfloQ(w)‘ < dn.

Proof. The result of Lemma 2.3 is classical, we give a quick proof for completeness. For
t>0,let

wi) = g// Wmmm(du) +01- g)/g’duw +t/gw’duzv-

Replacing pn(dz) = fiy(dz) + 2 in this expression, by (2.3) and since (¢)o = 0, we
obtain

N —~
W§§>=7ﬂ/ —+tN/ Wﬁ),

where WEV) is given by (2.4). Since (Ug)o = (0 and by Lemma 2.1, it holds IEN o [Wg\t,) =0
for any ¢ > 0, this implies that

dx (t)
Now, by Parseval’s theorem and (2.2), observe that according to formula (1.6), we have
[ o @5E =3 inad = 3 K@ = otw) 2.6)
T 27T
keZ kez
Since Ug = —w by definition of the Hilbert transform, by (2.5)-(2.6), we conclude that
8 _ 2 ,

EYN t wdpiy | — EO’ (w)| < don. 2.7)
By (2.1), if we integrate the LHS of (2.7) with respect to ¢ € (0, 1], this completes the
proof. O

Hence, in order to prove Theorems 1.1 and 1.2, we have to estimate the error term
6y from Lemma 2.3 in the mesoscopic, respectively global, regimes. This will be done
carefully in the next two sections.

2.2 Estimates in the global regime: Proof of Theorem 1.2

In this section, we use our rigidity estimates from Proposition 1.4 to estimate the
error term in Lemma 2.3.

Proposition 2.4. Let w € C3t%(T) for some o > 0 be a function which may depend on
N € IN in such a way that ||w'||;1(1) < c for some fixed ¢ > 1 and let g = Uw. Let Ng € IN
be as in Proposition 1.4 and let i (w) be as in Lemma 2.3. There exists a constant
Cs > 0 which only depends on 8 > 0 and ¢ > 0 such that all N > N andt € [0, 1],

log N

on(w) < Cg (RO log N + Ry + R2N75) N

(2.8)
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where

Ry(w) = [lg"Ilrcry + (gw) llrery, Ra(w) = lg'lloe + lglloollw’llo (2.9)

dh/8s

Proof. Since ‘/fdﬁN‘ < 2||f|loN for any f € C(T), by Proposition 1.4 applied with
1 2> ¢, we obtain for all N > Ng,

s | ]

< 2||9/HooNIP?v,tw U /g'dﬁN. > %UHQ”HD(T) log N| + %UHQ”HU(T) log N

2
< 2]lg'lloo /i log NN>77/2% 4 Znllg” | s (r) log N

Similarly, we have

and
g(x1) — g(@2) — (¢'(z1) + ¢'(z2)) tan(H5*2)

o Tz dzidz,. (2.10)
4 sin? (215 522 ) tan( 2522 )

~ _ 2
B || [ || < 2ol oo SO NN 12 4 Rl oy o

and

e | /] S

where we used that sup, e

()] | < 414 oo/ OB NN 112+ 2L (10 )R,

g(@)—g(u)
2 tan(%5*)

Ro— [ | st st

dz; dag 2 tan(H572)
By an explicit computation, we verify that Ry is given by (2.10). According to (2.4),
using the triangle inequality and collecting all the terms, we obtain that there exists a
universal constant C' > 0 such that for all N > N and ¢ € [0, 1],

< ||¢’|lo in Proposition 1.4 with n = 2 and

dxldIQ

EY v [|WN @ < C\/nlog NRy(w)N37"/28 1 2 Ro(w)(nlog N)? + 23Ry (w) log N.
(2.11)

) , we obtain (2.8). O

2 —
Taking 1 = ¢+ 44/, since dy(w) = — sup Elﬁ\/,tw Wyl

BN tef01]

We are now ready to give the proof of Theorem 1.2.

Proof of Theorem 1.2. Since we assume that w € C3+%(T), by Proposition 2.2, we have
g € C3(T) and the terms (2.9) satisfy®

Ri(w), Ra(w) < C(1+ w3 + [[w”lloo + [l [|c)

for some universal constant C' > 0. In order to estimate R, observe that by Taylor’s
theorem, the integrand in (2.10) is uniformly bounded by ||¢"’|| so that Ry(w) <
Cl|g""]| 0. Combining these estimates with Lemma 2.3, we obtain (1.2) with

Cow = Ca(L+ [[w'[1% + [lw" llo + 1Aw" [ sc) (2.12)

and Cg = ﬁ(l + ﬁ) for some universal constant C' > 0. This completes the proof. O

6This is a straightforward computation using that A1l ey < V27l fllLzry < 27| flloo-
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2.3 Estimates in the mesoscopic regime: Proof of Theorem 1.1

In comparison to the argument given in the previous section, to obtain a CLT at
small mesoscopic scales, we need more precise estimates for the error dy(wy,), see (2.8),
especially for Rjy.

In this section, we fix w € C37%(R) for a a > 0. Without loss of generality, we assume
that supp(w) C [-%,%]. Forany L > 1, we let wi(-) = w(-L). We may treat wy has a
27-periodic function in C3+<(T) and set g;, = Uw;, where U is the Hilbert transform (2.3).
In particular, g;, € C3(T) by Proposition 2.2.

For any f € C*(R) for a a > 0 with supp(f) C [-F, 5], we define

T fa) — f(8) dt

@ €R. 2.13
_nr tan(%H) 27L v ( )

Urf(z) = —

Let us also recall that ||f||ce = sup w for f € C*(R) and « € [0, 1]. The
z,yeR r—y «
TH#Y
following proposition explain how the operator I/, comes into play and it provides useful

estimates for our proof.

Proposition 2.5. With the above convention, for any k = 0,1,2,3 and for all x € [—7, 7],
9 (x) = L*uty (w®)) (2 L), (2.14)

where g(Lk), w®) denotes the derivatives of the functions g;, € C*(T) and w € C*+*(R)
respectively. Moreover, we have

9% L1 vy < 7aw L Vlog(nL) (2.15)

where 1, ,, = 2||w®|| 1 g) + 2w || oo + 2mcq |[w*)||ca for k = 0,1,2,3 and universal

constants ¢, c, > 0.

