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EXISTENCE OF HOMOCLINIC SOLUTIONS FOR THE
SECOND-ORDER DISCRETE P-LAPLACIAN SYSTEMS

Peng Chen and X. H. Tang*

Abstract. By using critical point theory, we establish some existence criteria
to guarantee the second-order discrete p-Laplacian systems A(p,(Au(n —
1)) — a(n)|u(n)[P~2u(n) + VW (n,u(n)) = 0 have at least one homoclinic
orbit, where p > 1, n € Z, u € RN, a € C(Z,R) and W € CY(Z x RN R)
are no periodic in n.

1. INTRODUCTION

Consider the second-order discrete p-Laplacian system
(1Y) Alpp(Au(n—1))) = a(n)u(n)[P~u(n) + VW (n,u(n)) = 0,

where p > 1,p,(s) = |s[P72%s, n€Z, ue RN, a: Z — Rand W : Zx RN — R,
As usual, we say that a solution u(n) of (1.1) is homoclinic (to 0) if u(n) — 0
as — +oo. In addition, if u(n) # 0 then u(n) is called a nontrivial homoclinic
solution.

It is well-known that homoclinic orbits play an important role in analyzing the
chaos of dynamical systems. If a system has the transversely intersected homoclinic
orbits, then it must be chaotic. If it has the smoothly connected homoclinic orbits,
then it cannot stand the perturbation, its perturbed system probably produce chaotic
phenomenon. Therefore, it is of practical importance and mathematical significance
to consider the existence of homoclinic orbits of (1.1) emanating from O.

In general, system (1.1) may be regarded as a discrete analogue of the following
second order Hamiltonian system

(1.2) % (Ja() [P~ 2a(t)) — a(t)|u(®) [P~ 2u(t) + VW (t,u(t)) = 0, t € R,u € R,
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When p = 2, system (1.2) reduces to second-order Hamiltonian system
(1.3) u(t) — a(t)u(t) + VW (t,u(t)) = 0.

In recent years, the existence and multiplicity of homoclinic orbits for Hamil-
tonian systems have been investigated in many papers via variational methods and
many results were obtained based on various hypotheses on the potential functions,
see, e.g., [ 3, 6-11, 17, 18, 25-26]. For system (1.2), if a(t) and W (t,x) are
T'—periodic in t, Rabinowitz [27] showed the existence of homoclinic orbits as
a limit of 2kT—periodic solutions of system (1.2). Analogous results for general
Hamiltonian systems were obtained by Coti-Zelati, Ekeland and Sere [7], Felmer
[12], 1zydorek and Janczewska [17] and Tang and Xiao [32-35].

If a(t) and W (¢, ) are no periodic in ¢, the problem of existence of homoclinic
orbits for system (1.2) is quite different from the ones just described, because of
lack of compactness of the Sobolev embedding. In [29], Rabinowitz and Tanaka
studed (1.2) without a periodicity assumption.

In some recent papers [13-15], the authors studied the existence of periodic
solutions and subharmonic solutions of some special forms of (1.1) by using the
critical point theory. These papers show that the critical point method is an ef-
fective approach to the study of periodic solutions for difference equations. Along
this direction, Ma and Guo [19] (with periodicity assumption) and [20] (without
periodicity assumption) applied the critical point theory to prove the existence of
homoclinic solutions of the following special form of (1.1) (with N = 1)

(1.4) Alp(n)Au(n —1)] = g(n)u(n) + f(n, u(n)) = 0,

wherene€Z, ucR,p, g:Z—Rand f:Z xR — R.

Using the original ideas of Omana and Willem [25], Ma and Guo [20] used
mountain pass theorems and compact imbedding lemma to prove following two
theorems.

Theorem A. ([20]). Assume that p, ¢ and f satisfy the following conditions:
(P) p(n) >0 forall n € Z;

(@ q(n)>0forall n e Z and lim,_ q(n) = +00;
(f1) f e C(Z x R,R) and there is a constant x> 2 such that

0<p [ Sns)ds <afln), ¥ (na) € Zx R\ (0}
0
(f2) lim,—o f(n,2)/z = 0 uniformly with respect to n € Z.

