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ON THE ORTHOGONAL POLYNOMIALS ASSOCIATED
WITH A LEVY PROCESS!
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Let X = {X;, t > 0} be a cadlag Lévy process, centered, with moments
of all orders. There are two families of orthogonal polynomials associated
with X. On one hand, the Kailath-Segall formula gives the relationship be-
tween the iterated integrals and the variations of order n of X, and defines a
family of polynomials Pj(x1), Py(x1,x2),... that are orthogonal with re-
spect to the joint law of the variations of X. On the other hand, we can
construct a sequence of orthogonal polynomials pJ (x) with respect to the
measure 0260 (dx) + x2 v(dx), where o2 is the variance of the Gaussian part
of X and v its Lévy measure. These polynomials are the building blocks of a
kind of chaotic representation of the square functionals of the Lévy process
proved by Nualart and Schoutens. The main objective of this work is to study
the probabilistic properties and the relationship of the two families of poly-
nomials. In particular, the Lévy processes such that the associated polynomi-
als Py(xy,...,x,) depend on a fixed number of variables are characterized.
Also, we give a sequence of Lévy processes that converge in the Skorohod
topology to X, such that all variations and iterated integrals of the sequence
converge to the variations and iterated integrals of X.

1. Introduction. Let X = {X;,r > 0} be a semimartingale with Xy = 0. De-
fine the iterated integrals by the recurrence

t

(11) Pt(0)=15 Pt(1)=Xta-..,P[(n):/ Ps(z_l)dXS
0

and consider the sequence of the variations of X,

12 xV=x, xP=xxl. x"=> &axy)", =3

O<s<t

where AX; = X; — X;—. The Kailath-Segall formula (see Segall and Kailath [7]
or Meyer [12]) gives the relationship between P, and X™:

(n) 1 (n—1) y (1) (n=2) y(2) 1 p(0) y (1)
(13) pP"= ;(P, xV - pIxP 4 () PO x M),
Received August 2006; revised August 2006.
1Supponed by Grant MTM2006-06427 of the Ministerio de Educacién y Ciencia and FEDER.
AMS 2000 subject classifications. Primary 60G51; secondary 42C05.

Key words and phrases. Lévy processes, Kailath-Segall formula, orthogonal polynomials,
Teugels martingales.

765


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/07-AOP343
http://www.imstat.org
http://www.ams.org/msc/

766 J.L. SOLE AND F. UTZET

We deduce that P( "isa polynomial in X; (1) t(”), called the Kailath—Segall
polynomial of order n. Denote this polynomlal by P,(x1,...,Xx,), S0

P =p,(x", ... x™M).

The explicit expression of P, (xy, ..., x,) is
(=x)™
n N
Pu(x1, ..., xp) = (=1) Z]‘[ im L
where the summation is over all nonnegative integers mj,...,my, such that

Z?:] Jjmj =n (see Avram and Taqqu [3]). The polynomials P, (xi,...,x,),
n > 1, are also a particular case of generalized Appell polynomials (see Anshele-
vich [1]). The first three of these polynomials are

Pi(x1) = x1,

1.2 1
Py(x1,x2) = 53X{ — 3X2,

P3(x1, x2,x3) = %X% — 3x1x2 4 3x3.
If X is a martingale with predictable quadratic variation (X, X), = Ct, with
finite moments of all orders, then P and X™ also have moments of all orders
and the iterated integrals of different order are orthogonal, that is,

1
(1.4) E[P" P = —C"1" By,

where §,,,, = 1 if n = m and 0 otherwise, and C = E[X 2] The orthogonality of the

Kailath—Segall polynomials with respect to the law of (X;, X (2) ..) follows. This
is true, in particular, for a centered Lévy process with moments of all orders.

Consider a centered Lévy process X with moments of all orders and let o be
the variance of its Gaussian part and v its Lévy measure. The measure y° (dx) =
a280(dx) + x2v(dx) [we also write y(dx) = x2v(dx)] is finite and we can con-
struct a (finite or infinite) sequence of orthogonal polynomials pj, (x) [resp. p,(x)]
with respect to y“ (resp. y). These determine a sequence of strongly orthogonal
martingales related to the Teugels martingales (see Nualart and Schoutens [13])
that are the building blocks of a kind of chaotic representation of the square func-
tionals of the Lévy process. Therefore, we will call { pJ (x), n > 0} [or p,(x), when
o = 0] the Teugels polynomials associated with X.

The main objective of this paper is to study the probabilistic properties of, and
the relationship between, the polynomials P,(x1, ..., x,) and p; (x). When work-
ing on that problem, we found three results that we think are interesting in them-
selves. The first one is a proof that for a general semimartingale X, the Doleans
exponential &(u X;) (fixed ¢ and w) is analytic in a certain neighborhood of the ori-
gin and that the iterated integrals are the Taylor coefficients. This part is based on
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a paper of Lin [11], where the result for a Lévy process was implicitly proven, and
on Yablonski [19], where a generating function of the Kailath—Segall polynomials
of a Lévy process was introduced.

The second result is related to the Kailath—Segall polynomials that are express-
ible as polynomials of a fixed set of variables. A very interesting property of the
Kailath—Segall polynomials is that when you impose some restriction on the vari-
ables x1, x7, ..., you get different well-known families of polynomials. For exam-
ple, when X is a Brownian motion, then X t(z) =tand X t(") = 0,n > 3, showing
that it is enough to consider the polynomials P, (x, ¢, 0, ..., 0), and it turns out that

Pn(-xv t,O, ’0) =Hn(x’ t)’

where H, (x, t) are the (generalized) Hermite polynomials. In a similar way, con-
sidering a compensated Poisson process, the (generalized) Charlier polynomials
C,(x, t) are obtained. It is known that the Brownian motion and the compensated
Poisson process are the unique Lévy processes such that the Kailath—Segall poly-
nomials (that means, the iterated integrals) can be written as polynomials in x and ¢
(see Section 3). So, a natural question is how to characterize the Lévy processes
with a similar property for a finite number of variables. The answer is that they
are the Lévy processes such that the Lévy measure has finite support. This is not
surprising, given the paper of Sengupta and Darkar [16], where a similar result was
obtained in relation to space-time harmonic polynomials. The key to our proof is
that, under the appropriate conditions, only the application of linear functions to a
Lévy process gives rise to another Lévy process

Finally, the third result that we would like to mention is that, under the ap-
propriate hypothesis, it is possible to give a sequence of simple Lévy processes
{Xk, k > 1} that converges in the Skorohod topology to X and these processes sat-
isfy the conditions of Avram [2] in order that all variations and iterated integrals
of Xy converge to the variations and iterated integral of X. This approximating
sequence is constructed using the Gauss—Jacobi mechanical quadrature formula.

2. Doleans exponential and Kailath—Segall polynomials. This section is in-
spired by the works of Lin [11] and Yablonski [19]. First, in the paper of Lin [11],
it is implicit that the iterated integrals of a Lévy process are the Taylor coeffi-
cients of the Doleans exponential at the origin, a property suggested by Meyer
[12], page 318, for a semimartingale. Second, Yablonski [19] introduced a gener-
ating function in order to study a family of polynomials associated with a Lévy
process that turn out to be the Kailath—Segall polynomials. However, that generat-
ing function is deterministic and Yablonski gives no probabilistic interpretation of
it. Here, we combine both approaches for a general semimartingale and prove that
the Yablonski generating function is the Doleans exponential of the semimartin-
gale for fixed w, which is analytic in a neighborhood of the origin, and that the
Taylor coefficients are the iterated integrals. Therefore, we prove the general claim
of Meyer [12].
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To begin with, for the sake of easy reference, in the next remark, we collect
some results obtained by Yablonski [19].

