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DISCREPANCY, CHAINING AND SUBGAUSSIAN PROCESSES

BY SHAHAR MENDELSON
Israel Institute of Technology and The Australian National University

We show that for a typical coordinate projection of a subgaussian class of
functions, the infimum over signs inf(,,) SllpfeF|Z{»C:1 & f(X;)]| is asymp-
totically smaller than the expectation over signs as a function of the dimen-
sion k, if the canonical Gaussian process indexed by F is continuous. To that
end, we establish a bound on the discrepancy of an arbitrary subset of RK
using properties of the canonical Gaussian process the set indexes, and then
obtain quantitative structural information on a typical coordinate projection
of a subgaussian class.

1. Introduction. The geometric structure of a random coordinate projection
of a class of functions plays an important role in Empirical Processes theory, where
it is used to determine whether the uniform law of large numbers or the uniform
central limit theorem is satisfied by the given class. Indeed, if F is a class of func-
tions on a probability space (€2, ), and if 0 = (X1, ..., Xi) is an independent
sample distributed according to u¥, then the “complexity” of the random set

PoF={(f(X1),.... f(Xx)): f e F}C R

is the key parameter in addressing both these questions. In this context, if (8,’);{:1
are independent, symmetric, {—1, 1}-valued random variables, then the complexity
is governed by the expectation of the supremum of the Bernoulli process indexed
by P, F, defined by

k
ZE‘,‘U,‘

i=l

k
D e f(Xi)

i=l

(1.1) E; sup
feF

=[E; sup
vePy; F

’

and in particular, on the way this expectation grows as a function of & for a typical
sample of cardinality k (see, e.g., [3, 8, 19] and references therein).

The structure of such coordinate projections is central to questions in Asymp-
totic Geometric Analysis as well. For example, let K  R? be a convex, symmetric
set (i.e., if x € K then —x € K) and put F = {{x, ) : x € K} to be the class of lin-
ear functionals indexed by K. If i is a measure on R4, then P, F is the set 'K,
where I is the random operator I' = Zle (Xi, -)e;. Fundamental questions on the
geometry of convex, symmetric sets, such as Dvoretzky’s theorem and low-M*
estimates have been answered by obtaining accurate, quantitative information on
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the structure of such coordinate projections, and by using very similar complexity
parameters to (1.1) (e.g., [8, 15]).

For both these reasons, a lot of effort has been invested in understanding various
notions of complexity for a typical coordinate projection of a class of functions.
A well studied direction is to obtain quantitative estimates on the way in which
(1.1) is related to two other complexity parameters, the combinatorial dimension
and covering numbers.

Roughly speaking, the combinatorial dimension of T C R at scale ¢, denoted
by VC(T, ¢), is the largest dimension of a coordinate projection of T that contains
a “cube” of scale ¢ (see Definition 6.2 for an exact formulation). If (7',d) is a
metric space then the covering number at scale e, which we denote by N (¢, T, d),
is the smallest cardinality of a subset {y1, ..., y,} C T such that forevery r € T,
there is some y; for which d(¢, y;) < e.

Connections between (1.1) and the combinatorial dimension or the covering
numbers of P, F are rather well understood. For example, a straightforward chain-
ing argument (see, e.g., [19]) shows that for every 7 C R,

diam(7")
< c/ VI0og N (e, T, £5) de,
0

where Zé is the Euclidean metric on R¥, diam(7') is the diameter with respect to
the same metric and c¢ is an absolute constant, independent of the dimension k
and of the set 7. Some of the other relations between these parameters are far
more involved. First, controlling the L, covering numbers using the combinatorial
dimension was resolved in [12], where it was shown that if T is a subset of the unit
cube B];O and p is any probability measure on {1, ..., k}, then forevery 0 < ¢ < 1,

3 K-VC(T,ce)
N, T, La(w)) < (;)

k

Zé‘iti

i=1

(1.2) E; sup
teT

’

where K and c are absolute constants. Also, the solution of the sign embedding of
Ell‘ problem (see [12]) implies that if T C B’go and EsupteT|Zf:1 &iti| = 8k, then
VC(T, c16) > ¢28%k. In other words, under a normalization condition (T C B’go),
the only reason that EsupteﬂZf: 1 €iti| 1s almost extremal is that 7' contains a
high-dimensional cubic structure.

In this article, we study a related geometric parameter—the discrepancy of a
typical coordinate projection. Discrepancy was introduced in a combinatorial con-
text (see the book [11] for an extensive survey on this topic) and is defined as
follows.

DEFINITION 1.1.  If T C R¥, then the discrepancy of T is

k
ZE,'Z,’

i=1

9

disc(T) = inf sup

(E[){"zl teT
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and the infimum is taken with respect to all signs (si)f.‘zl e{—1, 1}~
We denote by Hdisc(7') the hereditary discrepancy of T, given by

sup disc(P;T),
1c{l,...k}

where P;T = {(t;)ics :t € T} is the coordinate projection of 7 onto /.

Observe that if absconv(7T) is the convex hull of T U —T, then disc(T) =
disc(absconv(7T')). Hence, from the geometric viewpoint, the discrepancy of T is
proportional with a constant v/ to the minimal width of absconv(T) in a direc-
tion of a vertex of the combinatorial cube {—1, 1}¥. The hereditary discrepancy is
governed by a similar minimal width, but of the “worst” coordinate projection of
absconv(T).

Our goal here is to study the discrepancy using the covering numbers and the
combinatorial dimension of 7, but we will focus on sets 7 that are random co-
ordinate projections of a class of function F, which gives them more structure.
A natural question in this context is to identify conditions on F under which there
is a gap between disc(Py F) and E sup,cp_ F|Zf: 1 €ivi| for a typical coordinate
projection of F, as a function of the sample size k. To that end, we will develop
dimension dependent bounds on the discrepancy of P, F' (and in particular, bounds
that are not asymptotic).

Note that the metric structure of T C R* is not enough to determine its discrep-
ancy. Indeed, if e; = (1,0,...,0) € RF and T} = {0, e1} then disc(T7) = 1. On
the other hand, if 7, = {0, Zle e/ «/E}, which is linearly isometric to 77, then
disc(T») < 1/+/k. The reason for the large gap in the discrepancy between the
two isometric sets is that 75 consists of a vector that is “well spread” while T}
consists of a “peaky” vector with respect to the underlying coordinate structure.
In that sense, 77 is in a much better position than 77. Note that in this example,
Esup,eTl |Zf:1 &iti| = ESUPzeTJZf:l g;t;| = 1—and for the set 75, which is in a
“good position” there is gap between the expectation for signs and the discrepancy.

We will show that this is a general phenomenon: it is well known that
E¢ sup,cr |Zf: 1 €iti| 1s determined by the Euclidean metric structure of 7' (up to
a logarithmic factor in the dimension), and therefore, it is almost invariant under a
linear isometry (i.e., a change in the coordinate structure). Thus, the expectation al-
most does not change when applying an isometry or a good isomorphism of Zg. As
we will explain here, the situation with the discrepancy is rather different and the
position of the set matters a great deal. Since the sets T that we will be interested
in are not arbitrary but have some structure—as random coordinate projections of
well behaved function classes, they will be much closer in nature to 75 than to 77.

Our main result is that if the canonical Gaussian process indexed by F' C Lo(u)
is continuous and if the class satisfies a subgaussian condition [i.e., if the ¥ (u)
norm is equivalent to the L, (u) norm on F, see Definition 2.4], then a typical coor-
dinate projection of F behaves as a set of vectors in a “general position.” As such,
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and just like the set 7>, a typical coordinate projection exhibits certain shrinking
properties that will be explained in Section 4, and which causes the discrepancy of
such a set to be much smaller than the average over signs.

THEOREM A. Let F C Ly(w) be a class of mean zero functions. Assume fur-
ther that the canonical Gaussian process indexed by F is continuous and that
the Lo(wn) and yra() norms are equivalent on F. Then Hdisc(Py F)/\/E —0in
probability.

To put Theorem A in the right perspective, observe that if the ¥» and Ly norms
are equivalent on a class of mean zero functions F, then for every integer k there
is a subset of Q* of probability at least ¢ on which

k
Y e f(Xi)| = c1vkor,

i=1

(1.3) E; sup
feF

where ¢ depends only on the equivalence constant between the i, and L, norms
on F, c1 is an absolute constant and or = sup fe rESf 2)1/ 2 Hence, there is a true
gap between the discrepancy and the mean of a typical coordinate projection.

Although the formulation of Theorem A is asymptotic, the result itself is quan-
titative in nature, as a function of the dimension of the coordinate projection.
The proof of Theorem A is, in fact, a dimension dependent estimate on the se-
quences (ax,s)g;, for which, with probability at least 1 — 8, Hdisc(P, F) <
\/Eak,g. We will show that the sequences (o 5);2 are given using metric pa-
rameters that measure the continuity of the Gaussian process indexed by F—
Talagrand’s y» ¢ functionals [18]. The y» ¢ functionals will be defined in Sec-
tion 2, but for now let us mention that under mild measurability assumptions on
the class, the canonical Gaussian process indexed by F is continuous if and only
i 1imy o0 2,5 (F, La(10)) = 0

We will prove that for every 0 < p < 1/2 and 0 < § < 1 there are constants ¢
and C that depend on p, § and on the equivalence constant between the ¥» (1) and
L>(p) norms on F, such that for every k,

logk
(1.4) Olk,éifcli‘igk[ (V203 ogsen (P L2()) - fogtek/m) + D55,

where D = diam(F, Ly(u)) is the diameter of F' with respect to the L, (i) norm.
And, in particular, under the assumptions of Theorem A, for every 0 < § < 1,
limg—, o0 atk,5 = 0. Moreover, the proof of Theorem A actually shows that for
every k, with puX-probability of at least 1 — 8,

disc(Py F) < C(Vky2,108, logy ck (F, L2(11)) + k* D),

where C and ¢ depend on p, § and the equivalence constant between the Lo(u)
and v () norms on F'.
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The proof of Theorem A is based on two ingredients. The first is a new estimate
on the discrepancy of an arbitrary set 7 C R¥. It is a combination of the entropy
method, which is often used to control the combinatorial discrepancy (see, e.g.,
[1, 11, 16]), and Talagrand’s generic chaining mechanism [18], which was intro-
duced to establish the connection between the y» ; functionals and the continuity
of Gaussian processes. The combination of these two methods will be explained in
Section 3. It allows one to find a good choice of signs for roughly k/2 coordinates,
while the error incurred by considering the sum taken only on these coordinates is
determined by the y» ¢ functional for s ~ log, log, k. Repeating this argument, one
obtains a bound on the discrepancy of T in terms of a sum of y» ¢ functionals of
coordinate projections of 7 and for values s that depend on the dimension of each
projection, and those dimensions decrease quickly.

The second component required for the proof of Theorem A is that the sets we
are interested in are not general. We will obtain a structural result on a typical P, F'
that allows us to bound the y» ; functionals of its coordinate projections using the
L, (w) structure of F.

Indeed, we will show that if the L,(u) and > (@) norms are equivalent on F'
then a typical coordinate projection P, F' has a rather regular structure—it is a
subset of a Minkowski sum of two sets. The first one is small, with a bounded
diameter in the weak £, space Eg - The other set is a subset of P, F itself and
can be viewed as a set of vectors in a “general position.” In particular, further
coordinate projections of the latter set shrink distances between any two of its
elements.

The structural result we obtain is of independent interest and can be used to
derive information on the geometry of convex sets. For example, consider a sym-
metric probability measure © on R"”. We say that p isotropic and L-subgaussian if
arandom vector X distributed according to p satisfies that for every x € R",

E[(X,x)|* = |x[* and [(X,x)|ly, < Llx|.