Proof. First of all, observe that by a change of variable, for any « € [—7, 7],

L —w
gr(x) = Uwr (z) = _/ w(zl) —w(t) dt

np tan (%57t) 27l

=Urw(zL).

This establishes formula (2.14) for £ = 0 - the other cases follow in a similar way by
observing that according to Proposition 2.2, the function g7, € C3(T) and g(Lk) = Z/I(w(Lk))
for £k = 1,2,3. In order to obtain the estimate (2.15), we use that for any 0 < a < 1,
there exist universal constants ¢, ¢, > 0 such that for any function f € C*(R) with

supp(f) € [-3, 5],

1l 2wy
UL f(z)] < ||
callfllee +elfllee ifz € [—m, 7]

ife € [-nL,wL]\ -7, 7] (2.16)

In order to obtain the first estimate, observe that if x € [—7L,7L] \ [-m, 7], UL f(z) =

/ ’ Ldt and then

—t
z 2n L tan(%)

5 Of)] dt < ||f||L1(1R)_

|l — ¢t ||

Upf()]| < /

jusy
2
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The second estimate in (2.16) follows from the fact if € [—7, ], we can decompose

[T @) - 1 L)@
Urflz) =—  rLtan(Zh) t+f(x)/7r (tan(t) tan(t;‘LI)>27rL'

2L 2

On the one hand, an explicit computation’ gives for x € [— %l

L 1 1 dt
=z T = log
x tan(%57%)  tan(53%) /) 27L

= log

sin(%5")

sin( %)

T+

with a uniform error. On the other hand,

) /7r dt
2 dt| < ¢, o where Coq = SU _—
’/_ﬂ. 27TLta ) HfHC |x\§p7'r -7 |:E - t|1704

which shows that for any z € [—7, 7],

ULf(2)] < callflloa + ¢l flloo-

Now, using formula (2.14) and the estimate (2.16), we obtain

k- s
||9(L )”Ll(’lr) = Lk/

which gives the bound (2.15) by splitting the last integral in two parts. O

‘uL w®) (z )‘daz

LIL(w(’“))(a:L)‘ dr = [F! /

—nL

In order to identify the asymptotic variance in Theorem 1.1, we also need the following
easy consequence of Proposition 2.2.

Corollary 2.6. According to the notations (1.4) and (1.6), we have as L — oo,
o?(wr) = Hw”%{l/z(R)'

Proof. By (2.13), it is immediate to verify that for any = € R, Uy, f(x) — Hf(z) as L — oo
where H denotes the Hilbert transform on R. Now, by formula (2.6) and Proposition 2.2,

T L T
o?(wg) :/ gL(x)w’L(x);l—i = L{Lw(m)w'(x);l—ﬂ.

- —7L

Since v’ € Ll(]R) and by (2.16) the functions /;w are uniformly bounded in L and = € R,
we conclude by the dominated convergence theorem that as L — oo,

2 d 1
o?(wg) :/ Z/ILw(x)w’(x)—x — —/ Huw(x)w' (z)dx. (2.17)
—z 2 2r Jr
It is well known that if w € C}(R), then the RHS of (2.17) equals to Hw||Hl/2 (r) Which is
also given by (1.4). O

Like in section 2.2, our proof of Theorem 1.1 relies on Lemma 2.3, Proposition 2.4
and the following proposition which gives precise control for the term R, in (2.8).

"Recall that 2 log | sint| = fort € T, ¢t # 0 and supp(f) C [-5, 3.

tan t
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Proposition 2.7. Let w be any function such that g = Uw € C3(T) and let Ro(w) be
given by (2.10). We have for any 0 < e <1,

3
Row) < = (lglloreny + oy + 5 (IMeg” Ipary + 1)), 218)

where we denote M. f(z) =sup |f(¢)| for any f € C(T).

[¢—z|<e

Proof. This is just a computation. Let us define

// Lo, —as>e g(z1) — g(z2)

4 sin? (H5%2) tan(H5%2)
// ]llzcl —x2|>€

g (x1) + g'(x2)
@ =[] torsais.

4 sin? (P5%2)
By (2.10) and the triangle inequality, Ry < R3 + R4 + Rs, so it suffices to estimates each
integral above individually. Since |sind| > 2[¢J| for all [J| < Z, we have

7T3 x — X
Rg(g) S Z// ]1‘11712‘26 g( 1) g( 2)
’]I‘2
3 dzs )
< — x Ty —gope———= | dx (2.19)
< L0l ([ e 2 ) @

(:B 7%2)(
2 g Ll( )

dl‘ld$2,

dl’lde,

and

g(z1) — g(z2) — (¢'(21) + ¢'(z2) tan(H572)

dzidazs.
4sin2(z1;"”2)tan(mlgm2) 15

da:ldxg

Similarly, we have

2
Y
Ra(g) < 519l - (2.20)

In order to estimate Rj;, since we assume that g € C3(T), by Taylor theorem, this implies
that for any z1,x9 € T with |21 — 25| < ¢, we have

1 — T s "
o(a1) = o(a2) = 0/ (e0) + o () tan(2252) < L2 aup 1y Q1+ ) ).

Since g € C3(T), the function M.g"” is also a continuous function on T and the previous
bound shows that

Rs(g)

773
o [ b L) + o) s
T2

7736 " /
< 5 (Mg sy + 119l ) (2.21)
Collecting the estimates (2.19)-(2.21), since Ry < R3 + R4 + R5, we obtain (2.18). O
We are now ready to give the proof of our main result.

Proof of Theorem 1.1. Let the sequence L = L(N) be as in the statement of the Theorem.

Recall that we assume that w € C2**(R) for o > 0 with supp(w) C [-%,%5]. Since
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|w} || 1 (ry is fixed for any N € N, by Lemma 2.3 and Proposition 2.4, we have for all
N > Ng,

2 wL)

8 [ef wodnn] — 7" (wr) log N
log B}y [e ] 5 ,

N (2.22)

<Cjg (RO log N + Ry + R2N75)

where Ry, R; and Rs are as in (2.10) and (2.9). Then by Corollary 2.6, in order to obtain
Theorem 1.1, it suffices to show that the RHS of (2.22) converges to 0 as N — +oc.