REMARK 2.1. Given a sequence of real numbers X = (x1, x2, ...) such that
limsup,, |x,| I/m = ) < 0o, Yablonski [19] defines the generating function

o _ 1yn+l
F(u,x)= exp{z %u"xn},

n=1

which is analytic for u € (—1/X, 1/1). Yablonski proves that in the expansion

o0
2.1 Fu,%) =) u"Py®,
n=0
the function P, (X) is a polynomial in x1, ..., x,, which satisfies
Fl’l(xlv "'a-xl’l)
1
= ;(Pnfl(xl’ ey Xp—1)X]

— Puoa(x1, oo X)) X2 -+ (= D" Pox,),

where Py = 1. Comparing this with (1.3), we deduce that P, = P,.
Further, Yablonski [19] also points out the following very useful properties:

P,(axy,...,a"x,) =a" P,(x1,...,x,)

and

n
(22) Paxi+ Y1, Xn+y0) =D Pelxi, .. X)) Pack V1, -+ Ynei)-
k=0

Let X = {X;,t > 0} be a semimartingale with Xy = 0. For u € R, consider the
Doleans equation

t
Z,:l—{—uf Z,- dX;,
0

which has a unique solution (semimartingale) given by the Doleans exponential of
u Xl s

(2.3)  &uX;) =expluX, — yu* (X, XV} [ A +urXye 2%

O<s<t
Fixing w and ¢ € R4, it is clear that if {X;, s € [0, ¢]} is continuous or has a fi-
nite number of jumps, then &(uX;) is analytic for u € R. The proposition below
provides a general result in this direction.
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PROPOSITION 2.2. Fix w € 2 (out of a set of probability zero) and t € R...
There then exists ug > 1, depending on w and t, such that the function & uX;) is
analytic in u € (—ug, ug) and

o0
(2.4) eux)=>Y u"P".
n=0

PROOF. Fix w € Q2. From the expression (2.3), it follows that we only need to
prove that [[o_,<, (1 + uAX s)e “AXs is analytic. Decompose this product in the
following way:

[] A+uaxge a%s

O<s<t

= [] d+uaxpe™® [ A4+urX)e ™%,
O<s<t O<s<t
|AX;|<1 |AX; |21

() (o)
The term () is analytic, since there is only a finite number of factors. On the
other hand, for u € (—1, 1), the expression (x) is positive and, taking logarithms,
we have

(— 1)n+1
log(x) =@ Y. Z u" (AXs)"
O<s<t n=2
|AX;|<1
(— 1)n+1
= () Z > (AXy",
O<s<t
[AX,|<1
where (a) follows from log(l +y) —y =352, ot y", the series being ab-

solutely convergent for |y| < 1 and (b) is due to Fubini’s theorem, which can be
applied since

(-1 >"+1 eAxyt] = s ;
> Z (AX)"| =) > 1AX]
O<s<t n=2 n=2 O<s<t
[AXs]<1 IAX,|<1
<C ) (AX,)? < C[X,X]; < o0.
O<s<t
|AX <1
In a similar way, it is computed that
1/n

)n+1

Y. (Axy"

O<s<t
|AX <1

1 1/n
51imsup<—[X, X]t) <1.
n n

limsup | ———
n
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The analyticity of () for u € (—1, 1) then follows.

To compute the coefficients of the expansion of &(uX;), let u; =
(maxg<s<s IAX|)~!. Then, for u € (—uy,uy), [uAX,| < 1,Vs € (0, t]. There-
fore, we can repeat the preceding proof to obtain

[T A +urxye  aXs

O<s<t
1 ) 5 00 (_1)n+1
(2.5) =exp{—5 D ur(AX)P+ ) ZTI/L”X(”)},
O<s<t O<s<tn=3
u€ (—up,uy),
and
(_1)n+1 1/n 1/n
lim sup| ———— Z (AX)" <limsup| - —I[X, X1, < —.
n n n nu’f_ ui

O<s<t

Since the right-hand side of (2.5) is the generating function of Yablonski, from
Remark 2.1 we deduce the expression (2.4) for u € (—uy,uy). If u; <1, by the
principle of analytic continuation, we deduce (2.4) for u € (—1, 1). Finally, we
take ug = max{1, u}. U

REMARK 2.3. From the preceding proof, we deduce that for u € (—1, 1),

EuX,) = exp{uX, — Ju* (X, X°),
+/ (log(1 4 ux) — ux)dJ(s,x)}
0,1]1x{0<|x|<1}
X 1_[ (14 uAX)e A%

O<s<t
[AXs]1>1

where
J(B) =#{t:(t, AX;) € B}, B € B((0, 00) x Ry),

is the jump measure of X, where Ry = R — {0} (see Jacod and Shiryaev [6],
page 69). Moreover, fixing w € Q and ¢ > 0, for u € (—uj,u1) where u; =
(maxo<s<s |A X ~! (which depends on w and t),

00  1yn+l
8(uXt)=eXp{Z %M”Xt(”)}

n=1

. _1 2 c c _
=expluX, S (X, X, + (log(1 + ux) —ux)dJ (s, x)¢.

(0,¢]1xRg
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For any semimartingale X, we have that (aX)®™ = " X™ . Further, given two
semimartingales X and Y such that [X, Y] =0, we have
X+P=xP4+y®  vnx>1.

This can be proven from the expression for the product of two Doleans exponen-
tials,

EX)EWUY) = EuX, +uY, +u’[X, Y1),
formula (2.2) and formula (2.4). We summarize these formulas in the next propo-
sition.
PROPOSITION 2.4. Let X and Y be two semimartingales such that Xo = Yo =
Oand [X,Y]=0.Fora,beR,write Z=aX + bY. Then,

Pz, ....z")
(2.6)

n
=Y d " p(xV L x) P (YD, YT,
k=0

3. Kailath—Segall polynomials associated with a Lévy process. From now
on, consider that X = { X, t > 0} is a Lévy process (meaning that X has stationary
and independent increments, is continuous in probability and has Xo = 0), cadlag,
centered and with E[|X{]"] < oo for every n > 1. Denote by o2 the variance of
the Gaussian part of X and by v its Lévy measure. Since it is a martingale with
predictable quadratic variation

(X, X), = <02 + A;xzv(dx)>t,
it follows that the Kailath—Segall polynomials are orthogonal.
When X is a Brownian motion W = {W,, t > 0},

xO=w, xP=¢t and X®=0, n>3,
and, therefore,

Po(XV, .. X)) = Py(W,, 1,0,...,0) = Qu (W, 1),
That is, it is enough to consider the Kailath—Segall polynomials with the variables