Simple examples of isotropic, L-subgaussian measures on R" are the Gaussian
measure and the uniform measure on the vertices of the cube {—1, 1}", where in
both cases L can be taken to be an absolute constant, independent of the dimension.

Let (X l-)f.‘zl be independent random vectors, distributed according to i and con-
sider the random operator I' : R” — R¥ defined by I' = Z{-‘Zl (Xi, ei.

COROLLARY B. For any L > 0 there are constants cy,cy and c3 that de-
pend only on L, for which the following holds. Let T C R" and set V. =k~ '/?T'T.
Then, for every u > c1, with probability at least 1 — 2exp(—cau), for every
I c{1,... k},

Zgztz

El

|| (ek)
i| < c3u —log Eg sup
1/ " rer|f
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where (g;) are independent, standard Gaussian random variables, and both ex-
pectations are taken with respect to those variables.

Corollary B shows that the random operator I" maps an arbitrary 7 to a set
of vectors in a “general position” in a strong sense, since it implies that for most
vectors in V, mutual distances are shrunk by any further coordinate projection. Let
us note that we will prove a stronger result than Corollary B, namely that the y» ¢
functionals associated with V' display this type of shrinking phenomenon.

The final result we present has to do with the reverse direction of Theorem A.
Assume that H C Lo () is a convex, symmetric set, which satisfies that the canon-
ical Gaussian process {Gp:h € H} is bounded and that the L,(u) and ¥ ()
norms are equivalent on H. We will show that if the logarithm of the L,(u) cov-
ering numbers of H grows like 1/¢2 then for a typical sample o = (X1, ..., X)
selected according to u*,

VC(Py H, c1/Vk) = c2k.
It is standard to verify (see Lemma 6.5) that if 7 C R¥, then

Hdisc(T') = sup § VC(absconv(T), §).
>0

Therefore, if F is a class of mean-zero functions and H = absconv(F) satisfies
the above, then Hdisc(P, F) > ek, complementing the upper bound established
in Theorem A.

Although this is not exactly the reverse direction of Theorem A, it is very close
to it. Indeed, if F' C L,(u) indexes a bounded Gaussian process then so does H =
absconv(F'), and the logarithm of the covering numbers of H cannot grow faster
than O (1/&?). On the other hand, if the log-covering numbers grow a little slower,
even by a suitable logarithmic factor, then y» ¢(F, Lo(u)) — 0. In fact, this is
as close as one can get to a covering numbers characterization of the fact that
v2.s(F, Ly) = 0 (see, e.g., [3]).

This result not only shows that Hdisc(P, F) is large if the Gaussian process
F indexes is bounded but not continuous, it also shows why. Under a bounded-
ness assumption on the Gaussian process [which implies that Hdisc(Py F) / Vk is
bounded], the reason the hereditary discrepancy of P, F is extremal is because a
typical coordinate projection of absconv(F’) contains a high dimensional, large cu-
bic structure, and that forces the hereditary discrepancy to be large. The proof of
this result, which is presented in Section 6, is based on the observation that if F is
convex and symmetric then the richness of F at scale ~ 1/+/k is exhibited by the
existence of cubes of scale ~ 1/+/k and of dimension ~ k in a typical coordinate
projection of F of dimension k. It thus should be viewed as a “small scale” version
of the Sign Embedding theorem which was mentioned above.
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Unfortunately, the optimal estimate in the Sign Embedding theorem cannot be
used directly in our case, firstly because P, F' is unlikely to be a subset of B]o‘o, and
secondly, because a typical coordinate projection of F satisfies that

k
> v

i=1

E sup ~ Vk.

veP, F

Hence, the optimal estimate in the Sign Embedding theorem has to be used for
8 ~ 1/+/k, and that only ensures that P, F contains a cube of scale ~ 1/+/k and
of constant dimension, which is far from what we need.

The proof of the existence of a cube in P, F' is based on two localization ar-
guments, one with respect to the L, norm and the other with respect to the L
norm. The first localization shows that if the L, (u) covering number of F at scale
~ 1/+/k is of the order of exp(c1k) then the richness of a typical coordinate pro-
jection of F' of dimension ~ k originates from the set

o)
Vk

that is, functions in F of L (i) norm at most O (1/+/k). In the second localization,
one shows that the complexity of a typical coordinate projection actually comes
from a further pointwise truncation of the functions in F, and B(L2(w)) in (1.5)
can essentially be replaced by B (Lo (14))—the unit ball in Lo (1t).

This article is organized as follows. In Section 2, we present further prelimi-
naries, most of them concerning subgaussian variables and the y» ¢ functionals.
In Section 3, we develop bounds on the discrepancy of an arbitrary subset of R”.
Section 4 is devoted to the proof of the structural results on coordinate projections
of subgaussian processes and its corollaries, including Corollary B. Theorem A is
proved in Section 5 and its converse and the resulting lower bound on the heredi-
tary discrepancy of a typical coordinate projection is proved in Section 6.

(1.5) Fi=F N —=B(La(n)),

2. Preliminaries. Throughout, absolute constants (i.e., fixed, positive num-
bers) will be denoted by C, c, c| etc. Their values may change from line to line.
We denote by C(a), c(a) constants that depend only on the parameter a and we set
K1, k2, ...to be constants that will remain fixed throughout the article. By a ~ b,
we mean that there are constants ¢ and C such that ca < b < Ca, and we write
b<aifb<Ca.

We will consider a single, fixed Euclidean structure on all finite-dimensional
spaces R" and denote the corresponding Euclidean norms by | - | without specify-
ing the dimension. With a minor abuse of notation, the cardinality of a set and the
absolute value are denoted in the same way.

If E is a normed space, let B(E) be its unit ball, and for E = ZZ we denote the

unit ball by BZ. Ifo=(X1,..., Xz € QF let wr =k Zle dx; be the empirical
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measure supported on o, set Lg to be the corresponding L, space, and for I C
{1,...,k}let Eé be the coordinate subspace of Zg spanned by (e;);er.

The situation we will study here is as follows. Let F' be a class of real val-
ued functions on a probability space (€2, u), let X1, ..., Xi be independent ran-
dom variables distributed according to i and set 0 = (X1, ..., Xi). Let P F =
{(f(X ,-)){.‘:1 :feF}C R* be the coordinate projection of F defined by o and
forevery I C{1,...,k}let P{ F = {(f(X:))ies: f € F} C Rl be the coordinate
projection of F on the subset of coordinates (X;);cy. Sometimes, for the sake of
simplicity, we shall omit the superscript o.

2.1. Subgaussian processes. Here, we will describe properties of sums of in-
dependent random variables that have quickly decaying tails.

DEFINITION 2.1. Let f be a functions defined on a probability space (€2, u).
For 1 <« <2, define the «-Orlicz norm by

. . | f1”
I f Iy, =1nf{C > O.Eexp( o ) < 2}.
For basic facts regarding Orlicz norms, we refer the reader to [2, 19].
It is well known that a random variable has a bounded v, norm for 1 <« <2
if and only if it has a well behaved tail; that is, there is an absolute constant ¢ such
that for every f € Ly, and every t > 1,

Pr(| fl = 1) < 2exp(—ct®/l fIIy,)-

Conversely, there is an absolute constant ¢ such that if f displays a tail behavior
dominated by exp(—t*/K?) for 1 <« <2then || f|ly, <c1K.

There are several basic properties of sums of independent random variables we
require. The proofs of these facts can be found, for example, in [2, 8, 19].

Note that if f has a subexponential tail then its empirical means concentrate
around its true mean, with a tail behavior that is a mixture of subgaussian and
subexponential. Indeed, the following result is a version of Bernstein’s inequality
and shows just that.

THEOREM 2.2. There exists an absolute constant c for which the following
holds. Let (2, u) be a probability space and set f :Q2 — R to be a function with a
bounded 1 norm. If X1, ..., Xy are independent and distributed according to |
then for every t > 0,

y

If a function has mean zero and a bounded 1, norm, one can obtain a purely
subgaussian tail.

1 k
%Zf(Xi)—Ef

i=l

> z||f||wl> < 2exp(—ck min{z?, 1}).
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LEMMA 2.3. There exists an absolute constant ¢ for which the following
holds. Let Y1, ..., Yy be independent random variables of mean zero. Then, for
everyai,...,ar €R,

k
Zai Y;

i=l

k 1/2
5c<2a?||Y,~ ||%,,2> :
1)

i=1

In particular, if (Xi)f:1 are independent random variables distributed according
to ju and f has zero mean, then for every t > 1,

y

where c1 is an absolute constant.

k
> f(XD)

i=l

> tkl/znfn%) < 2exp(—cit?),

In what follows, we will assume that the ¥» and L, norms are equivalent on F
in the following sense.

DEFINITION 2.4. A set F C Ly(u) is L-subgaussian if || f|ly, < LI/ f|lr, and
I f—glly, <LIIf —gllL, forevery f,g € F.

Next, let us turn to the definition of the y» ; functionals [18]. Let (T, d) be a
metric space. An admissible sequence of T is a sequence of subsets of 7', {T}52,
such that |7Tp| = 1 and for every s > 1, |T5| < 22

DEFINITION 2.5. For a metric space (7, d) and an integer so > 0, let

o0
V2.50(T,d) =infsup Y 2°2d(t, Ty),

teT s=s

where the infimum is taken with respect to all admissible sequences of 7. Set
YT, d) = y20(T, d).

Let s : T — T be ametric projection function onto Ty, that is, 774 (¢) is a nearest
point to ¢ in Ty with respect to the metric d. It is easy to verify that for every
admissible sequence, every t € T, and any sg > 0,

3 2 Rd (e (), 7w (0)) < (14 1/v/2) Y 2°72d(1, T)

§=50 $=50

and that the diameter of T satisfies diam(7', d) < 2y»(T, d). Moreover, it is clear
that the y» ; functionals are decreasing in s and are subadditive in 7 in the fol-
lowing sense. Let X be a normed space and consider two sets A, B C X. If
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A+B={a+b:ae A,bec B} is the Minkowski sum of A and B, then for every
integer s,

V2.5+1(A+B,d) <y s(A,d)+ vy (B, d).

There is a close connection between the y, ; functionals with respect to L, norms
and properties of Gaussian processes (see [3, 18] for expositions on these connec-
tions). Indeed, let {G;:t € T} be a centered Gaussian process indexed by a set T
and for every s,t € T define a metric on 7" by d*(s, 1) = E|Gs — G,|2. One can
show that under mild measurability assumptions on 7,

cya(T,d) <EsupG; <oy (T,d),
teT
where ¢ and ¢, are absolute constants. The upper bound is due to Fernique [4]
and the lower bound is Talagrand’s Majorizing Measures theorem [17]. The proof
of both parts can be found in [18]. Thus, the y, functional is finite if and only if
the Gaussian process indexed by T is bounded.
Note that if 7 C R" and G; = }_7_, git; then d(u, t) = |u — t| and therefore

n
(2.1) ciya(T, |- ) <Esup Y giti < coya(T, | - .
teT i=1
Just like y»(T, Lo(p)) determines the supremum of the canonical Gaussian
process indexed by T C La(u) (which we will always assume to satisfy the nec-
essary measurability assumptions), the continuity of that process is determined by
properties of the sequence y» .

DEFINITION 2.6. Let F C Ly(u) be a class of mean zero functions. Set
{Gy: f € F} to be the centered Gaussian process indexed by F with a covariance
structure endowed by L, (u); thatis, forevery f, g € F,EG yGg = (f, 8)L,(n)- We
say that F is p-pregaussian if it has a version with all sample functions bounded
and uniformly continuous with respect to the L, (u) metric.

