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GEOMETRIC FLOWS ON WARPED PRODUCT MANIFOLD
Wei-Jun Lu

Abstract. We derive one unified formula for Ricci curvature tensor on arbitrary
warped product manifold (WPM) by introducing a new notation for the lift vector
and the Levi-Civita connection. Using well-established formula, we consider two
questions on WPM related to Ricci flow (RF) and hyperbolic geometric flow
(HGF). Firstly, we discuss the preserved flow-type problem which says that when
the first factor (M, g) and the second factor (N, h) are solutions to the RF (or
HGF), the singly WPM M x N is still solution to the RF (or HGF). We obtain
some characteristic PDEs satisfied by warping function and also construct some
simple examples. Next, we discuss the evolution equations for warping function A
and Ricci curvature tensor etc. under RE/HGF. We gain some interesting results,
especially adding an assumption with Einstein metric to the second factor.

1. INTRODUCTION

From Riemann’s work it appears that he worked with changing metrics mostly by
multiplying them by a function (conformal change). Soon after Riemmann’s discoveries
it was realized that in polar coordinates one can change the metric in a different way,
now referred to as a warped product metric. The concept of warped product metrics
was first introduced by Bishop and O’Neill [5] to construct examples of Riemannian
manifolds with negative curvature. In Riemannian geometry, warped product manifolds
and their generic forms have been used to construct new examples with interesting
curvature properties like Einstein spaces [7, 16] or (locally) symmetric spaces [3]. In
string theory, Yau in [24, P244-245] argued that “...the easiest way to partition the
ten-dimensional space is to cut it cleanly, splitting it into four-dimensional spacetime
and six-dimensional hidden subspace... and in the non-k#hler case, the ten-dimensional
spacetime is not a Cartesian product but rather a warped product.”

In this paper, we shall consider the warped product metrics combining with two
types of geometric flows, i.e. Ricci flow (RF) and hyperbolic geometric flow (HGF).
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As we have known, Ricci flow was introduced and studied by Hamilton [15].
This was the first means to study the geometric quantities associated to a metric
g(z,t), (x,t) € M x R as the metric evolves via a PDE, where M is a differen-
tiable manifold. The Ricci flow is a powerful tool to understand the geometry and
topology of some Riemann manifolds. Any solution of Ricci flow equation will help
us to understand its behavior for general cases and the singularity formation, further the
basic topological and geometrical properties as well as analytic properties of the under-
lying manifolds. On the other hand, a hyperbolic Ricci evolution is the Ricci wave, i.e.
hyperbolic geometric flow (HGF) introduced by Kong and Liu [17]. In fact, both RF
and HGF can be viewed as prolongations of the Einstein equation, whose left-hand side
consists of what’s called the modified Ricci tensor. Since the right-hand side of the RF
and HGF equation also includes a key term in the famous Einstein equation—the Ricci
curvature tensor which shows how matter and energy affect the geometry of spacetime,
HGF, RF and Einstein equation can be unified into a single PDEs system as

2

0
(1.1) a(z, 1) 759(1) + B(z, t)%g(ﬂ +7(z,t)g(t) + 2Ricyq) = 0,

where a(z,t), f(x,t), y(x,t) are certain smooth functions ([17], [14]). It is easy
to see from (1.1) that the above three cases correspond to “a(z,t) = 1, f(x,t) =
v(z,t) = 07, “alz,t) = 0, B(z,t) = 1, y(z,t) = 0” and “a(z,t) = 0, B(z,t) =
0, v(x,t) = const”, respectively.

Recently, there has been some progress on the topic of combining geometric flow
with warped product manifolds. For instance, Ma and Xu in [19] showed that the
negative curvature is preserved in the deformation of hyperbolic warped product met-
rics under RF by such example: M = R, x N™ with the product metric g(t) =
o(x,t)2dx? + 1 (x, )29, where (N™, §) is an Einstein manifold of dimension n > 2,
(z) and ¥ (x) are two smooth positive functions of the variable = > 0. Xu and Ma’s
work is mainly inspired from the work of Simon [23]. Das, Prabhu and Kar in their
work [12] mainly considered the evolution under RF of the warped product R! x M
with line element of the form

ds? = e (0, \) (=dt* + da® + dy* + d2°) + r2(0, \)do?