X =x, xp=t and x,=0, n>3,
and then
Py(x,t,0,...,0) = Qu(x,t) = Hy(x,1),

where H, (x, t) are the Hermite polynomials defined via the generating function

o
exp{ux — %uzt} = Z u"Hy,(x,1).
n=0
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Note that the leading coefficient of H,(x,t) is 1/n!, and for fixed ¢ > 0, H, (x, t)
and H,, (x, t), n # m, are orthogonal with respect to the Gaussian measure N (0, ¢).
However, observe that H,, (x, t) is an ordinary polynomial in x and ¢ and is defined
forall x,z € R. Fort =0,

n

Pu(x,0,0,..) = Hy(x,0) ="
n

If X is a compensated Poisson process of parameter b > 0 and jumps size a,
that is, X; = a(N; — bt), where N = {N;,t > 0} is a standard Poisson process of
intensity b, then

X,(")=a”N,, n>2.
Therefore,
P.(xV, .. X") = Pu(X;, aX, +d2bt,....d" " X, +a"bt) = 0,(X;. 1)

and the polynomial Q,(x,t) can be explicitly computed in the following way:
write x = a(y — bt), then

Qn(a(y - bt)’ t) = ancn(}’» bt)v
where Cp,(x, t) is the Charlier polynomial with leading coefficient 1/n! defined by

&)
e +u) =) u"Cplx,0).
n=0

Again, note that C,, (x, t) is defined for every x, ¢ € R and, in particular,
[x]n

n!’

C,(x,0)=P,(x,x,...)=

where [x], is the falling factorial, [x], =x(x —1)---(x —n+1), [x]o = 1. Fixing
t > 0, the polynomials C,(x,t),n > 1, are orthogonal with respect to the Poisson
distribution of parameter ¢.

Moreover, it is known that the Brownian motion and the compensated Poisson
process are the unique Lévy processes such that the Kailath—Segall polynomials
can be written as polynomials in x and 7. This fact follows from Feinsilver [8], who
gives a necessary condition for the iterated integral P,(") to be a polynomial in X/,
that condition being satisfied only by the binomial, negative binomial, Gamma,
Poisson and Gaussian types (see Feinsilver [8], page 301). It is easy to check that
Pt(z) is not a polynomial on X; for the binomial, negative binomial and Gamma
process; see also Privault et al. [14] for a different proof.

Therefore, we can ask if there are Lévy processes such that the Kailath—Segall
polynomials depend on a fixed finite set of variables. The answer is affirmative
and the examples are very easy to find. From Proposition 2.4, we deduce, for the
process

X[ =UW[ +a(Nt —bt),
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where W is a Brownian motion and N is a Poisson process of parameter b > 0,
independent of W, that the Kailath—Segall polynomials can be written as polyno-
mials in yg, y; and ¢, which are the convolutions of the polynomials o H.(yo, t)
and aC.(y1, bt) described above.

More generally, a jump diffusion Lévy process

Xy =W, + Ji,

where J is a centered compound Poisson process with only a finite number of jump
sizes, has Kailath—Segall polynomials expressible in a fixed finite set of variables.
Specifically, let

n
Xi=oW,+Y aj(N;jt)—bjt),
j=1
where W is a Brownian motion, N; is a Poisson process of parameter b;, the
processes W, Ny, ..., N, are independent and ay,...,a, are different nonzero
numbers. These kinds of processes will be called simple Lévy processes and will
play a key role. For such processes, we will see that there is a family of polynomi-
als Oy, (x1, ..., xp4+2) such that, form > n + 2,

Pu(xV X"y = 0,(xV, . xY ),

Moreover, for m > n + 2, let R} be the subspace of R™ given by the vectors
(X1, ..., xp) such that there exists (y, ..., y,) € R"*! with

n
xi=oyo+ Y_aj(y; —bjt),
=1

n
n=ctr+ Yy,
j=1

n
xk=Za];yj, k=3,...,m.
Jj=1

Then, the polynomial P, restricted to R}" is a (multiple) convolution of o H.(yo, t)
and ajC.(yj,bjt), ] =1,...,n.
If o =0, then

Py(xV, X" =0,(xV, XM, m=a+l,

and in the expression for Q,, restricted to a similar subspace as above, there is no
Hermite polynomial part.

REMARK 3.1. To summarize the situation, P,(xy,...,x,),n > 1, is a fam-
ily of ordinary polynomials that can be evaluated on an arbitrary sequence
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of real numbers or random variables. However, the most interesting properties
of P,(x1,...,x,) appear when we consider a centered Lévy process with fi-
nite moments of all orders and apply P, on the sequence of the variations of

X:(xV, X ..). Then, by the Kailath-Segall formula (1.3),
P =p,(x, ... x™M),

and Pn(Xl(l), ey X,(n)) and Pm(X,(I), ey Xt(m)) are orthogonal if n # m.

From an equivalent point of view, let R = {(x1, x2, ...), x, € R} be the set of
sequences of real numbers and Py° the probability on (R*°, 8(R)>°) induced by
(Xt(l), X,(Z), ...). Writing P,(x1,...,Xm,...) = Py(x1,...,X,), P, can be consid-
ered as a polynomial defined on R*° and the different polynomials are orthogonal:

/ P, Py dP° =0 ifn#m.
ROO

In some cases, the probability Pf° is concentrated in a finite-dimensional subspace
of R®® and then the restriction of P, to this subspace gives rise to a new family of
polynomials that depend on a finite set of variables.

So, a natural question is whether there are other examples, different from simple
Lévy processes, where the Kailath—Segall polynomials can be written as polyno-
mials in a finite number of variables. We will prove that the answer is “no.”

3.1. Polynomials of a Lévy process. The purpose of this subsection is to study
when a polynomial of a Lévy process can be a Lévy process. The result is given in
the following proposition.

PROPOSITION 3.2. Let {(Y(2), X1(t),...,Xq(t)),t =0} be a d + 1-dimen-
sional Lévy process with moments of all orders and P(xy, ..., xq,t) a polynomial.

IfY(t)=P(X1(t),..., Xq(),t), then P(x1,...,xq,t) has degree 1.

In order to prove this proposition, we will need the following elementary prop-
erty.

LEMMA 3.3. Let A be a d x d nonnegative definite matrix of rang(A) =r <d

and let f = (fi(t), ..., fa(t)) be a vector of real functions such that
f'Af =0.
Then:
1. ifr=d, then f =0;
2. ifr <d, then there are d — r functions between f1, ..., fa, such that the other

r depend linearly on them.
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PROOF. This is a consequence of the fact that for any matrix C conformable
with A such that C’AC =0, we have AC =0. O

PROOF OF PROPOSITION 3.2. The idea of the proof is that from the It6 for-
mula, the decomposition of Y, as a special semimartingale is obtained, and Jacod
and Shiryayev [6], Corollary 11.4.19, give necessary and sufficient conditions in
order that a semimartingale be a Lévy process. Then, we will prove that for a poly-
nomial of degree n of a Lévy process to be a Lévy process, it is necessary that a
polynomial of order n — 1 be a Lévy process. Hence, we can reduce to the case
where the polynomial has degree 2. The proof is as follows.