THEOREM 2.7 [17, 18]. Let {G;:t € T} be a centered Gaussian process and
endow T with the L, metric given by the covariance structure of the process, as
above. Under measurability assumptions, the following are equivalent:

1. The map t — G (w) is uniformly continuous on T with probability 1.
2. limgqusupd(u’t)Ss |Gu - G[| =0.
3. There exists an admissible sequence of T such that

e.¢]
lim sup Y 2°/%d(t, m4(1)) = 0.

Nikd®d
0 teT S=50

In other words, T is pregaussian if and only if lims_, o0 y2,5(T, L2) =0.
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REMARK 2.8. Theorem 2.7 is not proved in [18] but only stated there, and its
formulation in [17] was done using the notion of majorizing measures rather than
with the y»  functionals. Since the proof of the continuity theorem follows from
an application of the Majorizing Measures theorem and since the latter is proved
in [18] using the language of the y»-functional, it is not difficult to convert the
proof of the continuity theorem from [17] and obtain Theorem 2.7. Moreover, as
shown in [17], there is a quantitative connection between the modulus of continu-
ity of {G;:t € T} and the sequence (2 (T, L2));2,. Since we will not use this
quantitative estimate here, we will not formulate it.

Finally, let us define the covering and packing numbers of a metric space.

DEFINITION 2.9. Let (T, d) be a metric space. The covering number of T at
scale ¢ > 0 with respect to the metric d is the smallest number of open balls of
radius € needed to cover T', and is denoted by N (e, T, d).

We set ex (T, d) = inf{e: N(e, T, d) < 2F). (ex) = are called the entropy num-
bers of T'.

Aset A C T is called e-separated if the distance between any two of its elements
is at least e. We denote by D(¢e, T, d) the cardinality of a maximal e-separated
subset of T'.

It is standard to verify that for every ¢ > 0, N(¢,T,d) < D(e,T,d) < N(g/2,
T, d), and thus one can use either one of the two notions freely.

3. The discrepancy of subsets of R". We begin this section with a techni-
cal lemma which is at the heart of the proof of Theorem A. The lemma allows
one to find a good choice of signs on roughly half of the coordinates, while the
error incurred by the choice of coordinates and signs can be controlled using the
geometric structure of 7.

A preliminary result we need has to do with Bernoulli processes—the well-
known Hoffding inequality (see, e.g., [8, 19]).

THEOREM 3.1. Let (&;)]_, be independent, symmetric, {—1, 1}-valued ran-
dom variables. Then, for every a € R" and every t > 0,

Pr(Z gia; > t|a|) <exp(—t%/2).

i=1
Pr(

Let us formulate the main lemma.

In particular,

n
2 eiai

i=1

> t|a|> <2exp(—t%/2).
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LEMMA 3.2. Let

_ | log(e/), if0<t <1,
cID(t)_{texp(—t—i—l), ift > 1.

There exist absolute constants k| and k> for which the following holds. Assume
that (As){2, is an increasing positive sequence tending to infinity, (Qs)S2, is a
positive sequence and n is an integer such that

o0
n
Ay @ < —.
ki g s®((0205)°) = 155
Let T C R" for which 0 € T, set (Ty){2, to be a sequence of subsets of T and let
Ty = {0}. Consider maps s : T — Ty that satisfy that:

(a) foreverys > 1, [{ms(t) —ms—1(t):1 €T} <Ay,
(b) foreveryt € T, limg_, o ms(t) =t.
71 €{=1,0,1}" such that n/4 < l{i :n; = 0}| < 3n/4,

Then, there exists (n;)"
and for everyt € T,

n

Zm’ti
i=1

= Z Oslms (1) — 1 ()]
s=1

The proof is a combination of a chaining argument and the entropy method,
which is frequently used in Discrepancy Theory (see, e.g., [1, 10, 16]). In the
chaining mechanism, one takes the sets 7 to be finer and finer approximations of
the set T and 7, (¢) is a nearest element to ¢ in 7y with respect to the underlying
metric (which is, in our case, the £3 metric).

Recall that the entropy of a discrete random variable X taking values in a count-
able set 2 is

H(X)=— ) polog, po.

weR

where p,, = Pr(X = w). The entropy function H (X) indicates how close X is to
being equally distributed; the more equally distributed X is, the larger H (X) is.
The three facts we will need regarding the entropy are well known and we omit
their proofs. First, if H(X) < K then there is a value of X that is attained with
probability at least 2K Second, if X attains at most k values then H (X) < log, k,
and finally, if X = (X1, ..., X,,) is a random vector then H(X) <Y " | H(X;).
In the entropic argument we will use, each “link” in each chain in 7 is assigned
a random variable X, :{—1, 1} — R that depends on the link and on the chain.
The idea is to show that with probability at least 277", for every «, each random
variable X, falls in an interval I, whose length is at most Qy|| X4 ||z,. One would
like to make these scaling factors Q, as small as possible while still ensuring that
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conditions 1 and 2 hold, since those conditions imply that the intersection of the
level sets of all the random variables X, has the desired measure.

More details on the way entropic arguments have been used in the context of
Discrepancy Theory may be found in [1, 11].

Before presenting the proof, one should mention that a chaining argument was
implicit in Matousek’s result on the discrepancy of a subset of {0, 1}" with a
bounded VC dimension [10, 11].

The first step in the proof of Lemma 3.2 is the following entropy estimate. We
denote by [x] the integer value of x.

LEMMA 3.3. There exists an absolute constant ¢ for which the following
holds. Let a e R", set Z, = }_7_, €;a; and put
Wy = Sgn(za)[lzal]-
Then
o0
— Z Pr(W, =i)logPr(W, =1i) < c®(1/2]al?).
i=—00
PrROOF. By Hoffding’s inequality (Theorem 3.1), for every j € Z \ {0},
pj=Pr(Wy = j) <Pr(Zy = ) < exp(—j*/2lal®).
Also,
po=Pr(W,=0)=Pr(—1 < Z, <1),
implying that

n
> eia

i=1

1—p0:Pr< > 1) <2exp(—1/2]al?).
Consider j € Z for which |j| > \/Elal. Since f(x) = —xlogx is increasing in
[0, 1/e], it follows that for such values of j,
i 2 112
—pjlogp; < weXp(—J /2lal”).
Fix an integer k which satisfies that k > V2 |a| and which will be named later, and
observe that if we set S =} j < pj then

S
- Y pjlogp;<— > ﬂlog(S/2k)=Slog(2k/S).
1<|jl<k 1<|jl<k

Clearly, S < 1 — pg < 2exp(—1/2|al?), and thus, if exp(—1/2|a|?) < 1/e (i.e., if
V2la| < 1), then

Slog(2k/S) =logk +2(5/2)log(2/S) <logk + exp(—1/2|a|2).

2|al?
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Otherwise, Slog(2k/S) <logk + élog(Ze) <1+ logk, implying that

! (—1/2lal), if v2lal < 1
Z pj]ogpj<]0gk+‘2| |2 €xp /2la 1 al <1,

1<|jl<k 1, otherwise.
Moreover,
= 3 pilgpi=2 Y oo |2 exp(—j*/2lal)
ljl=k+1 j=k+1
<2/OO 2 (x/2lal)
exXp(—x a
=) 222
< (k +2la]) exp(—k?/2la|?).
Therefore,

(e e]
— > pjlogpj=— ) pjlogp;—pologpo— ) pjlogp;
j=oc ik 1<171<k

< (k+2lal) exp(—k*/2]al?) +2exp(—1/2lal?)

1 .
+logk + { 2(a|? exp(—1/2lal?), if v2la| <1,
L, otherwise.

Now, consider the following three cases. First, if ﬁlal <1, take k = 1, and thus

— Z pilogp; < |2exp< 1/2lal?).

J =0

If 1 <+/2|al <e set k to be a suitable absolute constant and if v/2|a| > e, put
k ~ |a| log(\/z |a]). Therefore, in both these cases

o0
— 3" pjlogpj < calog(v2lal),

j=00

and our claim follows. [

PROOF OF LEMMA 3.2. Without loss of generality, assume that 7 is finite.
Recall that 0 € T and that 7o = {0}, consider the sets T, and the maps 75 : T — T,
let Ag(t) =ms(t) — my—1(t) and put Ay = {ms(t) — my_1(t):t € T}. Let (A5)$2,
and (Qy);2, be as in the assumptions of the lemma and set (&;)?_, to be indepen-
dent, symmetric, {—1, 1}-valued random variables.
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Consider the Bernoulli process t — Z; = >, &;t;. Since Z, is linear in ¢ and
mo(t) =0, then forevery r € T,

o0 o0 00
t:ZAs(t) and Zt:ZZﬂ.Y(Z)_Zﬂx—l(t)=ZZAS(t)'
s=1 s=1

s=1
For every s > 1 and u € A define

Wu,s ==

Z - -
—M, Wu,s =Sgn(Wu,s)[|Wu,s|]-
lu| Qs
Observe that (W, s)uea,, s=1,2,... is a vector that takes a finite number of values.
Since the entropy is subadditive then

o0

H((Wi)iueAgs=1,2,..)<> > HW,,) = ().

s=luel;

Suppose that one can find (Qy){2; for which (%) < n/100. By the properties of the
entropy, this implies that there are numbers {¢, s € Z:u € Ag,s = 1,2, ...} such
that

3.1 Pr((gl)” (YuelAg,s>1, W, s=4,, Y) Pr(A) > n—n/100.

Since |A| > 20991 there will be at least two vectors (&i)7_, and (8 )i_, in A that
differ on at most 3n /4 coordinates and on at least n/4 of them. The desired se-

quence will then be (n;)!_; = fi 28’ *_,- Indeed, for u € Ay,
1 n n
iui| =5 > eiui — Y ejui| < Qslul,
i=1 i=1
implying that every ¢ € T satisfies
1 ZZm(A (0)i] < Z Qs|As (1))
s>1i=l1

Hence, to complete the proof, it remains to show that for a sequence (Q;)72,
that satisfies the assumptions of the lemma, (*) <n/100. Applying Lemma 3.3 for
a =u/lu|Qs, and since 1/2]a|> = Q2/2, it is evident that H(W, ;) < ®(Q?/2).
Thus,

o0

.Y H(Wyy) <Z|A | sup H(W, s><2x ®(Q7/2),

s=luel; s=1 UeA; s=1

proving our claim. [J

We will apply Lemma 3.2 in two typical situations. The first case will lead to
a bound on the discrepancy of a set using the y» ; functionals of the set and of its
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coordinate projections. The second will result is an entropy integral type bound,
presented in Section 3.1, which will then be used to re-prove Spencer’s result on
the discrepancy of a finite set system [11, 16] and MatouSek’s VC theorem [10,
11].

Corollary 3.4 below will play a central part in the proof of Theorem A. Since it
follows from a simple computation, we omit its proof.

COROLLARY 3.4. There exist absolute constants k3, k4, k5 for which the fol-
lowing holds. Let T C £%, assume that 0 € T, set s, = max{s : 22! < k3n} and
put Ty to be a collection of subsets of T with |Ty| < 2% . Then, if

exp(—K5n1/2), ifs < sp,
Os=kK41q 1, ifs =sp,
25/2, if s > sp,

there exists (n;)}_; € {—1,0,1}"" such that n/4 < [{i :n; = 0}| < 3n/4, and for
everyteT,

<Y Oslms(t) — 751 (1)),

s=1

n
thi

i=1

where 14(t) is a nearest point to t in T;.

3.1. An entropy integral argument. In this section, we will prove an analog
of Dudley’s entropy integral bound (see, e.g., [8, 18]) in the context of discrep-
ancy. The entropy integral is often used to upper bound sup,.7|> 7_; €;ti| for
a typical (&;)7_;, but here we will present a modified version that allows one
to control infy sup, .7 |>7_; nit;|, where the infimum is taken with respect to all
n=mi’_, € {—1,0,1}" for which roughly half the coordinates are nonzero.