Then the system (1.4) possesses a nontrivial homoclinic solution.
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In fact, condition (f1) is the special form (with V = 1) of the following so-called
global Ambrosetti-Rabinowitz condition on W due to Ambrosetti-Rabinowitz (e.g.,

[4]):
(AR) For every n € Z, W is continuously differentiable in z, and there is a
constant > 2 such that

0 < puW(n,z) < (VW(n,z),z), V (n,z)€Zx (RY\{0});

which implies that W (n, x) is of superquadratic growth as |z| — +oo, where and
in the sequel, (-, -) denotes the standard inner product in R~ and |- | is the induced
norm.

In the last decade there has been an increasing interest in the study of ordinary
differential systems driven by the p-Laplacian (or the generalization of Laplacian)
and with periodic boundary conditions, see [21, 23, 37] and the references cited
therein. However, as the authors are aware, there are few papers discussing the ex-
istence of homoclinic solutions for the p-Laplacian systems. Just recently, Tang and
Xiao [34] addressed the existence of homoclinic solutions for a kind of second-order
periodic p-Laplacian systems different from system (1.1). In the present paper, we
are interested in the existence of homoclinic solutions for system (1.1), where a(n)
and W (n, z) are no periodic in n. The intention of this paper is that, under some
relaxed assumptions on W (n, ), we establish some existence criteria to guarantee
that system (1.1) has at least one or infinitely many homoclinic solutions by using
the Mountain Pass Theorem and genus properties. In particular, when p = 2, our
results generalize Theorems A by relaxing condition (f1) and (f2).

Our main results are the following theorems.

Theorem 1.1. Assume that a and T satisfy (A) and the following assumptions:
(A) a(n):Z — (0,00) and a(n) — +oo as |n| — oo;

(W1) W(n,z) = Wi(n,z) — Wa(n,z), Wi, Wy € CH(Z x RYR), and there is
a bounded set J C Z such that

1

n,z)| = of|z|P~? r —
VW) = o) as 20

uniformly inn € Z \ J;
(W2) There is a constant i > p such that
0 < uWi(n,z) < (VWi(n,z),x), V (n,x)€Z xRV \{0};
(W3) Ws(n,0) =0 and there is a constant ¢ € [p, ) such that

Wa(n,z) >0, (VWa(n,z),z) < oWa(n,z), VY (n,z)eZxRY.
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Then the system (1.1) possesses a nontrivial homoclinic solution.

Theorem 1.2. Assume that a« and W satisfy (A), (W2) and the following
assumptions:

(WL) W(n,z) = Wi(n,z) — Wa(n,z), Wi, Wa € CH(Z x RN, R), and

%wwm, o) = o(jz)  as x— 0

uniformly in n € Z;
(W3’) Wa(n,0) =0 and there is a constant o € (p, ) such that

(VWa(n,z),z) < oWa(n,z), ¥ (n,z)€Z xRV,
Then the system (1.1) possesses a nontrivial homoclinic solution.

Remark 1.1. Obviously, when p = 2, both conditions (W1) and (W1’) are
weaker than (2).

When W (n, x) is subquadratic at infinity, as far as the authors are aware, there
is no research about the existence of homoclinic solutions of (1.1). In the present
paper, we are interested in the case that a(n) and W (n, x) are neither autonomous
nor periodic in n. Motivated by paper [38], the intention of this paper is that, under
the assumption that W (n, z) is indefinite sign and subquadratic as |x| — 400 , we
will establish some existence criteria to guarantee that system (1.1) has at least one
homoclinic solution by using Clark’s Theorem in critical point theory.

When W (t, z) = a(t)|z|”, where 1 < v < 2and a € C(R, R)NL¥ 2=)(R,R),
in the recent papers [38], Zhang and Yuan obtained the homoclinic solution by using
a standard minimizing argument.

Now we present the basic hypothesis on a and W in order to announce the
results in this paper.

(W4) Forevery n € Z, W € C*(Z x RV R), and there exist two constants
1 < 1 < 2 < p and two functions a1, ay € 1?/P=71)(Z, [0, 400)) such that

[W(n,z)| <ai(n)|z|”, V (n,x)€Zx RV, lz] <1
and
W(n,2)| < mm)zl®, Y (n,2) €ZxRY, |a| > 1.