and the behavior of f by solving the flow equations, where M is Minkowski spacetime
and R! is the real line, \ is flow parameter. Especially, Simon [23] characterized the
local existence of Ricci flow on the complete non-compact manifold X = (R, h) x
(N™ ~) with warped product metric g(z,q) = h(z) ® r?(x)y(q) and showed that if
go(z,q) = ho(z) @ ré(x)y(q) is arbitrary warped product metric which satisfies some
certain conditions

sup(ho) gz < 0o, inf

z€R zeR

sup ()7 hol)] + |( ) Togro@)]) < o0.j € {L.2....J,

(ho)za > 0, aljrellfgrg(a:) >0,
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then there exists a unique warped product solution g(z, q,t) = h(z,t) ® r%(z,t)y(q),
t € [0,T) to the Ricci flow

O gl) = ~Ricy, 9(0)= g0, 1 [0,7).
For more detail we refer to see Theorem 3.1 in [23].

Motivated by [19, 23] and [12], we are interested in the behavior of geometric
flows associated to the general WPM M = (M, g1) X » (Mz, g2). Combining a known
fact that “if (M1, g1(t)) and (Ma, go(t) are solutions of the Ricci flow on a common
time, then their direct product (M; x My, ¢1(t) + g2(t)) is a solution to the Ricci
flow” (see Exercise 2.5 in [10], p. 99), we naturally want to generalize this result to
warped product manifold and even to hyperbolic geometric flow as well. Note that
the Ricci curvature tensor on WPM is of crucial role in studying the Ricci flow and
hyperbolic geometric flow, we first integrate the separated Ricci curvature formula in
previous academic literature, since these old formulas about Riemann curvature and
Ricci curvature are split into several parts according to the horizontal lift or vertical
lift of the tangent vectors attached to M; or My (see Propositions 2.3 and 2.4). To
better study the RF and HGF associated to WPM, regardless of the tangent vectors
are attached to horizontal lift or vertical lift, we have to derive out one formula as a
whole. By introducing a new notation for lift vector (see Proposition 2.5, Remark 2.6)
and Levi-Civita connection V over M, we derive a unified formula (2.6) for Ricci
curvature and scalar curvature (see Theorem 2.9). Using this unified Ricci curvature
formula, we consider the behavior of warping function under the RF and under HGF
on warped product manifold M (unnecessarily compact) and give two main results
about preserved flow-type condition (Theorem 3.2, Theorem 4.2), which assert that the
warping function A\ should satisfy a characteristic equation when the warped product
metric g(x,y,t) = g1(z,t) ® A\2(x,t)ga(y, t) is also a solution to the RF (resp. HGF),
where g1 (x,t) and ga(y, t) are respectively solutions to the RF (resp. HGF) .

Considering one may worry about that these equations have no any solution A,
we make some appropriate illustration. We employ the following two strategies for
overcoming this obstruction: one is by appealing to the known short-time existence
theorem of geometric flows (in compact case, refer to [15, 13, 11]; in complete no-
compact case, refer to [22]); another is to get some sense by constructing some specific
examples (see Example 3.6 and Example 4.6), whose ideas mainly come from [21, 23,
1, 19].

In addition, in order to understand how the curvature on warped product manifold
is evolving and behaving , using the unified Ricci curvature formula (2.6) we also
consider the evolution equations along the RF and HGF. On general WPM, we derive
two results: (1) the evolution equations for metric and warping function, see Proposition
5.1 and Proposition 5.3; and (2) the Ricci curvature evolution equations (5.7), (5.8) in
Theorem 5.4. On a specific warped product manifold whose warped product metric is
of the form g(z, y,t) = g1(z,t) ® \*(z,t)g2(y, t)) with a fixed Einstein metric g, we
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gain the more interesting evolution equations for Ricci curvature and special function
f(z,t), see (5.22) and (5.27) in Theorem 5.6 and Theorem 5.7.

The organization of this paper is below. In Section 2, we recall some preliminary
results and derive out three unified formulas for Riemannian curvature, Ricci curvature
and scalar curvature on WPM. Section 3 is devoted to characterize the behavior of
warping function under the Ricci flow. We give a preserved Ricci flow-type condition
for the warping function A, including the elaboration on the short-time existence of
warped product metric solution to the RF. Furthermore, we also construct some ex-
amples. Section 4 is parallel to Section 3. A distinction between them is in that the
considered flow is HGF but not RF. In the last section, we discuss evolution equations
of warping function and Ricci curvature on general and specific WPM under the RF/
HGF.

