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HITTING PROBABILITY OF A DISTANT POINT FOR THE
VOTER MODEL STARTED WITH A SINGLE 1

BY MATHIEU MERLE
Ecole Normale Supérieure

The goal of this work is to find the asymptotics of the hitting probability
of a distant point for the voter model on the integer lattice started from a single
1 at the origin. In dimensions d = 2 or 3, we obtain the precise asymptotic
behavior of this probability. We use the scaling limit of the voter model started
from a single 1 at the origin in terms of super-Brownian motion under its
excursion measure. This invariance principle was stated by Bramson, Cox
and Le Gall, as a consequence of a theorem of Cox, Durrett and Perkins. Less
precise estimates are derived in dimension d > 4.

1. Introduction, notation and statement of result. The voter model is one
of the most classical interacting particle systems. This model is of great interest
because it exhibits a range of interesting phenomena and also because it is dual
to a system of coalescing random walks. The voter model was first introduced in
[5, 10], and some of its basic properties were investigated by Liggett [16], Sawyer
[20], Arratia [1] and Bramson and Griffeath [3].

More recently, Cox, Durrett and Perkins [4] showed an important invariance
principle, establishing that, after a suitable renormalization, voter models in di-
mension d > 2 converge to super-Brownian motion. Super-Brownian motion is a
continuous measure-valued process which arises as the weak limit of branching
particle systems (see Watanabe [22]). It was discussed by Dawson [6], and studied
extensively in the 1990s (see in particular [7, 13, 18]). In recent years, it was shown
that super-Brownian motion also appears in scaling limits of a wide range of lattice
systems such as lattice trees, contact processes or oriented percolation. The main
idea of this work is to exploit known properties of super-Brownian motion to get
asymptotic results for the voter model.

Let us now describe the voter model and state our main result. Let d > 2. At
each site of the integer lattice Z¢ there is a voter holding an opinion. We will study
here a two-type model, where there are only two possible opinions, say O or 1. At
rate-1 exponential times, the voter at x € Z¢ chooses a neighbor y according to a
given jump kernel p and adopts the opinion of y. The voting times and neighbor
selections are supposed independent. The jump kernel p:Z? x Z4 — [0, 1] will
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be supposed symmetric, translation invariant, irreducible, centered, isotropic, and
having exponential moments:

e p(x,y)=p0,y—x), plx,y) = p(y,x), p(0,0) =0,

i ZyeZd yp(0,y) =0,

® > yeza PO, Wyl yl = 626,-j for some 0 < o2 < 00,

o there exists a constant C > 0 such that Zyezd p0, y)exp(Cly|) < oo.

If + = 0, we denote by &; the set of sites where voters hold opinion 1 at time ¢;
(&1)¢>0 is the two-type voter model. If A C 74, we write P4 for the probability
measure under which £y = A. Throughout this paper, we will consider the particu-
lar case when &y = {0}. In this case, (5,0) >0 Will denote the two-type voter model
started from a single opinion 1 at the origin, and for simplicity, we will write P
for Pyg).

It is often convenient to work with the associated measure-valued processes

X; ::Z(Sy, X? = Z(Sy.
YE& yeg!
For o > 0 we define the conditional probability
Pr() = P(|&) # 2).
We are interested in estimating the probability that a voter located at a distance
of order ¢ from the origin ever holds opinion 1. If x € R?, we denote by [x]. the

point in ¢~ 1Z¢ closest to x. If there is more than one such point, we choose the
point closest to the origin. Our goal is to find the asymptotic order as ¢ — oo of

P@3r > 0:c[x]. € &Y).

We introduce the notation T¢[y), = inf{t > 0:c[x]. € Sto } so that the previous quan-
tity can also be written P (7¢[x]. < 00). Set B, =2, and for d > 3, let B4 be the
probability that a rate-1 continuous-time random walk with jump kernel p started
from the origin never returns to it.

THEOREM 1. Letx € R?\ 0 be fixed. Let us define

C2
T 4=2
ga)=1 "
ce, ifd =3,
42, ifd >5.

Then, ifd =2 ord =3,

li P(T, _2 Ay
cggoff’d(c) (c[x]c<oo)—E( —5>|X| .

If d = 5, there exist positive constants ag, by depending on x such that

ag < licrggfqbd(c)P(Tc[x]c <o0) < licrgsolép ¢a(c) P(Tepy), < 00) < by.
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In dimension 4 we obtain less precise results. We will prove the existence
of a positive constant a4 and we conjecture the existence of a positive b4 such
that a statement similar to the one in d > 5 holds for d = 4 with the function
¢4(c) :=c?In(c). The upper bound in dimension 4 seems more difficult than the
corresponding results in other dimensions. Adapting the proof of the upper bound
for 2 <d <3 to the case d =4 only gives limsup,._, o, cZP(TC[X] <o00)=0.

Theorem 1 immediately extends to the multitype voter model &, which is de-
scribed as follows. We assume that the initial opinions are all distinct. The dynam-
ics of the multitype voter model are the same as those of the two-type voter model.
In this multitype setting, Theorem 1 gives the asymptotics of the probability that
the voter at x ever adopts the initial opinion of y, as |x — y| tends to infinity.

In dimensions 2 and 3, we will let T > 0 and argue under the measure Pc*zT' Mo-

tivated by the results of [4], Bramson, Cox and Le Gall [2] proved that for 7 > 0,
the voter model £° under P% . converges as ¢ — 0o modulo a suitable rescaling
to a nondegenerate limit that can be expressed in terms of the excursion measure
Np of super-Brownian motion (see Theorem 2 below). This invariance principle of
[2] will be our main tool in the proof of Theorem 1 for small dimensions. We will
also need properties of super-Brownian motion under its excursion measure Np.
The Brownian snake approach of Le Gall [13] gives a good understanding of the
measure Ny, and will be used to prove an intermediate result.

As mentioned earlier, the voter model and coalescing random walks are dual
processes. In a coalescing random walk system, particles are assumed to execute
rate-1 random walks with jump kernel p. Particles move independently until they
meet, then coalesce and move together afterward. The duality property also serves
as a major tool for our results.

In Section 2.1, we introduce super-Brownian motion and its excursion mea-
sure Np. Scaling limits of the voter model (invariance principles) are discussed in
Section 2.2. The duality property is explained in Section 2.3, and preliminary re-
sults on rate-1 random walks and system of coalescing random walks are discussed
in Sections 2.4 and 2.5.

We establish the asymptotic upper bounds on P (7¢[x] < 00) in Section 3. This
requires interesting intermediate results. Lemma 4 expresses that the probability
for the voter model under P to escape B(0, A) before time 2« decays expo-
nentially with A. Lemma 3 informally expresses that for any fixed ¢ > 0, then,
Ui ea Sto does not contain any “isolated” point, with arbitrarily high probability
under P}, when « is taken large enough.

We prove the asymptotic lower bounds in Section 4. Section 4.1 is devoted to
the case d > 4, and Sections 4.2 and 4.3 to the case d = 2 or 3. Finally, we prove
the results of Sections 2.4 and 2.5 in Section 5.

2. Further notation and preliminary results. Let f and g be two functions
from R into (0, c0). We will write f(x) = 0o(g(x)) as x — 00, respectively f(x) ~
g(x) as x — oo whenever lim, _, o f()c)(g(x))_1 is equal to O, respectively 1.
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For x € R?, r > 0 we denote by B(x, ) the open ball in R? centered at x with
radius r, and B(x, r)¢ its complement.

For real numbers x < y, the set {n € Z:x <n < y} of integers between x and y
will be denoted by [|x, y|]; also, the integer part of x :max{n € Z:n < x} will be
denoted by | x|, while |x| + 1 = min{n € Z : n > x} will be denoted by [x].

2.1. Super-Brownian motion. Let Mg (R%) be the space of all finite measures
on R¥, equipped with the topology of weak convergence. For u € Mp(R?), f a
function on R<, the notation w(f) will stand for [pa f(x)u(dx) whenever this
integral is well defined. We let C(R, Mr (R%)) be the space of continuous paths
from R into Mg (R%), and we let DRy, MF (R%)) be the Skorohod space of
cadlag functions from R? into Mp(RY). We denote by (Y, t > 0) the canonical
process on either C(Ry, MF (R%)) or DRy, MFp (R%)).

The law of super-Brownian motion with branching rate y and diffusion co-
2
efficient o2, starting from u € Mp(R?), is the probability measure Q. on

C(Ry, Mp(R?)) that solves the following well-posed martingale problem (see
[18], Theorem II.5.1):

(MP) For any ¢ € C?(Rd),
Yi(¢) = (@) + Mi(e) + & /O Y,(0*Ag) ds.

2
where M;(¢) is a Q,Ji’a continuous square integrable martingale such that
Mo (¢) = 0 and the quadratic variation of M (¢) is

! 2
(M (), = fo Y (y¢?) ds.

2
One can show (see, e.g., Section I1.7 of [18]) that there exists a family {R,y’g (v, ),
yE RY ¢ > 0} of finite measures on Mp (R%), called the canonical measures of
super-Brownian motion, which assign zero mass to the 0 measure and are such that

2 .
the following holds. The law of ¥; under Q};°  is the same as the law of ", Y/,

2
where ), SY} is a Poisson measure with intensity fMF(Rd) R (v, )u(dy). It
follows that for any Borel subset Y of Mr (Rd )with 0 ¢ Y,
2 2
(1) lime QL7 (Y, e Y) =R (v, Y).
e—0 Y

It is also well known (see [18], Theorem I1.7.2) that for any y € R4,
2 2
) R (y, Mp(RY)) = e

From [18], Theorem I1.7.3 (see also formula (3.10) in [2]), for each y € R4
there is a o-finite measure N, on C(Ry, Mp (R%)) called the excursion measure
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of super-Brownian motion with branching rate y and diffusion coefficient o> such
that the following holds. For any « > 0 fixed, then for any bounded continuous
function F on C(R;, MF (R%)), such that F(w) = 0 for any w with w(t) =0 for
allr > «,

3) lim e~ QL7 (F((¥;, 1 2 0))) = N, (F).

The convergence (1) is a particular case of (3). Thus, for any Borel subset % of
Mp(R?) with 0 ¢ Y, we have

y.0?
NyYie)=R" (v, ).
Also, forany 7 > 0, y € RY, we get from (2)

2
“) Ny(YT#0)=y—T,
and we can define the probability measure N gT) =N, (Y7 #0).

A better understanding of the measures Ny, is given by the Brownian snake ap-
proach of Le Gall (see [13], and Section 4.4 below). The Brownian snake approach
corresponds to y = 4, but scaling properties of super-Brownian motion can then
be used to deal with a general value of y.

Finally, we will use the following result about hitting probabilities of a single
point. Let R; denote the topological support of the measure Y;, and R = |J,- o R;.
It follows from [13], Section 6.1, that

2 +
(5) No(x € R) = 4i(2 _ i) x| 2.
y 2

In particular, in the case d > 4, No(x € R) = 0, which explains why our results
are less precise. Also, as (5) suggests, the case of dimension 4 is critical, and thus
harder.

Since No(Yr =0|x € R) — 0 as T goes to 0, we deduce from (4) and (5) that

T d

(T) 2 2
~ 2 T 2 .

(6) Ny "(x € R) 0 o < — —> |x|

2.2. Extinction probability, invariance principle. Set p; := P(’g‘t0 # ). The
asymptotic rate at which p, converges to 0 was found in [3]. As ¢t — oo,
{log(t)/ (B2t), ifd=2,
©Lyan, ifd >3,

where B4, d > 2, was defined before Theorem 1. Hence, for any d > 2 there exists
a positive ko depending only on d such that for any 1/4 < ¢’ <1,

)

®) — <ko—=.
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If |C| denotes the cardinality of a finite set C, Bramson and Griffeath [3] es-
tablished that the law of p,léto| under P converges as t — 00 to an exponential
distribution with parameter 1.

Bramson and Griffeath [3] also conjectured that S,O would obey a certain asymp-
totic shape theorem. Such a result was derived in 2001 by Bramson, Cox and Le
Gall [2] using the invariance principle relating the voter model and super-Brownian
motion, which was proved by Cox, Durrett and Perkins in [4]. We rescale the voter
model as follows. For N > 0, the lattice is now Sy := 74 / /N . Individuals change
opinion at rate N instead of 1, and the jump kernel becomes py : Sy x Sy — R4+
such that py (x, y) = p(+/Nx, V/Ny). We denote by (EtN’O),ZO the corresponding

process (S,N -0 represents the set of sites having opinion 1 at time ¢). If we let
N

mpy = q log(N)’

N, ifd >3,
we can define an associated measure-valued process:

1

N,0

X, = Sy.
t mNZy

N,C
pIS 0

ifd=2,

Similarly, when at time 0O, opinion 1 is started from a given set &y, we may de-
fine for N > 0 a rescaled voter model é,N and the corresponding measure-valued
process X V. Theorem 1.2 of [4] states that whenever X (])V converges to a nondegen-
erate measure Xo € Mp(R?), then (X ,N )s>0 converges to a super-Brownian motion
on R? with branching rate 28, and diffusion coefficient o2, started from X.

Theorem 2 below states the convergence in law of the process (X ,N ’0) >0 un-
der the conditional distribution P (-|X év 0 # 0) toward super-Brownian motion un-

der Ngx). This result, which is taken from [2] (Theorem 4), will be a key ingredient
of the proof of Theorem 1 in dimensions 2 and 3.