(W5) There exist two functions b € 17/?=71)(Z, [0, +00)) and ¢ € C([0, 4+00),
[0, +00)) such that

IVW (n,z)| < bn)p(|z]), V (n,z)€Zx RV,
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where ¢(s) = O(s" 1) as s — 07;
(W6) There exist ng € Z and two constants n > 0 and 3 € (1, p) such that
W(ng,z) > nlz|, V zeRY, |z|<1.
Then, We have the following theorem.

Theorem 1.3. Assume that « and W satisfy (A), (W4), (W5) and (W6). Then
the system (1.1) possesses at least one nontrivial homoclinic solution.

By Theorem 1.3, we have the following corollary.

Corollary 1.1. Assume that a and W satisfy (A) and the following conditions:

(W7) W (n,z) = a(n)V(x), where V € CY(RN,R) and a € IP/(P=1)(Z, [0, +00)),
v € (1,p) is a constant, such that a(ny) > 0 for some ng € Z;

(W8) There exist constants M, M’ > 0, v2 € [y1,p) and 3 € (1, p) such that
M|z]® < V(z) < Mlz|", ¥V z€RY, |z| <1

and
0<V(z)< Mz, V zeRY, |z]>1;
(W9) VV(x)=O(z[""t) as z— 0.

Then the system (1.1) possesses at least one nontrivial homoclinic solution.

The rest of the this paper is organized as follows. In Section 2, we introduce
some notations and preliminary results. In Section 3, we complete the proofs of
Theorems 1.1-1.3. In Section 4, we give some examples to to illustrate our results.

Throughout this paper, we let ¢ € (1,00) such that 1/p+1/q = 1.

2. PRELIMINARIES

Let
S={{u(n)}tnez : u(n) eRY, nez},

E = {u €S : Z [|[Au(n — 1)]P + a(n)|u(n)|P] < 400}
nez
and for u € E, let

1/p
(2.1) Jull = {Z [[Au(n —1)[7 +a(n)\U(n)\p]} :

nez

Then E is a uniform convex Banach space with this norm, see [16].
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Let 7 : E — R be defined by

2.2) I(u) = }Quuup =S W(n, u(n).

nez

If (A) and (W1) or (W1’) or (W4) hold, then I € C'(E,R) and one can easily
check that

(I'(w),v) = > [|[Au(n - 1)~ *(Au(n — 1), Av(n — 1))
nez
23) +a(n)|u(n) P~ (u(n), v(n))

—(VW(TL, u(n))v v(n))] :

Furthermore, the critical points of I in E are classical solutions of (1.1) with
u(£o0) = 0.

We will obtain the critical points of I by using the Mountain Pass Theorem.
We recall it and a minimization theorem as:

Lemma 2.1. ([4]). Let E be a real Banach space and I € C'!(E,R) satisfy
(PS)-condition. Suppose that I satisfies the following conditions:

(i) 1(0) = 0;
(ii) There exist constants p, « > 0 such that I| 55,0y > ;
(iii) There exists e € E'\ B,(0) such that I(e) < 0.

Then I possesses a critical value ¢ > « given by

— inf I
¢ = inf max (9(s)),

where B,(0) is an open ball in £ of radius p centered at 0, and
I'={geC([0,1],E) : g(0)=0,9(1) = e}.

Lemma 2.2. ([24]). Let E be a real Banach space and I € C'!(E,R) satisfy
the (PS)-condition. If I is bounded from below, then ¢ = inf i I is a critical value
of 1.

Lemma 2.3. Foru € F,
(2.4) allulls < allullp < [Jull?.

where ¢ = min{a(n) : n € Z}.
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Proof. Since u € F, it follows that lim,,,_,, [u(n)| = 0. Hence, there exists
n* € Z such that

lulloo = fu(n")] = max|u(n)|.
By (A) and (2.1), we have
lullP =) a()u(@)l” = a) Jum)P = aljul|%.

nez nez
The proof is complete.
Lemma 2.4. Assume that (W2) and (W3) or (W3’) hold. Then for every
(n,x) € Z x RV,
(i) s=#Wi(n,sx) is nondecreasing on (0, +00);
(i) s 2Ws(n, sx) is nonincreasing on (0, 4+00).