Let T C ¢35 and recall that for every ¢ > 0, D(¢) = D(e, T, £3) is the cardinality
of a maximal e-separated subset of 7. Also, set

log<eDn(8)>, if D(e) > n,

exp(— /ﬁ—l—l), if D(e) <n.

THEOREM 3.5. There exist an absolute constant c¢ for which the following
holds. If T C £5 and O € T, then there exist (n;)7_; € {—1,0, 1}", such that n/4 <
{i:n; =0} <3n/4 and for everyt € T,

n diam(T")
Zﬂifi 50/ u(e)de.
i—1 0

ule) =

(3.2)
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REMARK 3.6. Recall that Dudley’s entropy integral bound shows that

diam(T")
<c log D(¢)dse,
<el fo Jlog D(e)

for a suitable absolute constant c;. Clearly, this entropy integral may be consider-
ably larger than the quantity we have in Theorem 3.5. It is also evident that if one
could iterate Theorem 3.5 for the set P;T C Z‘le, where I = {i : n; = 0}, and con-
tinue in the same manner, then one would likely improve upon the bound resulting
from the standard entropy integral bound that holds for a typical choice of signs, if
indeed distances in P;T shrink relative to distances in 7.

n

E sup
teT

&il
1

i=

The proof of Theorem 3.5 is based on Lemma 3.2. It requires two additional
simple results. Since their proofs are standard, we shall not present them here.

LEMMA 3.7. There exist absolute constants cy, ¢y, c3 and cq for which the
following holds. Let T C €}, set vy, to be the largest integer s satisfying 2° < cin
and define

C22sv l:fs S Vn’
As = 287vn—1 ;
c3n2 , if s > vy,.

Then conditions (a) and (b) of Lemma 3.2 hold if one selects

_ exp(—2- 2(5*”")/2), if s < vy,
QS C4 { 2(5‘—1),,)/2’ l:fs > ,.

LEMMA 3.8. Let g and f be nonincreasing, nonnegative functions and let
(8s)§'1:0 be a decreasing sequence. If for every s > 1, g(es—1) > f(&s), and if there
is o > 0 such that for every s > 1, f(e5) — f(e5—1) = af (&5) then

/ "e(e)de +enflem) > a D fle)est.
Em s=1

PROOF OF THEOREM 3.5. Let (A,){2; and (Qy)$2, be as in Lemma 3.7.
Without loss of generality assume that 7" is a finite set and define the sets T it-
eratively, as follows. Set m to be the first integer such that |T'| < A, let Ty =T
for s > m and set &, =0. Form — 1, let ,,_1 = inf{e : D(¢, T, £5) < Ajy—1} and
put 7,1 to be a maximal ¢,,_1-separated subset of 7, whose cardinality is at
most A,,—1. Continue in this way to construct the sets 7T fors =m — 1, ..., 1. For
every s, let 5 () be a nearest point to w4 (¢) in Ts.

Let s < m, and since the sets T are nested, then |{mr;(t) —ms_1(t):t € T}| < |Ty|

and |7 (t) — ms—1(t)| < e5—1 for every t € T. Therefore, applying Lemmas 3.2
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and 3.7, there is a choice (1;)7
such that forevery t € T,

n m
> niti| < q(Z exp(—2- 20 2)e 1+ 3 2(5“’")/2&—1).
i=1

s<vy, S>>V,
It remains to bound the sums in (3.3) by the appropriate integrals, using Lem-
ma 3.8. First, for s > v, let

L €{=1,0,1}" with n/4 < |{i:n; = 0}| <3n/4

(3.3)

m m
fe)= Z 2(S7V")/21(€s+1,83]7 g(e) = Z Z(Sivn)/zjl(es,ss_l]'
s=v,+1 s=vp+1

Clearly, in [&, €,] = [0, &,,], f and g are nonincreasing and nonnegative, for
every ¢ in that range

f(e) <g(e) <V2f(e) Su(e),
and the conditions of Lemma 3.8 hold. Since ¢, = 0, then

m &n
> 20 5 [ ate.

S>Vy

For the other term in (3.3), if s < v,, then 2° ~ A; < D(g,) and the sum is estimated
in a similar way. [

3.1.1. Spencer’s theorem. Letus show how Theorem 3.5 can be used to prove
a version of Spencer’s celebrated result from [16] (see also [1, 11]).

THEOREM 3.9. There exists an absolute constant ¢ such that if T C BY, is of
cardinality m > n, then

disc(T) <c nlog<@>.
n

PROOF. Without loss of generality, assume that 0 € 7. Using the notation
of Theorem 3.5, for every ¢ > 0, u(e) < /log(em/n), and since T C B}, then
diam(T') < 4/n. Hence, there are mi)i_; € {—1,0,1}" for which n/4 < |{i:n; =
0} <3n/4 and forevery t € T,

" NG
iti| = V1 de <c14/nl .
;nt <01/0 og(em/n)de < cy /nlog(em/n)

Now the result follows by repeating this argument for P;, T, where Iy = {i:n; =
0}, ansoon. [J
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3.1.2. Matousek’s VC theorem. A well-known measure of complexity for sub-
sets of {0, 1}" is the VC dimension of the set (its real value counterpart will be used
in Section 6).

DEFINITION 3.10. LetT C {0, 1}". Wesay that o C {1, ..., n} is shattered by
T if P,T = {0, 1}°—that is, if the coordinate projection P, T = {(t;)ics:t € T}
is the entire combinatorial cube on these coordinates. Define VC(T') to be the
maximal cardinality of a subset of {1, ..., n} that is shattered by T'.

In [10], MatouSek proved that the discrepancy of a VC class is polynomially
better than could be expected from a random choice of signs. He obtained the best
possible estimate for the discrepancy of VC-subsets of {0, 1}"* as a function of the
dimension 7.

THEOREM 3.11. For every integer d, there is a constant c(d) for which the
following holds. If T C {0, 1}* and VC(T) < d, then disc(T) < c(d)n'/?>~1/%4,

To prove Matousek’s theorem, recall the following fundamental property of a
VC class, due to Haussler [7].

LEMMA 3.12. If T C{0,1}" and VC(T) < d, then for every I C {1,...,n}
and every 0 < & < |I1]'/2,

! |I|1/2 2d
D(e,PIT,EpSc(d)( ) ,

where c(d) is a constant that depends only on d.

PROOF OF THEOREM 3.11. Again, we may assume that 0 € T and view T
as a subset of R”. Let &, = inf{e: D(¢) < n}. Therefore, &, < c1(d)n'/?>~1/24,
A change of variables shows that

En
/ log(eD(e)/n)de < ca(d)n'/>=1/24,
0
diam(7T)
exp(—/n/D(&))de < co(d)n'/?—1/24,
[ ew(=n/p@)de <caia)

Hence, there is a choice of (n?)?zl € {—1,0, 1}" such that forevery t € T
n

Z 77?1‘1'

i=1

and if we set I} = {i :nl.l =0} then [/;]| < 3n/4. Since VC(P;,T) < d then repeat-
ing the same argument for the set Py, T, there are (nl.l),-e n €{—10, 1}1 ! such that

< C3(d)n1/2_1/2d,
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foreveryt €T, |Ziell nilt,-| < c3(d)| 11|/~ 1/24 and so on. Therefore, there is a
choice of signs (¢;)!_, such that forevery t € T,

n
ZSili

i=1

<c3(d) Y |17V < cq@yn' P72,
J
where we have used the fact that for every j, [1;| <3|I;_1]/4. U

The proof of Theorem 3.11 illustrates once again the main property we used to
bound the discrepancy of a subset of R”. It is not enough for the set to be small in
the sense of its metric entropy; what is needed is additional control on the “size”
of all of the set’s coordinate projections. One way of controlling those coordinate
projections is by taking into account information about the position of vectors in
the set, since coordinate projections of vectors in a good position shrink norms and
mutual distances.

4. A decomposition theorem for subgaussian processes. It is clear from our
estimate on the discrepancy of aset 7 C R" that it would be useful to control the Eé
distances between points in T for every I C {1, ..., n}—that is, distances between
coordinate projections of elements of 7. One would be able to obtain a good bound
on disc(T) if T is not too rich and if for every I C {1,...,n} and every x,y € T,
lx —yll ¢ is significantly smaller than [|x — y|| e Unfortunately, usually this is not
true even for a single vector z = x — y. Indeed, if z is supported in I then | z]| ¢
does not “shrink™ at all. On the other hand, if the coordinates of z are roughly
equal, then the coordinate projection onto any [ shrinks the norm of z by a factor
of (|11/m)'/.

It is well known that a strong shrinking phenomenon is exhibited by vectors in
a general position. In this section, we will show that if a class of functions F is
L-subgaussian, then a shrinking phenomenon happens for a typical set

T =P F={(f(X0))i_: [ € F},
uniformly for all coordinate projections of 7.
4.1. Shrinking for a single function. As a starting point, let us describe the
so-called “standard shrinking” phenomenon for a single function f. Let f be a

function for which || flly, < L|l fl1,. Then, concentration implies that with high
probability,

1 k 1/2
£ = (sz%Xi)) ~ £z,
i=1

However, as we mentioned above, the shrinking phenomenon one needs here is
more general—that for every subset I C {1, ..., k}, the Lé norm of f is upper
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bounded (possibly up to a logarithmic factor) by || ||z, (which translates in the £»
normalization to the shrinking of the norm). The following lemma shows that this
stronger claim is true as well whenever f is L-subgaussian.

LEMMA 4.1. Forevery 0 <8 <1 and L > 0, there is a constant c(3, L) for
which the following holds. If || f |y, < L f|l, then for every integer k, with prob-
ability at least 1 — 6, for every I C {1,...,k},

IF Nz = e, L)ylog (ek/IIDIS L,

PrROOF. Fixkand/ C{1,...,k}. Since ||f2||¢] = ||f||%02, then by Bernstein’s
inequality, for every ¢ > 0,
> X)) —Ef?

( 1
Pr| |—
iel

7]
Let m < c1k and recall that there are at most (ek/m)™ subsets of {1,...,k} of
cardinality m. Hence, it suffices to take t = §(§) log(ek/m) > 1 and obtain that
with probability of at least 1 — 2exp(—coBm log(ek/m)), for every subset I of
{1,..., k} of cardinality m,

1 12
@n = (5 X LM) = a®Lflogek/mi i

iel

= 1713, ) = 2exp(—cold minte” 1)

Therefore, summing the probabilities with respect to m, it follows that for the
correct choice of 8, with probability at least 1 — §, (4.1) is true for all subsets of
{1, ..., k} of cardinality at most c;k. The claim now easily follows. []

4.2. Shrinking for a class of functions. When one attempts to generalize this
simple shrinking argument to a class of functions, one faces a problem: the proba-
bilistic estimate obtained in the proof of Lemma 4.1 does not allow one to control
many functions simultaneously. Thus, a naive extension of that result is simply too
weak to lead to a function class analog of the shrinking phenomenon.

To formulate the shrinking phenomenon for an L-subgaussian class of func-
tions, let us recall some notation. For any two sets A and B in a vector space,
A+ B={a+b:aec A,be B}, and for a class of functions F, a random sample
o=X1,...,Xp)and I C{1,...,k},

P, F={(f(X))_:feF},  PF={(f(X))ie1:f€F).