2. UNIFIeED Ricci TENsOR FormuLA oN WPM

Before studying the RF and HGF of warped product metrics, we need to deduce
the crucial formula for Ricci tensor from the split form to united form on WPM. We
do this by the construct of the connection. As we will see, this unified Ricci tensor
formula simplifies the study of curvature tensors associated to warped product metrics,
and also allows us to find explicit formulas for RF and HGF with respect to a given
underlying warped product manifolds.

We first introduce background knowledge on warped product manifolds, see [5, 20]
for detail.

2.1. Basics of warped products

Let M; and M, be Riemannian manifolds equipped with Riemannian metrics g1
and g9, respectively, and let A be a strictly positive real function on M;. Consider
the product manifold M; x Ms with its natural projections m; : M7 X My — M; and
7T2:M1 XM2—>M2.

The warped product manifold M = M x\ My is the manifold M; x M, equipped
with the Riemannian metric § = g; ® A?gy defined by

§(X,Y) = gi(dm (X),dm(Y)) + N g2(dma(X), dma(Y))

for any tangent vectors X, Y € T(p,q)(M1 X My). The function A is called the warping
function of the warped product. When A = 1, M7 x) M5 is a direct product.

For a warped product manifold M; x Ms, M; is called the base and M, the
fiber. The fibers p x My = m; *(p) and the leaves M; x ¢ = 7, '(¢) are Riemannian
submanifolds of M. Vectors tangent to leaves are called horizontal and those tangent
to fibers are called vertical. We denote by J{ the orthogonal projection of T(M)M onto
its horizontal subspace T, ,yM1 x g, and by V the projection onto the vertical subspace
Tip.qpp x Ma.
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If v e T,My, p € My and ¢ € M, then the lift 0 of v to (p, q) is the unique
vector in Ty, ) M1 = Ty M1 x q C T(M)M such that drm1(0) = v. For a vector field
X € X(M,), the lift of X to M is the vector field X whose value at each (p, q) is the
lift of X, to (p, ¢). The set of all such horizontal lifts is denoted by L (M;). Similarly,
we denote by L(Ms) the set of all vertical lifts.

We state some known results below.

Proposition 2.1. (1) If X,Y € L(M) then
[Xa }7] = [Xu Y]N € L(M1>7
(2) If U,V € L(My) then
[U,V] =[U,V]™ € L(Ms);
(3) If X € L(M,) and V € L(My) then [X,V] = 0.

Proposition 2.2. ([20], Prop.35, P206). On M, if X,Y € L(My) and V,W €
L(My), then
(1) VxY € L(M) is the lift of MV xY on My,

(2) VxV =VyX =22V,
(3) norVyW = II[(V,W) = <VW> == Zorad), where
TLOTI:]’(—>T( P.q )(Ml Xq) (T( )pXMQ)
(4) tanVy W € L(Ms) is the lift of M2VyW on Mo, where
tan 1V — T(p,q)(p X Mg)

Let MR and M2R be the lifts on M of the Riemannian curvature tensors of M;
and Mo, respectively. Since the projection 71 is an isometry on each leaf, 1R gives
the Riemannian curvature of each leaf. The corresponding assertion holds for 2R,
since the projection 5 is a homothety. Because leaves are totally geodesic, MR agrees
with the curvature tensor R of M on horizontal vectors. This time the corresponding

assertion fails for M2R and R, since fibers are in general only umbilic. In addition,
for convenience the alternative notation R(X,Y)Z is Rxy Z.

Proposition 2.3. ([20], Prop.42, P210). Let M be a warped product manifold, if
X,Y,Z € L(M;y) and U, V,W € L(Ms), then
(1) RxyZ € L(M,y) is the lift of MRxyZ on My;
(2) RyxY = (Hess(\)(X,Y)/A)V
(3) RxyV = RywX = 0.
(4) RxyW = LG orad).
(5) RywU = M2RVWU — /\2g(grad/\,grad/\)(§(v, U)W — g(W,U)V).
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Writing MmRic for the lift (pullback by 71 : M — Mj) of the Ricci curvature of
M, and similarly for M2Ric.
Proposition 2.4. ([20],Corollary 43, P211). On a warped product M with my =
dimMy > 1, let X,Y be horizontal and V, W vertical. Then
(1) Ric(X,Y) = MRic(X,Y) — 2Hess(A) (X, Y).
(2) Ric(X,V)=0.
(3) Ric(V,W) = MRic(V, W) — g(V, W)\*, where
AN g(gradX, gradX)
M= (me =)=
and A\ = Tr(Hess())) is the Laplacian on Mj.