The proof of Lemma 2.4 is routine and so we omit it.

3. PrROOF oF THEOREMS

Proof of Theorem 1.1. It is clear that 7(0) = 0. We first show that I satisfies
the (PS)-condition. Assume that {uy}reny C E' is a sequence such that {I(ug)}ken
is bounded and I'(ux) — 0 as k — +oo. Then there exists a constant ¢ > 0 such
that

(3.1) [T(up)l < e, |11 (ug))]

g <puc for keN.

From (2.1), (2.2), (3.1), (W2) and (W3), we obtain

pe + pe||ug]
p
> pl(ug) — ;<I/(uk)7uk>

- %HWHP +p7% [WQ(n, ug(n)) — i(VWg(n, uk(n)),uk(n))]
4 Z [W1(n, ug(n)) — l(VVVl(n, ug(n)), uk(n))]
nez H
p—=p

>

llugll?, Kk eN.

It follows that there exists a constant A > 0 such that

(3.2) lug|| < A for keN.
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So passing to a subsequence if necessary, it can be assumed that u; — ug in E.
For any given number ¢ > 0, by (W1), we can choose £ > 0 such that

(3.3) VW (n,z)| < ea(n)|zP~t  for neZ\J, and |z| <E&.

Since a(n) — oo, we can also choose an integer IT > max{|k| : k € J} such that

(3.4 o(n) = gy ol =1
By (2.4), (3.2) and (3.4), we have
fug(n) [P = @awuk(n)\p
& p
o5 < v 5 et o)
< Sl

< &P for |n| >1I, keN.
Since uy — wug in E, it is easy to verify that u(t) converges to ug(¢) pointwise
for all n € Z, that is
(3.6) lim ug(n) =up(n), Vnéelz,

k—oo

Hence, we have by (3.5) and (3.6)
(37 lug(n)| < ¢ for |n| > 1I.

It follows from (3.6) and the continuity of VW (n, z) on x that there exists ky € N
such that

1
(3.8) Z VW (n, ug(n)) — VW (n,up(n))||lur(n) —uo(n)| <e for k> k.
n=—II

On the other hand, it follows from (3.2), (3.3), (3.5), (3.6) and (3.7) that
> VW (n,ui(n) = VW (n,u(n))|[uk(nt) — ug(n)|

|n|>IT

< > (VW un(n)] + VW (. uo(m) ) (fui(n)| + [uo(m) )
|n|>IT
£ U -1 (P~ (lus(n wal(n

69 - MZN] ) k()P + fuo(n) P ()] + o () )
< 2 3 a(n)(lur(m)P + Juo(n)|?)
|n|>IT
< 22 (||ux|” + [|uo 7

A

2e(AP + [luol”),  keN.
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Combining (3.8) with (3.9) we get

(3.10) Z VW (n, ug(n)) — VW (n,up(n))| |ug(n) —up(n)| - 0 as k — oo.

Using the Hdlder’s inequality
ac 4 bd < (aP + bP)/P(ct + a?)t e,

where a, b, ¢, d are nonnegative numbersand 1/p+1/q = 1,p > 1, it follows from
(2.3) that

(I'(ur) — I'(ug), up — uo)

= > Aug(n — DP2(Aug(n — 1), Aug(n — 1) — Aug(n — 1))

S ) ()P (), k() — o)
> [Aug(n — 1)[P2(Aug(n — 1), Aug(n — 1) — Aug(n — 1))
= a(n)[uo(n)[P~>(uo(n), ur(n) — uo(n))
- Z(VW(n, ug(n)) — VW (n,up(n)), ur(n) — up(n))
= [|ukl” + [Juoll” — Z | Aug(n — 1)[P2(Aug(n — 1), Aug(n — 1))
= a(n)|ur(n) [P~ (ur(n), uo(n))
(3.11) =3 [Aug(n — 1)[P(Aug(n — 1), Aug(n — 1))
= a(n)[uo(n)[P~>(uo(n), ur(n))
- Z(VW(n, ug(n)) — VW (n,up(n)), ur(n) — up(n))
nes 1/p 1/q
> [ [P+ [|uol” — (Z | Aug(n — 1)\p> (Z | Aug(n — 1)\p>
- (Z a(n)\uo(n)\p> (Z a(n)\uk(n)\p>
nez lnynEZ g
- (Z | Aug(n — 1)\p> (Z | Aug(n — 1)\p>