THEOREM 2. Assume d > 2, and let Ng be the excursion measure of super-
Brownian motion on R with branching rate 2, and diffusion coefficient o. Let
o > 0, and let F be a bounded continuous function on D(Ry, Mg (R?)). Then

©) Jim ELF (X 0)20)1 X0 # 01 = NG [F.

Let us now turn to the well-known relation between the voter model and coa-
lescing random walks.

2.3. Dual process to the voter model. Let us introduce further notation in or-
der to describe the dual process to the voter model. The times at which the voter
at x adopts the opinion of the voter at y are the jump times of a standard Pois-
son process with rate p(x,y). We denote by A(x,y) this set of times. Then,
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{A(x,y),x,y € Z¢} forms a family of independent Poisson point processes on
[0, 00).

We now describe the useful graphical representation of the voter model. Hori-
zontal axis represents Z¢, vertical axis represents time. For x, y € Z¢ we draw a
horizontal arrow from y to x at each time s € A(x, y).

For s <t we say there is a path up from (y, s) to (x, t) or equivalently a path
down from (x, t) to (v, s) and we will write

,8) /(x, 1) & (x, 1) \((y,9)

if there exist times s =59 < §1 < -+ <8, < Sp4+1 =t and sites y = xg, X1, ...,
X, = x such that:

e for 1 <i <n, there is an arrow pointing from x;_; toward x; at time s;,
e for 0 <i <n, there is no arrow pointing toward x; in the time interval (s;, sj+1).

Clearly for every x € Z¢ and every choice of 0 < s < ¢, there is a unique y € Z¢
such that (y, s) / (x,t). In such a case, the opinion of (x, ¢) is “descended” from
that at (y, s). We will say that x at time ¢ is a “descendant” of y at time s, or
equivalently that y at time s is an “ancestor” of x at time 7.

We are now in a position to describe the dual process to the voter model. For
t >0 and x € Z¢ we define (ZF")o<s<: by setting Zg’t =xand for 0 <s <t,
Z¥!' =y if and only if (x,7) \{ (y,7 — ). Clearly, (Z¥")p<s< is a rate-1 ran-
dom walk with jump kernel p starting from x. Moreover, for x € Z%, y € Z%, the
two walks (Z")o<s<r, (Zsy’t)ogsst start respectively from x and y, move inde-
pendently until they meet, and move together afterward. That is, (Z}"")g<s< vezd
forms a coalescing random walk system with jump kernel p. Furthermore,

(10) g ={yez’:z]"" =0)}.

For t > 0, we denote by £)"" the set of descendants at time 7 + s of y at time ¢, that
is,

EVl=(zeZ:(y,t) S (2.t +95))={z€Z: 23S =y},

Notice that (§Sy’t)szo has the same law as (SSO + ¥)s>0. For u <t we will denote by
Q! the set of points having opinion 1 at time u and having descendants at time ¢,
that is,

Q i={yet) & £oy=£0n {2,z € 29).

The coalescing random walk perspective, combined with the Bramson and Grif-
feath results and Theorem 2, gives us a heuristic explanation of our main result
Theorem 1. If ¢[x], has opinion 1 at time 7, then Z™" =0 so that from well-
known properties of random walks, ¢ should be of order ¢2. The probability for
the voter model to survive a time of order ¢ is of order p,2, and conditionally on

that event, the rescaled voter model converges to super-Brownian motion under its
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excursion measure. Informally, formula (5) is then exactly what we need to con-
clude in the case 2 < d < 3. Also, not rigorously, one should expect that for d > 4,
the probability of hitting c[x]. should be of order p.. x No(Y hits B(x, 1/c)) =~
Ag(x) X ¢g (¢)~ !, where A4 (x) is a constant depending only on d and |x| (see [9]).

In the following section, we present a few well-known properties of random
walks, then some estimates for coalescing random walks. These will prove useful
when using the duality property in the course of the proof of Theorem 1.

2.4. Random walks with jump kernel p. We denote by (Z;,t > 0) a continu-
ous-time random walk on Z? with jump kernel p and exponential holding times
with parameter 1. For x € Z¢, Z starts from x under the probability measure P, .
For x,y eZ4 1t >0 we let

g (x, ) =q(y —x) =P (Z; =)

be the transition kernel of our random walk. For x, y € R? and 7 > 0 let

_yl2
pi(x,y) =pi(x —y):= (2n02t)_d/zexp<_ lx —yl )
202t

be the transition density of d-dimensional Brownian motion. We denote by P; the

associated semigroup. For d > 3 and x € R?\ 0, we also denote by G (x) the Green
function associated with p:

amzﬁwmumeuW”.

The asymptotic behavior of ¢;(y) as t — oo is given by standard local limit the-
orems (see [21], and [11] for an equivalent statement for discrete random walks).

THEOREM 3. Ifq and p are defined as above,

lim sup |t9%g,(y) — p1(yt=1/?)| =0.
11— 00 yEZd

We will also need an upper bound on the transition kernel ¢ that is valid for any
t>1/2:

LEMMA 1. There exist two positive constants k1, k2 such that for every t >
1/2,yeZ4,

K1 k2| Y]
000 = 2 (221,

For the reader’s convenience, we provide a short proof of Lemma 1 in Section 5.
For t > 0 and y € R? let us define

K1 2|yl
fi(y) = mexp(—T)



HITTING PROBABILITY OF A DISTANT POINT FOR THE VOTER MODEL 815

We also set for 7 > 0 and y € R?

. . . o . . < IZ2|y| *
K1 1= 2k71; K2 :=K2/4; fiy) = d/2 EXp\ — A
. ‘ . ‘ K 2yl

K1 == 4/{1, K2 -=K2/8’ fz()’) d/2 exXpl| — \/Z ’

sothat f;(x) < ﬁ (x) < f, (x). We need to control integrals of these functions. Note
| |2 r2
Xd2K2

that, for x # 0, the supremum of the function ¢t — f,(x) is reached at 1y =
Let us introduce for r > 0

Yo(r) =2In(r Vv e),
Ya(r) =ri2 ifd > 3.

We then observe that for T > 0, there exists a constant Lo depending only on d
and T such that for any x € R? \ 0,

T T . T,
(11) /Oﬁ(x)dts/ ﬁ(x)dtsfo Ay dr < Loya(lx|™).
df

Furthermore, whenever |x| > we have

(12) f A de <y T2 ex p( Kj';').

Finally, when d = 2, the integral fOT fi(x)dt diverges when T — oo, but, when
d > 3, there exists a constant L1 depending only on d such that

(13) /0 A@)de < Liga(x)™") = Lyjx24.

We also need an exponential bound on the probability for a random walk with
jump kernel p to escape B(0, A+/t) before time ¢. As a consequence of Lemma 1
and Doob’s maximal inequality applied to a suitable exponential martingale of the
random walk, there exist positive constants «3, k4 such that for any r > 1/2, for
any A > 0,

(14) Po( sup |Zy] > Aﬁ) < k3 exp(—k4A).
s€[0,1]

We may and will assume that the constant k> in Lemma 1 is such that x4 > 4k>.
We then deduce easy consequences of Theorem 3 and Lemma 1. From Theo-
rem 3, we obtain, for x 20 and s > 0,

(15) g,y (clxle) = s (c2) g 2 (clx]e) —> s“’”pl(%) = pa ().
c—> 00 Ky
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On the other hand, using (14), we get
L‘72
cd/ q2s(clx]e)ds < /c3cd_2 exp(—kac[x].) — O,
0 c—>00

whereas, from Lemma 1, for any s > ¢~ we have

(16) cAgag(clxle) < fi(lxle).

We can use (15) and dominated convergence to deduce that for x 20 and T > 0
we have

T T
(17) ! [ qestelriods =, [ piods.

By a similar argument, we obtain, forany 7 > 0, y € 74,

T T
| ae0ras s el +¢ [ fs/eds.
i

Using (11), (12), it is then easy to establish that there exist constants L, L, de-
pending only on 7" and d, such that for any ¢ > 1, we have

Lac™ (o), if y=0,
(18) quczs(Ws _ | Lo yatelyi . ifyezd\0,
ch_dexp(—L’ZM>’ ifyezd, |y > c.
C

We now discuss some preliminary results on coalescing random walks.

2.5. Preliminary results on coalescing random walks. Consider two indepen-
dent copies Z!, Z? of the random walk Z with transition kernel g, starting respec-
tively at points y;, y» € Z¢ under the probability measure Py, y,. The time at which
Z! and Z? first meet is the stopping time Ty = inf{t >0 Z,1 = th}. We will need
the following result. The first bound below holds in the case d > 3, for which we
recall that ¥4 (r) = r4=2. The second bound holds in the case d = 2, for which we
recall Y (r) =21In(r Vv e).

LEMMA 2. Letd >2and T > 0. There exists a positive constant L4 depend-
ing only on T and d such that for any x € R\ 0, for any ¢ > 1V |x|~% and for
any y € 74\ 0,

T
ifd>3,  c¢Yallyl) fo dtPo [Ty < c*t, Z),, = c[x].] < Lava(lx| ™),

2 Y2y T
wa(c/lyD Jo

We postpone the proof of this result to Section 5.

ifd =2, dtPoy [Ty < *t, 2}, = clx]le] < Layna(lx| ™).
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3. Upper bound. In the case d > 5, the upper bound of Theorem 1 follows
from the next proposition.

PROPOSITION 1. Letd >5,x € RY. Forc large enough
P(Tepn), < 00) < 2ec? 4G (x).

In the case d < 3, we will argue under PC*ZT and use Theorem 2 to establish the
following sharp asymptotic upper bound. This bound also holds when d > 4 but is
not sharp in that case.

PROPOSITION 2. Letd >2,T >0, x e R?\ {0},
(19) limsup P, (Tepx), < 00) < N§(x € R).

c—> X0
In the cases d =2 or d = 3, we will see in Section 3.3 that Proposition 2 implies
the asymptotic upper bound in Theorem 1. Notice that the right-hand side of (19)

is 0 if d > 4. We begin with the proof of Proposition 1, which only requires very
simple arguments.

3.1. The case d > 5. Fix x € R\ {0}. Proving Proposition 1 reduces to estab-
lishing the following two results:

o0 2—a [
(20) E[A dS I{C[X]ceg,?}:| C:OO ¢ /0 dS ps (X)’
o0
(21) P(Te[x), <0) < eE[/O ds I{C[X]CGS?}]'

Let us fix T > 0, and observe that

T 5 T
E|:\/0 dS 1{C[X]L€§§)}:| = C EI:'/(; ds l{c[x]cegi)zs}]

T 2
= 2 / ds P(z01e = 0)
0 C
(22) i
= c2/ ds q.a,(clx]e)
0

c—> X

T
~ 2 / ps(x)ds,
0

where the asymptotics at the last line come from (17). Furthermore, using (16), we
have similarly

o0 5 00
E|:/62T I{C[X]CGEAQ} ds] =cC \/T qczs (C[X]C) dS

2—a [
<c fT Ffilxle) ds.
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and since d > 3, f;fo fs([x]c)ds goes to 0 as ¢ — oco. Thus from (22), we ob-
tain (20). Let us now prove (21).

When T,[x]. < 0o, denote by N the numbers of arrows pointing toward c[x].
in the time interval (T¢[x)., Te[x). + 1]. Under P(:|T;[x). < o0), N is a Poisson
variable with parameter 1. It follows that

P(Tepx), < 00) =eP (T, <00, N =0).

Furthermore, on the event {N = 0} we have c[x], € &0 forevery s € [Tefx,, Tefx]. +
1]. Hence,

o
EI:'/(; ds I{C[X]LGE;_P}] > P(TC[)C]L- < 00, N = 0)

This completes the proof of (21), and of Proposition 1.

3.2. Proof of Proposition 2. Letd >2 and fix T >0, x e R\ 0, and 5 €
(0, |x]|/2). Recall the notation m y from Section 2.2. We have for any § > 0, ¢ > 0:

op (Tex), < 00)

e}
2
(23) =P ;sz|: /0 5 x0B e nenzom,a) = &€ }

(e.¢]
2
- P;T|:f0 ds l{Xg(E(Cx,nc))ZémCz} <ec”, Tex). < 00]-

Intuitively, when c tends to infinity, the second term of the sum above should re-
main small when ¢ and § are small enough, while the first term, using the in-
variance principle, should be bounded by a corresponding rescaled quantity un-
der N(()T) . Let us be more precise. Using rescaling, the first term of the sum in the
right-hand side of (23) is equal to

o0
* ds1 _ > 8i|.
ZTUO (XOB(x.m)=6) —

It is easy to see that for any A > 0, the set

A
{w € DRy, Mp(RY)) :fo s 11y (Beyzs) 2 5}

is closed for the Skorohod J; topology. Then, Theorem 2 implies that

(1)
hcnisogppzT[/ R ]<N U P ln ey = }

< N{"1Y hits B(x, n)].
Furthermore, we have, for A > T,

o P2
g ds1 _ > 8] < P% (XS 0) =2
2T|:/A X0 Byzs) = €] = ForXa’ A0 = per’
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which goes to 0 as A — oo. Hence, we obtain for every § > 0, ¢ > 0,

o0
. * (T) Y
24) hggsol(])p Ph, |:/(; ds 1{X§2’0(§(x,17))28} > 81| <N [Y hits B(x, n)].

To control the second term of the sum in the right-hand side of (23), we will use
the following argument. When c is large and point c[x]. is hit by opinion 1, then
with arbitrarily high probability, a sufficient number (of order m ) of its neighbors
(at distance less than nc) should also be hit by opinion 1 during a certain time
interval (with length of order c?).

We will prove a somewhat more general result, which will be valid uniformly
over all points in &2, with the restriction that ¢ should be at least of order 2.