2.2. The unified formulas for Ricci curvature

From the precious subsection we have seen that the formulas about Riemann cur-
vature and Ricci curvature are split into several parts according to the horizontal lift or
vertical lift of the tangent vectors attached to M; or Ms. To better study the RF and
HGF associated to WPM, we found it is necessary to derive out one unified formula
for Ricci tensor, no matter how the lift vectors are either horizontal or vertical. For this
we first introduc the unified connection and unified Riemannian curvature on a general
warped product manifold M ( cf. [3], [4]) by introducing a new notation of lift vector.

Proposition 2.5. Let X = (X1, X3),Y = (Y1,Y2) € X(M), where X1,Y; €
X(My) and Xo2,Ys € X(Ms). Denote NV by the Levi-Civita connection on the Rie-
mannian product My x My with respect to the direct product metric g = g1 ® g2 and
by R its curvature tensor field. Then the Levi-Civita connection V of M is given by

1
1 22 1
o +532 V1 (A0, X2) = 5.02(X, Y2) (g7ad A%, 0)
: 1
= (Mvy,v - 592(X2, Yy)grad A*,0)
1 1
M7 Vo + == X1(A\2) Yo + ——
+(0, "V x, Y2 + 532 1(A9)Ys + 2

and the relation between the curvature tensor fields of M and My x My is

VxY = VxY + —X;(A\?)(0,Ys)

Vi(A?)X,),

Rxy — Rxy

1 1
= gyt (1o ¥ - i (F)arady X, 0) 1 (0.5
(2.2) .
— (M1vxlgradgl/\2 — 2—/\2X1(/\2)gmdgl/\2, 0) Ag (0’ Yé)
1

— Syalorady 220, X2) g (0.Y2) |
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where the wedge product (X Ng Y)Z = g(Y,Z)X — g(X,2)Y, for all X,Y,Z €

Remark 2.6. We can easily show that the four cases in Proposition 2.2 can be

integrated to one form as (2.1), where we denote the lifts of X; € X(My), Xo € X(Mo)
by (X1,0), (0, X3) € X(M). For example,

Vix,0(Y1,0) = (MVx,11,0) = lift of MV, Y7,

X1(A
V(x1,0)(0, V2 V(o v)(X1,0) = 1/\( )

) = (0, Va),
V0,va) (0, Wz>:<——92<vz,w2>grad A%, 0) + (0, M2y, Wa),
)

norV g v,) (0, Wa) = —§gg(Vg,W2)(grad/\ 0)

_ 9@, VQ)i(O’ W2) (gradr, 0),
tanV g v,) (0, Wa) = (0, M2y, Wy) = lift of >V, Ws.

From (2.2), we easily obtain

Proposition 2.7.
R(x,,x2)(v1,v2) (21, Z2)
= (MRx,y, Z1, ™Rx,y, Z5)

1
+ - 92(X2, Z2) (M'Vy, grad A* — }/1(/\2)grad A2,0)

2 2/\2
1
- 592(3/2, Z5) (M x, grad A\* — 2/\2X1(/\2)grad A2,0)
3) 0 My d A2 — 5 X1 (\)grad \?, Z;)Y:
Y 2/\291( X, gra 2/\2 1(A%)gra 1) 2)
1
— (0, 2—/\291( M7y grad A? — 2/\2}/1(/\2)grad A2, Z1>X2)

+ (0, 4%\2 | grad A? |? go(Xo, Zg)Yg)
— (0, 4%2 | grad A2 |2 go(Ya, ZQ)X2>.
Corollary 2.8.
R(x, x5)(v1,v2) (21, Z2)
= (MRx,v; Z1, "Rx,y, Z>)
(2.4) + Ag2(Xa, Zo) (M1Vy,grad A, 0) — Aga(Ya, Z) (MV x, grad A, 0)
+ %Hess(/\)(Xl, 20)(0,Y3) — %Hess(/\)(Yl, 21)(0, X5)
+ | grad A ? ga(X2, Z2)(0, Ya) — | grad A [? g2(Y2, Z2) (0, Xa).
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Proof.  Note that

1
Mg ¢ grad A% — 2—/\2X1(/\2)grad A2
1
= Mgy (22grad \) — 2—/\22/\X1(/\)2/\grad A

= 22 My grad A

and
1 M, 2 1 2 2
et < Vx,grad A* — 2—/\2X1(/\ Jgrad A%, Zl)
= %gh (M x,grad A, Z)
= %Hess(/\)(Xl, Zy).