1/p 1/q
— <Z a(n)|ug(n) \p> <Z a(n)|uo(n) \p>

nez neEL
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— Z(VW(n, ug(n)) — VW (n,up(n)), ug(n) — ug(n))

nez

1/p
([l + [Juol|” — <Z [[Aug(n — 1)\p+a(n)\UO(n)\p]>

nez

Y

1/q
<Z [|Auk(n = 1)[P + a(ﬂ)\Uk(ﬂ)\”])

nez

1/p
. (Z [ Aug(n - 1>\p+a<n>‘“k<”)‘p]>

nez

1/q
(Z [[Aug(n — 1) + a<n>\uo<n>\p1>

nez

— Z(VW(n, ug(n)) — VW (n,up(n)), ug(n) — ug(n))

nez
= [Jurll? + [luoll” — l[uoll[[ux P~ — lJug|luo P~

- Z(VW(n, ug(n)) — VW (n,up(n)), ug(n) — up(n))

neL
= (el = lluol =) (k]| — lluol)
— Z(VW(n, ug(n)) — VW (n,up(n)), ug(n) — up(n)).
neL

Since I'(ux) — 0 as k — +oo and ug, — wug in E, it follows from (3.2) that
(I'(ur) — I'(ug), up —ug) — 0 & k — oo,

which, together with (3.10) and (3.11), yields |jug|| — ||u| as k — +oco. By
the uniform convexity of E and the fact that v, — wug in E, it follows from the
Kadec-Klee property [10] that u; — wug in E. Hence, I satisfies (PS)-condition.
We now show that there exist constants p, o > 0 such that I satisfies assumption
(ii) of Lemma 2.1 with these constants. By (W1), there exists n € (0, 1) such that

312  |[VW(n2) < %a(n)\x\p_l for neZ\J |z <n.
Since W (n,0) = 0, it follows that

(3.13) W (n,2)| < %a(n)\x\p for neZ\J |z <n.
Set

(3.14) M:sup{% nelJ, zeRY |z = }
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Set § = min{1/(2pM + 1)/ =P) n}. If ||ul| = a'/P§ := p, then by (2.4), |u(n)|
<§ <n<1forneZ By (3.14) and Lemma 2.4 (i), we have

u(n)
ZWl(n, u(n)) < Z Wi n, ——= ) Ju(n)|*
neJ {neJ, u(n)#0} < ‘u(n)‘>
< MY a(mu(n)]
(3.15) neJ
< M&" 3" a(n)u(n)?

neJ

< %Zam)\u(n)\p-

neJ

Set
adP

2
Hence, from (2.1), (3.13), (3.15) and (W3), we have

o=

I(u) = }Quuup =S W(n, u(n)

nez
- }Quuup— S Winum) — 3 Wn, u(n)
| nleZ\J neJ
> Sl = 3 3 almlu(n) = Y Waln,un)
) . nezZ\J 7’L1€J
616 > 2l - 5 HEZZ\Jam)\u(n)\P > %am)\u(nw
1 P i a(n)|u(n)|?
:I;émum—m +2p% (n) u(n)]
1 p p
> g5 2 18utn = D+ awluto)t”
= oolul?

(3.16) shows that ||u|| = p implies that I(u) > «, i.e., I satisfies assumption (ii) of
Lemma 2.1.