LEMMA 3. Let T > 0,p >0, n > 0 be fixed. We can find ey > 0 so that for
any ¢ € (0, gg], there exists 6 > 0 such that for c sufficiently large,

(25) P%, (3; >4ec? Ix € £ inf 1£9 N B(x, ne)| < 8mcz) <p.
]

se[t—3ec2,t—2ec?

We will also need a useful exponential bound on the probability for the voter
model to escape a ball of radius A/« before time 2a:

LEMMA 4. There exist constants K1 > 0, K2 > 0 such that for any a > 1, for
any A >0,

(26) P;‘(sup sup |x| > A\/§> < K exp(—KjA).

1=2a x gl

Let us postpone the proofs of Lemma 3 and Lemma 4, and finish the proof of
Proposition 2. Recall x, T, n € (0, |x|/2) have been fixed. Notice that, when c is
large enough, B(c[x]., nc/2) C B(cx, nc). Thus,

0
2 2
:ZTI:/O ds I{X?(ﬁ(cx,nc))zszcz} <ec”, dec” < Ty, < oo]

o0
2 2
=P :ZT|: /0 s Lix0Bclxlene/2)zom o) < €€ 46¢” = Tefx), < 00]-

Hence, using Lemma 3, for any p > 0, we can choose gy > 0 such that for any
g € (0, gg], there exists § > 0 such that for ¢ large enough,

[e.¢]
@7 Poy [ fo A5 VX0 B(clane/yzom 2) < 867 48€7 = Tepxy, < oo} =P

Furthermore, provided 2¢ < T, we have

P;'}T[Tc[x]v < 486‘2] < Pz_zc2 o Tepn. < 48C2].

2ec?
Pt
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If ¢ is sufficiently large, we can thus use (8) and the fact that c|[x].| > c|x|/ V2,

then Lemma 4 with o = 2¢c? and A = 7 to get
P55 [Tepn. < 48C2] < KQZP* 2( sup sup |y| > L)
cT c - Uoge 2¢ec 1<dsc? yeéo ﬁ
T K |x|
SKoKlgexp — NG .

Combining (23), (24), (27) and the last inequality now yields
11m sup Pl (Tepx), < 00) < N(T)[Y hits B(x, n)]

o+ koK1~ ( K2|x|>
K — €X — ,
p T Ko 150 P NG

for any p > 0 and ¢ € (0, g9(n, p)]. By letting ¢ and then p go to 0, we get
(28) lim sup P, (T, < 00) < NJV[Y hits B(x, ).

Our reasoning is valid for any n € (0, |x|/2). Thus, letting 1 go to 0 in (28) finishes
the proof of Proposition 2.

It remains to prove Lemma 4 and Lemma 3. We start with the proof of Lemma 4,
since it will appear to be a key tool in the proof of Lemma 3.

3.2.1. Proof of Lemma 4. Let us first outline the proof and summarize the
intermediate results. We need to discretize the time scale. Introduce the integer
ln(oz)J
In(2)

N:=minfneN:a27" <1} = L
and the time intervals
By :=[(n—1)2"N"lg n27N"1g], nel|l, 2V 2.

Let us introduce the set of points having, for some odd n € [|1,2V%2|], opinion 1
at a time belonging to B,, and descendants at time (n + 1)2~V " la:

2N+1

= N n+1)27 N1y
n=1 ueB,
n odd

Informally, our interest in this set Exy4; comes from the fact that if x € |, <5, Sto,
a “close” ancestor of x belongs to Ey 1, and hence, Ex 1 should not be too far
from |J, <o £0. More precisely, for ¢ < 1, set u; =0, and for ¢ € [1, 2a], let us
choose

oN+1

o (04
n=1

n odd
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We have t —u; <2V < 1, and, if x € E,O for some ¢ € [0, 2], the ancestor of x
at time u; indeed belongs to En41.

We will show that, under P+, By intersects B(0, éﬁ ) with a probability
which decays exponentially with A.

LEMMA 5. There exist positive constants K3, K4 such that for any A > 0, for
any o > 1,

(29) PJ(EN+1 g B(O, gﬁ)) < Kz exp(—K4A).

Then, we will argue that the probability under P; for (J; <, é},o to escape the

ball B(0, A/«) and simultaneously to have Ey4; C B(0, %ﬁ ) also decays ex-
ponentially with A. This is seen below as a consequence of the following result.

LEMMA 6. There exist positive constants Ks, K¢ such that for any A > 0,
A
P(Elt €[0,113x € Z¢\ B(0,A) 3y € B(O, E) 2(t,x) N\ (0, y))

< Ksexp(—KgA).

Let us postpone the proofs of Lemmas 5 and 6 and show how Lemma 4 is
deduced from these two results. Introduce the event

A
A= {3r <2« 3x e&d: x| >Aﬁ}ﬂ{EN+1 CB(O,—\/E)}.

2
Clearly, A = U%ISZ Ay, where
A
Ap={3teB, Ixe&’:|x| > AJa)n {EN+1 C B(O, 5@)}

As we noticed earlier, when x € Sto , the ancestor of x at time u; belongs to Ey 1.
Hence, using the Markov property at time u,, we get, for every n € [|1,2V+2|],

P(Ay) < P(Els € [0, %} x e 24\ B(0, AJa)

2y e B(o, gﬁ) {(5,3) N (0, y>>,

where we used that 7 — u, < a2~ V. Using the fact that a2~V < 1, it then follows
from Lemma 6 that

P(A) <2V T2Ksexp(—KsAv/a).

Since 2V*2 < 8« from the definition of N, it follows from the above that P}(A) <
8Ksa?exp(—KgA/ar). Hence, there exist positive constants K/, K 5 such that
P}(A) < K| exp(—K}A). This fact and Lemma 5 imply Lemma 4.
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It now remains to prove Lemmas 5 and 6. We first establish Lemma 6.

PROOF OF LEMMA 6. Fix x € 24 \ B(0, A). There is a Poisson number 7,
with parameter 1 of arrows pointing toward x during the time interval [0, 1]. De-
note by 1 > 7y > T, > --- > T, > 0 the times at which these arrows occur and
by z1, 22, ..., 2, the respective origins of these arrows. We also set 7; = 0 when
i >ny. Forte€[0,1]and y € B(0, A/2), apath up (0, y) / (x,t) has to “follow”
one of the n, arrows pointing toward x in the time interval [0, 1], say the ith one
at time 7;; in this case we then have (z;, T;) \ (v, 0).

For ¢ € [0, 1], let us define 4, the o-field which is generated by the random sets
(A(x,y)N[1—1¢,1]) forall x, y € Z¢.

The times 1 — 7;,i € N, are stopping times for the filtration ($;)¢[0,17, and
conditionally on {n, = k}, the points z;, 1 <i <k, are located independently ac-
cording to p(x, -). In particular, using the exponential moments assumption on p,
there exist positive k3, k4 such that for any 1 <i <k,

(30) P(z,' € B(O, %)

Fori € [|1, k|], let us define (Zf’Ti)ofszi as follows:

ny = k) < &3 exp(—4x]).

o forO<s<T;, Z?T’ = Z?’Ti,
e T
o Zy ' =1z
For ¢t > 0, conditionally on {7; = ¢}, (Z;C’Ti)ossgt is a rate-1 random walk with
jump kernel p started from z;, and is thus distributed as (Z;)o<y<, under P,.

Furthermore, using (14), we have for any z € 74 \ B(0, M)
3D IP’Z<EIS el0,1]:Z5 € B(O, %)) <k3 exp(—m%).

Combining (30) and (31), we see that there exist positive constants K-, Ké such
that for any x € Z¢ \ B(0, A), for any k € N

. A
P(Eli elllkn:zy" e B<O, 5)

We thus get

Ny = k) < Kskexp(—Kg|x|).

P(Elt €[0,113x € Z4\ B(0, A)Jy € B(O, %) (1, %)\ (0, y))

& , T, A
< > ZP(nx:k, 3i € [11,k[]: 23 eB(O, E))

xeZ4\B(0,A) k=0
1 & 1 , ,
< > - mKseXP(—del)-
xeZ4\B(0,A) ~ k=0 ’
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Lemma 6 follows. [J
To prove Lemma 5, we need the following key result.

LEMMA 7. Lett>0,s>r>0and A> A" >0.

P( U e cBo.A), [ it ¢BO, A))

uel0,t] u€lt,t+r]
- ( A— A/)
_rk3expl —« .
= Ds—rk3€Xp 4 \/?

PROOF. The event {Q/" C B(0, A), Uycpr.sir) ™ € B(0, A)} considered
in Lemma 7 is contained in the event that there exists a point z € $,0+, having
descendants at time ¢ + s, such that the ancestor of z at time 7 belongs to B(0, A”),
and moreover, z has an ancestor in B(0, A)¢ at a time belonging to [z, ¢ + r]. More
precisely, using duality over the time interval [0, + r], and then decomposing
over all possible values of the point z,

P (Qﬁ“ C B(0,4), |J oL ¢ B, A))

uelt,t+rj

< P(Hz e&l, &N £,
(32)

sup |Z3"H| > AL 122 < A ZE T = o)
uel0,r]

S—=r

<>y P(A““ #@, sup |Z5'| > A |22 < AL ZET = 0).
zezZd uel0,r]

Using the Markov property at time (¢ + r), we obtain that the quantity in the right-
hand side of (32) is equal to

Por 3 Pz( Sup |Zu| > A,1Z,1 < A Zus, =0)

ze7d uel0,r]
(33) = Ps—r Z ]P)O<|Zr| = A/, sup |Zyl > A, Ziyr = Z)
ze7d uelt,t+r]

< ps_rPo(|Zr| <A, swp |Zu> A),

u€lt,t+r]

where, at the second line above, we used a time-reversal argument together with
the symmetry assumption we made on the jump kernel p. From (32), (33) and the
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Markov property for the random walk at time ¢, we now obtain

P(Qﬁ“ C B0, A), |J <t ¢BO, A))

ue(t,t+r]
< po-rBo( sup (2, 4 - 4'),
uel0,r]

and we conclude using (14). [

PROOF OF LEMMA 5. Let us first note that we only need to establish the
existence of positive K%, K 4/1 such that (29) holds for any A > 1 and « > 1. Indeed,
Lemma 5 will follow from taking K3 = K} Vexp(K}), K4 := K. For p € [|0, N +
1]], let us introduce the sets

2p+l

- . (n+1)27Pa
g,= U U o .
n=1 ue[(n—1)27Pa,n2 Pu]
n odd

For convenience, we also set E_1 := &. In the case p = N + 1, this is of course
consistent with our definition of Ey41. For p >0, let A}, := 1% Zfzo 27i/% and
set A_1 =0, sothatforany k e N, Ay < %. For p € [|0, N + 1]], let

&, = {Ep_l C B(0, Ap_“/a), Ep ,CZ B(0, Ap\/c?)}.
Note that &), is a subset of
F, = {Eln elI1.27*"|.nodd : QU* 0% € B(0. Ap-1va),

U e g p.4,4a) .

uel(n—1)2"Pa,n2 ra]

Hence,
N+1 N+1
(34) Py (“N-H g B<O 5 >> Z Py(&p) < Z Py (Fp).
p=0
From Lemma 7, we obtain
2p+1
P(Fp) <Y par-raexp(—ka2P* (A, — Ap)).
nodd

Hence, using our definition of the numbers A, p > —1, then (8), we get

A
PE(Fp) < Py ' Pr-ra CXP(—K42p/4ﬁ> < ko2%P exp( K420/ 14)
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From (34) and the last inequality, elementary arguments then give Lemma 5. [J

This completes the proof of Lemma 4. To finish the proof of Proposition 2, it
remains to establish Lemma 3.

3.2.2. Proof of Lemma 3. Fix T >0, p >0, n > 0. Recall K, K, are the
constants appearing in the statement of Lemma 4. We can choose ¢y € (0, 1) so
that for any ¢ € (0, o],

n > p?e?
= ) < s
4./¢ 872

Let us now fix ¢ € (0, &9]. We can then choose § > 0 small enough so that

K exp(—K

(4e) ,0282
N inf Y;(1)<§|<—.
0 [;&238] (D)= ] = 372
The reasons for our choices of g9 and § will become clear in the following.

We first need to reduce the problem to a finite time interval. Notice that
P E2ur)p # D) < Doy Pear ) Which, using (7), is bounded by p/2 for ¢
large enough. Thus, to establish Lemma 3 we only need to prove that provided ¢
is sufficiently large,

AT
c*zT (Elt € |:48C2, —cz}
P

: = o
Iregd: inf 19N B(x, ne)| < ém 2>5—.
! se[t—3ec2,t—2ec?] s 7 ¢ 2

(35)

Set M := [‘:)—g]. Let us discretize the time scale via introducing the levels £y :=

kec?, k €[]0, M —4]].

We are going to establish, using Lemma 4, that with arbitrarily high probability,
when c is large enough, each point holding opinion 1 at such a level .£; and having
descendants at time £ + 4ec? is close (at a distance less than nc/2) to all its
descendants during the time interval [Lg, £Li + 5¢c?]. Then, using Theorem 2, we
will prove that such a point has more than ém . descendants in the time interval
[Li + ec?, L + 3ec?].