For every integer m, let W, = {x € R’":x}k <1/Jj,j=1,...,m}, where
()c;-‘)’]’.’:1 is a monotone nonincreasing rearrangement of (|x j|)7’:1. Thus, W, is
the unit ball of the weak £, space Z?, - Denote by Vj, the collection of all subsets
of {1, ..., k} of cardinality at most m and set t,, to be the smallest integer s such

that 2%’ > exp(m log(ek/m)) = |Vpy|.
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THEOREM 4.2. Forevery (0 < § < 1 and L > 0 there exist constants c1, c3, C3
and ko depending only on L and § for which the following holds. Let F be an L-
subgaussian class of functions and assume that for each f € F, Ef = o for some
a € R. Then, for every integer k and every m < k, there are sets F|" and Fy' C F
with the following properties. First, F C F{" + F}"; second, with uk-probability of
atleast 1 — 6, ifo = (X1, ..., Xi) then:

1. For every integer m <k and every I C {1, ..., k} of cardinality m,
P{F{" C c12,7, (F, L2) Wiy

2. Forevery f,h € F}' and every I C {1, ..., k} of cardinality m,

If = hll ;= coy/loglek/m) || f = RliL,-

3. If k > ko then for every m < c3k and every f,h € F}*,

If = hilL, < V2If = R,

The way Theorem 4.2 should be understood is as follows. Consider a typical
o =(X1,..., Xx) and let T = P, F C £5. Then, for every I C {1, ..., k} the fur-
ther coordinate projection satisfies P;T C P;Ty + P;T» where T, T, C Eé depend
only on the cardinality of / and not on [ itself, and 7> C T. The set P;T; cap-
tures the “peaky” part of P;T and is contained in a relatively small set: a ball
in €7 oo Whose radius depends on the “complexity” of the class F. The set T
consists of vectors that satisfy the desired shrinking property. Indeed, for every
(f(X)E_;, (h(X;)_, € T» and every I C {1,...,k} of cardinality m one has

12
(Z(f(x,-> - h(X»)Q) < c1/mlogek/m)Ilf —hllL,
iel
_ . 12
< €3~ log(ek/m) (Z(f(Xi) - h(Xi))z) :

i=1

where the last inequality holds if m < c3k.

PROOF OF THEOREM 4.2. Fix an integer k. For every integer m < k, let
(Hs,m)s2,, be an almost optimal admissible sequence of F with respect to
Y25, (F,¥2), and set /" to be the metric projection onto Hjy ,, with respect to
the vr» norm. For every such m we will construct two sets of functions, F}" and
F3" such that F C F}" + F3" as follows: let F{" = {f — ]! (f): f € F} and set
F' = {n;"m (f): f € F} [and from here on we will omit the superscript m and write
ms(f) instead of 7" (f)]. Note that this choice of decomposition depends only on
m and does not depend on k.
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For every I € V,, set Z} =Y ie;(f(X;) —Ef) and observe that

2= Za (= 22 Zaip)~ Zaan = Do 2 (m@() = w1 (H) (X0,

S>Tp, $>Tm iel

since the expectation of all the functions in F is the same. Thus, for every f € F,
s (f) — mg—1(f) has mean zero, and for every s > 7, and every ¢ > 1,

o

Let t = u2%/2 for u > ¢y, where ¢; is a constant to be named later. Because of our
. +1
choice of s, |V, <22 and |Hs |- | Hs—1,m| < 22" and thus

Pr(3f e F. 1€ Vy: |Z7[Ts(f) - ZJITs—l(f)| z u2s/2||ns(f) = 751 (Nlly,VI11)

D (e (f) — 71 ()

iel

>t (f) — n“(f)nwzm)

< Zexp(—cotz).

22Vl - 2exp(—cou?2®) < exp(—cau2").
Hence, summing over s > 1,,, it follows that with probability at least

1-— Z exp(—c2u22s) >1-— exp(—C3u22’m),

§>Tpy

for every f € F and every I € V,,

Z(f — Ty, (f))

iel

<uVI1Y 227 (f) = o1 (Ol

S>Tp,

Summing the probabilities for all possible integers 1 < m < k and noting that for
every 1 <m <k, 2™ 2 mlog(ek/m), it is evident that for u > ¢; there is a set
A c QF with probability at least 1 — exp(—c4u?) for which the following holds.
For every (X; ) _1€A,every 1 <m <k,every h € F{" and every I € V),

<2u/|Iy2,, (F, ),

iel
where we have used the fact that (Hs,m)?ifm is an almost optimal admissible se-
quence with respect to y2 r,, (F, ¥2).

Fix (X1,....,Xp) e A, 1 <m <k, I C{l,...,k} of cardinality m and h € F[".
Consider the sets I+ ={i € I :h(X;) >0} and I = {i € I : h(X;) < 0} and note
that both are in V,,,. Since x1/2 s increasing, then on the set .4

(4.2) > (X)) < 4u Iy, (F, $2).

iel
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In particular, if (h} f.‘zl is a nonincreasing rearrangement of (|4 (X ,~)|)f.‘:l then by

(4.2) applied to the set I; consisting of the j < m largest elements of (|2(X;) I)Z“:1 ,

A .
h% < 3 Y hi< ) ~4uj' vy 0, (F, 2) <4Luys ,, (F, L)/
i=1
thus, Py F{" C4Luy> v, (F, L) Wy,.

Turning our attention to the sets F;", we will show that with high probability,
for every 1 <m <k and every I C {l1,...,k} of cardinality m, the coordinate
projection Pj:(Fy', Ly) — (F,", Lé) has a well behaved Lipschitz constant. To
that end, fix 1 <m <k, set G, ={|f1 — f2|: fi € F}"} and recall that for every
function g, || gZ||¢,l = g||%”2. Hence, by Bernstein’s inequality, for every g € G,
and every t > 1,

|

Let E, be the collection of subsets of {1,...,k} of cardinality m. Since
Gl < |F? < 22" and |Ep| < |Vin| < 22", then by taking u > cs and
t =ulog(ek/m) > 1,

1
Pr(EIg €Gm, 1 €Epy: ‘— > g% (X)) — Eg?
m

iel

1 m
— > ¢*(X;) —Eg?
m

i=1

> r||g||%02> < 2exp(—commin(t%, 1)).

> ||g||izulog<ek/m>)

21m+2
<2 exp(—coum log(ek/m)) < exp(—ceumlog(ek/m)).

Summing over all possible 1 < m <k, there is a subset B C Q* of probability at
least 1 — exp(—c7u) on which the following holds. For every 1 < m <k, every
fi, f2e F" andevery I € E,,,

It = f2l7y <11 = fallZ, + wlog(ek/m)Lfi = fal,

<2L%ulog(ek/m) - || fi — f2||%2-

Thus, fix a “legal” choice of u for which Pr(AN B) > 1 — §/2. Since both (4.2)
and (4.3) hold on that event, the proof of the first and second claims is evident.

For the third part, fix + < 1/2 to be named later. Again, by Bernstein’s
inequality and since F is L-subgaussian, then with probability at least 1 —
2|F£"|2exp(—cokt2), forevery f1, f € F)"

Ifi = fallz, < WA = Lol + L2 fi = fIIL,-

Thus, taking t = 1/(2L2), for k > ko(6, L) and m < cg(L)k, it is evident that with
probability at least 1 — 2exp(—cy(L)k) > 1 —§/2, for every f1, f» € F}",

Ifi = fallz, <2061 = falis

4.3)

as claimed. O
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4.3. Shrinking properties of the y» ¢ functionals. The first corollary of Theo-
rem 4.2 we shall present here is a shrinking property of y» s (F, Lé).

THEOREM 4.3. For every 0 < § < 1 there exists a constant c¢(8) ~ log(2/6)
for which the following holds. Let F be an L-subgaussian class of functions on
a probability space (2, ) and assume that for every f € F, Ef = a for some
a € R. Then, with probability at least 1 — §, for every I C {1, ..., k} and every
integer s that satisfies 2° < |I|log(ek/|I]),

Va.s+1(F, L3) < c(8)Lys s (F, Ly),/log(ek/|I]).

Before proving Theorem 4.3, recall the following well-known result on the ex-
pectation of a monotone rearrangement of independent standard Gaussian vari-
ables (see, e.g., [3, 6]).

LEMMA 4.4. Let (g))}_, be independent standard Gaussian variables and
denote by (g7)!_, the nonincreasing rearrangement of (|g;1)i_,. Then,

Vlog(2n/i),  ifi <n/2,
Egf ~ [ i o
, ifi >n/2.

n—+1

Moreover,
m 172
(EZ(g:‘)z) ~ /mlog(en/m).
i=1

PROOF OF THEOREM 4.3. Fix 0 <8 < 1 and let the sets A, B € * be as in
the proof of Theorem 4.2. Take any (X1,..., Xx) e ANB,let I C{l,...,k}and
set m = |I|. Since P;F C P F{" + P/ F}", then by the sub-additivity of y, it is
evident that for every integer s,

Va1 (Fy LYY < yas(FI', LYY + 90 o (FI, LY.

By (4.3), the mapping Py : (F}', Ly) — (F}', Lé) is a Lipschitz function with a
constant c(8) L (log(ek/ m))'/2. Therefore, recalling that Fy" C F,

Vo (F', LY) < c1y/log(ek/m)y, s (FY', L2)
<cyy/logek/m)y, s(F, L2),

where ¢; = c¢1(L, §) ~ Llog(2/8). To conclude the proof, observe that by The-
orem 4.2, P F{" C ByWy;,, where By, = c2(L,8)y2,1,(F, L) and W, = {x €

R™:x¥<1/Jj,j=1,....m}.

4.4)
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Since the y» ¢ functionals are monotone with respect to inclusion and are de-
creasing in s, and since ||x||L§ = |I|~1/2|x| for every x € R™ then

Y2(Wan, |- 1)
g

Applying the Majorizing Measures theorem and Lemma 4.4

yas(F", LYy < yo(FI", L)) < By,

Y2 (W,|-]) < c3E sup Zgzwz —631@2\/- car/m.

wer 1

Hence, for every s, yzys(Flm,Lé) < c4B,,, implying that for every s < t,
Ya.s (F1", Lé) <c5(L, 8)y2,s(F, Ly). Combining this with (4.4), it follows that for
every I C{l,...,k},

Va.s+1(F, LY) < c6(L, 8)\/log(ek/|1))y2,s(F, L2),

as claimed. [

REMARK 4.5. The proof of Theorem 4.3 yields a stronger result than the one
formulated. It shows that with probability 1 — 4§, forevery I C {1, ..., k} and every
s >0,

V2.5+1(F, L) < (L, 8)(v2.z, (F, L2) +y/log(ek/ |1y, (F, L2)).

Observe that in some sense, the range s < 7j7| [i.e., 2° < |I|log(ek/|I|)] is the
interesting range of s, since

. 1
y2.5(PYF, | -]) < diam(P{ F, | - |)y2.s(BY', ] - ),

which decreases exponentially in s for 2° > ¢ |].

Another outcome of Theorem 4.2 was formulated as Corollary B in the Intro-
duction.

COROLLARY 4.6. For every 0 <8 <1 and L > 0, there exist a constant
c(8, L) such that the following holds. Let u be an isotropic, L-subgaussian mea-
sure on R", set (X ,-)f-‘zl to be independent, distributed according to . and consider
the random operator I' = Zf-‘zl(X,', Sei. If T CR" and V =k~ '/°’T'T, then with
uk-probability at least 1 — 8, for every I C {1, ...k},

> givi| <e(L, 8),/Ulog<ek/|1|>Esup
teT

iel
where the expectation on both sides is with respect to the Gaussian variables.

Zgztz

i=1

E sup

veV

k]




DISCREPANCY, CHAINING AND SUBGAUSSIAN PROCESSES 1011

The proof of Corollary 4.6 follows from Theorem 4.2 and the Majorizing Mea-
sures theorem.

PROOF OF COROLLARY 4.6. Since u is an L-subgaussian measure on R”,
each ¢t € R" corresponds to a function f;(x) = (¢, x), f;:R" — R, for which
| filly, < Llt]. Let F ={f;:t € T}, set Q =R" and put 0 = (X1,..., Xy) € Qk
for which the assertion of Theorem 4.2 holds.