Estimate for R, By Proposition 2.7 with e = 1/L, since ||¢} ||cc < ||w% | oo, We have
7T3 2 ! 1 " "
Ro(wr) < T \L lgrlley(ry + Lllgrll oy (ry + 3L (IMeg? 1Ly + 1w o) ) -

Observe that by (2.14) and a change of variable:

Mc(g7)(x) = sup |97/ ()] =L* sup [Up(w™) (L)

[(—z|<e [(—z|<L—1
= LM, (U (w®))(xL),
so that .
[Meg?/ || L1 r) = L? My (U (w®))(z)da.
—nL

Thus, since ||w/ ||« = L?||w"”||o, using the estimate (2.15), this shows that

7T3 L 7TL
Ro(wy) < T log(7L) (10w + 71,0 + |w”]|ec) L + g/ sup \UL(w(?’))((de.
—nL [(—=|<1

Using the estimate (2.16), the previous integral is O(log L). Therefore, there is a constant
Cy > 0 so that
Ro(wr) < Cylog(wL)L. (2.23)

Estimate for R; By Proposition 2.2, it is easy to check that if w € C?(T) and g = Uw,
by the Cauchy-Schwarz inequality,

[(gw") |r(ry < [w'g'llLrcry + llgw”]l L1

< Hw/”%mr) + llwll 2 [w”] L2 (1)
Thus, we obtain
Ry(wr) < V2rllgillrery + lwp 2z + ozl 2o lwhll L2y (2.24)

Since ||w(Lk)||Lz(T) = LF=1/2|w®)|| 2y, for k = 0,1,2, by (2.15), this shows that

Rl(wL) < (\/ 2’/T7’27w IOg(ﬂ'L) —+ ||w/||2L2(]R) + ||wHL2(T)HU}//HL2(T)) L.

Estimate for R, Similarly, by Proposition 2.2, we check that if w € C?(T) and g = Uw,
Ry(w) = 3[|g"[loo + lglloo ]l [loo < Bl [loo + [w'[1Z-
Since we assume that L < N, this shows that for some universal constant C > 0,

Ro(wr) < C|lw”||so N?. (2.25)
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Conclusion Collecting the estimates (2.23)-(2.25), using the inequality (2.22), we
conclude that

. _ 2
log EZ, {ej de#N:I _o*(wr) < Cp (Cw(log N)2L + Cllw" | N 72

log N
) N (2.26)

Hence, in the regime where N~ 'L(N)(log N)> — 0 as N — +oc, the RHS of (2.26)
converges to 0. Moreover, since o2(wy) — Hw||?{1/2(R) by Corollary 2.6, this completes
the proof. O

3 GMC applications

3.1 Proof of Theorem 1.5

Recall that we let ¢,.(9) = log|1 — rel’|~! for any 0 < 7 < 1 and that for any ¥ € T,
log | P (rve'”)] = =31 6n (0 = ¥) 3.1

is a smooth linear statistic for a test function which depends on N € IN. The proof of
Theorem 1.5 relies directly on [37, Theorem 1.7]. Recall that G denotes the GFF on T
and let P.(0) =1+ 2 ZZ;“{ r*Cs(kf) be the Poisson kernel for T. G is a Gaussian log-
correlated field on T whose covariance is given by (1.10) and we have forany 0 <r < 1
and all ¥ € T,

. 0 dO
G(re?) = | P,.(0 —9)G(e?)—.
(i) = [ B0 =G
Let u}(, be as in (1.15). In order to apply [37, Theorem 1.7], we need to establish the
following asymptotics: for any g > 0 and any n € NN,

n 1 = i i
log E; [exp (Zz_lw/% (9—194)uw(d9)>} == Y 1nE [G(rie ) G(re)] + o(1) |
5 £k=1 N—+o0
(3.2)
uniformly for all ¥ € T, 0 < ry,...,7, < ry and « in compact subsets of R". Then, this

implies that for any |y| < v/283 and any function f € L!(T):

/ F(0)%(d9) — / £(6)ul (d6)

in distribution as N — +o0o. From this result, one can infer that for any || < /23, the
random measure y; converges in law with respect to the topology of weak convergence
to the GMC measure ,ué, see e.g. [4, Sect. 6].

In order to obtain the mod-Gaussian asymptotics (3.2) and prove Theorem 1.5, let us
observe that the test functions ¢, (- — ;) behave for 0 < r, < rx like smooth mesoscopic
linear statistics and we can therefore adapt our proof of Theorem 1.2. Indeed, letting

w =Yy Yebr, (- — 9¢) with

k
ér =Y =Cs(k), (3.3)

k>1

EJP 26 (2021), paper 7. https://www.imstat.org/ejp
Page 17/33


https://doi.org/10.1214/20-EJP559
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CLT for CSE and applications

then according to formula (1.6), we have

=9 Z FY[’YE/RE{ZIC ¢7’g ¢7"z/ ke k(0 191)}

0,0 =1
T 7‘ A o L
D) Z WW/Re{Z Zké ik (9, 19,)}
0,0 =1 —1
- 5 Z 10g|1 *Tzrg/eiwe’*ﬂz)rl
L,0'=1
- Z E [G(ree!)G(ree™)] (3.4)
0,0'=1

where we used (1.10) for the last step. In the remainder of this section, we will use the
method of loop equation - in particular Lemma 2.3 and Proposition 2.4 - to obtain the
asymptotics (3.2). First, according to (2.2), we have that the Hilbert transforms of the
functions (3.3) are given by

k
G =Udy =Y sink), g =Uw =Y e, (- — o). (3.5)

k>1

Then, in order to control the error terms in Proposition 2.4, we need the following
Lemmas. The proofs of Lemma 3.1 and Lemma 3.2 follow from routine computations.
For completeness, the details are provided in the appendix B.