Let us be more precise. We shall prove that if ¢ is large enough,

2 N 2 —
" (Elk ell0.M —43ye M ) &k ¢ By, nc/2)>

(36) s€[0,5¢c2]
<L
=4
2 A
;;T(ak e[10. M — 413y e Q5P inf |62 ke’ < 8mcz>
37) selec?,3ec?]
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Let us postpone the proof of these two results and show how (35) follows from
(36) and (37). Consider ¢ € [4ec?, Mec?] and x € E,O . Introduce

k; :=sup{n € N:nec* <t —dec?}; Ix = Zf’zk ec2?
Rt

(ki +4)ec

2
foee? (indeed z, is the ancestor of x € éto at time k;ec¢?).
t

t
sothat z, € thgcz CcQ
Thus:

e using (36), with probability at least 1 — p/4, for any x € 5;0, t € [4ec?, Mec?),
all descendants of z, until time (k, + 5)ec? belong to B(x, ne);

e using (37), with probability at least 1 — p/4, for any x € éto, t € [4ec?, Mec?),
there are more than Bm% descendants of z, at every time s € [(k; + Dec?, (k; +
3)ec?].

Since [t — 3ec?,t — 2ec?] C [(k; + Dec?, (k; + 3)ec?], we now deduce from the
above that with probability at least 1 — p/2, for any x € ;0 , Zx has at least Smg
descendants in B(x, nc) at every time s € [t — 3ec?, t — 2ec?]. Assertion (35)
follows.

Let us now prove (36). Let us consider k € [|0, M — 4[], and ¢ large enough
so that 4ec> > 1. Using the Markov property at time kec? and the fact that

2y,kec? 0
(&5 )s>0 has the same law as (y + &;)s>0, we get

k+4)ec? ty.ke? o
P<E|ye§21((8j2 L ke gZB(y,nc/Z))

s€[0,5¢¢2]

<Y Py es,?gc»P(sfgcz o0, |J & ¢Bo, nC/2)>
(38) yeZd s€[0,5ec?]

s nc
=Y kacZ()’)P4sc2P4562< sup sup |x| > —)

yezd s<5ec? xek? 2

n
= Paec2 K1 CXP<—K2m>,
where at the last line we used Lemma 4 with @ = 4ec?* > 1 and A = n(4ﬁ)_1,
and the fact that } 74 q;..2(y) = 1 from the symmetry assumption on p. Since
M —3 <4T(ep)~ !, we deduce from the above that

2 N 2 —
g (Elk e[j0.M — 413y e QP | ] &k ¢ By, nc/2)>
(39) s€[0,5ec2]
AT

n
< pc2T§p4802K1 exp(—sz)
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Provided c is sufficiently large, we then deduce (36) from (39), (7) and our choice
of .

Let us now prove (37). Fix k € [|0, M — 4]|]. Using the same arguments as in the
proof of (36), we obtain

(Ely e sz“‘*“)“ . inf (ke < 8mcz>

selec?,3ec?]

(40) = qeemp(_int 150 <oma. el £ 9)

yezd se[ec?,3ec?]
* : 0
= P2 P4£C2( inf  |&]] < SmCz).
se[ec?,3¢ec?]

Furthermore, by rescaling, when c is large enough so that (mcz)_lm ec2 <1 (recall
& < 1 from our choice of gj), we get

Py, inf [£)] <6 )zp*( chol 2)
4ec? <s€[8;23802] |g3 | <omg.2 e c? " in ( ) m p
(41)

— " 4ec? (56%235] ( )

Since the set {w € D(Ry, MF (Rd)) sinfyepe 3¢ s (1) < 8} is closed for the Skoro-
hod J; topology, Theorem 2 implies

£2 02

— 8T25

limsuijecz( inf X§ 0(1)<5><N(48)|: %nf Yt(1)<5:|
t

c—>00 €le,3¢]

by our choice of §. Assertions (40), (41) and the above now imply

limsup P, (3ye§2(k+ Ve inf Bk <5mcz)

c—>00 se[ecz,Sscz]

e2p?  gp?
<hmsupp 2Tp4sc 8T2 = 32_T’

where we used (7) at the last line. Hence, using the fact that M — 3 < 4T(p£)_1,
we get (37), provided c is sufficiently large. This ends the proof of Lemma 3.

We have thus finished the proof of the asymptotic upper bound on Pc*ZT (Tepx. <
oo) (Proposition 2). However, to complete the proof of the asymptotic upper bound
for d =2 or 3 in Theorem 1, we need to establish a corresponding result under the
measure P. Let us briefly explain how Lemma 4 allows us to do so.

3.3. Back to nonconditioned results. First, we shall prove a result correspond-
ing to Lemma 4 without conditioning upon survival.
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CLAIM 1. There exists a positive Ko such that for any o > 1, for any A > 1,

P<sup sup |x| > Aﬁ) < Kopa exp(—K2A).

1=2a x g
PROOF. Foranyi €[|0, N — 1|] we have

P< sup sup |x| > Aﬁ)

1<21-a xeg?

= pz—iaP;,'a( sup sup |x| > Aﬁ)

1<2'a xeg)

+ P( sup sup |x| > AV, gg_ia = @)
lfz_iaxeéto
< pr-ig K1 exp(—K2A2'7?)
+ P( sup sup |x| > AV, Eg_ia = @),
1<2a xeg?

where we used Lemma 4 at the last line. It easily follows that

P(sup sup |x| > Aﬁ)

t§2axe§t0
(42)
N—1 '
< Y prigKiexp(—K2A27?) + P( sup  sup |x| > Aﬁ).
=0 1<21-No yeg?

Furthermore, by an easy application of Lemma 6,
P< sup sup |x| > AJ&) <2Ksexp(—KeAva/2).
ISZI‘Naxeé,O
Thus, from (42) and (8), we obtain
P(sup sup |x| > Aﬁ)
<2« xeéto

N—1
<koK1 Y 2' pyexp(—K2A2"/%) + 2Ksexp(— Ko A/ /2),
i=0
and Claim 1 follows. O

Let us now finish the proof of the upper bound in Theorem 1 in dimensions 2
and 3. As before, x € R \ 0 is fixed. Simply observe that, for every 7' > 0,

(43) P(Tc[x]c < OO) = P(SSQT =, Ty, < OO) + por P;;T(TC[X]C < OO)
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On the one hand,

By = 2. Tin. < 00) =9a(P( sup sup [y = cllxle])

t=c?T yeg)

|[x]c|
< ¢d(c>KopczTexp(—Kz )

VT
where we used Claim 1 at the last line. We can now use (7) to obtain
limsup g (c) P(£%,. = @, T <oo)§ﬁexp< ] )
c—>00 T ‘ ﬂdT 2\/_

which goesto 0 as T — 0.
On the other hand, using Proposition 2 and (7), we get, for every T > 0,

. 1
limsup ¢y (¢) perg Pl 7 (Tepx), < 00) < —N(()T) (x e R),
c—00 T84

and by (6), the right-hand side converges, as T — 0, to

2ot

From (43) and the preceding observations we get

2
(44) lim sup g (€) P (Teg, < 00) < 21(2 _ i>|x|_
Ba 2

which completes the proof of the upper bound in Theorem 1, in the case d =2
or 3. We already noticed that the case d > 5 follows from Proposition 1. Finally,
note that in the case d = 4, Proposition 2 and a similar proof imply
limsup ¢? P (T,px, < 00) =0,
c—> 00

as we already mentioned in the Introduction.

4. Lower bound. In this section we finish the proof of Theorem 1 by estab-
lishing the required asymptotic lower bounds on P (7¢[x], < 00). We also prove a
similar result in dimension 4.

PROPOSITION 3. Fixx e R4, x #£0.

Rough lower bound: Let d > 4. There exists a positive constant ag depending on
|x| and d such that

liminf ¢y (c) PGt = 0:¢lx]e € &) = ag,
where we recall that for d > 5, pg(c) = ¢?~2 and ¢p4(c) = c*In(c).

Sharp lower bound: Let d =2 or 3. Recall ¢2(c) = A(n(e) ™! and ¢3(c) = 2.
Then

.. 0 202 d _
liminf ga(c) P(@r = 0:clxl, € £%) = ﬁ—(z - 5) |2
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4.1. Proof of the rough lower bound, d > 4. For T > 0 let us introduce the
random variable

T
Ur = /O T

so that ¢2Ur is the occupation time of opinion 1 for the voter at c[x]. in the time
interval [0, ¢2T7].
We clearly have forany 7 > 0, P(3t > 0:c[x]. € 5,0) > P(Ur > 0). Using the
Cauchy—Schwarz inequality, we thus obtain
2
) > (ELUTD”
E[(Ur)?]
Hence, proving the lower bound reduces to establishing the following two esti-
mates:

(45) P@Er>0:clx]. €&’

T
(46) AE[Ur] —> / ds ps(x),
c—>0o0 Jo
(47) limsup c*¢4(c) "E[(Ur)* 1< L,

where L is a constant depending only on |x|,d and T.
The first moment of U7 is

T s T
E[Uﬂ:fo ds P(zWec’s =o)=/0 ds g, (clx1o),

so that (46) is a consequence of (17). Let us now estimate the second moment of
Ur. We have

1 2 r r 0 0
SEWUD = [ di [ drPlelxlc e €%, clxle € 62, ]

Let us fix r and ¢ with 0 < ¢ < r < T. Using duality over the time interval [0, ¢*r]
and setting s :=r — t, we see that P[c[x]. € 532 " clx]c € “g‘cozr] is the probability
for two coalescing random walks starting at point c[x]. respectively at times 0 and
25, to be both located at point 0 at time ¢?r. Using the symmetry properties of p
and the Markov property for the first walk at time ¢”s, we get

T T—t
@) SE1UrP1= [ dr [T ds Y gy 00Po, [T = ¢ 2, = clixle]
ezd

recalling that the notation [P , was introduced in Section 2.5.

With a slight abuse, in the remaining part of the section we use L to denote a
positive constant that only depends on 7', d and |x| and may change from line to
line. We suppose that ¢ > 1 Vv |x|~2 in order to use Lemma 2. Let us set

T T—t ) |
10):= [ i ( [ as qczs(w)%,y[n <. 7L, = clxl.].
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Note that /(y) also depends on d, T and x, although this does not appear in our
notation. From (48), we have E[(Ur)?] =2 Zyezd 1 (y). Hence, we need to bound
I (y) over different regions of Z4, in order to control ¢*¢ (Pa (©)"'E[(U7)?]. Re-
call from Section 2.4 that ¥4(c) = 472 for d > 4. Using (18) twice in the case
y =0, and using (18) together with Lemma 2 in the case y £ 0, we get:

e for y =0,

1(0) = Le My (o),
o foryeZd, y+#0,

1(y) < Lea(e/IyDyalyD ™
o foryeZi,|y| > c?,
1(y) = Leexp(=L5/Iy] )va(lyD ™"

Since ¢4(c) = ¥4(c) when d > 4, we then obtain
(49) *(@a(e)™1(0) < L.
Furthermore, if y € z4 \0,d >4, wehave y;i(c/|y]) = wd(c)(wd(lyb)_l. Hence,

HpaenN™ D 1)

y€eZ4,0<|y|<c?

(50) <L(ga(@) "Wale) Y ytH

yeZ4,0<]y|<c?

02
< L) "ale) Y kK < L.

k=1
Finally,
HgaenN™ Y. 1y
(51) yeZ‘l,ly\>c2
< LT @a(e)™" Y0 T exp(=Lay/Ivl) — 0.
[yl>c?

Since E[(Ur)*] = 2Zyezd 1(y), the desired result (47) follows from (49), (50)
and (51). This finishes the proof of the lower bound for d > 4.

A similar proof in the case d = 2 or 3 would give us a rough lower bound, but
we need to get sharper estimates.
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4.2. Outline of the proof of the sharp lower bound, d =2 or 3. Fix x € R? \
{0}. For any T > 0, ¢ > 0, we have
¢a(c) P(Tepx), < 00) = @a(c) perr Plap (Tepx), < 00).
We deduce from (7) that for any 7' > 0, lim¢— o0 ¢ (¢) p2r = (Ba T)~! so that
(52) llmlnfd)d(c)P( el < 00) > (BaT)™ hmlan ( C[x]e < 00).

CLAIM 2. Forany p > 0, if T > 0 is sufficiently small,
liminf P (Tep), < 00) = (1 — p)NG' (x € R).

The desired lower bound follows from (52), the above claim and (6) by letting
T go to 0. Let us now outline the proof of Claim 2.
ForzeR4, ¢ > ¢ >0, let

C(z,e,e)={yeR:e <|y—zl <&}, h(g) :=&*In(In(e~1)).
We also set for r € (0, 1)
2—(n(r)/In@2)* if d=2,
r1s, if d=3.
Fora >0, T > 0 and g9 € (0, 1) we consider the events

8l = {Els > 03¢ € (gq4(€0), £0) : X?(e (c[x]c, %, 208)) > ah(s)¢d(c)},

gd(r) = {

FLO = {Els >0 3e € (ga(€0), €0): Xg(@(cx, %, ce)) > ah(8)¢d(0)}-

For ¢ large enough, we have %5, © - 85(5), hence
(53) p (Tet. < 00) = PAL(F)) x Php (e, < 00l €L)).
The idea of the proof of Claim 2 is the following. Rescaling and using Theo-
rem 2, we will show that for c large, the first term of the product in (53), namely
27 (Fe (L)) is bounded below by a corresponding rescaled quantity under NOT) .

For o small enough, this quantity will then be bounded from below by a quantity
arbitrarily close to NéT) (x € R) [see assertions (55) and (56) below]. To finish the
proof of Claim 2 we shall then establish that if we take T, &9 small enough, the
second term of the product in (53), namely PC*ZT(TC[X]C < oo|88(g)), is, for ¢ large,
arbitrarily close to 1 (see Lemma 9 below).