Finally, it remains to show that I satisfies assumption (iii) of Lemma 2.1. Take
w € E such that

[ 1, for |n| <1,
(3.17) lw(n)| —{ 0. for |n]>2,
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and |w(n)| <1 for |n| € (1,2]. For o > 1, by Lemma 2.4 (i) and (3.17), we have

1 1
(3.18) > Win,ow(n)) = o > Wi(n,w(n)) = mo*,

n=—1 n=-—1

where m =St Wi(n,w(n)) > 0.

n=—1

For any u € FE, it follows from (2.4) and Lemma 2.4 (ii) that

_ 3y Wa(n, u(n)) + > Wa(n, u(n))

{n€[-2,2] : |u(n)|>1} {n€[-2,2] : |u(n)|<1}

< Y wm(e) e

{n€[-2,2] : |u(n)|>1}

G199 ST ax|Wan, 2)|
|z|<1
n=-—2
2 2
< ullg D max|Wa(n, )| + max |W(n, z)|
=1 <1
n=—2 n=—2
0 2 2
< a"r|ul® Y max|Wan,z)| + max |Wa(n, z)|
jo=1 <1
n=—2 n=—2
= Miul|® + Mo,
where
. 2 2
My=ar max |Wa(n,z)|, My = max |Wa(n, x)|.
S lal=1 = lal<1

By (2.1), (3.17), (3.18) and (3.19), we have for o > 1

I(ow) = %Hapr + Z [Wa(n,ow(n)) — Wi(n,ocw(n))]

nez
2 1
(320) < Tl + Y Wanowim) = 3 Walnow(n)
n=—2 n=—1

P
< %kup + Myo®|w||® + My — mo™.

Since > o > p and m > 0, (3.20) implies that there exists oy > 1 such that

|loow]] > p and I(ogw) < 0. Set e = ogw(t). Then e € E, |le|| = ||oow]|| > p and
I(e) = I(opw) < 0. By Lemma 2.1, I possesses a critical value d > « given by
(3.21) d = inf max I(g(s)),

g€l s€(0,1]
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where
I'={geC([0,1,E) : g(0)=0, g(1) =e}.

Hence, there exists «* € E such that
(3.22) I(uw*)=d, and I'(u*)=0.

Then function »* is a desired classical solution of system (1.1). Since d > 0, u* is
a nontrivial homoclinic solution. The proof is complete.

Proof of Theorem 1.2. In the proof of Theorem 1.1, the condition that Wy (n, z) >
0 in (W3) is only used in the proofs of (3.2) and assumption (ii) of Lemma 2.1.
Therefore, we only prove (3.2) and assumption (ii) of Lemma 2.1 still holds use
(WZ1’) and (W3’) instead of (W1) and (W3). We first prove that (3.2) still holds.
From (2.1), (2.2), (3.1), (W2) and (W3’), we obtain

pc
pe+ Y“Huku

> pI(ug) — §<I/(uk)v Ug,)

= E= g4 3 [ Wl )~ Z(TWato,ualo). )|
0 nez 0
X [P uetm) = LW () ()

nez

Y

PP, keN.
1
It follows that there exists a constant A > 0 such that (3.2) holds. Next, we prove
that assumption (ii) of Lemma 2.1 still holds. By (W1’), there exists n € (0,1)
such that
1
(3.23) VW (n,x)| < §a(n)\x\p_1 for neZ, |z|<n.
Since W (n,0) = 0, it follows that

1
(3.24) W (n,z)| < %a(n)\x\p for neZ, |z|<n.

If ||lu|| = a'/Py := p, then by (2.4), |u(n)| < n for n € Z. Set

_an?
=5
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Hence, from (2.1) and (3.24), we have

I(u)

(3.25)

;Hqu — S W(n, u(n)

nez
1

Ll = 53 aln)u(w)

nez

—Z |Au(n —1)P + —Za(n)\u(n)\p

nEZ nEZ

2 2 [|Au(n = D + a(n)|u(n)["]

o llull”

Q.

(3.25) shows that ||u|| = p implies that I(u) > «, i.e., assumption (ii) of Lemma
2.1 holds. The proof of Theorem 1.2 is completed.

Proof of Theorem 1.3.