Lemma 3.1. There exists a universal constant C' > 1 such that the following estimates
hold forany 0 <r <1,

% lloos N7l L1 Ty < C, (3.6)
[6rllocs 1071 1) < —2log(1 —7) + C, (3.7)
1
47 ]loos |91 oo < T (3.8)
and also
C

e ey 197 v emy

1 — (3.9)

Lemma 3.2. Let Ry be given by (2.10). There exists a universal constant C > 0 such
that forall 0 <r < 1,

(log(1 —1))*
(1 —r)loglog(l —7r)~1t

Ro(¥r), Ro(¢r) < C (3.10)

We are now ready to give our Proof of Theorem 1.5. We fix n € NN, for any v € R",
¢ €T and 0 < rq,...,7, < ry, the function (3.3) satisfies w € C°°(T) and by (3.7),
we have ||w'||Lyry < n = ||v[|(3log N + C) with |v|| = >, || Hence, using the
estimate (2.11), we obtain that there exists a constant Cs , which depends only on ||~/|
and 8 > 0 such that for all N > Ng and all ¢ € [0, 1],

Bl v [[Wal] < Coy(log N)? (Ra(w)N*7"/2 4 Ro(w)(l0g N)? + Ry(w)) . (3.11)

where Ry, R1, Ry are given by (2.9)-(2.10) with g = Uw = Z?:ﬂWw (-—¥¢). In particular,
we have |||l < C||v| by (3.6), and using the estimate (3.8), we see that there exists a
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constant C, which only depends on ||7|| and n € IN such that

Ra(w) = [g'lloc + ll9lloo|w]| 0o
< IIVIIngfnllwi»glloo +C|\7ll2é=11113}§n 7,10

< Cy )
—1—rN

A

Similarly, ||w'|| < ||7[|(1 — rx)~! by (3.8) and, with a possibly different constant C.,, we
deduce from (3.6) and (3.9) that

Ri(w) = [lg" lzr(wy + [1(gw")'[| L1 )

Iy (1 e ery + Nglloo g, rery + 1w llso 7, 1L ¢y )
C’Y

1—TN'

IA

<

Since n = ||v]|(3log N+C), this shows that the first term on the RHS of (3.11) is negligible
compared to the third term and we obtain for all N > Ng,
204

2 —~ 2C
dl) = 7 s> B [Wl] < 2522 0 )7 (a(whog )2 + 25

BN ief0.1

By (2.10), since Ry(w) < ||| ,fnax Ro(¢r,), we deduce from Lemma 3.2 that

) . (3.12)

(log(1 — rn))?

< .
RO(’U)) = CH’YH (1 _ TN) loglog(l — ’I"N)*l

By (3.12) with ry = 1 — 1% this implies that

2Cs clhl L 20, ) |

o) < 252 (e S o 7+ i

According to Lemma 2.3 since (E)o = 0 for any r € [0, 1], this proves that uniformly for
alv e T, 0<ry,...,r, <ryand~y € R", we have forall N > Ng,

_ 2C C|l~ll 2C
1 EB [ fwduz\r} _ 1.2 ‘ < By 2l . 3.13
oz X [e Fro ] = =5  loglog (N/ oz M)9) * ogyi) - 1Y
Since w = > ,_,7¢¢r, (- — ¥¢) and the RHS of (3.13) converges to 0 as N — +oc, by for-
mula (3.4), we obtain the asymptotics (3.2). Whence, we deduce from [37, Theorem 1.7]
that for any |y| < /23, the random measure p), converges in law with respect to the
topology of weak convergence to the GMC measure p/,.

3.2 Proof of Theorem 1.7

The proof of Theorem 1.7 is almost identical to that of Theorem 1.5 in the previous
section, so we just go through the argument quickly. According to (1.18) and (3.5), we
have forany 0 <r <landall ¥ € T,

Uy, () = S0 e (0 — 0)).

We claim that for any 8 > 0 and any n € N,

1 < . .
logIEﬁ lexp (37O N, (90))] = = Z Y E [G(ree”*)G(ree')] + o(1) , (3.14)
6 £,k=1 N—4o0
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uniformly for all ¥ € T", 0 < rq,...,7, < ry and =« in compact subsets of R". Hence,
by applying [37, Theorem 1.7], we obtain for any |y| < /23 the random measure [},
given by (1.20) converges in law with respect to the topology of weak convergence to
the GMC measure ué associated with the GFF on T. The proof of the asymptotics (3.14)
is analogous to that of (3.2). Namely, we have E?:;LW‘I’N,W (9¢) = [ gdun where the
function g € C*(T) is given by (3.5). By (3.6), we have ||g'[|z1(r) < C||¥|, so that by
directly applying Lemma 2.3 and Proposition 2.4, we obtain for all N > Ng,

log N

[log B, [ef 93] — 5720%(g)| < a(9) < Ci (Ro(9) log N + Ra(g) + Ralg)N ) <5~
(3.15)
Going through the estimates of section 3.1, since the Hilbert transform of g is given by
Ug = —w, we have

BTN ang Rog) < oy BT

Ri(9), R2(g) < Cy

1—ry (1 —ry)loglog(l —ry)—1"
; ; _ (log N)*
These estimates show that with ry =1 — —
Cllvll 2C.
) <C s
n(g9) < Cp (loglog(l —ry)~ L + (logN)2 )’

so that the LHS of (3.15) converges to 0 as N — +oo. By definition of the Hilbert
transform, o%(g) = o?(w) is given by (3.4). Hence, since >, 7 ¥ n.r, (9¢) = [ gdun, we
obtain the asymptotics (3.14) and this completes the proof of Theorem 1.7.

3.3 Thick points: Proofs of Proposition 1.6 and Proposition 1.8

The goal of this section is to deduce from Theorem 1.5 some important estimates for
thick points of the characteristic polynomial of the CSE,;. Recall that for any v > 0, the
set of y-thick points of the characteristic polynomial is

T ={0eT:IPx() = N7}

The connection between Theorem 1.5 and Proposition 1.6 comes from the fact that
the random measure u}; is essentially supported on 7, for large N € NN, see e.g. [13,
section 3]. In the following, we rely on this heuristic to obtain a lower-bound for the
Lebesgue measure |7, | when 7 is less than the critical value v, = v/23. By a result of
Su [47, Theorem 1.2] (see Lemma 3.4), we obtain the complementary upper-bound to
prove Proposition 1.6. Since the proof of Proposition 1.8 is almost identical to that of
Proposition 1.6, we skip it and only comment on the main differences.
We let forany N e IN,0<r<landf €T,

Tn(0) = log | Py (re'?)| (3.16)

and Tn(0) = lirq Tn.(0) = log|Py(e'?)]. Recall that ry = 1 — W. Observe that it
r—

follows immediately from the asymptotics (3.2) and formula (1.10) that there exists a

constant Rg > 1 such that for all |y| <2y, and § € T,

R;'(1—ry) 7/ <E} [e“ww <9>} < Ry(1 —ry)~ 7728, (3.17)