Fix I C{1,..., k} of cardinality m. Since F is a class of linear functionals, the
decomposition of F' given in Theorem 4.2 actually implies a decomposition of T’
which we denote by 7|" and T,". Thus, foreveryt € T, t = t'+1% wheret' € "
fori = 1,2. Since Py F = {(fi(X;))*_,:1 € T} =TT then

1
Zgivi =

= E sup
iel

te

iel

E sup

veV

Clearly, forany u,ve T,
fu = follpg =m™ UKo — o))l and | fu = follz, = llu = vlleg,
and by the shrinking property of 7", for every u, v € T,*,
1/2
1, Xi))izy = (s Xi))izy llgg < c1(L, 8)(mlog(ek/m)) P flu — vllen-

Therefore, by Slepian’s lemma (see, e.g., [8]) and since 7," C T,

> g7, Xi)| < e1(L. 8),) = log(ek/m)Eyg sup
k teT i=

n
2
Zgiti
icl =1

<ci(L, ), % log(ek/m)E, sup
teT i=

n
Zgili
=1

Also, recall that P F{" C c2(L,8)y2,1,, (F, L)Wy, and, just as in the proof of
Theorem 4.3 and by the isotropicity of u,

va(P7FI', |- D) < e3ya,0, (F, Lo)V/m < c3y2(F, La)v/m = c3pa (T, | - )/ m.
Applying the Majorizing Measures theorem,

1
—E, su
N

v2(T, |- 1) < c4Esup

k]

n
Zgiti

teT |;—1
and thus
LEsup Y gt X'>'<C—4V2(P"F'" |- D
Vi rerlig T T T e

n
Zgiti

i=l

’

[m
<cs5,/—Esup
kter
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as claimed. [

To put Corollary 4.6 in the right context, even if one considers the case where
1 18 the canonical Gaussian measure on R”, the standard concentration estimate
for the norm of a Gaussian vector around its mean (used in [14] to prove the result
for I ={1, ..., k}) is not strong enough to allow a uniform control over all subsets
of {1,...,k}. What allows one to bypass this obstacle and obtain a result even
in a subgaussian setup (in which case such a concentration result does not exist,
and thus, even the result for / = {1, ..., k} is not obvious) is the application of a
cardinality-sensitive deviation argument rather than a concentration based method.

Note that the logarithmic term in Corollary 4.6 cannot be removed. For exam-
ple, if 7 = {t} and p is the canonical Gaussian measure on R" then the vector
(X, t))i-‘: | has the same distribution as |t|(§,~)f-‘:1, where (g,-)ﬁ.‘:l are independent
standard Gaussian variables [that are also independent of (g;)?_,]. Recall that E,,
is the collection of subsets of {1, ..., k} of cardinality m and observe that

S| ~Bx up (06007)

iel TeEn Njeg

1/2 m 1/2
— s (Se7)  =s(Ser)
i=1

T€Em Njeg

Ex sup Eg

I1€E,

~ |t]y/mlog(ek/m),

where the last assertion is the second part of Lemma 4.4. Therefore, with proba-
bility at least c1, there will be some I € E,, for which

1
— Zgi(Xi,l)‘ ZCQIII\/W,

Eg
\/% iel

showing that indeed, one cannot remove the logarithmic term.

5. Proof of Theorem A. As we explained in previous sections, our method of
selecting signs in a way that is better than choosing typical signs depends on two
properties. One is that the complexity of the set (as captured, e.g., by y2 s or the
metric entropy of the set) is small, and the other is that the set is in a good position
(e.g., if coordinate projections shrink the set’s complexity). Our results thus far
indicate that for a subgaussian class and a typical o = (X ,-)f-‘: 1» Po F is essentially
a set in a good position. Thus, it seems likely that the ability to choose signs that
outperform the typical behavior of signs will be governed solely by the complexity
of F. As Theorem A, which we reformulate below, shows, this is indeed the case.

Although the proof of Theorem A is rather technical, the basic idea behind it
is simple. It follows from a combination of the two main results of the previous
sections. First of all, that a typical coordinate projection of a subgaussian class
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is contained in the Minkowski sum of a small set and a set that satisfies a strong
shrinking property. Second, that the discrepancy of sets that satisfy a shrinking
property may be bounded in a nontrivial manner using their metric complexity.

THEOREM 5.1. Forany 0 <8 <1,0< p <1/2 and L > O there are con-
stants ¢\ and ¢y that depend on §, p and L and for which the following holds.
Let F C Ly(p) be an L-subgaussian class, consisting of mean zero functions.
Then, for every k there is a set Ay C QK with /*(Ay) > 1 — 8 such that for every
X1,...,Xp)e Ay andevery I C {1, ...k},

S

iel

<vlay,

inf sup
(&i)ier fer

where for everyn <k

logk
<C1<)/2 log, log, (con) (F's L2) - /1og(ek/n) + diam(F, L7) 1/% p)

Before proving Theorem 5.1, let us recall the following notation. For every
. . . 2s+1
integer m, s, is the largest integer s such that 2 <i3m. If m <k, then 1,
is the first integer for which 22 > exp(m - log(ek/m)). In particular, for every
1 <m <k, 1, >log,log, k (but of course, 7, could be much larger). We will also
say that for 0 = (X1, ..., Xx), a function class F satisfies the shrinking property
onl C{l,...,k} with a constant c if for every f,h € F,

If =Rl g = cflog(ek/ITDNf = RliL,-

PROOF OF THEOREM 5.1. Fix 0 < § < 1 and consider 0 = (X1, ..., X¢)
for which the assertions of Theorem 4.2 hold. Fix any integer n < k and let
Ip C {1,...,k} be of cardinality n. Using the notation of Theorem 4.2, we may
decompose F C F|' + F;', where PI‘;Fln C c1Y2,5,(F, L)Wy, Fy C F, and F)
satisfies the shrinking property on every I C {1, ..., k} of cardinality n with a
constant ¢ = ¢(L, §)—and in particular, it does so on [j.

For every f € F, choose f| € F|' and f> € F}' such that f = fi + f>. Hence,
for every (;)ier, € {—1,0, 1}Y0 and any f € F,

donif

iely

<c1ya.1,(F, Lo)y/n +

Zm

i€l

Let (Fy);2, be an admissible sequence of F)' which will be specified later and
set 5 ( f2) to be a nearest point to f in Fy. As in Corollary 3.4, if

1, if s =5y,

exp(—xsnl/z), if s <s,,
Q; =Ky
25/2, if s > sy,
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then there exist (1)ics, € {—1,0, 1}0 such that n/4 < |{i:n? = 0}| < 3n/4 and
for every (f2(Xi))iel, € PR F5,

> )

iely

=2 Qs (f2) = w1 () -
s=1

Since functions in F;' satisfy the shrinking property with a constant c, then for
every f € F}

ll7zs (f) — ﬂs—l(f)”éo < cynlog(ek/n)llmy(f) — ws—1 ()L,

implying that
> 0 f2(X)| < cy/nlog(ek/n) ZQ |75 (f2) — w51 ()IL, -
i€l

Let I1 = {i € Ip:n; = 0} and continue in the same manner: first decompose
FCF 1|11| + lelll, then apply the fact that Pg F 1“1' is contained in an appropri-
ate weak ¢; ball, and finally, since F, 11l satisfies the shrinking property on I, use
Corollary 3.4 again, and so on.

As a result of iterating this argument, there are nested subsets of {1,...,k},
(I ] —o> With |[Ip| = n and of cardinalities

T§|J+1| — 1], 1 <|7j,| = 10,

and vectors (nij)ielj e {—1,0, 1}/, such that iy ={i: nij = 0} with the following
property. For every 0 < j < jp, let

' exp(—ks|1;]'/?), if s <sy1),
Q§=K4 1, 1fs=S|1j|,
2/2 ifS>S|]j|,

and for every f € F, fzflj —|—f2j, flj € Fllljl, fz;j € lelj one has

>

i€l

<ZQJIIﬂs(f2)—m 1(f2)llz +e1Ujlva.q, (F, La)

s=1

<c/I1jllog(ek/|1}]| ZQJIIm(fZ)—m 1D,
+C1\/|I VZ‘L’”‘(F LZ)
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Therefore, there are signs (¢;)!_; € {—1, 1}" such that,

sup
feF

3 e f (X))

i=1

Jo

(5.1) <cZ\/1 |log(ek/|1]| )SUPZQJIIJTS(f) T 1(HllL,

Jo
+e1 )\ Hjly2m, (F. L) + codiam(F, L) log(ek),
j=0
where the last term comes from a trivial estimate on the discrepancy of a projection

of F onto the set of coordinates {i € I} : 171-]0 = 0} and the shrinking phenomenon.

To complete the proof, one has to bound (5.1) from above. To that end, set
bj =11I;| and recall that (1/4)/n < bj < (3/4)/n. To estimate the second term in
(5.1), since bj > 1 then 7, > log, log, k. Therefore,

Jo
Y 1j1y2,z, (F, L2) < c38/nY2 log, log, k (F, L2).
j=0
Turning our attention to the first term in (5.1), for every 1 < £ < s, let Uy =
{j LS = £}, set bZ =max{b;:j € U} and b, =min{b;: j € U,}. In other words,
Uy, consists of all the integers j for which s 1| = Sh; = L b;’ is the largest cardi-
nality of such a set and b, is the smallest one. Since
/<37122Hl

<b; <b} <minfx; 227 n},

then for every j € Uy, the sequence (Qﬁ) s>0 satisfies

exp(—ksky 12 226) ifs < ¥,
Q) <ks4{1, ifs=4¢,
2‘/2, if s > £,

and we denote this sequence (Qf)s>o. Since b; decays exponentially, then

Jo 00 )
> JUjlog(ek/| 1) sup D Ol (f) — w1z,
j=0 JeF 4=
= Z Y \/bjlog(ek/b)) sup Z 07 (f) = ms—1(HlL,

t=1b;eU,

Sn

< C4Z,/b+ log(ek/b}) sup Z Ol (f) = 71 (Pl L,
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Set dy = ,/bzr log(ek/bzr) fix 0 < p < 1/2 and let ¢; be the largest integer

such that k- C1p201#2 < n?°. Then, for every £ < £, b+ _IZZZIH < n?” and for
L > £, b+ < n. Observe that for every s, ¢, Qf < /(42‘/2 and for every f € F,
s (f) — ws—1(f)llL, <2diam(F, L7). Therefore,

Zdz supZQ s (f) = 751 ()l

fEFs 1

<ng ;upZQ 75 (f) = ws—1(F)lL,

€F o1

Sn

+ Y dy-sup Z Ol (f) — w1 ()L,

=1 JEF =g, 41

Sn

<2diam(F, L) ) ng

{=1s=1

+K4ng-sup Z 227 (f) = ws—1(F) L,

=1 JEF g—p,41

sn 4

<2diam(F, Ly) Y Y " d¢Qf + cs(p)\/nlog(ek/n) - y2.e,(F, L2)
(=1s=1
for an almost optimal choice of (F)2 0
Now, for every s < £1 and using that b+ <n?° for ¢ < ¢ and bZ <nforl>#¥q,
it is evident that

ngQ Z b log(ek /b)) Q!

<n”\/log(ek/n?r) > Q%+ /nlog(ek/n) Y Qf = (x).

l<ly >4

Note that 2173 > 2plog, cen and thus 21+ > (p/2) log, cen. Therefore, there is
an absolute constant ¢7 such that if s < £; then

£y
Yo=Y 0+ Y o
<ty L<s L=s+1
< C7(S2S/2 + exp(—C3225)) < 2075252

and

Y 05 <c exp(—c322") < ¢y exp(—cgn/?).
Z>€1
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Hence, there is a constant cg(p) such that for every s < ¢y,

(%) < C9(p)s2“/2n"’,/log(ek/nzf’),
and thus,

disc(P{ F) < cadiam(F, L) log(ek) + c3+/ny2,10g, log, k (F L2)

+ crodiam(F, Ly) - £129/2n” [log(ek /n2P)
+c1oy2,¢,(F, L) - \/nlog(ek/n).