In view of Lemma 2.2, I € C'(E,R). In what follows,

we first show that I is bounded from below. By (W4), (2.4) and Halder inequality,

we have
I(w) = Jlul -
= CJhull -
> Lufp -
> Ll -
(3.26)

(Z(u(

a~n/p

X

> W(n, u(n))

nez

S Winum)— > W(n,u(n))
Z(|u(n)|<1) Z(Ju(n)|>1)

S amum)™ = > as(n)lu(n)|”
Z(|u(n)|<1) Z(Ju(n)|>1)

D

(p—m)/p
/P ( al(n)p/(p%))
Z(lu(n)|<1)

7/p
n)|u(n )p)
)

(p—1)/p

|ag(n)|P/ =)

Z(|u(n [>1)

7/p
( ‘p(w 11)/m a(n )u(n)p>
Z(Iu(n)|>1)
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(p—m1)/p
> lHqu —a /P Z ‘al(n)‘p/(p—%) (e i
b Z(Ju(m)|<1)
(p—m1)/p
_a—%/pHqug—% Z ‘a2(n)‘p/(p—v1) (e i
Z(|u(n)[>1)
(p—m)/p
> lHqu —a /P Z ‘al(n)‘p/(p—%) (e i
b Z(Ju(m)|<1)
(p—1)/p
_q /P Z lag(n)[P/P=70) ]| 72
Z(|u(n)[>1)
> —lull? = a2l oy el = a2 az | oy [l 72

Since 1 < 71 < 2 < p, (3.26) implies that I(u) — +oo as |Ju|| — +oc.
Consequently, I is bounded from below.

Next, we prove that I satisfies the (PS)-condition. Assume that {uy}reny C F
is a sequence such that {7 (u)}ren is bounded and I'(uy) — 0 as k — +oc. Then
by (2.4) and (3.26), there exists a constant A > 0 such that

(3.27) luglloo < aYPllugl| <A,  keN.

So passing to a subsequence if necessary, it can be assumed that ug — wug in E. It
is easy to verify that u;(n) converges to ug(n) pointwise for all n € Z, that is

(3.28) lim ug(n) =up(n), VnezZ.

k—oo

Hence, we have by (3.27)

(3.29) [uolloe < A.

By (W5), there exists Ms > 0 such that

(3.30) o(|lz]) < Malz|™t, Va2 eRY, |z|< A

For any given number ¢ > 0, by (WS5), we can choose an integer IT > 0 such that

(p—71)/p

(3.31) > (b(n))P/ ) <e.

[n|>IT
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It follows from (3.28) and the continuity of VIW (n, x) on x that there exists ky € N
such that

i
(3.32) Z VWV (n, ug(n)) — VW (n, ug(n))||ug(n) —uo(n)| <e for k> k.
n=—II

On the other hand, it follows from (2.4), (3.27), (3.29), (3.30), (3.31) and (W5) that

Y VW (n,uk(n)) = VW (n, uo(n))|u(n) — uo(n)|

|n|>IT
< > bm)[p(lur(m)]) + (luo(n) )] (lur(n)| + |uo(n)])
|n|>IT
< M, Z b(n) (Jur(n)[ = + |uo(n) ") (Jur (n)] + |uo(n)])
|n|>IT
< 2My 37 b(n)(Jux(n) " + [uo(m)| )
(3.33) |n|>I1
(p—m1)/p
< 2M2a_71/p Z lb(n ‘p/(p 71) (lugl™ + [Juo|™)
|n|>IT
(p—m1)/p
< 2Mya /P Z |b(n) [P/ P=1) [a%/pA% + [|luo|| ™
|n|>IT
< 2Moa /P a%/pAw + HUJOH%} e, keN.

Since ¢ is arbitrary, combining (3.32) with (3.33), we get

(3.34) Z(VW(n, ug(n)) — VW (n,up(n)), ur(n) —up(n)) — 0 as k — oo.
nez

Similar to the proof of Theorem 1.1, It follows from (3.11) that

(I'(ur) — I'(uo), up, — o)

(3.35) > (fluglP~ = o 1~1) (lluel|  Ifoll)
— N (YW (n, ur(n)) = VW (n, up(n)), ug(n) — ug(n)).
nez

Since (I'(ug) — I'(ug), ug — ug) — 0, it follows from (3.34) and (3.35) that
ug — ug in E. Hence, I satisfies (PS)-condition.