The following result follows essentially from [13, Proposition 3.8]. Since our context
is slightly different, we provide the main steps of the proof for completeness.
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(log N)°

Lemma 3.3. Let ey andry =1 —en. Fix~ > 0 and define

TV = {9 ET: T,y (0) > glogN}.
For any § > 0 such that v + 6 < ., we have for any C > 0 as N — +o0,
P 1Tl < o097 /28] 0,

Proof. Let us fix small ¢,6 > 0. Observe that by definition of the random measure
/ﬂN, (1.15), by using the estimate (3.17), we obtain

~ ~ 2 ~ P ~
i (TINTI) < Raey O PANCHO0T20/8| T3] — Ry (log N)e N 420" /26-0°/20 73
where ¢ = ¢(7, 6, 8) > 0. This shows that if N is sufficiently large,
P [173) < N0 ] < L [l (TINTRT™) < CRa(log N)*N =127
<P% [ “’H( T) < 36} + P [ﬂ7v+5 (T\ﬁ) > 6] +P5 [ 1+ (7"Y+25) e] i
Moreover, by [13, Lemma 3.2], we also have the estimates:

E?v[ e (7’”25)] ,E?V[ 7+ (FJP\TY)} < Ry /?P.

Since, by Theorem 1.5, the random variable M7v+6(T) converges in law to ;ﬂM(T), this
implies that .

lim sup IP?V [|’7~7\;| < N—(“/+25)2/25} < ]P’]BV [ué+6 (T) < 36] .

N—+oo
Since this estimate holds for arbitrary small ¢ > 0 and the random variable ;ﬂM( T)>0
almost surely® for any v < v, — J, this completes the proof (we may also replace 26 by &
since § > 0 is arbitrary small.) O

Lemma 3.4 (Upper-bounds). For any v > 0 and any small 6 > 0, we have
Py [Iml > CN—W2/25+5} — 0. (3.18)

Moreover, we have for any small 6 > 0,

9) < \ﬁ = 1. .
Nl_lg_looIP [rglea%logWN(e ) < (1+06)y/5logN 1 (3.19)
Proof. These estimates follow by standard arguments using the so-called first moment
method and the explicit formula for y-moments of |Py|. By [47, Theorem 1.2] case (1)
that for any v > —1 and ¥ € T,

N— Bk Bk
1+ rl+~+ 5
Eﬁ UPN 119 |I ) ( 2)

1+ Bk;v)z

By using e.g. the asymptotics of [14, Theorem 5.1], this formula implies that there exists
a constant Cg > 0 such that for all v € [0, 7.],

EY, [|Py ()] < CaNT/28. (3.20)

8This fact follows e.g. from the construction of the random measure yg in [4] - see also [13, Proposition
2.1] for further details.
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Observe that by definition of the set 7, and Markov’s inequality, this estimate implies
that for any v € [0, 7.],

BX (730 = [ B2 [1Pw(e@)] = 57%] 0o
< N—Wﬁ/ ES, [|Py ()] 6
T
< 2wCyN~ /28,

By Markov’s inequality, this immediately implies (3.18). In order to prove the second
claim, we use that by [11, Lemma 4.3], since Py is a polynomial of degree N, we have
the deterministic bound: maxy |Py| < 14 maxp—1 oy | Py (ei?7/2N)|. This implies that
for any 6 > 0, we have if N is sufficiently large,

8 UNES \/E < P8 27k /2N Y| > \/%(Hé/?)
Py {glea%log|PN(e )= (1+0)y/5 logN} < PN[k—IBé?éN'PN(e ) >N .

(3.21)
By a union bound, Markov’s inequality and using the estimate (3.20) with v = v, = /20,
we obtain if V is sufficiently large,

7]

. _ 2 .
P’ |:I§1€aq%(10g|PN(€l9) >(1 +5)\/glogN} <N ey [30+5/2) Z E, [P (")
k=1,..2N

< N72049/2) 90y N? = 203N ~°.
This yields (3.19). O

Recall that for0 < r < 1, P.(-) = 1+ QZZ‘; r*Cs(k) = m;—;zfcé() denotes the

Poisson kernel. Since the function Ty = log|Py| is harmonic in D, according to (3.16),
we have forany 0 <r <1land x € T,

do
Yyo(z) = / T ()P (0 — )5 . (3.22)
T

Using that T, is the convolution of Ty with a smooth probability density function, we
can deduce from Lemma 3.3 and Lemma 3.4 a lower-bound for the Lebesgue measure of
the set y-thick points of |Py| = eT~.

Proposition 3.5 (Lower-bounds). Fixv,3 > 0 and let Ty = {0 € T : |Py(e'?)| > N?/#}.
For any small 0 < § < = such that v+ ¢ < ., we have as N — +oo,

P?, [ITM < N—(7+6)2/2B} 0. (3.23)

In particular, we have for any small § > 0,

. B 0V > (1 _ 2 _
im P [rgleaq}f{log|PN(e > 5)\/;logN} 1. (3.24)

Proof. Let us fix 0 < § < 7 such that v+ 0 < v, and define the event
An = {qu%xTN < (v« + g)log]\f}.

By Lemma 3.4, we have IP]%[AN] — 1as N — +oo. Let us choose L > 0 which only
depends on the parameters 4, 5 > 0 such that

df )
P.(0)— < . (3.25)
/0|>L(1r) ( )27T 27 +90
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By (3.22), since P, is a smooth probability density function, conditionally on Ay, we
have forany0 < r <land x € T,

df df
T, () = / TN (O)P, (0 — )2 + / TN(O)P, (0 — )&
T\TNA{ 2 13 2

< 11ogzv+/ TN(e)PT(e—x)ﬁ+/ T ()P, (0 — )2

B |0—a|>L(1—r) 2 Jryne—a|<L(1-r) 27

1) df
< <’y+> logN+(%—|—%) / P.(0 —z)5— | log N
g2 TAN0—z|<L(1—r) 27

where we used that maXT Ty < (7 + g) log N conditionally on Ay and (3.25) at the last
step. Since P,.(0) < 1_7, for all 6 € T, this implies that

log N
DB e Ty 10— 2| < Lew] (3.26)
EN

)
TN,TN(I) S (5 + 2>1 gN+

for a constant cg > 0 depending only on 3 or 7,. Choosing L possibly larger, let us

assume that M/ = ;7— € Nand for k =1,..., M, we choose z;, € [2”(}\“{1) , 2% such that

Tney(ep) = max Ty (0).
0E[= 5 5]

Then we obviously have

Tn Z Ly ety (3.27)

=1,.