First, since a polynomial in (X(¢),..., X4(¢),t) can be written as a poly-
nomial in (X{(t) — E[X1()],..., Xq(@) — E[X4()], t), we can assume that the
Lévy process is centered. Also, every linear combination Z?:l AjXj(t) + pt is
a Lévy process (jointly with Y) and we can then eliminate such linear combina-

tions from P(X(¢), ..., X4(t), t); that is, we will assume that every monomial in
P(x1,...,x4,1) has degree > 2.
1. Degree of P(x1,...,xq,t) = 2. In this step, we will prove that if a quadratic

form P(X(t),..., X4(t),t) is aLévy process, then P(xy, ..., xq,t) = 0. For now,
we write xg4+1 =t. Then,

d+1
2
P(x1,...,x441) = Z bix;i + Zcijxixj.
i=1 i<j
First, by a linear transformation, we can assume that

d+1

P(Xl,---,xd+1)=zbix,~2-
i=1

We then have

d
Yy =Y b;X3(t) + bas1t’.
j=1

Taking expectations, and recalling that the Lévy process is centered, we get
Ct=bg41t 2.

So, bg+1 = 0. We will prove by induction over d that also by =---=b; =0.

1.1. Let d = 1. In order to prove that X tz cannot be a Lévy process, write ¥; =
X tz andlet Cr = E[X %] =02+ Ir x2v(dx) be the variance and cumulant of order 2
of Xy and Cy = [ x4v(dx) be the cumulant of order 4 of X ;. On one side, if Y
were a Lévy process, then E[(Y; — IEYt)z] = Ct, for some C. On the other side,
from the relationship between moments and cumulants, we have

E[Y?]=E[X!] = Cyr +3C31°.
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Comparing both expressions for E[Ytz], we deduce that X =0.
1.2. Consider d > 2 and let X; = (X{(¢), ..., Xq(t))" be given by

X;=B; + xﬁ(ds, dx),
(0,11xR¢
where B; = (B1(¢), ..., B4(t)) is a d-dimensional Brownian motion with co-
variance matrix A and N(z, x) is the jump measure of the process, where R% =
R4 — {0} and dﬁ(z‘, x) = dN(¢, x) — dt dv(x) is the compensated jump measure.
By It6’s formula,

t d
PX)=2 [ Y biXis-)dBi()
01
3.1) )

+/ 2bix; Xi(s—) + bix2) dN(ds, dx
(0,1]xRd ;( (=) 7)AN( )

d d
(3.2) +t<ZA,-l-b,~+/ (Zbix,?)v(dx)).
i=1 RIS

The right-hand side of (3.1) is a martingale and (3.2) is of bounded variation and
continuous, so the above expression is the decomposition of P(X;) as a special
semimartingale.

1.2.1. Assume A # 0. By Jacod and Shiryavev [6], Corollary 11.4.19, a necessary
condition for P(X;) to be a Lévy process is that the quadratic variation of the
continuous martingale part should be of the form Ct (the truncation function does
not play any role in that condition). Then,

. d . d
</ b,‘Xi(S—)dB,'(S),/ b,‘X,‘(S—)dBi(S)> =Ct vt > 0.
0z 0z

This implies that

Zbibin’jX,'(l‘)Xj(l‘)IC vVt >0,

l"j
and from the fact X;(0) =0fori =1,...,d, we deduce that C = 0. We can write
this expression in a vector form,

U;AU, =0,
where U; = (b1 X1(2), ..., baX4(t)) . By Lemma 3.3, we see that if some b; # 0,
then there is a linear relationship between X1, ..., Xg.

1.2.2. If A =0, then

d
/(o 1R >_(2bixiXi(s=) + bix}) dN(ds, dx)

0j=1
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is a Lévy process. From the fact that f(o (IxRY xi2 dN(ds, dx) =[X;, X;];, and as
we are assuming that (Y;, X;) is a Lévy process, we deduce that

d
| Y binXis—) aNds. dw
0,11xR§ =
is a Lévy process and a martingale. Therefore,

d 2
IE[(-/(O 1IxRY Z(bixixi (s))dN (ds, dx)> }

0 ;=1

d 2
= E[(Z(hm&@))) :|dsv(dx),
i=1

d
(O,I]X]RO

but the left-hand side has the form Cr, and the right-hand side C’¢. Hence,

d
D bixiXi(1)=0  V(x,t,w), v(dx)®di QP ae.
i=1

From the fact that v # 0, it follows that there are x1, ..., x4, not all 0, such that

d
D bixiXi(t)=0  V(,w), dt® P ae.
i=1

and this implies a linear relationship between X1, ..., X .

1.2.3. From 1.2.1 and 1.2.2, we then deduce that if P = 0, there is a
linear relationship between Xi,..., Xy, and it follows that there is a Lévy
process (Y (¢), X1(¢), ..., X4—1(¢)) and a polynomial of degree 2 such that ¥; =
P(X1(t),..., Xq—1()). Iterating the procedure, we arrive at the case d = 1, which
is absurd (Point 1.1).

2. Degree of P(xy,...,x4,t) =n > 3. This proof is very similar to 1.2.1 and

1.2.2. As in point 1.2, we apply Itd’s formula.
2.1. Assume that the covariance of the Gaussian part of X is not zero: A # 0.
The continuous martingale in P (X;) is.

td ap
/Z—(thmB o).

By Jacod Shiryaev [6], its quadratic variation should be Ct. Write V = ( g P (X,
§)y..n, Bxd P (X, s)). We then have

V'AV = 0.
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By Lemma 3.3, it follows that there are numbers g1, ..., g4, not all null, such that
9P
D gi— (X, 5) =0,
o 0

and the expression on the left-hand side is a polynomial of degree n — 1 on
Xi1(t), ..., Xq(t),t.
2.2. If A =0, then consider the bounded variation part of P(X;, 1),

t(opP
Vt:/o (E(X‘Y,S)+/Rd<P(Xs_+X,S)

4 9P
— PXsm ) = ) i — (X, s))v(dx)) ds,
i=1 !

which is continuous, thus predictable. On the other hand, the Lévy-Itd expression
for a Lévy process also gives its decomposition as a special semimartingale, so, by
the unicity of the decomposition, we deduce that V; = Ct. Then,

dP 9P
— X0+ /Rd (P(X, +x,1) = P(Xy—, 1) — ;xia—m(xﬁ, t))v(dx) =C.

This expression is also a polynomial of degree n — 1 in X (¢), ..., X4(¢), t.
2.3. From 2.1 and 2.2, we deduce that for a polynomial of order n in
X1(t),..., Xq4(t), t, to be a Lévy process, it is necessary that a polynomial of

order n — 1 be a Lévy process. Iterating, we arrive at a contradiction with step 2.
g

REMARK 3.4. An indication that the property expressed in Proposition 3.2
may be true for more general functions is the following. Instead of a polynomial,
consider a general (sufficiently regular) function f(xy,...,xq). Assume that the
covariance matrix A of the Gaussian part of X is nonsingular. The necessary condi-
tion of Jacod and Shiryavev [6], Corollary 11.4.19, for f(X;) to be a Lévy process
becomes

d

P 2
Z(—g(xt_)) =C  as., forallt>0,
j=1 dx;j

where g is a function obtained from f through linear changes of variable. Since
the support of X; is R?, it follows that

IVg(x1, ..., x)I>=C  Y(xi,...,xq) € RY.