Exchanging X; with Y, we obtain

1
M7y, grad A? — 2—/\2}/1(/\2)grad A% = 22 Mgy, orad A,
! My A2 — Vi (\Darad A2, 71 ) = ~Hess(\) (Vs Z
2—/\291 Y, 8Ta T o 1(A%)gra y 41 ) ess(A) (Y1, Z21).

Putting these facts together, (2.3) can reduce to

R(x,.x2)(v1.32) (21, Z2)
= ( MlRlel Zy, M2RX2Y2Z2>

+ Aga(Xa, Z2) (M1 Vy, grad A, 0) — Aga(Ya, Z2) (M1V x, grad A, 0)
1 1

+ XHess(/\)(Xl, 71)(0,Ys) — XHess(/\)(Yl, 71)(0, X3)

+ ‘ grad A ‘2 92(X27 Z2><07 }/2)_ ‘ grad A ‘2 92(}/27 Z2><07X2>7

as claimed (2.4).

Thus we have the unified formulas for (0,4)-type Riemannian curvature tensor Rm,

Ricci curvature Ric and saclar curvature Scal.

Theorem 2.9. On a warped product M with my = dimMy > 2. Let (X1, X3),

(Y1, Y2), (21, Za), (W1, Wa) € X(M). Then
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(i) (0,4)-type Riemannian curvature tensor Rm satisfies
R (W1, Wa), (Z1, Z2), (X1, X2), (11, Ya))

= MRm(Wy, Z1, X1, Y1) + A MRm(Ws, Zs, X,, Ya)
+ AHess(A) (Y1, W1)g2(Xa, Z3) — AHess(A) (X1, W1)ga(Ya, Z2)
+ AHess(A) (X1, Z1)g2(W2, Y2) — AHess(A) (Y1, Z1)g2(W2, X2)
+ A% | grad A |? g2( X2, Z2)go(Wa, Ya)
—\2 | grad A \2 92(Ya, Z2) ga(Wa, Xo).

2.5)

(ii) The Ricci curvature tensor Ric satisfies
Ric((X1, X2), (V1,Y2)) = MRic(X1, Y1) + MRic(Xs, Ya)
(2.6) — Aga(Xa, Ya) App A — %Hess(A)(Xl, Yi)
— (mg — 1) | grad A [? g2( X, Y2).

(iii)  The scalar curvature Scal is

_ 1
Scal = MiScal + 2 Magcal

2.7)
2my
~ S AmA =

Proof. (i) Note that
Rm (W1, Wa), (Z1, Z2), (X1, X2), (Y1, Y2)) = g((W1, Wa), R(x, x)(v1.v2)(Z1, Z2))

and § = g1 ®\2go. By (2.4) and the property of Hess(\), we immediately obtain (2.5).
As to the assertions (ii) and (iii), let {e;}"; be a local orthonormal frame on

(Mi, 1) and {ea},2; on (M2, g2). Then {(e;,0), (0,%€a)}j=1,...m1,a=1,...m, forms
a local orthonormal frame on M. By the definition of Ricci curvature, we have

Ric((X1, Xa), (Y1, Y2)) ZRm €i,0), (X1, X2), (¢, 0), (Y1, Y2))
(2.8) .
—i—ZRm ), (X1, X2), (Oaxéa)~(Y1,Y2))

By substituting (2.5) into (2.8) and keeping in mind the relation ), g2(€q, X2)g2(€q, Y2) =

92(2_0 92(€a; X2)€a, Y2) = g2(X2,Y2), (2.6) follows.
Furthermore, since the scalar curvature Scal satisfies

— N~ 1 1_
(2.9) Scal = ZRlc((ei, (e;,0 + Z Rlc 0, Xea , (0, /\ea)),

substituting (2.6) into (2.9) gives (2.7). ]
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Remark 2.10. It is not hard to verify that the three cases in Theorem (2.9) agree
with the results in Propositions 2.3 and 2.4. For instance, by (2.6), we have

Ric((0,V), (0,W))
= MRic(V, W) — Aga(V, W) A A — (mg — 1) [ grad A |2, g2(V, W)
1
A

which is consistent with the third case (3) in Proposition 2.4.