Moreover, if x;, € 7~7VY+5, then using the estimate (3.26),

6N5 6 2w
0eTn:|0— <L > — = ———
| | $k| GN’ QCg 4CgL M
By (3.27), this implies that conditionally on Ay:
Fy+6 - .
ONEST L, eqotoy|0 € Ty 10 — o] < Len|. (3.28)
k=1,...,M
Then observe that since z;, € [w, 2rk] and the intervals [MM—U’ 2rk] are disjoints
(expect for the endpoints), we have
S |0eTR 10— il < Len| < 2/TJI. (3.29)

k=1,...,.M
Using the bounds (3.28) and (3.29), we obtain that conditionally on Ay,
[ TH ) < 8cp LY TR,
This shows that

B3, [[T31 < N=0+20/29] < B, [|T30) < 8es Lo~ N=0+20°/20] L PR[AS] (3.30)

By Lemma 3.3, the first term on the RHS of (3.30) converges to 0 and, by Lemma 3.4,
we also have IP%[A?V] — 0 as N — +o00. This completes the proof of (3.23) (since § > 0 is
arbitrary small, we may replace 2§ by J in the end). In particular, this shows that the sets
TN are non-empty for all 0 < v < v, = /2 since they have positive Lebesgue measure.
This implies the lower-bound (3.24). O
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It is now straightforward to complete our proof of Proposition 1.6.

Proof of Proposition 1.6. As (3.18) and (3.23) hold for arbitrary small § > 0, this shows

1 2
AN — L in probability as N — +oo. Then, combining the
log N 20

estimates (3.19) and (3.19), we obtain the claim (1.17) for the maximum of log |Py|. O

that any v € [0,7.),

Remark 3.6. The proof of Proposition 1.8 follows from similar arguments. In particular,
by Theorem 1.7, we obtain the counterpart of Lemma 3.3 for the thick points of the field
VN -y, (1.18). Since we have forany 0 <r <landxz €T,

do

%a

V(o) = [ I (OP0-2)

by going through the proof of Proposition 3.5, we obtain that for any small 0 < § < ~
such that v+ 6§ < 7.,
. — §)2
Jlim P (1831 < N-0#07/28) g,
The complementary upper-bound for |S}| is obtained by the first moment method as in
Lemma 3.4 using the asymptotics from [47, Theorem 1.2] case (2): for any |y| < 2 and
0T,

N-1 kB2
I(1+ =)
E [V O] = — —. (3.31)
,EO (14 Bop(1 4 2250
To obtain these asymptotics, one must take s = —iy/2 in [47, Theorem 1.2] and observe
that according to formula (1.19), we have for all ¥ € T \ {0 }1_,,
Un(9) = Slog (szla - eiw*"j))) . (3.32)

To obtain (3.32), it suffices to observe e.g. that ¥y = UY 5 where Ty = Relog Py and U
is the Hilbert transform. Note that to prove the upper-bound for maxy ¥, one cannot
use the estimate (3.21) as in Lemma 3.4. Instead, since () = (’*T“ for all 6 € (0,27), by
formula (1.19), we have the deterministic bound:

Un() < Un(ZED) 4 r g e (22D 2mhy (3.33)

for k =1,...,N. So we can just replace the estimate (3.21) by

B 2 B8 2m(k—1) 2 _
Py ?ea%\IfN(G)Z(l—J—(S)\/;logN] SIPNl:kEI%?.).(N\I/N(N )2(1—|—5)\/;10gN w]
and use a union bound in order to deduce the upper-bound for maxy W . |

3.4 Optimal rigidity: Proof of Corollary 1.10.

This is a direct consequence of Proposition 1.8, we give the details for completeness.
Let us define the (centered) eigenvalue counting function

N

o (3.34)

hy(0) = Z Tg,ci0,0) —

JSN

Since ¥ (#) = 5= for all § € (0,27), by formula (1.19), the function ¥y is piecewise
linear on T\ {0;}_, and it jumps by — at the points {0 }}_,. Then, since hy(0) = 0,
we have forall ¥ € T \ {0},

Uy (0) — Uy (D)

hy(0) = == (3.35)
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From formula (3.31), we can deduce that there is a constant Cyz so that for any
d €0,1],
E]BV [eé‘l’N(O)] < CIBN52/2/3;

see (A.2) in the appendix A. This estimate implies a Gaussian tail-bound: for any § € [0, 1],

PR [Un(0) 2 Slog N| < N70/R] [P O] < 0y, (3.36)

3
B
Then, we deduce from Proposition 1.8 and Remark 1.9 that it holds in probability as

N — 400,

maxT|\IlN(0)| 2
_— —. .37
og N ~1/3 (3.37)

By formula (3.35), combining (3.37) and the estimate (3.36), we obtain as N — o0,

maxt |hN(9)‘ 1 2

— .
log N m\ B

Finally since max |hn(0)] < max |hn(0k)| + 1 where 64, ...,0x are the CSE, eigenval-

ues, this implies that for any 5 > 0 and § > 0,

_ 1-6 2 146 [2logN
B2 —% /2 < < — [ = =
NLHEOO Py [ T B log N < kznﬁ)fjv [ (O)] < s \/; N ] 1 (3.38)

By (3.34), we have hy (0y) = 2 (3£ —¢,) for k=1,..., N, so this completes the proof.

4 Moderate deviations for the eigenvalue counting function

Recall that we denote by hy the (centered) eigenvalue counting function (3.34). Note
that almost surely, hy is a cadlag function on T such that ||hin|. < N and by = iy in
the sense that for any function f € C*(T), we have

/ f(0)hn(0)do = — / fdiin. (4.1)

In this section, by using the connection between the eigenvalue counting function and
the logarithm of the characteristic polynomial, see formula (3.35) above, we investigate
the probability that Ay takes extreme values.