This is the eikonal equation, which, in RY has a unique solution given by a linear
function; see Khavinson [9], Remark (ii), or Letac and Pradines [10].
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3.2. The n—dimensional variation process (X M., Xx™). We return to the
general Lévy process X with moments of all orders. From E[|X1|¥] < oo, for all

k> 1, it follows that B[] X" |¥] < oo, for all n, k > 1 and

E[xP]=0, E[x?]= (02+/Rx2v(dx))z

and
IE[XI(")] =t/I:Rx”v(dx), n>3.
Consider the multivariate Lévy process (X t(l) Y. ,(”)). Its Lévy measure v,
(on R™) is the image measure of v by the application
R — R,
x = (x,x2, 1.

By the image measure theorem, for f:R"” — R measurable, positive or v,-in-
tegrable,

[ roovaan = [ o s,
R" R
The characteristic function of (X t(l), X t(”)) is then
33) @@ =exp{—%rz%oz +itzp0” +1 / CRNERAS I izlx)v(dx)},
R
where z = (z1, ..., z,). Hence, the characteristic function of a linear combination
n .
Z,=Y a;X\” +apst,

j=1
such that E[Z,] =0, is

¢ (2) = exp{—%m%zzoz

3.4

. n
—H/ (elzzj—lajxj -1 _izZajxf)v(dx)}, zeR.
R

Jj=1
Before proceeding to the main theorem of this section, we need the following
lemma which will allow us to work with characteristic functions like (3.4).

LEMMA 3.5. Let v be a Lévy measure on (R, B(R)) and let f:R — R be a
continuous function such that f(0) =0 and [p fz(x)v(dx) <oo. If

/R(eizf(x)—1—izf(x))v(dx)=0 VzeR,

then f =0, v-a.e.
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PROOF. Let vy be the measure image of v by f. From the hypothesis, it fol-
lows that v is a Lévy measure and J| {1x|=1y ¥V (dx) < oco. Consider the infinitely
divisible distribution A that has Lévy generating triplet given by o = 0, Lévy
measure vy and y = — [y, XV (dx) (for this notation, see Sato [15], pages 39
and 163); its characteristic function is

exp{/ (e 1 — izf(x))v(dx)}.
R
So, by hypothesis, A = §y. Hence, vy =0 and thus f =0, v-ae. [

REMARK 3.6. Note that if a Lévy process has finite moment of order k > 2,
then a polynomial of order [£/2] without independent term satisfies the conditions
on the function f of the lemma.

3.3. Kailath—Segall polynomials and finitely supported Lévy measures.

THEOREM 3.7. There exists a number k > 1 and a family of polynomials
{On(x1,...,xk,t),n >k}, Q, of degree n, such that

1 1 k
P.(xP, . xMy=0,(xV, . xP), n=k,
being this k the minimum number that satisfies that condition, if and only if
1{50y +#Supp(v) =k,

where Supp(v) is the support of the Lévy measure v.

PROOF. We first prove that the condition is sufficient.
Case 1. Let 0 =0 and Supp(v) = {ay, ..., ar}. Consider the polynomial of
degree k + 1,

k k
R(x)=ux H(x—aj)= chxj+xk+l,

j=1 j=1
that satisfies R(x) =0, v-a.e.
Denote by L the polynomial of order 1 in x1, ..., xx+1 defined by the coeffi-
cients of R,
k
Lr(xt,...,Xkq1) = ZijJ' + Xkt 1,
j=1
and let

crer =—E[Lr(xV, ..., xFD)).
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Then, the characteristic function of Lg(X t(l), X ,(k+1)) ~+ cr41t is [see (3.4)]

exp{t/ (e"RM 1 — izR(x))v(dx)},
R
which is equal to 1 because R(x) =0, v-a.e. So,
k+1 d j
X =3 ex D — g
j=1

and it follows that

1 k+1 1 k

P (X0 xFD) = 0 (xV, L x P )

for some polynomial Q41 of degree k + 1. Now, observe that for every n > k + 1,
the linear system

aigi +afgz+---+a’fgk=a'f

aigi +01%g2+"'+a]/§8k =ay

has a unique solution gy, ..., gx since the determinant of the system is a Vander-
monde one. Hence,

k

Z gjxj —x"=0, v-a.e.

j=1
Therefore,

k .
Xt(n) = Z ng,(j) + dut,
j=1

where d,, is defined is a similar way as before and thus

P, (xV, . x"=0,(xV, .. xP) Ya=k

Case 2. When o # 0 and Supp(v) = {aj, ..., ax—1}, consider the polynomial of
order k + 1 without independent and linear terms,

k—1
R(x) = x> 1_[ (x —aj).
j=1
Working as in case 1, we have

k
k+1 j
X§+):— E CjX,(J)—Ck_Ht.
j=2
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Necessity of the condition. Assume that
1 k+1 1 k
P (X, xF DY = 0 (xV, L xP)).

In the left-hand side, by (1.3), the process X **1) appears to be simply just multi-
plied by 1/(k + 1), so

x5 =por(x™M, . xP0),

where “Pol” means a polynomial in the specified variables. By Proposition 3.2,

k
k+1 '
X = ZCJX;U) + cr+1t
j=1

and there is no linear relationship between any of the X1, ..., X®  Taking ex-
pectations,

k
Cht1 =—Cz<02+/RxZV(dX)> —;/ijv(dx)Jr/ka“v(dx).

Then, the characteristic function of ZIJ‘-ZI cjX ,(j ) x t(k+1) + cg+1t is 1. Specifi-
cally,

exp{_%cgmzaz

. k
+t/ (elZ(Zl;lejx./—xk+1) _ 1 _ lZ(Z ij,/ _xk+1>>l)(dx)} — 1
R :
j=1

If 0 > 0, then ¢; =0 and, by Lemma 3.5,

k
Xk Z cjx/ =0, v-a.e.
j=2
If o =0, then
k
X - Z cjx) =0, v-a.e.
j=l1

For the second case (the first one is very similar), if the polynomial x**+! —

Z’;Zlcjxj has only r < k real, nonzero, distinct roots, then Supp(v) = {ay, ..., a;}
and, by the sufficiency proofs above,

-
Xt(r+1) _ Z cht(]) et
j=1
which contradicts the assumption that there is no linear relationship between the
xD o x0+D S0, #Supp(v) =k. O
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4. Teugels polynomials associated with a Lévy process. In this section, we
will work under Nualart—-Schoutens [13] conditions on the Lévy measure v, even
though some definitions only need the condition that the Lévy process has finite
moments of all orders, and that can be weakened to use only finite moments up
to a convenient order. The Nualart—Schoutens [13] conditions can be expressed as
the existence of A > 0 such that

@.1) [ v <o,
(=1,1)¢
This implies that
f |x|v(dx) <oo and f lx|"v(dx) < 00 Vn > 2,
{Ix]>1} R

so X; has moments of all orders, and the characteristic function of X; is analytic.
Consider the measures

y(dx) =x*v(dx) and, ifo >0, v (dx) = 6280 (dx) + x*v(dx).