Let us reformulate the preceding discussion in more precise terms. Using rescal-
ing we have

CZT(}'(C))

54 - P;;T<3s > 03¢ € (ga(e0), £0): X§2’°(e <x, % s)) > ah(s)).
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It is easy to see that the set

{a) e DRy, MF(Rd)) :3s > 03e € (gq(e0), €0), ws (G(x, g 8)) > ah(e)}

is open for the Skorohod J; topology. Theorem 2 thus implies that
liminf P ()
(55)
€
> N (352036 € (qaten). c0): Y5 (€ (x. .0 ) ) > ahe) ).

LEMMA 8. Letd =2 or 3. We can choose o > 0 so that, for any § > 0, there
exists e1 € (0,1 A %) such that for any g € (0, €1),

No|:Els >03e € (ga(en), €0): Y <G<x, %, 8>) > ah(s)‘x € R} >1-4.

In the following, we fix o as in Lemma 8. The following lemma estimates the
second term of the product in the right-hand side of (53).

LEMMA 9. For any fixed y > 0, there exists 3 € (0, 1) such that for any gy €
(0, &), we have:

(@) liminf,_ o0 P(Top, < 00|89) > 1y,

(b) liminfr_o(liminf— oo P, (Tefx), < 00&5)) = 1 — .

Let us now fix § € (0,1), y > 0 and let &1 and &; be as in Lemmas 8 and 9,
respectively. Since

o {suptiytsy e )= Sl gy <o) —0,
we deduce from Lemma 8 that for any &g € (0, €1), for T > 0 sufficiently small,
ND| 3 : &
0 s >03e € (gg(co), &0): Ys| C x,i,s > ah(e)

(56) -
> (1-28)N{" (x € R).

From (55) and (56), we have for T sufficiently small,
(57) liminf P (F.4) = (1 - 25N (x € R).
Now use (53) and Lemma 9(b) to get for 7 small,
liminf P (Tepay, < 00) = (1= 28)(1 = 29)NG" (x € R),

which gives Claim 2, hence Proposition 3.
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To complete our proof of the lower bound of Proposition 3, we still need to
establish Lemma 8 and Lemma 9. Establishing that part (b) of Lemma 9 follows
from part (a) requires a result which is a consequence of Lemma 8. However, we
first give the proof of Lemma 9 (Section 4.3 below), because it is more closely
related to our results. We then provide a proof of Lemma 8 in Section 4.4. In these
two sections, we will assume for simplicity that o = 1. Adapting the proofs to a
general o is easy.

4.3. Proof of Lemma 9. We assume in this section that Lemma 8 has been
proved, and in particular that (57) holds. Let us first explain how to derive part (b)
from part (a). We have

Pc*z (Tc[x] <OO|8(C))

€0
P((Tepy, <00} N &G P({Tep, < o0} NEY N {2y = @)
T PEYNIEY, £ o) P(&S) N (g%, # o))
P({Tex), <00} N {62y =2))
PerPh (85
Take § = 1/2 in Lemma 8, and choose & so that the conclusion of this lemma

holds. From the fact that %(oc) C 88(3), and then from (57), we get that for gy €
(0, 1), for T > 0 small,

(58)

> P(Tepx). < OO|3§§)) -

1 d
fa 1 px* (c) (T) _
(59 hlenf] PczT(ggoc ) > =Ny ' (xeR) > —(2 — —)|x|

using (6). Since |[x].| > |x|/2 for ¢ large enough, we have
P({Tepx). <00} N {f;‘COzT =0o}) < P( sup sup |y| > c|x|/2>.
1=c2T yeg?

For T small enough so that \l/)i > 1, and ¢ large enough so that <+~ T > 1, we can

use Claim 1 to deduce that

P({Tepx). < 00} N{52r =2)) < parKo eXp(_szl/LZLT)'

Combining (59) and this last inequality, we obtain that for any ¢ € (0, €1)
P({Tc[x]c <oo}N{§ 2T = a})

€9) =0

lim sup lim sup
T—0 c¢—>o0 parP c2T
It is now clear from (58) and the above that part (b) of Lemma 9 follows from
part (a).
Proving part (a) of Lemma 9 requires the following intermediate result. Recall
that for A C Z¢ the voter model £ starts from & = A under Pj4.



HITTING PROBABILITY OF A DISTANT POINT FOR THE VOTER MODEL 835

LEMMA 10. Forany y > 0, there exist M > 0 and U > 0 such that for every
u > U and every subset A ond N C(0, %, 2u) with |A| = M¢4(u), one has

PyFt=0:0€&)>1—y.
Let us postpone the proof of Lemma 10 and proceed to the proof of Lemma 9(a).

Let us fix y > 0. Let us choose M > 0 and U > 0 such that the conclusion of
Lemma 10 holds. We can then choose 7 > 0 small enough so that

o 1
—ln<ln<—>> >M.
2 1)

Let us fix g9 € (0, £3). Let ¢ > 0 be large enough so that

cga(eo) > U and 2In(cgq(eo)) > In(c).
‘We then set

T = inf{t >0: X?(@ (c[x]c, %, 2cs)> > ah(e)dq(c)
for some ¢ € (g4(&9), €0) }

Clearly T, g(oc) is a stopping time of the filtration generated by the voter model, and
(©) _ (@
&y =1{Ts,” < 00}.
From the definition of TS(OC), on the event 8;8) we can choose a random ¢ €
(ga(e0), €0) such that

X0 (e(clx)e. £ 2ce )>ah(£)¢(
7 o > q(c).

€0

On the event 88(5 ), we can consider the set
ce
Agc) = (g%%) N @(c[x]c, i 2cs>) —clx]e,

where, for A CZ%, z € Z%, A —z ={y € Z%: y + z € A}. The random set A" is
a subset of Z4 N C(0, %, 2ce), and has cardinality |A§C)| = [ah(e)pq(c)].
Let us argue on Ség) and set u(e, c) = ce. Note that u(e, c) > cgg(eg) > U.

When d = 3, we have
1
A9 = ah(e)c = aln(in( ) )66 = Mutute. o).
&2

When d = 2, noticing that 2In(ce) > 21In(cg(g0)) > In(c), we also have

A > oh < (1)) Ly
A7)z ah@)p o 2 a “(“<5>>2ln(cs)— balue, ).
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From Lemma 10, we deduce that, on the event 88(5 ),
P,o@@t=0:0€§)>1—y.

Using the strong Markov property for £° at time Tg(oc), then the fact that AS) +

clxle C &2, we obtain
T

P (&) N {Tewn, < 00}) = E(1

€0

{Tg((c)‘)<OO}P€0() (at Z O:C[x]c € Sl‘))
Teo

> E(l{Tg((c)‘)<OO}P:A£'C) (FIr>0:0€e :’;-}))

> (1—-y)P(EY),

which gives part (a) of Lemma 9.

Let us now fix y > 0 and establish Lemma 10. First, notice that the function
A — P4(3t > 0:0 € &) is increasing. It thus suffices to find M > 0 and U > 0
such that foru > U,

60) inf{PA(EIt >0:0e&):ACzZin G(O, % 2u>, Al = [M¢d(u)]}

>1—y.

For M > 0, u > 0 let us introduce
A {A czin e(o, %, 214) A = (qud(u)]}.

We then use a similar method as for establishing the rough lower bound. Let us set
Vr = fOT 1{()65“2[ ydt. As in Section 4.1, we use the Cauchy—Schwarz inequality to

getforany u >0, A e AM

, (EalVr])?

We will verify that for any fixed M > 0, there exists a constant U (M) such that if
u > U, then for any A € QI,SM), we have

(62) EalVrl= 5 Wa)™ [ ' ;exp<—%>ds
— 2 7/2 (2ms)4/2 s )
(63) EAL(VI) 1 < (EAlVED> + L'M (Ya ()2,

where L’ is a constant depending only on d and T. Let us postpone the proof of
these two assertions and finish the proof of Lemma 10. We can choose M > 0

sufficiently large so that
vu = ([ s gaen(43))
— s——=exp|l—) ) .
=V 12" Qrsyarz TP\ 7

4
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From (62) and (63), we then deduce that for u > U(M), for any A € Qlf,M), we
have

EAl(VP)?1< (1 + y)(EalVT]?

Lemma 10 now follows from (61).

PROOF OF (62). Let us now fix M > 0 and establish that (62) is valid for

u sufficiently large, and for any A € Qlf,M). Note that for any A € Ql,(dM), u"'A is
a subset of u~1Z N C(0, 1/4,2) and has cardinality [M¢4(u)]. For any u > 0,

Ae Qlf,M), duality gives

T
EAlVT] :,/ Po(Z,2; € A) dt
0

T
(64) -y fo Gy (uy) di

yeu—lA

T
=Y fmquzt(uy)dt-

yeu—lA
It is easy to deduce from Theorem 3 that, uniformly in t € [T /2, T,

lim sup |ulqp,(uy) — pi(y)] =0.

u— 0o
yeu=174

Thus, if u is sufficiently large, for any y € u~'Z? with |y| <2,
1 1 B )
u’qp, (uy) = S z 5@t a2 exp<_;>.

We deduce from the above and (64) that for u large enough, and for any A € 2[§,M),
we have

1 T 2
EslVr] = —u_d|A|/ (27s)~? exp(——) dt.
2 T)2 s
Equation (62) now follows from the fact that u=%¢,(u) = (Yqw))~'. O

PROOF OF (63). Let us now estimate the second moment of Vy and
prove (63). Using the same arguments as in the proof of the rough estimate, we

obtain for any u > 0, A € QlftM),
T T—t
EAVD=2 [ dr [ ds Y g Boc1Z), € A, 22, € AL
0 0 ezd
It follows that
5 T T—t , ) ,
(65) EAl(Vr) 1= 2/0 dt/o ds Y (@) (Hiu(t,2) + Hyu(t, 7)),

7e74
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where

Hi o (t,2) =) Poo[Ti <u’t, Z),, =],
yeA

Hou(t,2) =3 Y Py [Ty >u*t, 2}, =y, 22, =)'l.
yeAycA

Since two coalescing walks behave independently before they meet, we can bound
Po./[T1 > u’t, Z;zt =y, Zizt =yl by q,2,(y)q,2,(z' — y') so we obtain

T T—t
2/0 dt/o ds Y q(2)Hyu(t,2)

7e7d

T T—t
< 2/0 dtfo ds Y 4@ D0 Y 42 (g2, @ =)

7ez74 yeAy'cA
(66)

T T—t
:2/0 dl/o ds Z Z quz,(y)quz(,ﬂ)(y/)

yeAyeA

2
T
:< /0 dthuzt(y)) = (EalVr]?.

yeA

With a slight abuse of notation, in the remaining part of the section we use L to
denote a constant depending only on d and 7 and which may change from line to
line.

Using (18), we obtain

T T—t
[ar [ as ¥ ae@ )
0 0

z/GZd

< Lou™? [sz(um—d > vyl u)
(67) yeA

u T ,
+ Y w(m)/o Hyu(t,2)

7/€Z4,0<|7'|<u

/ T
+ Z exp(—Lé'i—l)fo Hl,u(f»Z/):|-

7/€Z4,|7 |>u

Note that we used (18) a second time to bound fOT dtHy ,(t,0) and get the
first term in the sum above. Then, Lemma 2 is exactly what we need to bound
JJ Hy (1, 2') when ' # 0. However, the cases d = 2 and d = 3 are slightly differ-
ent.
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When d = 3, for any 4 > 0, for any A € QI,SM), and any 7' # 0, we obtain from
Lemma 2 that

(68) /drHlu(rz><L4u s Iv ) Y wg( )

yeu=lA

From the fact that min -1 4 |y| > 1/4 and |A| = [M¢3(u)] = [Mu*], we obtain
that

z (o) =arm

Hence, from (67) and (68), we deduce that, when d = 3, for u sufficiently large,
(M)
and forany A € ;"

| dth s Y gy @ Hia(,2)

/Zd

/
SL“_éMMZ[M+ > X i (- Lg'z'ﬂ

7€73,0<|7'|<u 7€73,17|>u

< Lu~"Mu* = LM (3(u)) 2,

where we used that 3__1c73 |,/ 12|~} exp(—Lé'ZJ) <L [ pexp(—L,p/u)dp.
Similarly, when d =2, for any u > 1, forany A € Ql,(dM) , and any 7' # 0, we get
from Lemma 2 that

| " dtHy (02 < L2 P2YED Sy

A=

2 /
S u? Va2
< In(h)Lau (M mwﬂ DR

veu-talyl > 1/4 and |A| = [My(u)] = [Mu?/

(69)

Furthermore, we have min
(2In(u))7, so that

3 m( )s4rMu2/2<1n<um.

yeu=1A
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Hence, from (67) and (69), we deduce that for any u sufficiently large, for any
AeaM™,

T—
f dt/ tds > g2 @V Hu(, 2

/EZd

2

<Lu M- |In@) + > 1n(i v e)2 SEL
- 21n(u) 1z/] In(|z’| V e)
+ X

7/€73,0<|7'|<u
1 exp( L,|z|>]
2
In(|z/
ST lsu 1z'D

2 2
4, U “ (In(u/p))
<Lu M—2ln(u) [ln(u) + /ﬁp—ln(p) dp

> p /
+/M In(o) exp(—Lyp/u) dp:|
u2

21In(u)

To get to the last line above, we have used elementary computations to check that
for u large, one has

(ln(u/p))2 1 u? © p 2
ff In(p) d'ofiln(u)’ /u In(p )CXP( Lip/u)dp < L1 @

In both d =2 and d = 3, we have thus obtained that for any u sufficiently large,
for any A € Ql(M),

Lu"*(In(w))"'M = 2LM Yy (u)) 2.