Proposition 4.1. Let w € C'(T) such that ||w'||,1(t) < n (where n may depend on
N € IN). There exists Ng € IN such that for all N > Ng,

P?v,uz[m%ﬂhm > %nlogN} < \/nlogNNk”Q/Qﬂ. (4.2)

For the proof of Proposition 4.1, we need the following Lemma which is an easy
consequence of a result from Su [47]. For completeness, the proof of Lemma 4.2 is given
in the Appendix A.

Lemma 4.2. There exists Ng € IN, such that for all N > Ng and any t > 0 (possibly
depending on N),

1:2
P’ [m%x|hN| > t} < 3Ne BN,

N

Let us observe that since hy (6;) = 2= (22£ — 6;) for k =1,..., N, Lemma 4.2 imme-

diately implies the rigidity estimate (1.8). We now turn to the proof of Proposition 4.1.
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Proof of Proposition 4.1. Observe that by (4.1), we have
‘/wﬁN’ < JJw'l| ) m%x|hN|.
By Lemma 4.2, this implies that if N > Ng, then for any ¢ > 0,
__ B
IP?VH/wﬁN’ > t] < 3Ne n?logh

Using this Gaussian tail-bound, we can estimate the Laplace transform of the linear
statistics [wdfin, we obtain

E?V [efwduN] =1 +/ ]P/IBV|:/IU/7N > t} etdt
0
+oo B2
< 1+3N/ oo dt.
0

By completing the square, we obtain

~ 210 +oo 8 210g N
ER [ef “9iN] < 14 3Ne” ;;N/ e s w (T 2E ) gy
1

So if N is sufficiently large (depending on n > 0 and 8 > 0), this shows that
ES [ef wN] < 14 3pN'+1°/48\ /r10g N/B. (4.3)
On the other hand, by Jensen’s inequality and the fact that iy is centered, we have
Eﬁ[ [efwdﬁw] > CEX S wdiin] _
Therefore, by Cauchy-Schwarz inequality, we have for any ¢ > 0,

IP]BV,w [mT@X ‘hN| Z t:| S Eéjv [IlmaxT ‘hN‘Ztef u}dﬁN}

< \/IP]BV[IH%XVL]ﬂ > t]EJﬁV [e2 ) wdiin]

< C(n?log N/B)YANIHN /28 ¢~ 5togw v

For the last step, we used Lemma 4.2 and the estimate (4.3) replacing w by 2w (this only
changes 7n by 2n). From our last estimate, we obtain (4.2) by taking ¢t = %n log N. O

Finally it remains to give a proof of Proposition 1.4.

Proof of Proposition 1.4. Fix n € IN and R > 0. Like (4.1), since hy = finy, we have for
any f € C™(T"),

o f(@1,.. o, zn)in(dey) - - v (dzn)

d

d
—(_1)" - 2 )
(-1 /Tn drs dxnf(xl, yTp)hn(x1) -+ - hy(dey)dey - - - dxy,

This implies that for any f € F, g,

f(xla v 7xn)ﬁN(d$1) T ﬁN(dmn)
']I‘W,

<R (mqfrcmx |hN|)
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so that for any ¢ > 0,

PR F@r, .z fin (da) - - fin (day)

T

sup

fEFn R A

> R(¥nlog N)"]
< IPJ’i,’w {m%x|hN| > %nlogN .
Hence, the claim follows directly from from Proposition 4.1. O

5 Proof of Theorem 1.12

Throughout this section, we use the notation from Theorem 1.11. Let w € C2T%(R),
0 < e <1/4and v > 4. Without loss of generality, we assume that supp(w) C [—5, 5} —if
not we can consider instead the test function wgr = w(-R) and observe that ||w|| z1/2(r) =
[wrll 1/2r)- We also define N(v) = |exp(v'/*)] and L(v) = NT(””/). We will need the

2
following simple consequence of eigenvalue rigidity.

Lemma 5.1. There exists a random integer N. € IN such that for all N > N,

S wbkL) =Y w(0cL), and Y wer )= > whpr ).

kEZ |k|<v kEZ |k|<v

Proof. Using the estimate (1.8) combined with the Borel-Cantelli Lemma and Theo-
rem 1.11, we see that there exists a random integer N, such that it holds for all N > N,

| X — k| < (log N)'*e VkeZ 5.1)
[ =M < N7 VR S NV '
In particular, if N(v) > N, we also have
min {0, L(v),v '\, } > 1—v ' (log N(v))'te > 1 — v > 1/2.
Similarly, we can show that max {9 wL(v } —1/2. Since we assume that
supp(w) C [—1,1], this implies that w(@kL( )) = w(r~')\;) = 0 for all |k| > v. This
completes the proof. O

Remark 5.2. It follows from the estimate (5.1) that for any € > 0,

lim P [max [Ap — k| < (logM)He} =1.
MSdoo | |kl<M

We are now ready to prove our CLT for the Sineg process.

Proof of Theorem 1.12. Let N, be as in Lemma 5.1. Since w € C}(R), we have for all
N >N,

Zw()\kyil) — Z GkL ‘ Z |’UJ )\kV w(QkL)|

kEZ ke[N] |kl<v

< 2v max |N0’“l/ >\kV71| ||w/||L°°(1R)'
|k|<v

Since v < (log N(V))4, using the notation (1.2), this implies that for all N(v) > N,

™

_ - dx
> whw ) - /deuN +N wL(x)‘ < 2[|w'|| oo () |2ﬂ — gl
- 2m \k|<(1
keZ
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By (5.1), the RHS of the above inequality converges to 0 almost surely as N — +oo. More-

T d ~
over since we have N wL(x)Q—m = u/ w(z)dr and /deuN = N(0, 2wl %1/2m))
4 R

—Tr

weakly as N — +o0, by Slutsky’s Lemma, we conclude that

> wer™) - 1// wdz = N (0, 2 [|w]|71/2g) )
R

kEZ

as v — +oo in distribution. O
Appendices

A Proof of Lemma 4.2

We make use of the explicit formula (3.31). By (1.19), we see that almost surely:
[Tn ()] < N forall § € T. So both sides of formula (3.31) are analytic in the strip
{’y eC: S| < 2} This implies that for any v € R and 6 € T,