-1
_ M2RiC(V, W) — < A\ + WT | grad A ‘?] )Q(V, W),

Remark 2.11. Since (2.6) and (2.7) contain a term with factor (mq — 1), to avoid
trivial case, the dimension of M5 is restricted to mqy > 2.

3. THE BEHAVIOR OF WARPING FuncTION UNDER Ricci FLow

In this section, we shall use the unified version of Ricci curvature formula in the
previous section to characterize the behavior of warping function under Ricci flow.
More specifically, we wish to determine a certain condition which a smooth warping
function satisfies such that the warped product metric is the solution to the correspond-
ing Ricci flow.

Before we launch the issue, let us state the definition of the Ricci flow [15, 8].

Definition 3.1. Let M be a manifold, and let g(¢), ¢ € [0,T), be a one-parameter
family of Riemannian metrics on M. We say that g(t) is a solution to the Rici flow if

0
(3.1) ag(t) = —2Ric.
For the warped product metrics, the Ricci flow is the evolution equation
g t —
(3.2) % — _9Ric

for a one-parameter family of Riemannian metrics g(¢), ¢ € [0,T) on M.
For behavior of the warping function on warped product manifold under RF, we
have the following main result.

Theorem 3.2. Suppose that Riemannian manifold (M, g1) is compact (or complete
non-compact) and (M2, g2) is compact. Let (M, g1(t)) and (M2, g2(t) be solutions
to the Ricci flow on a common time interval [0,T). Then the warped product metric
g(t) = gi(z,t) ® N2 (z, ) ga(y, t) is a solution to the Ricci flow (3.2) if and only if the
warping function X\ = \(x,t),t € [0,T) satisfies

ON2(x,t )
(33) %gw@, Yz) = 2(X* — 1) MRic( X3, Y2) + 22g2(X2, Y2) A
) m
+ 27 Hess(A) (X1, Y1) +2(mz — 1) | grad A [* ga(Xa, Y2),
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Sforall X1,Y1 € X(M), Xo,Ys € X(My). In particular, at least a necessary condition
is

OX(x,t) ma mo — 1 s AN -1,
3.4 —— |1 App A — d A |"= ———""Scal
G.4) ot < +m1/\2) My x o lerad Al A
where m; = dimM,.
Proof.  Since g;(t),i =1, 2 satisfy
0g1(t
9() _ —2MRic, te0,T),
ot
99a(t) _ —2MRic, te0,Ty),
ot
we have the derivative of g(¢) with respect to the flow parameter ¢
9
a(g(t>>((X1:X2>a (Y1, Y2))
991(t) . /\2092(t) | 0N
3.5 = A —ga(t X1, X2), (Y1, Y:
3.5) ( ot @ ( ot + ot 92()))(( 1, X2), (Y1, Y2))

ON?
= —2MRic(X1, V1) — 2202 MRic(Xy, Ya) + E@(t) (X5, Y5).

Putting this with (2.6) together, we can easily show that g(z, y, ¢) is a solution to (3.2),
t € [0,T = min(T1,T5) ) if and only if \(x,t) satisfies

ON(z, 1)
(3.6) ot .
+ 272Hess(/\)(X1, Y1) + 2(msg — 1) | grad A | go(Xa, Y2).

92(X2,Y2) = 2(A? — 1) MRic(Xy, Y2) + 2Xga(Xa, Y2) App, A

On one hand, by the symmetry of *2Ric, we can choose an orthonormal basis {&,}
on M such that M2Ric(e,,€3) = 0, a # 3. Thus (3.6) reduces to

(3.7) %Hess(/\)(Xl, Y1) = 0.