Since v has moments of all orders > 2, it follows that y and y ¢ are finite measures
with finite moments of all orders, and the probabilities y/y (R) and y°/y° (R)
have characteristic functions that are analytic in certain neighborhoods of the ori-
gin because, if we take p = A /2, then

/ eP¥lx2u(dx) < %f 2Py (dx) < 0o
(=1,D¢ pP= J (=11

and also f(—l, 1 e?*1x2y(dx) < oo. This implies that the characteristic functions of
y/y(R) and y? /y? (R) are determined by their moments (see Chow and Teicher
[5], Propositions 8.4.4 and 8.4.6).

We can construct a (finite or infinite) sequence p,(x),n > 0, of orthogonal
monic polynomials with respect to y and another sequence of monic polynomi-
als py (x) orthogonal with respect to . By convention, it is always the case that
po(x) = pg(x) =1.

EXAMPLES.

1. Brownian motion. X = W. Then v = 0. The polynomials are pj(x) = x,
pn(x)=0,n>2.

2. Standard Poisson process. X = N; —t. Theno =0 and v =61, p1(x) =x — 1,
pn(x)=0,n>2.

3. Simple Lévy process with 2 jump sizes, with o =0,

X, = al(Nl(t) — b1l‘) +a2(N2(t) — bzt).
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Then v = b184, + b284, and

b1a3 —I—b2a3
pi(x) =x— ———=,
blal +bza2
p2(x) = (x —ap)(x —az),
pn(x) =0, n>3.

4. Gamma process. (Schoutens [17]) Let {G;, t > 0} be a Gamma process, that is,
a Lévy process such that G, has distribution Gamma with mean ¢ and scale pa-
rameter equal to 1. Consider X; = G; —¢. Then, 0 = 0 and the Lévy measure is

v(dx) =1y~ ex;x dx, which has infinite support. The sequence of orthogonal

polynomials is infinite and they are the Laguerre polynomials L M (x).

As Schoutens [17] shows, it is straightforward to obtain p¢ (x) from p,(x)
through a family of kernels polynomials. However, in Corollary 4.3, we will see a
useful relationship between p 4+1(x) and p,(x).

In order to compute p, (x), write

my m3 - Mp42
m3 mg - Mpy3
4.2) Ap=1| . . ,
Mpy2 Mpy3 -0 M2p42
where my, = fok_zy(a’x) = fokv(dx), k>2, and
my m3 e Mp4)
m3 mg o Mpy3
(4.3) Dy (x) = :
Mpy1 Mpy2 -+ M2yt
1 x e xn

There are two cases.
1. If the support of y is infinite, then, for every n, A, #% 0 and
(4.4) Pn(x) = (Ap—1) "' Dy (x)

defines an infinite sequence of orthogonal polynomials. This follows from well-
known facts about orthogonal polynomials; see Chihara [4], pages 51 and 52,
and Theorem 1.3.3.

2. Ifv=737_, b;d4;, then there are just n nonzero (y-a.e.) orthogonal polynomi-
als po, ..., pn—1. The expression of the (monic) polynomial p, is very easily
computed, as follows:

1 ail a’f
n . .
(4.5) @)= [[x—ap=0,"" At
j=l ] an an
n

I x - x



ORTHOGONAL POLYNOMIALS AND LEVY PROCESSES 785

where
1 a ai‘_l
®n =1: .
1 a, - a!

and (x) is due to the fact that this polynomial has degree n and is identically
Zero y-a.e., so it is orthogonal to the first n orthogonal polynomials. For m > n,
the polynomial p,,(x) is also identically zero y-a.e. and not unique.

3. Wheno >0andv=>7}_,b; 8a;, there are also only n + 2 determinate poly-
nomials p{ (x), the last one being

(4.6) P ) =x [Jx —ap.
j=1

This expression is also deduced from the fact that this polynomial satisfies
Ppy1=0,y%-ae.

The orthogonal polynomials p{ (x), or p,(x) when o = 0, determine a se-
quence of strongly orthogonal normal martingales related to the Teugels martin-
gales (see Nualart and Schoutens [13]) and that is why we call them the Teugels
polynomials associated with X. In Section 4.3, we provide an explicit expression
for those martingales.

REMARK 4.1. We have changed the notation of Nualart and Schoutens [13]
and Schoutens [17] because they write p,(x) for the orthogonal polynomial of

degree n — 1, and here it denotes the polynomial of degree n.

The next theorem is a modification of the Gauss—Jacobi mechanical quadrature
formula (see Szegd [18], Theorems 3.4.1 and 3.4.2).

THEOREM 4.2. Assume that the Lévy measure v has infinite support and let

n > 1 be such that p,(0) # 0. There are then different nonzero numbers ay, ..., ay
and strictly positive numbers by, ..., b, such that the (Lévy) measure with finite
support,

n
Vn = Zbkfsaks
k=1
satisfies
4.7 /xkv(dx):/ K, (dx), k=2,....2n+1.
R R

Moreover, let y,(dx) = x2v,(dx) and Yy (dx) = 0280(dx) + x2v,(dx). Then,
y and y, (resp. y° and y,] ) have the same orthogonal polynomials up to order n.
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By the Gauss—Jacobi formula (Szegd [18], Theorem 3.4.1), the numbers
ai,...,an are the n different nonzero real roots of p,(x), and by, ..., b, are the
unique solution of the compatible system

my = a%b1 + a%bg + - 4+ a,%bn

muys1 = a b+ a2y + . 4 a2,

where m; = fokv(dx),k > 2. The numbers by, ..., b,, called the Christof-
fel numbers, are all strictly positive (Szeg6 [18], Theorem 3.4.2). From (4.7),
it follows that the finite measures y and y, have the same moments of order
0,1,...,2n — 1, denoted by mo, ..., mo,+1. Hence, from the expressions (4.2),
(4.3) and (4.4), we deduce that they have the same Teugels polynomials up to or-
der n.

COROLLARY 4.3. Let v be a Lévy measure such that p,(0) # 0. There are
then A, and \,_1 such that pZH(x) =xpp(x) — Ay py (X) — Ap—1pg_; (x).

PROOF. The polynomials p; 4+1(x) and xp,(x) are monic and have degree
n + 1. The polynomial xp, (x) — pJ 41(x) can then be written as

xpn(x) =PI () = Y A pf (%),

j=0
where
A=K /R (xpn () = P11 (0)) PT (0¥ (dx)
=KJ-‘1/H;Xpn(x)p}’(X)V"(dX)
and

K; = [y @,

Consider the discrete measures y, and y,7 of the preceding theorem. Then:
1. the measures y? and y,” have the same moments up to order 2n — 1 and, for
j=0,...,n—2,

b= K5 [ apaopg oy ).

2. denoting by p;(x) [resp. ﬁ‘jf (x)] the Teugels polynomials of y, (resp. y,7),
we have

Fi)=p;x) and FI0)=plCx),  j=l....n,
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and [(4.6)]

Pr41(x) =X Pn(x) = xpn(x) =0, vy -a.e.,
so it follows that, for j =0,...,n — 2,

A= Kj_‘ /Rxpn(X)p}'-(x)VnU(dx)
= K;l/;gﬁr({+l(x)ﬁ?(x)y;(dX) =0. -

4.1. An approximating sequence of simple Lévy processes. An interesting
consequence of Theorem 4.2 is that it provides a way to construct a sequence
of simple Lévy processes that converges in the Skorohod topology to X, satisfy-
ing the conditions of Avram [2] in order that all variations and iterated integrals
of the sequence converge to the variations and iterated integral of the limit. From
the separation of zeros theorem of p, (see [4]), if p,(0) =0, then p,4+1(0) # 0.
There is then a sequence m| < my < --- /" oo such that p,, (0) # 0, Vk. Let
Xy = {Xr(t),t € R} be a centered Levy process with diffusion coefficient o and
Lévy measure v,,, given in Theorem 4.2. That is, the law of Xy is

mg
Xi(t) =raw o Wy + > _aj(Nj(t) — bjt).
j=1

Denote by Pk(”) and X ,E") the iterated integral and the variation of order n of Xg,

respectively, and by P and X the iterated integral and variation of X, respec-
tively.