T—t
f dtf ds > qps@)VHiu(t.2) < L'MWaw) 2,

/Zd

where L' is a constant depending on d and T'. From (65), (66) and the above, we
deduce (63). As explained earlier, this completes the proof of Lemma 10. [J

4.4. Proof of Lemma 8. The intuition behind Lemma 8 lies in the precise esti-
mates for the Hausdorff measure of the support of super-Brownian motion, which
were derived in [19] for d > 3, and in [15] for d = 2. The proof of Lemma 8§ is
inspired by the first part of [15], where an upper bound for the Hausdorff measure
of the support of two-dimensional super-Brownian motion is established. In par-
ticular, we use the Brownian snake as a main tool. The Brownian snake gives an
alternative construction of super-Brownian motion under its excursion measure.
Moreover, this object introduces time dynamics in the analysis of super-Brownian
motion which prove to be critical for our arguments to work. We briefly introduce
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the Brownian snake and related notation in Section 4.4.1, then discuss the link
between Brownian snake and super-Brownian motion.

For convenience, we work in this section with super-Brownian motion with
branching rate 4 and diffusion coefficient 1 under its excursion measure. Simple
scaling arguments then give the general case.

We only give a detailed proof of Lemma 8 in the three-dimensional case (Sec-
tion 4.4.4), after having summarized the basic idea (Section 4.4.2), and presented
three intermediate lemmas (Section 4.4.3). Using the results of the first part of [15],
the case d =2 easily adapts. In fact, we even establish a stronger result in the plane
(see Lemma 14 below), which we discuss in Section 4.4.5.

4.4.1. Brownian snake. For a precise definition of the Brownian snake, we
refer to [13], Chapter IV. Let ‘W be the set of continuous finite paths from R
into R?. For w € W, we denote by ¢, the lifetime of w, and by @ the terminal
point of the path w, that is, w(¢,). The trivial path y is the path with initial point
y € R? and lifetime 0. The space ‘W is Polish when equipped with the distance

d(w, w') = &w — Su| + sup (W A Gw) —w'(r Adu)l.
r>

We then consider 2 = C(R, ‘W), the space of continuous paths from R into
‘W with the topology of uniform convergence on compact sets, and ¥ = B(£2) the
Borel o-field on Q2. The canonical process on this space is denoted (Wy, s > 0),
and we define for s > 0, ¢, := ¢(W;), and o (¢) := inf{s > 0:¢; = 0}. We also let
(¥7):>0 be the canonical filtration on €2.

For w € ‘W, we let I1,, be the law on (€2, ) of the Brownian snake starting
from the path w. Under I1,,, (W, s > 0) is a 'W-valued diffusion and (¢, s > 0) is
a one-dimensional reflecting Brownian motion. Informally, when ¢ “increases,”
the path W, grows like a d-dimensional Brownian motion, whereas it is erased
when ¢ “decreases” (see [13], Chapter IV for more precision).

For y € R¥, the measure N y s the excursion measure of W away from the trivial
path y. We abuse the notation by using the same notation N, for the excursion
measure of the Brownian snake away from y and for the excursion measure of
super-Brownian motion (cf. Section 2.1). This abuse will be justified below when
we construct the excursion measure of super-Brownian motion from the Brownian
snake under Ny. Under N, the law of ¢ is the Itd measure of positive Brownian
excursions and o (¢) is the length of this excursion.

Denote by IT} the law under IT,, of (W; Ao s S = 0), that is, the law of the
Brownian snake stopped when its lifetime process hits 0. The strong Markov prop-
erty of W under Ny can be expressed in the following way. Let 6; denotes the usual
shift operator on Q. If T' is a (#;),>0-stopping time such that 7 > 0 Ny-a.e., then,
for any nonnegative F7-measurable F', for any nonnegative ¥ -measurable G,

(70) Ny(l{T<oo}F x G o QT) = Ny(l{r<oo}F X H’;VT (G))
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The link between Brownian snake and super-Brownian motion can be expressed
as follows. Let L% denote the local time of ¢ at time s and level 7. Since the law of
(&5, s > 0) under N, is the It6 measure of positive Brownian excursions, (Lg, s>
0) is, for any ¢ > 0, well defined, increasing and continuous, Ny-a.s. We denote by
dy L% the measure associated with the function u — L! and we let (Y;(W),t > 0)
be the measure-valued process defined by the formula

o(¢)
IKWXJ=A diLi1 g .

Then, the law of (Y;(W),t > 0) under N, is the excursion measure of super-
Brownian motion with branching rate 4 and diffusion coefficient 1. Moreover,
if we let u € Mp(R?) and Y, dy;,w; be a Poisson measure with intensity
u(dy)N,(dW), then a super-Brownian motion (Y;, > 0) starting from p can be
obtained by setting

Y, =) YW

iel

4.4.2. Outline of the proof of Lemma 8. Using a symmetry argument, we can
interchange the roles of 0 and x, and we will thus work under the probability mea-
sure N, (-]0 € R) = N, (+|Tp < o0), where Ty = inf{r > 0: W, = 0}. It is possible
to specify the law of (|Wry, |)l§{T0 under N, (-|0 € R) (see Lemma 11 below).

For j € N, let us introduce r; = exp(—jz). To n; € N we associate g1 := rpn,
and for g9 > 0, we set ng := min{p € N*:ry» < go}. Note that we have

ri € (ga(eo),e0)  Vjel[|2m,2mF 1.

CLAIM 3. One can choose o > 0 such that, for any 6 > 0, there exists n1 € N
such that for any ng > ny, one has

Ny (Vj €127, 2"0F! — 1]]: ¥y, (C(0.7/2.7))) < ah(rj)|To < 00) < 6.

From our preceding remarks, Lemma 8 follows from Claim 3 (even if it means
changing « to loosen the inequality).

The idea of the proof of Claim 3 is the following. For given w € ‘W, np ¢ N
and j € [|2"0, 2n0+l 1], we will express further the contribution 9),,(r;) to
Y, (C(0,7;/2,r;)) of particles which split off the path w in the time interval
[Cw — rjz- In(1/7;), &w — rjz.] [see (76) below]. We will observe that for large enough

n, the contributions ), (r;), j € [|12", 27+1|], are independent. Using estimates on
these contributions (see Lemma 13 below), this independence will lead us to a
bound on the probability that for any j € [|27, 2"t — 1], D (r j) remains smaller
than ah(r;) [see (82) below].

For a well-chosen « > 0, we will deduce from this bound and the knowledge of
the law of the path |W7| the existence of integers No, N, and of a family of sets
of “good paths” (W,,, n > Np) such that, with a probability arbitrarily close to 1
when N is large enough:
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° (|WTo|)t§§r0 belongs to W, for any n > N,

e forany w € W,, n > N, there exists j € [|2",2"+! — 1|] such that rJZ.Zw(rj) >
ah(rj).

The desired claim will follow [see assertions (77), (80) and (81) below].
We now present three intermediate lemmas.

4.4.3. Preliminary results. Let us start by investigating the law of the path
|Wr,| under N, [-|0 € R].

LEMMA 11. Under N,[-|0 € R], |WTo(f)|ze[O,§TO] has the law of a Bessel
process with index —5 /2 started from |x| and stopped when it first hits 0.

PROOF. Introduce a d-dimensional Brownian motion (B;);>¢ and the function
u(y) :=N,(Top <00)=(2—-d/2) |y|_2. Let us denote by Q the law of the solution
of the stochastic differential equation

v
dY, =dB, + ~2(Y,),  Yo=x,
u

stopped when it hits 0.
We know from [8], Proposition 1.4, that for any nonnegative continuous func-
tion F on ‘W,

(71) N, [17 <00 F (Wry)] = / 0. (dW)F (W),

where 7o 1= (2 — $)|x|20.

For ¢t € [0, ¢7,] let us set R; := |Wr,(¢)|. From (71) we deduce that under the
probability measure N, [-|Tp < oo], (R,)oggTo solves the stochastic differential
equation

2
dR; =dB; — —dt,
1 =dp Rl

where (B;);>0 is a linear Brownian motion. Thus, (|WT0|(t))0§,§¢TO has under
Ny (-|{To < oo}) the law of a Bessel process with index —5/2 started from |x|
and stopped when it first hits 0. We have completed the proof of Lemma 11. [

For x e R¢, p e N*, ¢ > 0 and ¢ > 0, we will need a lower bound on

w(t’ X, &, P) = NX[YZ‘(G(O7 8/2’ 8))p]-

Recall P; denotes the semigroup of d-dimensional Brownian motion. We know
(see [15], Proposition 3.2) that we have

V(t,x,e,1)= Pleo:e)2,6)(x),
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and the following recursion relation for p > 2:
p 1
() Yt x.e.p) = ( ) [ Py s e p = D01,

Fixci>1landletcy =1 — 2%1 Note that 1/2 < ¢ < 1. First observe that there
exists a positive c¢3 such that

Ix12\ _
(73) wa,x,s,l):Ptlem,s/z,g)(x)zcse%xp(— 2t) ).

LEMMA 12. For d = 3, there exists a positive constant c4 so that for any
pEN*,t>O,x€R3 and & > 0,

2p+1 cl |X |2
() Y(t,x, e, p)> c4p' a7 exp(—f)l{e%zsz}.
Corollary 3.3 of [15] is the corresponding result for the two-dimensional case.

PROOF OF LEMMA 12. Note that there exists a constant ¢5 > 1 such that for
any p > 2,

1

i

1
Gp— )" =—=p*
1 s

.
Il

—3/2

Let us set ¢ := c3cy ! (rep) . We first verify that for any p € N*,

- 1 1\7!
(}fp) v, x, e p)> 773/2050gp!83ppt/2pc1 (x)<_ - _) l{tzsz}'
e Wi
We use induction on p to establish (J?p). If p =1, using (73) and our definition
of cg, we obtain

2
Yt x, 8, 1) > (we))Pescee™t 2 exp<—%>1{t282}-
Since ¢; > 1, (,ft’l) follows.
Let p > 2 and assume that the result holds for all p’ < p. Using (72) and the
induction assumption, we get for t > &2

Y (t,x, ¢ p)
> 2n3c20pp‘83p

S 1 1 \P2
x ; [52 ds fR3 dy pi—s(x = Y)Psj2je; (V) Psja(p—jyer (y)(g - ﬁ) _
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Forany j €[|l,p —1|],s > 0and y € R we have

cj(p—NH\"?
777175 Ps/2pen) (V).

From the last two displays, the choice of ¢5 and the fact that p; s * ps/2pc, =
Pt—s+(s/2pey)» W€ obtain

Ps/2jer V) Psj2(p—jyer (V) = (

Wt x, e p) =21

! ds | N
x/gz mpt—s-l-s/(ch])(X) E_x )

Since ¢1 > 1, the function s — ¢ — s + 5/(2pcy) is decreasing, so that for any

2 K t
s €le ,t],wehavetzt—s—l—zp—qz%.Thus,

p 3p..5/2.3/2
cscg ple’’ p / o

(74)

2pe1)®? pi—sis)@pery(®) = Pr@per) ().
It follows that

Pt x e p) = 21203 2esc? p ol w [ P2
s Ay »P - 5 6pp pt/(2pcl) 52 S3/2 e \/E
11\t
1/2_3/2 3
=227/ cscé’pls th/(chl)(X)(g - E) )
which finishes the proof of (,ff’p). We have established (,ft’p) for any p € N*. Note
in particular that (74) holds for any p € N*,
Let us now complete the proof of Lemma 12. We set ¢4 := (1 — cé/ 2)06. The
case p = 1 follows from (73) since ¢3 > c4.
Let us now suppose p > 2 and t > 6'2_282. Since cp =1— % < 202161__1/11,, we get,
forany s <cpt,t —s+s/(2pc1) =t/(2cy), so that

_ 61|x|2
Pr—sts)@pen () = Qut) 2 exp(—T).

Hence, it follows from (74) that for any p > 2,

2\ et ds /1 1 \P2
t,Xx,¢, > 271 2¢5el p2 ple®Pr=3/2 ex (——clm )/ _(___)
¥ ( p)= 5o PP p » P71 Py

_ [P\ /1 1\
> 21205l p3/2 p1e3ry=3/2 o <—Cl )(— — > .

, we have (é — ﬁ)P_l > 8_1’+1(1 — cz)P_l. Moreover, ¢5 > 1,

Since t > 6‘2_282

hence, () follows for p > 2, which completes the proof of Lemma 12. [

As explained briefly in Section 4.4.2, we will need to estimate, for a fixed
w € W, the contribution under IT,, to Y, (C(0,&/2, ¢)) of particles which split
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off the path w shortly before ¢,,. For a given ¢ > 0, Lemma V.5 of [13] allows one
to decompose Y; under IT}, as the sum of independent contributions corresponding
to the decomposition of the path ¢ into its excursions above its minimum-to-date.
Let us state this more precisely.

Fix w € W with ¢, > 0. Under IT}, we can construct a Poisson point measure
A on [0, &) x © with intensity 2dt Ny,;)(d W) such that

w

(75) Y, =/ Ye,_(W)A(dt,dW), T -as.
[0,¢w]x 2

Hence, when w € ‘W satisfies ¢, > 821n(1/8), the contribution to Y, (C(0,
€/2,¢)) of particles which split off the path w in the time interval [, —
g2 In(1/e), &y — 2] can be written

{w—sz

a6 Duer=[

g'w*é‘z In(1/¢)

For ¢ > 0, w € W, we also introduce Z,,(¢) := s_zmw(s) and we then estimate
the moments of Z,,(¢) under IT;.