As only necessary condition, on the other hand, by taking trace in both sides of
(3.6) with respect to g1 and g2, and noting that Ay A = Trg, Hess(\), M2Scal =
Try, MaRic, we conclude that (3.6) is equivalent to

2m1m2/\Q = 2m1(/\2 -1) MxScal + 22 mimaAps, A
(3.8) o

+ Q%AMI/\ + 2mymg(my — 1) | grad A |,

Clearly, (3.7) is included in (3.8). Thus, we complete the proof. ]
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Remark 3.3. (1) If M; is compact, then from (3.3) or (3.4), then we immediately
see that A is a constant function in term to M.
(2) In Theorem 3.2, we don’t stress that M is compact or complete non-compact.
Assume that M; is non-compact complete manifold and M, is compact, then M is
complete non-compact. At this point we need to add a initial metric gy = (g1)o(x) ®
A%(x,0)(g2)o(y) such that Ry, has a boundary.

Now we concern about two questions: 1. Does the PDE (3.3) have any solution?
2. How many degrees of freedom for the warping function A are there?

In deed, it is easily seen that (3.4) doesn’t follow from standard PDE theory. (3.4)
tells us that the terms on its left-hand side only consist of the points in the first factor
manifold M; and flow parameter ¢ whereas those on its right-hand side consist of
the points in the second factor manifold Ms besides ¢, thus one worries that such
complicated nonlinear PDE (3.4) may have no any solution \.

As for degrees of freedom for the warping function A, we first consider the simplest
cases:

(i) If A is constant, then from (3.3) or (3.4), then we _casily observe that A = +1.
Since A is positive, thus A = 1, which implies that M is exactly a direct product
manifold. This is true.

(ii) Assume M5 has constant scalar curvature, then (3.4) no longer involves the point
of M. This should be a kernel heat equation, of course it must have solution.

The next two theorems naturally give a guarantee for existence of solution to (3.3)
or (3.4) as long as there exists a warped product solution g(¢) to the RF. From the short-
time existence and uniqueness result for Ricci flow on a compact manifold [15, 13],
we give the corresponding version for WPM.

Theorem 3.4. Let (M x My, (Go)ijos(x,y) := (g1)9;(x, 1) +_/\2(x)(gg)gﬁ(y,t))
be a compact Riemannian manifold. Then there exists a constant T’ > O such that the
initial value problem

0, —
a(gzja,@(% y,t)) = —2Ricjjap(x, ¥, t)
Gijas(z,9,0) = (go)ijas(z,y)

has a unique smooth solution Gijap(z,y,t) = (91)ij(x,t) ® 2N (2,1)(g2)ap(y, t) on
M x [0,T), where Ricijop(x,y,t) := MRic;;(x, t) + A2(x, t) MRicas(y, t).

On a non-compact complete manifold M, we only require the short-time existence
established by Shi [22]. The following result is modified to the warped product case
according to the version of Shi.
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Theorem 3.5. Let (M x My, go(x,y) = (91)°(x) @ N3(x)(92)°(v)) be a complete
noncompact Riemannian manifold of dimension mi + my with bounded curvature.
Then there exists a constant T' > 0 such that the initial value problem

0, —
8—(9ija,8(33 y,t)) = —2Ric;jap(z, y, 1),

Gijas(@,y,0) = (91)3;(2) ® A§(2)(92)ap(¥)

has a smooth solution Gijop(z,y,t) = (91)ij(z,t) DA} (2, 1) (92)as(y, t) on M x [0, T]
with uniformly bounded curvature.

Now we construct a relatively simple example.

Example 3.6. Let M; = R with flat metric g; = h(z) = p?(x)dz? ( p(z) is
a smooth positive function ) and My = S™ (n > 2) with the standard metric which
implies M> admits an Einstein metric go = A?(x)ggn. By the main result in [23],
under some constraints for initial values, there exists warping functions A(z,¢) and a
maximal constant 7" such that warped product solution

g(x,y) = h(z,t) ® N(xz,t)gsn(y), t€[0,T)

to the RF (3.2). Of course, we don’t write A\(x,t) as explicit form. On M = R x S™,
the warped product metric § = p?(z)dz? ® A?(x)gsn can be read as

9(s,y) = ds” ® X*(s)gsn (y),

where s = [ p(z)dz is the arc-length parameter. Then the sectional curvatures of

planes containing or perpendicular to the radical vector % = M(lm) ;I are respectively (

cf. Chap.3 in [21], or [1, 19])