Since (p/4)log, cen < 2t < (p/2)log, cen, the claim follows. [J

COROLLARY 5.2. Let 0 < p < 1/2. Under the assumptions of Theorem 5.1
and using its notation, for every o € Ay
disc(Po F) < c1(Vk - ¥2,1ogy logs (et (F L2) + k” diam(F, L))

and

Hdisc(P, F)= sup inf sup
IC{l,....k} (k) feF

el (X)| = sup anvi

iel l=n<k

In particular, if lims_, o y2.5(F, L2) = 0 (i.e., if F is u-pregaussian), then
1 . k

7 Hdisc({(f (Xi))iz : f € F})

converges in probability to 0.

Let us mention once again that the reason that Theorem 5.1 is meaningful is
because for a typical (X ,-)f.‘zl , a class of mean zero functions that is L-subgaussian
satisfies that

ciopvk < Eg sup <y (L)ya(F, Ly)vVk.

feF

k
D e f(Xi)

i=l

Thus, there is a true gap between the discrepancy (or even the hereditary discrep-
ancy) of a typical coordinate projection and the average over signs of a coordinate
projection of a pregaussian, subgaussian class F'.

6. Equivalence for large sets. In this section, our aim is to show that if F is
a subgaussian class that indexes a bounded Gaussian process, then the reason for
the gap between the expectation over signs of a random coordinate projection and
the infimum over signs is indeed that lim;_, o y2 s (F, L2) = 0.

To be more precise, we show the following.
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THEOREM 6.1. For every 0 <8 <1 and A, B, L > 0O there is a constant
c(8, A, B, L) for which the following holds. Let F C B(L2(1t)) be a class of mean
zero functions such that absconv(F) is L-subgaussian. If y»(F, La(n)) < A < 00
and if the entropy numbers satisfy that

limsup j'/2e; (absconv(F), Ly (1)) = B > 0,
j—o00
then there is a sequence of integers (k;){2, tending to infinity, such that for every
i, with probability at least 1 — § in Qki |

Hdisc(P, F) > ¢(8, A, B, L)Jk;,

where 0 = (X1, X2,..., Xk,) € Qi s selected according to ,uki. In particular,
Hdisc(P, F)/~/k does not converge to 0 in probability.

Observe that this is almost the reverse direction of Theorem A. Indeed, it is
well known (see, e.g., [3], Chapter 9) that there is no entropic characterization of
classes that index a bounded Gaussian process which is not continuous; such a
characterization is given by a majorizing measures argument [17]. However, be-
cause {Gy: f € F} is a bounded process with a covariance structure endowed by
L> (), then by Sudakov’s inequality (see, e.g., [8], Chapter 3),

Esup, G r\2
log N (e, absconv(F), La(w)) < cj <M) '

On the other hand, since F C B(L(w)) is not p-pregaussian, one can show that

/01 Jlog N(e, F, Ly (1)) de = co.

Thus, up to a logarithmic factor, the entropy numbers of F are as in The-
orem 6.1. Whether Theorem 6.1 remains true using only the assumption that
limsup,_, o ¥2.s(F, L2()) > 0 is not clear.

The idea behind the proof of Theorem 6.1 is to find a cube in a typical coordinate
projection of absconv(F). We will first show that if absconv(F) has a “large”
separated set with respect to the L () metric at scale ~1/+/k, then its typical
coordinate projection of dimension k contains a cubic structure of dimension ~k
and scale ~1/+/k. The cubic structure we will be interested in is captured by the
combinatorial dimension.

DEFINITION 6.2. Let F be a class of functions on 2. For every ¢ > 0, a set
o = {x1,...,x;} C Q is said to be e-shattered by F if there is some function
s:0 — R, such that for every I C {1,..., j} there is some f; € F for which
fixi) =s(x;)+eifi el, and fi(x;) <s(x;) —e if i ¢ I. Define the combi-
natorial dimension at scale ¢ by

VC(F, e) =sup{|o]||lo C 2, o is e-shattered by F'}.
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Note that if F is a {0, 1}-class of functions then VC(F) = VC(F, 1/2). Also, in
a similar way one may define the combinatorial dimension of a subset of R", when
each vector is viewed as a function defined on {1, ..., n}.

It is standard to verify that if VC(F, €) > m, then the coordinate projection P; F,
defined by the shattered set t, contains a subset of cardinality exp(cm) which
is cre-separated with respect to the L, (u;) norm (recall that p, is the uniform
probability measure supported on 7), and that disc(P; F) > come (see Lemma 6.5).
As we mentioned in the Introduction, the reverse direction is also true, and if F C
B(L(€2)) contains a large well-separated set in L, () that it must have a large
combinatorial dimension at a scale that is proportional to the scale of the separation
(see [12] for an exact statement and proof). A fact that will be used here and which
is based on this reverse direction is the following.

THEOREM 6.3 [12]. There exist absolute constants c| and c» for which the
following holds. Let V C B’go and assume that EsupvevIZﬂ;l &ivj| > 6k. Then,

VC(V, ¢18) > ¢28%k.

Hence, the only reason that Esupv€V|Zf~‘:1 &;v;| is almost extremal is that V
contains a large cube in a high-dimensional coordinate projection.
The key observation of this section is the following theorem.

THEOREM 6.4. For every A, B,L > 0 and 0 < § < 1 there exist constants
c1 and c that depend on A,B,L and & for which the following holds. Let
F C B(La()) be a convex, symmetric, L-subgaussian set of mean zero func-
tions. Suppose that y»(F,yn) < A < oo and that there is some k for which
ex(F, Ly(n)) > B/\/E. Then, there is a set © C QK such that uk(E) >1—46and

foreveryo € X,
C1
VC(P F, —) > k.
o \/E

Theorem 6.4 implies Theorem 6.1 because of the next lemma.

LEMMA 6.5. IfT C R", then

Hdisc(T) > sup § VC(absconv(T), §).
§>0

PROOF. First, note that Hdisc(7") = Hdisc(absconv(7')), and thus we may as-
sume that T is convex and symmetric. Now, let / C {1, ..., n} be §-shattered by
T with the level function s. Fix (g;)ics € {—1, 1} and without loss of generality
assume that Y ;.; &;s; > 0. Since [ is §-shattered by T, there is some ¢’ € T for

which 7/ > 5; + 8 when ¢; = 1 and ¢/ <s; — § when &; = —1. Thus,
sup| Y eiti| = |y ei(t] —si) + Y eisi| = | eit] —si)| = |18,
1eTljey iel iel iel
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as claimed. [

Hence, from here on we may assume without loss of generality that the class F
is convex and symmetric, and that it is L-subgaussian.

The proof of Theorem 6.4 requires several additional facts. To formulate them,
denote for V C R”

n
Z 8iVi
i=1
andif A, B C R”,set N(A, B) to be the minimal number of translates of B needed
to cover A.
The first lemma we need is taken from [9].

L.(V)=Esup

veV

’

LEMMA 6.6. Let V C R¥ be a convex, symmetric set. For p > 0, set V, =
V N pB% and F(p) = €, (V) /L (V,). Then,

N(V,8pBY) < exp(z(“’%’”)zmgwnp))).

The second result was proved in [13] (Theorem 2.3). Although it was formulated
there for subsets of R”, its proof shows that the claim is true for any subgaussian
class of functions. It implies that a random coordinate projection of F, viewed as
a mapping between L (1) and L%, is almost norm preserving for functions with a
sufficiently large L, () norm.

THEOREM 6.7. There exist absolute constants c| and ¢, for which the follow-
ing holds. Let F C Lo(u) be a convex, symmetric, L-subgaussian class of func-
tions. For every 6 > 0 and any positive integer k, set

V2(F N pB(Ly(w)), Wz)}
0k '

Then, with probability at least 1 — 2exp(—c10%k/L*), for every f € F such that
1o = 1@/ c2L?),

(=21 a0 < 1f 1l < A+ Fllaq0.

1 (6) =inf{p:pz

COROLLARY 6.8. Forevery L > 0, there are constants ke and k7 that depend
only on L, for which the following holds. Let F be an L-subgaussian, convex and
symmetric class of functions for which y»(F, yrp) < A < 00. Then, with probability
at least 1 — 2exp(—«ek), if f € Fand || fllLyn) = k7A/k then

1 3
VI s < 1 < V31 o

In particular, if H C F is an e-separated set in L» () for & > 2k7A//k then with
probability at least 1 — 2exp(—«ek), Py H is € /4-separated in Lg.
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PROOF. Let ¢y and ¢ be as in Theorem 6.7. Observe that

2 (FNpB(La(w)), ¥2) < y2(F,¥2) < A

and apply Theorem 6.7 for @ = 1/2. Thus, r; (8 /c2L) < c3(L)A/v/k, implying that
if cy(L) = c1/4L4 then with probability at least 1 —2 exp(—c4(L)k),if || fll1,0) =
c3(L)A/\k then

1 2 2 2
SN < WA < 31T -

Turning to the second part, note that if H C F is e-separated in Ly(u) for & >
2c1(L)A/«/E, then for every hy,hp € H, f = (h1 —h2)/2 € F and || fl1,(u) >
c1(L)A/ k. Thus, the second part follows from the first one. [J

Now we can formulate the first localization result, showing that the richness of
a typical coordinate projection comes from the intersection of F with a ball of
radius ~ 1/ JVk.

THEOREM 6.9. For every positive A, B, L and 0 < § < 1, there are con-
stants ¢ > 1, c1 ¢» and c3 depending on A, B, L and § for which the following
holds. Let F C B(Ly(w)) be a convex, symmetric, L-subgaussian class of mean
zero functions such that y»>(F,yn) < A < co. Fix an integer k and assume that
ex(F,Ly(n)) > B/«/E. Then, with probability at least 1 — § — 2exp(—c1k),

ck
Y gif(Xi)| = csvk.

i=1

Eg sup
FEFNCy/VEkB(La())

PROOF. Since F is L-subgaussian and by applying Sudakov’s inequality, we
may assume without loss of generality that A/B > 1. Let H be a maximal B/vk
separated set in F with log |H| > k. Let k' = ¢2k for a constant ¢ > 1 to be named
later. Since H is ¢ = ¢B/+/k’ separated in L»(u), then by Corollary 6.8, with
probability at least 1 —2exp(—«ek’) =1 —2exp(—ci(L)k),if ¢ > 2K7A/«/P then
P; H is ¢/4-separated in L’;. Moreover, if f € F satisfies || flz,) > k7A /K
then

(6.1) A 100 < IR < 31712 ,00-
2

Clearly, the condition on ¢ holds if ¢ ~; A/B, and since ¢ > 1 it follows that
k' > k.