THEOREM 4.4. Let X be a Lévy process that satisfies the condition (4.1) and
such that v has infinite support. With the above notation, for every n,
lim P = P and  lim X" = X

(both convergences in the Skorohod sense).

PROOF. By Avram [2], it suffices to prove that
lilgn(Xk, [ Xk, Xi]) = (X, [X, X]) in the Skorohod sense.

Since all of the process involved are Lévy process, by Jacod and Shiryaev [6],
Corollary VII.3.6, it is sufficient to prove that

lilzn(Xk(l), [ Xk, Xkl1) = (X (D), [X, X]1) in distribution,
and by the Cramer—Wold device, this is equivalent to proving that for every u, v €
R,
lilgn(uXk(l) + v[ Xk, Xil1) =uX (1) +v[X, X1y in distribution.
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From (3.4), the characteristic function of u X (1) + v[ X, X]; is
¥(2) = eXp{—%uzzza2 + izv<02 + f xzv(dx)>
R

+t/(eiZ(ux+sz)_l_iZ(uxJFsz))U(dx)}.
R

From the fact that the characteristic function of X is analytic, it follows that
¥ (z) also is. So, it suffices to show that all cumulants of u X (1) + v[Xg, Xr]1
converge to the corresponding cumulants of uX (1) + v[X, X]; and this is clear
from the construction of v, . [

4.2. The relationship between Kailath—Segall polynomials and Teugels polyno-
mials.

4.2.1. Preliminary results. This subsection is purely algebraic; later, we will
give a probabilistic interpretation of the results. First, it is convenient to introduce
a new notation. Given a polynomial of order #,

P(x)=co+cix+---+cux",

we denote by L(P)(x1, ..., X,+1) the polynomial of degree 1 in x1, ..., X, as-
sociated with the coefficients of P:

(4.8) LIP)(X1, .- Xpt1) = CoX1 + -+ + CpXnt1-
Of course, we can recover P(x) from L(P)(xy, ..., Xp+1):
Px)=LP)A,x,...,x").

Second, we need to consider some finite-dimensional vector spaces. Let a =

(ai,...,ay), where ay, ..., a, are different nonzero numbers. Write
n
a n+1 .
L1 =11, ..., xpp1) €R .x1:2a_,-yj,
j=1

n n

_ 2. _ n+l_ .

=Y ak g = Yy,
Jj=1 Jj=1

for some (yi,...,y,) € R" ;.

4%, | is subspace of dimension n of R"+1 and there is the projection

n+1 a
R"™ — &1,

(-xlv""xn+l) - (xl’---,xnaun+l)»
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where u,41 is computed as follows. By the Vandermonde determinant property,
we can find (y1, ..., y,) € R" such that

n n n
2
(4.9) x1=Zajy_,-, xz=2ajyj,...,xn=2a?yj.
j=1 j=1 j=1
We then write

n
n+1
s = Yy,

j=1
LEMMA 4.5. With the above notation,

Upt1=—L(P)(x1,...,%x,,0),

where

Px)=]]&—a).

j=1

PROOF. From the expression of P(x) given in (4.5),

n
I a - af
-1 .
°C(P)(-xlv""xn+1)=®n :
1 an a;’:
X1 X2 0 Xptd

Hence,

n n
LPY(XL, -y Xy Un1) = £<P><Zajy,-,..., Za;?“yj) =0.

j=1 j=1
The polynomial P (x) is monic, so

Up+1 :_°C(P)(x17"'7xn70)' O

Define the polynomial of degree n + 1,
Jrla+1(x17 ""xn) = Pn—i-l(xl: ---,xnaun—i—l) :Z 1_[ Faj][y]]hja
j=1"7"

where the summation is over all nonnegative integers hi,...,h, such that
Z;le hj =n+1, [x], is the falling factorial and yy, ..., y, are given in (4.9).
This strange expression is the multiple convolution of Charlier polynomials
aC.(yj,0),j=1,...,n. Note that when working with the polynomials, the vari-
able ¢ does not play the role of time and can be used freely according to our needs.
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PROPOSITION 4.6. For every (x1,...,Xn41) € R+,
a (=n"
Pn—i—l(xl,w«,xn—i-l) _‘]n-l,-l(xl""axl’l): n+ 1 £(P)(x1!7xn+1)a
where
n
P(x)= l_[(x—aj).
j=1
Equivalently,
Pl m—J2 P L
n+1(a-x9'--7-x)_ I’l+1( s Xy ey X )_n+1 (x)

PROOF. Simply note that P, is linear in x,,+, with coefficient (—1)"/(n +
1) [see (1.3)], and apply Lemma 4.5. [J

Note that this proposition is true if we replace P,4+; by another polynomial
linear in the variable x,1, but we will see that with P, 1, it has an interesting
probabilistic interpretation.

In the same way, take ¢ > 0 and write

n
o,a 2.
8 =101, .. xap2) ERPixy =0y + Zajyj,
j=1
n n
_ 2. _ n+1_ .
X2 =) AjY) s Xng2 = Zaj Vjs

_j:] j:]

for some (yo, y1, ..., yp) € R"T1 .
Consider the projection

n+2 o,a
R*™ —> &0,
(xla . 7~xl’l+2) - (xlv e ’xn—H» ug+2)v
where
n
o __ n+2 .
Upy2 = Zaj Yjs
j=1
. : 2 +1 .

Y1, --., yn being the solution of x; = Z;;l A5Yjsees Xl = ;f=1 a’} y;j. With
the same proof as Lemma 4.5, we have that L(P)(x2, ..., Xn+1, uZ+2) =0, where

P(x) = H;le(x —aj). Also, note that
°£(XP)(-xla sy -xl’l+2) == °C(P)(-x2’ ey xn+2)
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Define the polynomial

a
J:+2(xl, cey Xng1) = Poao (X1, .oy Xnt 1, ug+2),

which has an expression similar to J*_; with the addition of a Hermite polynomial
H.(y0, 0). We then have the following.

PROPOSITION 4.7.  For every (xi, ..., Xu42) € R"2,
oa (_1)n+1
Popo(x1, ..oy Xng2) — S, 05 (00, oo, Xngr) = WQC()CP)(XI, ceos Xng2),
where

Px)=]]&—ap.

j=1
Equivalently,
(— 1)n+1

P Lx,....x"™h — g%, x,...,x"
n+2( ) 5 ( ) w2

hot xP(x).

4.2.2. Teugels polynomials. The propositions of the previous subsection can
be transferred when we have a Lévy measure v and the corresponding Teugels
polynomials p, (x) and p; (x). We use Corollary 4.3 to identify these polynomials.