/Q Yo, +(C(0, £/2, ) A(dr, dW).

LEMMA 13. For w € ‘W and ¢ > O such that ¢, > €In(1/¢), let us set

£2In(1/e) — )2
Iy (8) := gf exp<_clw>s3/21
s

&2

2—2}ds.

{s>&2c¢
There exist positive constants c7, cg, cg such that for any w € ‘W, &> € (0, 1/e) such
that &y, > 8% In(1/¢2), the following holds:
(a) Forany € € (0, &) and for any p € N,
cf PP = I (Zw(e)) = cg pP L (e).
(b) Forany A >0, let p=[2A/cg]. Then, for any ¢ € (0, &2),
T, (Zu(e) = A) = exp(—coA) (2" Ly () — 1)),

The lower bounds on IT}, (Z,,(¢)?), p € N in Lemma 13(a) are a direct conse-
quence of Lemma 12. Furthermore, the proof of the upper bound in Lemma 13(a)
easily adapts from the one of Lemma 3.4 in [15]. Then, part (b) of Lemma 13 is
deduced from part (a) in the exact same manner as, in [15], Lemma 3.5 is deduced
from Lemma 3.4. We leave details to the reader.

4.44. Let us now complete the proof of Lemma 8 by establishing Claim 3.
We let o« = 1/(4cg) and fix § > 0. Note that Tj is a stopping time of the filtration
(F7)s>0. Using the strong Markov property (70) at time Ty, we have, for ng > 0,

N[V € [1270, 2"0F — 1[]: ¥, (C(0,7;/2.7))) < ah(r)). To < o]
77 = Ne[[y, (V) €127, 27 — 1[1:¥,(C0.r;/2,r)) < ah(r)))

r={ry’

T()<OO].
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Notice that (77) is an inequality and not an equality, because we used that

o o(

9] N ) ~
dsLi11e0.r; /2.0 (Ws) Z/ dsLi1e.r; /2.0 (Ws),

To

Y, (C0,r;/2,r})) :/(;

on the event {Ty < oo}.
Introduce the sequence u ; := r22j In(1/7,;), and choose n, large enough so that

rony < e and Ny[¢1y = s, | To < 00] < 6/4.
Let us set
W:={weW:w0) =x,0=0,8% > s}
Our choice of n, ensures that
(78) Ny [Wr, € 0Ty < o0l >1—6/4.
Since ¢ > 1/2, it also guarantees that for any w € 20, j > 2"2, 2rJ2-c2_ 2 < {y. We

can then define, for B > 0, j > 2"2,

Wg ;= {w eW: sup |w&(w)—ys)| > Brjcz_l}.

2.2
s§2rj [

For w € 20, n > ny, we then introduce

2n+1_1

Fugw):=2"" " liwews,)-
j=2"

and for n > n,, we finally let
Wy, i ={weW:Vp>nF, p(w) < 1/2}.

From (78), it follows that

Ne[Wr, ¢ Wal|To <00l < — + Y N([Wg, €20, F, (W) = 1/2|Tp < o0].

p=n

SO

Using Lemma 11 and following the arguments of the proof of Lemma 1 in [14],
one can easily establish that there exist constants B > 0, C > 0 such that

N [Wr, € 20, F, p(Wp,) > 1/2|Tp < 00] < Ce™".
Hence, there exists n3 > ny large enough so that for any n > n3,

(79) N [Wr, ¢ Wa|To < 00] <§/2,
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which yields
NX[H’{,VTO (Vjel2", 2" 1111 Y,(C (0, ri/2,r)) < ah(rj))r=§T0|
Ty < OO]
(80)
<4§/2
+ sup {IT}[V) € []2", 2"+ — 1]: Y, (C0,rj/2,r)) <ah(r))]}.
weWw,

Let n > n3 and w € W,,. Since rlz- > r]2.+11n(1/rj+1) for 2" < j <2"t! — 1, the
independence properties of Poisson measures imply that for any n € N, the vari-
ables Z,,(rj), 2" < j < 2n+l _ 1 are independent under IT},. Using (75) and the
definition of Z,,(¢g), we then get

I [Vj € [127, 2" = 1[]: Yy, (C(0.7/2. 7)) < ah(r))]
(81) <TT5[Zy(rj) <ab(rj) Vj € [|2", 2" — 1]]]

2n0+1_1

= [] TL(Zuw(r)) <ab()),
j=2r0

where we set, for r > 0, 0(r) := r~2h(r). Furthermore, Lemma 13(b) leads to

2n0+1_1
]‘[ T (Zy(rj) < af(r)))
j:2nO
2n0+1_1
(82) < I (1=e @™ (@rity(r) — 1))
j:2110

2n+171
<expi— Y. j_zc"“((Z”-"Iw(rj)—1)+)2}-
j=2n

We then note that, if j > 2"? and w € 20\ W ;, an easy computation provides
I,(rj) > caexp(—c1B*) =: K (B).

Hence, from our choice of «, there exists n4 > n3 so that for any w € W,,, n > nq,
one has
2n+l_1
D TR () — 1))z 2,
j=2"

We finally choose ng > n1 > n4 > n3 > nj large enough so that exp(—2”+1/2) <
8/2, and combine (77), (80), (81) and (82) with the above inequality to obtain
Claim 3. As explained in Section 4.4.2, Lemma 8 follows.
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4.4.5. The case d =2. We know from [18], Section III.3, that for any 7 > 0,
h is for d = 3 the correct Hausdorff measure function of ;. On the other hand,
when d = 2, the correct Hausdorff measure function of R;, is, as it is proven in
[15], the function

ha(e) = &2 In(e~ Y In(In(In(e~1))).

Not surprisingly, when d = 2, one can in fact establish a stronger result than
Lemma 8.

LEMMA 14. We can choose o > 0 so that, for any § > 0, there exists €1 €
0,1 %) such that for any &g € (0, 1),

NO[EIS > 03¢ € (24(20), €0) : Vs (G(x, % a)) > aha(e)|x € ﬂ} >1-56.

Lemma 14 clearly implies the two-dimensional case of Lemma 8. The proof is
similar to that of Lemma 8 in the three-dimensional case. Let us only point out the
main differences, and leave details to the reader.

Obviously, one should work with 4, instead of 4, g instead of g and the func-
tion 6, such that 6>(r) :=Inlnln(1/r) instead of 8. Moreover, the sequence r; is
to be replaced with rj(.z) =272 50 that rﬁll =& (réf)). We already noted that
Lemma 12 for the three-dimensional case corresponds to Corollary 3.3 of [15] in
the plane. In particular, note that cy, c2, c4 should be replaced with ciz) > 1/2,
= (4c§2) —-2)/ (4052) —1), cf) = C§2) (2c§2))_1. We also already remarked that
Lemma 13(a) and (b) are to be respectively related with Lemma 3.4, respectively
Lemma 3.5, of [15]. Lemma 13 remains valid in the plane when one replaces
Zy (g) with

Cw_gz
Z2(e) := (?In(e~ 1)) / Y7, (C(0, /2, 8))A(dt,dW),
Cw*é‘zln(l/s) )

then I, (¢) with

12 (e, p) := plog(e™")) 7

8 /SZIn(l/s) ox (_ @ |w(§w _ s)|2)
2 P €1
&

S
x (log* (s(c$?)Pe2))P s~ ds.

It is then straightforward to check that, once all these changes have been made, the
exact same proof as in Section 4.4.4 leads to assertions similar to (77)—(82) and
Claim 3.
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5. Results on coalescing random walks. In this section, we prove Lemmas
1 and 2, which we used in the proof of Theorem 1. (Some of the ideas involved
in the results below are borrowed from [12], such as in particular, the case d > 3
of Lemma 15. The proof of Lemma 1 is also borrowed from this unpublished
manuscript. Moreover, it is interesting to note that it would be possible to get pre-
cise asymptotics on the quantities we are bounding below. In particular, for o > 0
and ¢ € Cp(RY), it is possible to get the exact asymptotics of quantities such as
Eoy[T1 < |y|“t,¢(XT11/|y|], as |y| — oo. Such asymptotics were computed in
[12] in the case d > 3, o = 2, and it is possible to extend the results to a gen-
eral o > 0 and to the case d = 2. For d > 4, these exact estimates would allow
one to get a more precise upper bound on E[(Uz)?] than the one obtained in Sec-
tion 4.1, and therefore improve the constants a4, d > 4, appearing in the statement
of Proposition 3. (However, this would not be enough to get precise asymptotics
on the hitting probability of a far point for d > 5.) We chose not to present these
asymptotics here, as they only had this minor impact on our main result.) First, let
us introduce further notation. We write IP’,(CZ) for a probability measure under which
(Z;,t > 0) is a continuous-time random walk with rate 2 (instead of rate 1 for IP,)
and jump kernel p, starting from x. Let us also denote

t
H;(x) := P, (Z hits 0 before 1), G:;(x) . =E, |:/ 1iz,—0 dsi|,
0

and H,(z) (x), G;z) (x) the corresponding quantities under ]P’)(Cz). It is well known that
when d = 2,

D o~ D o L
(83) G20 ~ GELO) x5,
When d = 3, from the definition of k;, we have

(84) G%

%t (O) c:;o kd_l ’

In dimension d = 2, an easy adaptation of [11], Theorem 1.6.1, to the continuous-
time setting ensures the existence of

a(x) = lim [G,(0) = G,(®)], P ()= lim [P (©0) - G (v)].

An easy consequence of the proof of Theorem 1.6.2 in [11] is the existence of a
constant ks depending only on d such that for any > 1,

®5)  Gi(0)—Gi(x) <ksa(x), G0 —GP(x) <ksa®x).

Furthermore, from Theorem 1.6.2 of [11], both a(x) and a® (x) are O(In [x]).
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5.1. Proof of Lemma 1. This proof was taken from [12]. In the following,
we denote by C;, i > 0, positive constants depending only on d. Let us denote by
(Sy, n € N) adiscrete-time random walk with jump kernel p, starting from x under
the probability measure Q. By combining the well-known bound Q,[S, = y] <
Kn~%/? and the martingale inequality of Ledoux and Talagrand ([17], Lemma 1.5),
we getforanyn > 1,y € 74,

_Caly —X|2>

n

C
R exp(

Let (N, t > 0) be a standard Poisson process. Then

QolZ; =yl =) P[N; =n]QolS, = y]

n=0

o0 2
Cy Calyl
< CXp(—t)l{yZO} + Z P[N; = n]nd/2 exp(— n >

n=1

(86)

We also have for any ¢ > 0,

> 1
> PINi=nl<C3t™ 2.
n

n=1
It follows from the above that

[2¢] 2 2
Cy Calyl Ci1C3 Calyl
& L= gren( -2 ) < TRtee( <)

n=1

For values of n greater than 2¢, a simple large deviation estimate gives for every
t>0,m=>1,

P[N; > 2"t] < C4exp(—C52"1).
Hence,

C 2
Z P[N; = n]n_"'/2 exp(—ﬁ)
n

n>2t

CzIY|2>

0o
< 2:1 o exp(_cszmt)(zmt)_d/z eXp(— om+i;
m=

X Calyl?
— Gy Y pmd)2 o (_c oy )
) mX::l ’ i 2m+]t

Setting C¢ = +/2C>C5, we now obtain from the above

C 2
> PIN =nla~/2 exp<_Ly|> < Cot™ P exp(=C|yD).
n

n>2t
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Combining (86), (87) and the above now gives

CiCs Gy, G
q:(y) = exp(=D)1py=0) + —77 eXP<—2—t> + 2272 xP(=CelyD.

which clearly implies Lemma 1.

5.2. Proof of Lemma 2. 1In the following, we use K, K’ to denote positive
constants depending only on d, T and which may change from line to line. We
consider only the case when ¢ and x are such that cx € Z¢. The general case
immediately follows.

We are first going to rule out small values of r. We deal with the integral over
the interval [0, ¢ ~2]. Note that

Po,,[T1 < 1, 2L, = ex] < min{g,2, (0, x), g2, (v, cx)).

Considering separately the cases |y| < 2c|x| and |y| > 2c|x| and using (14), we
easily obtain

C72
aly) [ drBo,IT =2k, =ex)

< i3 exp(—kaclx|/2) x Ya(|y]) exp(—a(|y|/4))
< K|xI*? < Kya(x|™h.

Let us now deal with small values of 7. In a way similar to that in the previous
computation, one gets

-2
C
ayh [ diPo,ITi <1.2}, =cx)

< i3 exp(—waclx]/2) x Ya(ly]) exp(—«a(lyl/4v/2))
< Kx* < Kya(x™h.

Note that to obtain the last line above, we used the assumption ¢ > x| 2.
Let us then deal with large values of 7. For ¢t > ¢ 2, we have

ya(lyDPoylc?t — 1 < Ty < c?1, Z), = ex]
<ecYa(IyDPo,[c% — 1 < Ty < ¢, Zh, = Z}, =cx]
< ec!Ya(1y)Po,y[Z), = 72, = cx]

<ec™Ya(Iy)) fr(x) fr(x — y/©),

where we used Lemma 1 at the last line above. Hence, from (11), we get that

T
a(ly /72 dtPyy[c*t — 1 < Ty < c*t, Z),, =cx]
C

2-2d
< Kc—dwd<|y|>(|x|2—2d A (M) ) < KIx < Kya(x ™).
C
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Note that, at the last line above, we used the assumption ¢ > |x|_2.
We can now suppose 1 < c%t — 1, that is, r > 2¢—2, and restrict our attention to
estimating

T
/ dtPoy[1<Ti <c*t—1,Z) =cx].
202 ’ ct
Using the Markov property at time 77, then Lemma 1, we obtain

T
fchz dtPoy[1 <Ty <Pt —1,Z), =cx]

T
(88) = -/2‘6_2 dt ]E()’y |:1{1§T1§C2[—1} Z I{Z%IZZ}qCZZ_Tl (Z - Cx):|

ze74

In order to bound the above quantity, we need the following intermediate result.