Consider the set U = absconv(H). By the Majorizing Measures theorem and a
simple application of Theorem 4.2, with probability at least 1 — § for |o| =k,

(6.2) L(PoU) < c2pn(PoU, |- ) < e3(L, 8) AV
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Let o = (X i)i'(,zl be in the intersection of the two events given by (6.1) and (6.2),
set V = P, U and note that B(LJ) = N B’;. Therefore,

k < log N(V, 2«/?35) —log N(V, c4BY)
6.3) /
=1log N(V.8pB}),

where ¢4 ~ A (and thus p ~7 Aaswell). If V, =V N pBé‘,, then by Lemma 6.6,
(6.2) and (6.3),

k< 2(M)zlog(6np)) < Z(M)Zlog<c3Aﬁ).
1Y 1Y Lx(Vy)
Solving this inequality for £,(V,), it is evident that there exists a constant
¢s ~r.s B/\/log(ccA%/B?) (where c¢ depends on L and §) for which £,(V,) >
cs «/P . Since F is convex and symmetric and H C F, then

V, = P, (absconv(H)) ﬂpgéc’ c Pg({f cF: ||f||L§/ < LD

v/
and by (6.1),
0 max{p, k7A}
{f €F:| [y < ﬁ} c {f €Fillf Ly < 2T7}

Hence, there is a constant ¢; ~1, s A for which with probability at least 1 — § —
2exp(—cik),

c7
Vo Po({£ € Pl lLac < WD
implying that
k/
cs«/l?§ Ee sup Zg,-f(Xi) .
{feF: HfIIsz)Sm/\/F} i=l g

The next step in the proof of Theorem 6.4 is a second localization argument.
Theorem 6.9 shows that under our assumptions, there is a small ball (of radius
~1/+/k) in F that causes coordinate projections of F of dimension k to be “rich.”
Now, one has to localize even further by truncating the functions in Fj = F N

(c/vk)B(La()).
DEFINITION 6.10. Forevery 8 > 0 and every f € F, let
fp = Flyni<py +sgn(f)BLy 12 p)
and fl;r = f — fp.Forevery o = (X1, ..., Xi) let

Vi ={(fy X))o feF), Vi ={(f§f (X)iZ,: f € F).
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PROOF OF THEOREM 6.4. First, by Theorem 6.9, with probability at least
1 -8 —2exp(—cik),

ck
> i f(Xi)| = e3vk,

i=1

E, sup
FEFNCy/VEB(La(1))

where ¢ > 1. Set

H=FN-2B(Lyw)

vk

and note that by the proof of Theorem 4.2 for the class H and m = ck,eachh € H
can be written as 2 = h| + ho, where h1 € H — H C 2H (by the convexity and
symmetry of F), and h, € H. Moreover, if we write H C Hy + H> then with ,ufk
probability 1 — 8, Py Hy C c4y2,1, (F, L2)Wek C c4AWei, where c4 = ca(L, 5).
By a standard concentration argument—similar to the one used in Theorem 4.2,
since |H;| < exp(csk) then for every hy € Ha, ||h2||L5k < cellh2llL, < c7/Vk.
Thus, Py Ha C (c7/+/k)B§K, and since BS¥ C We, then
P,HCP,H| + P,Hy C cgWei,

where cg = cg(A, L, §).

Leto = (X; )Ck | for which the above estimates hold, fix 8 to be named later and
let Vﬂ and V/S be as in Definition 6.10 for the set H. Consider the set

WP ={x e R*:x} < (cy/i) — B fori < (cy/B)?, x} =0fori > (cs/B)?)

and observe that V/;' - Wcﬂk. Therefore, if we set ig = (cg/ B)? and select B to
satisfy that 1 <ig < ck then,

Zgzvz

i=1

E sup
veVﬁ

<E sup

Zglvz <EZ
weW
. . 3
<co,/iglog(ek/ip Szx/%

for an appropriate choice of 8 ~ ¢3/+/k. Since V = P, H C Vg + Vg, then

ck
Z 8iVi

i=1

c3vk < Esup

veV

<E sup Zgivi + E sup
veVy li=1 veVy

ck
c
<E sup Zg,-v,- +—3J%.
veVg i=1
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Therefore,
ck
k
E sup Zg,-v,- Zc3fzc10k.
-] 28
1)613 Vﬁ i=1
Note that
pvi= X plat Y s oessen)c B,
{i:|f(Xn|=<p} {i:|f(Xn1>p}

Therefore, by the optimal estimate in the sign-embedding theorem [12], there are
constants ¢y ~ C%o and ¢y ~ c19 such that

VC(ﬁ_lvﬂ_,Cll) > cok.

In other words, there is aset I C {1, ..., ck}, |I| > c12k and a vector (s;);c; such
that for every J C I, thereis vy € Vg for which

vy (@) > s; + Bei ifiel,
vy() <s; — Beri ifiel\J,

and it is standard to verify that (s;)ic; C B Béo. It remains to show that (X;);e;
is c11B-shattered by F itself. To that end, fix any J C I, and let f; € F be the
function for which

vy = > fr(Xi)ei + > B -sgn(fr(Xi)ei.

{i:1f7 (X<} {i:1f1(X)|>B}
Observe that (1 \ J) N {i:sgn(vy(i)) > 0} C {i:|f7(X;)| < B}. Indeed, if there
were some i € [ \ J for which sgn(v;(i)) > 0 and | f;(X;)| > B, then on one
hand, v;(i) = B, but on the other, v;(i) <s; — Bc11 < B(1 — c11) < B, which
is impossible. In a similar fashion, J N {i :sgn(v;(i)) < 0} C {i: | fr(X:)| < B}.
Finally, fix i € J. If f;(X;) # vy(i) and sgn(vy(i)) > O then f;(X;) > v (i) >
si + Bcy1. Otherwise, sgn(vy(i)) < 0, implying that vy (i) = f7(X;). Hence, for
everyi € J,

f1(Xi) = si + Ben,

and by the same argument, for every i € I \ J,

f1(Xi) <si — Beir.
Therefore, VC(F, Bc11) = VC(F, clg/ﬁ) > c12k, as claimed. [

Acknowledgments. The author would like to thank A. Libman, M. Kozdoda
and the anonymous referees for their careful reading of the manuscript and for
many valuable suggestions and comments.

The research leading to the results presented here has received funding from
the European Research Council under the European Community’s Seventh Frame-



DISCREPANCY, CHAINING AND SUBGAUSSIAN PROCESSES 1025

work Programme (FP7/2007-2013)/ERC Grant Agreement [203134], from the Is-
rael Science Foundation Grant 666/06 and from the Australian Research Council
Grant DP0986563.

(1]
(2]

(3]

(4]

(5]

(6]

(71

(8]

(9]

(10]
(11]
(12]

(13]

[14]

[15]
(16]
(17]

(18]

REFERENCES

ALON, N. and SPENCER, J. (2000). The Probabilistic Method, 2nd ed. Wiley, New York.

DE LA PENA, V. H. and GINE, E. (1999). Decoupling: From Dependence to Independence,
Randomly Stopped Processes. U-Statistics and Processes. Martingales and Beyond.
Springer, New York. MR1666908

DUDLEY, R. M. (1999). Uniform Central Limit Theorems. Cambridge Studies in Advanced
Mathematics 63. Cambridge Univ. Press, Cambridge. MR1720712

FERNIQUE, X. (1975). Regularité des trajectoires des fonctions aléatoires gaussiennes. In Ecole
D’Eté de Probabilités de Saint-Flour, IV-1974 Lecture Notes in Math. 480 1-96. Springer,
Berlin. MR0413238

GORDON, Y., LITVAK, A. E., SCHUTT, C. and WERNER, E. (2006). On the minimum of sev-
eral random variables. Proc. Amer. Math. Soc. 134 3665-3675 (electronic). MR2240681

GORDON, Y., LITVAK, A. E., MENDELSON, S. and PAJOR, A. (2007). Gaussian averages
of interpolated bodies and applications to approximate reconstruction. J. Approx. Theory
149 59-73. MR2371614

HAUSSLER, D. (1995). Sphere packing numbers for subsets of the Boolean n-cube with
bounded Vapnik—Chervonenkis dimension. J. Combin. Theory Ser. A 69 217-232.
MR1313896

LEDOUX, M. and TALAGRAND, M. (1991). Probability in Banach Spaces: Isoperimetry and
Processes. Ergebnisse der Mathematik und Ihrer Grenzgebiete (3) [Results in Mathemat-
ics and Related Areas (3)] 23. Springer, Berlin. MR1102015

LITVAK, A. E., MILMAN, V. D., PAJOR, A. and TOMCZAK-JAEGERMANN, N. (2007). On the
Euclidean metric entropy of convex bodies. In Geometric Aspects of Functional Analysis.
Lecture Notes in Math. 1910 221-235. Springer, Berlin. MR2349608

MATOUSEK, J. (1995). Tight upper bounds for the discrepancy of half-spaces. Discrete Com-
put. Geom. 13 593—-601. MR1318799

MATOUSEK, J. (1999). Geometric Discrepancy: An Illustrated Guide. Algorithms and Combi-
natorics 18. Springer, Berlin. MR1697825

MENDELSON, S. and VERSHYNIN, R. (2003). Entropy and the combinatorial dimension. /n-
vent. Math. 152 37-55. MR1965359

MENDELSON, S., PAJOR, A. and TOMCZAK-JAEGERMANN, N. (2007). Reconstruction and
subgaussian operators in asymptotic geometric analysis. Geom. Funct. Anal. 17 1248—
1282. MR2373017

MILMAN, V. D. (1988). Isomorphic symmetrizations and geometric inequalities. In Geomet-
ric Aspects of Functional Analysis (1986/87). Lecture Notes in Math. 1317 107-131.
Springer, Berlin. MR950978

MILMAN, V. D. and SCHECHTMAN, G. (1986). Asymptotic Theory of Finite-Dimensional
Normed Spaces. Lecture Notes in Math. 1200. Springer, Berlin. MR856576

SPENCER, J. (1985). Six standard deviations suffice. Trans. Amer. Math. Soc. 289 679-706.
MR784009

TALAGRAND, M. (1987). Regularity of Gaussian processes. Acta Math. 159 99-149.
MR906527

TALAGRAND, M. (2005). The Generic Chaining: Upper and Lower Bounds of Stochastic
Processes. Springer, Berlin. MR2133757


http://www.ams.org/mathscinet-getitem?mr=1666908
http://www.ams.org/mathscinet-getitem?mr=1720712
http://www.ams.org/mathscinet-getitem?mr=0413238
http://www.ams.org/mathscinet-getitem?mr=2240681
http://www.ams.org/mathscinet-getitem?mr=2371614
http://www.ams.org/mathscinet-getitem?mr=1313896
http://www.ams.org/mathscinet-getitem?mr=1102015
http://www.ams.org/mathscinet-getitem?mr=2349608
http://www.ams.org/mathscinet-getitem?mr=1318799
http://www.ams.org/mathscinet-getitem?mr=1697825
http://www.ams.org/mathscinet-getitem?mr=1965359
http://www.ams.org/mathscinet-getitem?mr=2373017
http://www.ams.org/mathscinet-getitem?mr=950978
http://www.ams.org/mathscinet-getitem?mr=856576
http://www.ams.org/mathscinet-getitem?mr=784009
http://www.ams.org/mathscinet-getitem?mr=906527
http://www.ams.org/mathscinet-getitem?mr=2133757

1026 S. MENDELSON

[19] VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical
Processes: With Applications to Statistics. Springer, New York. MR1385671

DEPARTMENT OF MATHEMATICS

TECHNION, ISRAEL INSTITUTE OF TECHNOLOGY
HAIFA 32000

ISRAEL

E-MAIL: shahar.mendelson @anu.edu.au

AND

CENTRE FOR MATHEMATICS AND ITS APPLICATIONS
INSTITUTE FOR ADVANCED STUDIES

THE AUSTRALIAN NATIONAL UNIVERSITY
CANBERRA, ACT 0200

AUSTRALIA

E-MAIL: shahar@tx.technion.ac.il


http://www.ams.org/mathscinet-getitem?mr=1385671
mailto:shahar.mendelson@anu.edu.au
mailto:shahar@tx.technion.ac.il

	Introduction
	Preliminaries
	Subgaussian processes

	The discrepancy of subsets of Rn
	An entropy integral argument
	Spencer's theorem
	Matousek's VC theorem


	A decomposition theorem for subgaussian processes
	Shrinking for a single function
	Shrinking for a class of functions
	Shrinking properties of the gamma2,s functionals

	Proof of Theorem A
	Equivalence for large sets
	Acknowledgments
	References
	Author's Addresses