COROLLARY 4.8. Fix n > 1 such that p,(0) # 0 and let ay,...,a, be the
roots of pn(x). Then,

(="
Pop1(X1, oo Xpg) — T (X1, 0 X)) = L)Xl i)
n+1
and
Pn+2(x1, cuey xn+2) _ ‘Ir?_fz(xl, . ’xn+1)
(—1)n+!
- m(°£(l’g+1)(x1, ey Xpi2)
L (PO X ) A1 LG DL o).
Equivalently,
n a n—1 (_1)n
Pn+1(1,X,...,X)_Jn+1(1,x,...,x ):mpn(x)
and
P2 (Lox, oo x™ ) = JT8 (Lox, 2™

_ (_1)n+1

W(PZH(X) + Anpp (x) + An—1p_ 1 (X)).
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4.3. Main result. The Teugels martingales (Y® n > 1} (see Nualart and
Schoutens [13]) are defined by Y(") X, ) E[X,(n) ],n > 1. Specifically,

Yl(l)th, Y(z) X(z) t(az—i-/%xzv(dx))

and

y™=x" — t/ x"v(dx), n>3.
R

(Nualart and Schoutens [13] write X(z) Zsi,(AXs)z, instead of [X, X], as we
have done; however, both definitions give the same Y®.) By an orthogonaliza-
tion procedure, they obtain a family {H ", n > 1} of normal martingales, pair-
wise strongly orthogonal, that, under the hypothesis (4.1), generate all of L?(2)
by sums of iterated integrals. In order to strongly orthogonalize {Y ™, n > 1}, if
o > 0, they show that you can look for the sequence of orthogonal polynomials
py (x) and take

H,(’H_l) cc(p )( (1) e Yz(n+1)),

and the same expression with p, replacing p;, if o =0.

THEOREM 4.9. Let X be a centered Lévy process with moments of all orders
and fix n > 1 such that the Teugels polynomial of order n, p,(x), does not have a
zero root. Let ay, . . ., a, be the roots of p,(x). If 0 =0, then

1 1
P (xV, . x Dy
(4.10) 1 1y
(n+1) ) n) -
n+1Hf + (XX )+—n+1Cnt,

where
Cy = fR () = pu(0))v(dx)

and J _H(X(l) X(n)) + &7 C t is orthogonal to Py (X(l)) Pn(Xil), .

n—l—l
xM).
If o >0, then
() w2y _ D) (n+1) )
Pn+2(Xt "“?Xl‘ )—W(Hl +)\'nHt +)"n—1Ht )
(_1)n+1
J7AXD, XYY Dy,
+ ( t )+ n+2 n+1

where A, and A,—1 are given in Corollary 4.3 and

Dyt = 02pa(0) + / 22 pp () (do0).
R
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Moreover, J (X(l) X(”H)) + ¢ nlfz Dy 41t is orthogonal to Py (Xt(l)), e,
X(l) x =D
Py ( LX),

PROOF. Since the proof for o > 0 is very similar to the case o =0, we con-
sider only the latter one. Formula 4.10 follows from Corollary 4.8 and

B = £ (v, )
— L (X P, X /Rx(pnoo — PaO)(d).

To prove the orthogonality between J, | (Xt(l) X(”)) + ( C,,t and P; (Xil),
., X,(j)) for j =1,...,n, observe that, by definition of J;‘H and Lemma 4.5,

(D"

X(l) , Xt(n))
n+1

n+1( - C,t= n+1(X§1),...,Xt(n),Vt(n_H)),

where
VY = — e (x{V, .. X, 0) + Cor.
The idea of the proof is to construct a simple Lévy process Z; such that, for r <n,
E[P(X{". .., XY Pt (L X, VD))
D —E[P.(z", ... Z") P (2", ... 2]

and by the orthogonality of the iterated integrals of different order, the expectation
on the right is zero.

With this objective, consider the Lévy process (X t( Do.x t("), V,("+1)) that has
characteristic function [see (3.3)]

. n+l _  j_
ox(2) = exp{t[li%(e’@f‘l 2jx) —zn1xpn(0) _ | _ ix(z1 — zn+1pn(x)))v(dx)},
where z = (21, ..., Zn+1)-

On the other hand, let by, ..., b, the Christoffel numbers corresponding to v
given in Theorem 4.2. Define (on the same probability space or another)

Zy =) aj(N.(t) —bjt),

Jj=1
where Ni, ..., N, are independent Poisson processes with respective intensities
b1, ..., b,. The characteristic function of (Zt(l), e Z,(”H)) is [see (3.3)]

. n+1 i
©z(z) :exp{t/ (e’(zizlzfx]) —1—ixzi)va(dx)t,
R
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where v,, = Z’}Zl bjd, ;- By Theorem 4.2, v and v, have the same moments up
to order 2n + 1, both v and v, have the same first n Teugels polynomials and
pn(x) =0, v,-ae. Let ji, ..., jut+1 be nonnegative integers such that ZZ:% kjr <
2n + 1. Therefore, the (joint) cumulant of order j; in the first component, order
Jj2 in the second component and so on, of the vectors (X,(l), s X,(n), Vt("H) )
and (Zt(l), s Z,(”H)) are the same. So, a polynomial up to degree 2n + 1 of
(Xt(l), o Xt("), V,("+l)) and the same polynomial of (Z,(l), o Zt("+1)) have the
same expectation. In particular, for » < n, we have the identity (4.11). [

EXAMPLE. A very simple example will help to interpret Theorem 4.9. Con-
sider a Lévy process X with o = 0 and Lévy measure v, and let a be the root of its
Teugels polynomial of order 1, p;(x). Assume a 7 0 and let b be the solution of

f xzv(dx) = ba’.
R

Let Z; = a(N; — bt), where N; is a Poisson process of intensity b. Z; is then a
simple Lévy process that has Lévy measure v = b§,. By Gauss—Jacobi Theo-
rem 4.2, v and v; have the same moments of order 2 and 3. So, X; and Z, have the
same cumulants of order 2 and 3, and, since both are centered, they have the same

moments of those orders. Then, on one hand, J5' (X t(l) )= Py(X;,aX;), so

T8 (X)) — %r/ x?v(dx) = P2<X,,aX, +zf xzv(dx)).
R R
On the other hand,
Py(zV, 22) = Py(Z,,aZ; + ba®1).
We then have

E[PI(X,)<J2“(X,) — %t/szv(dx))} =E[P1(z")Py(z", ZP)]

because Pi(X;)(J5 (X;) — %t Ir x2v(dx)) is a product of a polynomial of degree
1 and a polynomial of order 2, in X;, which is centered, so the expectation of that
product depends only on the moments of order 2 and 3. So, Theorem 4.9 says that
we have a decomposition

1 2 2
PZ(Xf( g Xt( )) = J) (X)) — %I/R)czv(dx) — %Ht( )
such that:
1. J3(X) — %tfozv(dx) is orthogonal to P (X");
2. JZQ(X’) - %tfRXZV(dX) = Pz(Xz(l), Vz(z)), where (X,(I), Vt(z)) is a Lévy process

that has the same moments (up to order 3) as the variations (Z,(I), ZI(Z)) of the
simple Lévy process Z;.
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