B ) -

N—-1+4o00 < ~y 2
= 1+ < ) ) (A.1)
Pttt kB + 2¢

where we used properties of the Gamma function and the infinite product is convergent,
see https://dlmf.nist.gov/5.8. Moreover, observe that

N—1+o00 2 N—1+o00 2
(572) )= 22 (%)
(M () ) < X5 (52w

1

and using that Zz 1 ar202 i for any a > 0, we obtain

+20)2 =
N—-14c y 2 ’Y 9 N— 1 27r
k=0 ¢=1 kB +2¢ 26 k=1 k 24
2 2,2
yem
< I 1 .
< 2ﬂ(ogl\“r )+ 51

This estimate implies that there exists a universal constant cg > 0 such that for any
vy€Rand 0 €T,
ES, [7Y5 @] < 087" N7*/26 (A.2)

By (3.35), we have
1 1
max |hy| < —max |Uy| + =¥ n(0)],
T T T ™

so that forany ¢t > 1,
e 1 m(t—1
Pf [max || > ] <P} [max [ wy| > 252 1+ PF [|wn(0)] = 22
Then, using the estimate (3.33), by a union bound we obtain

]P]BV [m%x\hN\Zt} Z IPﬁ [|\I}N k)| > T m(t— 1)}
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Using the estimate (A.2) and Markov’s inequality, this implies that for any ¢ > 1,

PY [max || > 1] <2075 30 B [erR)]
k=0,...,N

< 297 (N + 1)N7° /28257
If we optimize and choose v = =251 we obtain
p Y= 2log N+Bcg’
Br2 __(t—1)?

Py, [m%xhzv > t} < 2N +1)e *+ ZoeNireg

Hence, we conclude that there exists Ng € N, such that for all N > Ng and any ¢ > 0
(possibly depending on N),

B2
IP?V [m%X|hN| > t} < 3Ne &N,

B Proofs of Lemma 3.1 and Lemma 3.2

Recall that for 0 < r < 1, the functions ¢, and v, are given by (3.3) and (3.5)
respectively. We also define for § € (0, 2),

T—0

#(0) =log|l—€| and  ¥(F) = Slog(l — €lf) = 5

(B.1)

Proof of Lemma 3.1.
Estimates (3.6) First, by the maximum principle, [|1;|c < [|¢||cc = 7. Then, an explicit

computation gives ¢..(6) = _%' so that

, T 1 T 2r(1 — C's0)

The second integral is obviously bounded by 7 and we can estimate the first by

g 1 € ™ do € T
< T 4T .
/0 A sori-cso? = (1—r)2+”/€ o e B2

where we used that 1 — C'sf > % for all § € [—m, 7r]. Choosing € = v/7(1 — r), we obtain

/ 0 (0)]d6 < 4/F + 7,
T

which proves the claim.

Estimates (3.7) We clearly have ||¢,|« = ¢,(0) = log|1 — r|~!. Moreover, an explicit

computation gives ¢..(0) = —Mﬁ, so that by a change of variables:

) B Q sin 6
/QT du V1t
i (7 = 2log ()

1—r)24+u 1—r

Estimates (3.8) Since ¢ =Y, 7*Cs(k-) and ¢} = — >, ., r¥sin(k-), we have
1
!/ /
< —-.
9o 6 <
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Estimates (3.9) If z = rel?, then we verify that ¢/ (0) = —Reﬁ and /() =
R — 7@) <1 - 2|2 B.2
S F(O)],[¢7(0)] < 1 — 2|7 and by (B.2), we
obtain - " v
1 /! < < ™ .
Lo, 1ol <2 [ G < 2T
This completes the proof. O

Proof of Lemma 3.2. Going through the proof of Proposition 2.7, we have for any 0 <
e<1,

7‘—2 -1 "
Ro(9) < Ro(6r) + - (19l + 5 (Ml + ¥ ) (B3)

2
where Rj is given by (2.19) and M ¢!’ (x) =sup |z//”( )|. If z = r€i?, then we verify that
[¢—z|<e
1
Y (0) = ]Rem. So, if € < %, we easily verify that
= if 6 € [—2¢, 2¢]
My () < U—v"eQTW* if 0 € [2¢, /2] U [37/2,2(m —¢€)] .
8 if 0 € [7/2,3m/2]

Since |1 — rel®=9)| > \/r/7(0 — €) if § € [2¢,7/2), this implies that if 1/\/7 < r < 1, then

4e /249
M. " (0)do < 42/ e
[ mevro) S (R S s

_ 4e i 272 4
Q-3 e T’

By (B.3) combined with the estimates (3.6) and (3.8), this implies that there exists a
universal constant C' > 0 such that

2
Ro(¢r) < Rs(¢y) +C <el 1 < ot 1;) : (B.4)

We also need an estimate for Rs. For k > 0, let ¢, = ¢(log e_l)k. By (2.19), We have

Rs(¢) S—Z// o [rt) = ()

C (mi—m)?
where K, = inf{k > 0 : ¢(loge"!)¥ > 7}. A similar argument as above shows that if

Myt (2) =sup [¢,.(C)],
[¢—x|<6

(—x|<

dl‘ldl‘g, (BS)

1
<1,

/ Mg (x)dx < 8 +27rlogdt.
T 1—7r

By Taylor’s Theorem, since the function v, is smooth, this implies that for any k£ > 0,

// Levsior—asl<era Yr(21) = ¢r(x2)

(z1 —x2)3

dl’g
/M€k+11/) T (/ ]l|x1—x22€k|xl_x2|2) dl’l

€k+1 k

d.’EldIIig

<16 + 4me, ' log e,;ll

1 1
< 1610g€1 < + ) .
1—7r €
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We easily check that K. +1 < %, so by (B.5), there exists a constant C' > 0 such
that

(loge=1)? 1 1
< - . .
R3(9r) < Clog loge= 1 \1—r + € (B.6)

Combining the estimates (B.4), (B.6) and taking ¢ = 1 — r, we obtain

(log(1 —7)~")?
Ro(¢r) <C (1 —7r)loglog(l —r)~1"

By exactly the same argument, we obtain a similar bound for Ry () which completes
the proof. O
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