LEMMA 15. Let d = 2. There exists a positive constant Ls depending only
on d such that for any c > 1, z € 74t >2¢72, y € 74 \ 0 and every measurable
function ¢ : R, x Z¢ — Ry,

T
d 1 1
|y| ‘/’d(|Y|)EO,y[1{15T1502r—1,z‘,1=z}¢(W’ ZTl)i|

12 /lyP=1/Qly%) ~(Z\ (2
<Ls duq)(usz)fu<_>fu( ),
|yl =2 Iyl Iyl

where ®(u, z7) = Sup(u—ﬁ)*Srsu ¢(r,z), and f~M was defined in Section 2.4.

PROOF. In this proof, we use L to denote a constant depending only on d and
which may change from line to line. Obviously,

5 [Ty
8.2 <21 [ () du.
r
It follows that
d i,
|yl Wd(|y|)E0,y 1{1§T1562t71,2%l:z}¢ W, ZT1

< 2513V B0 | Yy <y 1.2)

t2/1ylP—1/2ly?
(89) X/ ) du ®(u, z)
[y~
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X 1{Tn/y|2§u§T1/|y|2+1/(2|y|2)}}
=21y W4 (1y))

tc?/ly12=1/2]y?
X f du ®(u, 7)
ly|=2

Po,|1<T < 2T12 121—
X IFg,y =< 1_M|y| < 1+5§Ct_5, =2

where we use the Fubini theorem at the last line. Hence, proving Lemma 15 re-
duces to establishing the following claim.

CLAIM 4. Ifu > |y|~2,

1 1
2|y|d+2wd<|y|>1@o,y[1 sTi<ulyP<Ti+5<c’t—2, 7y = z]

2
~(Z\Nx(2—Y
<isf () (50)
|yl Iyl
Let us first rule out the easy cases of Claim 4.
First note that the case d > 3 is simple, because
Poy[T1 < Iy1Pu < Ty + 5. Zg, = 2] < ey, (D412, (Y — 2).

and we can use Lemma 1 to conclude.
In the case d = 2, using the same argument as in the case d > 3 only gives

1
yFIn(yl v e)]P’o,y[l <Ti<lyPusTi+y, 2} = z]

<eln(ylv e)ﬁ(ﬁ)fu(ﬂ;ly).

However, in the particular cases when |y| < A for some fixed constant A > 1, or
when |y|_2 <u< |y|_1, we have

K2z K2|z =yl
1n(|y|\/e)exp(— )exp(—i) <L.
2lylu 2|ylVu

This easily leads to the desired claim in these particular cases.
We now suppose d =2, |y| > A := 68 and u > |y|*1 and outline of the proof of
Claim 4. We have

Poy[1<T < IyPPu < Ty + % Z%l =z]

(90) <ePo,[l =Ty <yPu<Ti+3,Z\p, =Z}p, =2]

<eP,.[Z) £ 72 Vsell, |yl ul, Z2! , =0, 27> y],

[ylu [ylPu —
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where we used a time-reversal argument in the last line.
We are going to use (90) and argue under P, ;. On the one hand, with high prob-

ability, both Z! Y P2wAl) and Z2 Y P2wAl) should remain close to z. More precisely,
if we set
||
By=B(a (35 V1)) sy = P PR A,

we will establish that
4 1
In(lyDIyl Pz,z[zb,p/z(uAl) ¢ By
1) or Z} 3p iy & Boys Zhyp, =0, 200, = ¥]
~(Z\=({z2—Y
<ui(5) (50,
|yl |yl

On the other hand, when both Z! P2 /\1), Z|2y|3/2(u/\1)
from the Markov property for the walks Z', 7% at time |y|3/?(u A 1) that

are close to z, we obtain

P.o[Z) # Z; Vs € (L IyPw A DY Z)p, =0, 20 0, = v,

1
(92) Z|y|3/2(u/\l) € By, Z|y|3/2(u/\1) €B.,]
<P..[Z] # Z] Vs e [L Iy A D]

X SUP  Gru,y) XD Gru,y) (X2 — ).

(x1,x2)€B2

We will then establish, using Lemma 1, that

3 4 u u - ~u u y
93) Sup 131Gy 1)y (52 y)§f<|y|)f< M)

(x1 ,xz)EBzz’),

Moreover, we will finally prove that the probability for (Z', Z?) to avoid each
other in the time interval [1, |y|3/2(u A D] is of order In(|y| v e)_1

(94) In(ly| v )P, [Z] # Z2 Vs e [1, |y A D]] < L.
Combining (91)—(94), we obtain

In(lyDIy[*P, .[Z) # 22 Vs e [1, |y|Pul, 2} , =0, Z>

= f(|y|>f”( |y|y>

Claim 4 then follows from (90) and the above. To complete the proof of Claim 4,
hence the one of Lemma 15, it remains to establish (91), (93) and (94).

Iy Pu v =]
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PROOF OF (91). As a consequence of (14),

1 2
1n(|y|)PZ,Z[Z‘y|3/2(uA1) ¢ BZ,y or Z|y|3/2(u/\l) ¢ BZ,y]

1/8
(95) <2k3 ln(lyl)exp<—l<4\|/yu|ﬁ(3||iy|| v 1))

- 2/u AT \3]y| ’
where at the last line, we used the bound In(|y|) exp(—k4|y|'/8/2) < L. By study-

ing separately the cases |z| > 3|y|, |z| < 3]|y|, and using the fact that x4/4 > k>,
we get

exp(—u&(ﬂ \Y 1)) < exp(—xz 2 )exp(—xz 2= | )
23/u A 1T\3]Y| B 4ylVu 4ylVu

Furthermore, since 7 (u, y) > | y|2u /2, we get from Lemma 1 that

sup{ [y 2 qrquyy (X, x'), x € 24, x € 74} < Lu™".

Hence, (91) follows from using the Markov property for the walks Z', Z? at time
|y|>/2(u A 1) and combining the above remarks. [

PROOF OF (93). Lemma 1 implies that

SUP  Gr(u,y) X1)Gr(u,y) (X2 — )

(x1,x2)€By

- X1 Xy —
o on, A
ez, |yl

(96)

The bound (93) in the case |z| > 3|y| easily follows from (96) and the fact that for
x1, x2 bothin B; y, we have |x1| > 2|z|/3, [x2 — y| > |z|/3 > |z — y|/4.

Let us now suppose |z| < 3|y|, and recall that we assumed |y| > 68, so that the
balls B(0,3|y|”/3) and B(y,3|y|”/®) are disjoint. Now, if z € B(0,2|y|"/®), we
easily see that for any x> € B(z, |y|”/), we have |xo — y| > |z — y|/2 > |z|/2. It
follows that

eXp(_Kzlxz — yl) - eXp(_KzIZ — )’|)exp(_ K2|z] )

IyIvu )~ 4yl /u AlylVu)
Assertion (96) and the above imply (93) in the case z € B(0, 2|y|”/®). We can use
a similar argument to conclude in the case z € B(y, 2|y|”/?). At last, if z satisfies
|z| <3]|y| butis not in either of the two aforementioned balls, then, for any x1, x; €
B(z, |y|"/®) we have |x1| > |z]/2, |x2 — y| > |z — y|/2, and (93) easily follows
from (96). O
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PROOF OF (94). First note that under P, ;, Z I'— 72 has law }P’(()z). Recall that
the notation a® (x), G)(Cz), H,(z) (x) has been introduced at the beginning of the
section. From the simple bound H, @ (x) > G(Z) (0)_1G,(2) (x), then (85), we get

2 )
o7 (2)( ) < GO -G - isa® (x)

G;)(0) ~ In(lyD

From the Markov property for Z! — Z? at time 1, we have
P.o[Z) # Z] Vs € [1, 1y A D]

= Ezv{ > l{z}—zf:x}l{z;Z%;éowe[l,|y|3/2<zm1>]}]

xeZd

= > q2(x)(1 = PP (Z hits 0 before time |y*/*(u A 1)))

xeZd
2
Kksa'” (x)
<Y @) 373 :
S Iy PRw A )

where we used (97) at the last line. Since u > |y|_1, we have ln(|y|3/2(u A1) >
In(]y|)/2. Hence, using Lemma 1 and the fact that a® (x) = O(In(|x])), we
get (94). O

As explained earlier on, this completes the proof of Claim 4, hence the one of
Lemma 15. O

Let us now complete the proof of Lemma 2. We will apply Lemma 15 to bound
the right-hand side of (88). Fix ¢ € [2¢72, T]. Let us consider the nonnegative

functions ®.(u, z) = fz—u|y|2/c2( —x).Foru e [| 7 2’2‘| I_zl] we have
~ z

D(u,z) = sup Ge(r,2) < fr_upype (— — x).
u—Qly»)~'<r=u ¢

Thus, from (88) and Lemma 15, it follows that

T
ded(lyl)/ L dtPo,y[1<T <c*t—1,Z} =cx

2/P-1/ChP) z
<Ky~ dfzc dt Zf dufr—uy|2/c2<;_x)

o9 <) A5
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T 1c?/Q2lyl%) [z ~ [ Z =Yy
=k [ a s [ i (255
202 =l c |yl Lyl

T t/lyP=1/@Qly? z
+K|y|“’/ dr ) / du fz—u|y|2/c2<‘ ”)

20_2 d t ¢

Z€EZ

/@y
A Z\ Z—y
x ﬂcz/y|2(m>ftc2/|y2(—|y| )

For convenience, let us define, for z € Z9, yE /i \O, x € clz4 \ 0 and ¢ >
X7t v 1,

rc2/<2\y|) "z Z—y
Fl(Cax»y»Z)~:Lc / (C )fu<|y|>f( |y| )v
Tc2/ly? /2 —
Fz(C,x,y,z)IZ/ ’ dt//t du' fo (——x)ft< )f (u)
2|y|~2 1/(2lcf?) c |yl |yl

so that (98) can be rewritten

T
D) [ drPo[1 =T == 1,75, = ex]
(99) 2¢2
<KlyI™ Y Fi(c.x,y, 0+ KIy™ Y Fac.x,y.2).
z€74 z€74
Thus, completing the proof of Lemma 2, in the case d = 2, reduces to verifying
the bounds

1
(100) |yl 21n(— \/e) Y Fi(e,x,y,2) < KIn(lx| "' ve),
Il z€7?
-1
(101) |y|—21n(m v e) Y Fa(e.x,y,2) < KIn(lx| "' ve).
z€7?

Similarly, in the case d = 3, in order to complete the proof of Lemma 2, we need
to establish that

(102) ¥I7> D" File,x, v, 2 < K(x|7' v D,
z€73

(103) ¥I7> )" Fale,x,y,2) < K (x|~ v .
zeZ?

We first deal with the first term of the sum in the right-hand side of (99).

PROOF OF (100), (102). From (13), we obtain

1/@ly? 12| 2-2d
aon [ i) A(E) <k (Be)
ly|~2 Iyl Iyl |yl
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Then, from (11) and (12), we easily get

Kva(c), if z=cx,
T N K Z ! i
(105) / dtf;(——x)g Va ;—x ) if z#cx,
2c72 c
kew(-kE=x)). ir|E-sz VT
c C

We then split Z¢ into the following subsets
Dy := {cx},
Dy := (7% N B(cx, c|x|/2)) \ Do,
Dy := (24N B, |y| A2¢*T)) \ Dy,
D3 := (29N B0, [y| v 2¢*T)) \ (D2 U Dy),
Dy =7\ (D, U D3).

We now combine the displays (104), (105), in order to obtain bounds on
Fi(c,x,y,z) over the regions D;, 0 <i < 4. We also use that, for z € Dy,
|zl = Kclx|, while, for z ¢ Dy, ya(1Z —x|7") < Kpa(lx|~"). We have

clx| 2-2d
Vao)| — V1 ;
|yl
if z=cx,
e [TN(eld )V
]/fd - — X —\/1 })
c |yl
if z € Dy,
(106) Fi(e,x,y,2) =K X yu(lx|™h), if z € Dy,
2| 2-2d
vae (5 ve)
[yl
if z € D3 U Dy,
|z] _ _
exp(—K’?)Izlz 2 y2d-2
if z € Dy.

Then, observe that

) < K2 (clx])?,

D2 < K(|y| AcH?,
(107) D3] < K(ly| v cH?,
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ifd =3, Yo Tt =Ky AT
z€D3UDy
YTt < Kln(L \/e),
ifd =2 e !
> IZI_ZeXP<—K/H) <K.
C
z€Dy

Combining the bounds (106) and (107) and doing some elementary computations
then leads to (100), (102). [

PROOF OF (101), (103). From (11) and (12), we obtain

t/2 B
/ dl/fu/<E - x)
1/(2¢?) c

K if z=
(108) Val(c), » if z=cx,
rwa(Fea ) ireren
=< c
Z |z
Kexp(—l@——x), if |2 —x|>A+/T.
C C
Also, from (13),

Ty 2 2-2d
(109) / dt’f,/(i>f,/(z y) < K(E v 1) .
2|y|-2 Iyl Iyl [yl

Thus, the bounds in (106) remain true when replacing F; with F3, and (101), (103)
follow. This completes the proof of Lemma 2. [J
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