By Lemma 2.2, ¢ = infg I(u) is a critical value of I, that is there exists a
critical point w* € E such that I(u*) = c.
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Finally, we show that u* # 0. Let ug(ng) = (1,0,---,0)" € RN and ug(n) =
0 for n # ng. Then by (W6), we have

I(sug) = %puuoup =S W(n, suo(n))
nez

P
(3.36) = EHUOHP — W (ng, sug(n))
P
< —luo|l? = ns|ug(n)|,  0<s <1
p

Since 1 < 73 < p, it follows from (3.36) that I(sug) < 0 for s > 0 small
enough. Hence I(u*) = ¢ < 0, therefore «* is nontrivial critical point of 7, and so
u* = w*(n) is a nontrivial homoclinic solution of (1.1). The proof is complete.

Proof of Corollary 1.1. Obviously, (W7) and (W8) imply (W4) holds, and (W7)
and (W9) imply (W5) holds with a1(n) = az(n) = b(n) = |a(n)|. In addition, by
(WT7) and (W8), we have

W (no, ) = a(no)V (z) = M'a(n)|z®, ¥V z€RY, |2| < 1.

This shows that (W7) holds also. Hence, by Theorem 1.3, the conclusion of Corol-
lary 1.1 is true. The proof is complete.

4. EXAMPLES
In this section, we give some examples to illustrate our results.
Example 4.1. Consider the second-order discrete p-Laplacian system
4.1) A(|Au(n —1)|Au(n — 1)) — a(n)|u(n)|u(n) + VW (n,u(n)) =0,

where p = 3, n € Z,u € RY, a € O(Z,(0,00)) such that a(n) — +oo as
|n| — oco. Let

m n
W(n,z) =a(n) [ Y ailal" = bjlal% |,
i=1 j=1
where py > pio > o0 >y > 01 > 02 > -0 > pp > 3, a, b > 0, 1 =
1,2,....om;5=1,2,...,n. Let u = p,, 0= p1, and

Wiln, ) = a(n) Y ailz[™,  Wa(n,z)=a(n) Y bslz|%.
i=1 j=1
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Then it is easy to verify that all conditions of Theorem 1.1 are satisfied. By Theorem
1.1, system (1.1) possess a nontrivial homoclinic solution.

Example 4.2. Consider the second-order discrete p-Laplacian system
(4.2) A((Au(n —1))*) = a(n)(u(n))’ + VW (n,u(n)) = 0,

where p = 4, n € Z,u € R, a € O(Z,(0,00)) such that a(n) — +oo as
|n| — oco. Let

W(n,x) = a(n) [a1]|z|"* + ag|x|*? — by (sinn)|z|?* — ba|x|??],
where pq > po > 01 > 02 > 4, a1,a > 0,b1,bs > 0. Let u = s, 0= 01, and
Wi(n, z) = a(n) (a1]z[*" + azlx**), Wa(n, ) = a(n) [bi(sinn)[z]* + ba|z|*].

Then it is easy to verify that all conditions of Theorem 1.2 are satisfied. By Theorem
1.2, system (1.1) possess a nontrivial homoclinic solution.

Example 4.3. Consider the second-order discrete p-Laplacian system
43)  Alpp(Au(n — 1)) = a(n)[u(n)P~>u(n) + VW (n, u(n)) = 0,

where p > 3/2, n € Z,u € RN, a € C(Z,(0,00)) such that a(n) — +oo as
|n| — oco. Let

W(n, z) = cosn \x\4/3+ sinn ‘3/2'

— |
1+ |n| 1—|—\n\‘
Then A 2
cosn sinn
VW (n,z) = || 23z + |27/ 2,
) = S ap 20+ o)
) 4/3
W (n, 2)]| < l‘j“ LY () eZx R, Jol <1,
n
2| 13/2
\W(n,x)\sl‘f‘n‘, V (na) € ZxRY, |z>1
and 8[1/3 + 9|] /2
IV (n,z)| < V (n,z) € Z x RV,

6(1+1nl)
We can choose ng such that

cosng > 0, sinng > 0.

Let .
CosS N + sInng

T T el
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Then

W(no,2) > nlzl*? ¥ zeRY, |2/ <L

These show that all conditions of Theorem 1.3 are satisfied, where

4 3
l<z=m<m=n=5;<p

2 B 8sl/3 4 9g1/2

ai(n) = az(n) =b(n) = FEE wls) = 12

By Theorem 1.3, system (1.1) has at least a nontrivial homoclinic solution.
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