A 1— A2
Krad = _%7 Ksph = 22 87

and the Ricci tensor is

— -1 2_
nMAa:a: Aafhe P <_AMAI1’+<” JUNG— A\ fhg

Ric — —
ic i 3

+n—1> gsn

Ass
(39) — _an32 [a} <(n — 1)(1 — Ag) - AAss) gsn

= nK,qads® ® (Krqa + (n — 1) Kgppn) A2(s)gsn.
Since dz? and gg» are independent of ¢, a direct computation gives
(%( 1 (z, t)dz® & N (2, t)gsn (y))
(3.10) = 2ppda® ® 22\ gsn
— 2M 452 @& 22 N9
7
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Hence if the warped product metrics g(x,y,t) = pu?(z,t)dz? © N\%(z,t)gs-(y) is a
solution to the Ricci flow (3.2), then substituting (3.9) and (3.10) into (3.2) immediately
yields

A

== _(Krad + (TL - 1>K8ph)7
(3.11) A

Mt

- = _nKradu

7
which happens to be

Olog A
5 = _(Krad + (TL - 1>K8ph)7
(3.12) ot
’ 01
ogp _ _nK
ot rad-

Since the sectional curvature functions K,,q and Ky, are uniform bound ( see the
proof of Theorem 1.2 in [19] ), we integrate (3.12) over the time interval [0,¢],t < T
and get the functions

A, t) = Az, 0)e o (Kot (n=1)Kopn)dt.

p(z,t) = p(x, O)e_"fff Kraadt,

4. THE BEHAVIOR OF WARPING FuncTiON UNDER HGF

We now investigate the behavior of warping function under the hyperbolic geometric
flow.

Recall that Kong and Liu [17] introduced a geometric flow called hyperbolic geo-
metric flow (HGF) whose definition is as follows.

Definition 4.1. Let M be a Riemannian manifold. The hyperbolic geometric flow
is the evolution equation
2
@9
for a one-parameter family of Riemannian metrics g(t), t € [0,7) on M. We say that
g(t) is a solution to the hyperbolic geometric flow if it satisfies (4.1).

(4.1) (t) = —2Ric

When M is exchanged for our warped product manifold M, the corresponding
HGF is

2

0° _ =
4.2) @g(t) = —2Ric.

In this case, similar to Theorem 3.2 we have a result with preserved flow-type condition
as follows.
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Theorem 4.2. Suppose that Riemannian manifold (M, g) is compact (or complete
non-compact) and Moy is compact. If (M, g1(t)) and (Ma, go(t) are the solution to
the HGF on a common time interval I, respectively, then the warped product metric
g(x,y,t) = g1(z, 1) ® N2(x,t)g2(y, t) is a solution to the HGF (4.2) if and only if the
warped product function A\ = \(x,t),t € I satisfies

mo 9*)\2 (/\2 + m2>m2

A A —mo(my — 1) | grad A |?

3) 2 o2 )
' 892 8/\2
= <A2 — 1) M280a1 — Tr”(ﬁ)ﬁ
and
ON? 8g2(t> ma
4.4 YR _Om_ _A =Y, )
(4.4) M, (e 6,8>+/\ mA=0, a#p

where {€,} is an orthonormal basis on My such that M2Ric(e,, eg) = 0.

Proof.  Since g;(t),i =1, 2 satisfy

82;;2“) — 9 MiRjc,
% = —2MRjc, tel,
we have
%((Xl, Xs), (V1,Y3))
= P00, v 4 P20 x, )
220000 ) 5y ) (v

= —2MRic(X1, Y1) — 222 MRic(Xy, Ya)
28_/\2 dga(t) 9%\?

—— (X5, Y- X9, Y5).
ot ot ( 25 2>+ o2 92(t>< 25 2)

Combining this and (2.6), we easily see that g(z,y,t) is the solution to (4.2) if and
only if A = A(z, y, t) satisfies

02\? ON? Dga(t
(X, ¥3) + 22920 ,
4.5) = (2)\% — 2) MRic(Xy, Ya) + 20 A0, Aga(Xo, Va)

2
i %Hess(A)(Xl, Y1) + 2(mo — 1) | gradA 2 ga(Xo, Ya).
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After we choose an orthonormal basis {é,} on My such that “2Ric(e,,ég) = 0 ,
a # 3, (4.5) reduces to

ON? 8g2(t> mo
4. _ _O“ e = —H X ,Y .
(4.6) 5r o \Car€s) = —~Hess(A) (X1, 11)
Further trace it with respect to g1, we get
ON? 0ga(t) ,_  _ mo
e L L N P

which is just (4.4).
On the other hand, by taking trace in both sides of (4.5) with respect to g; and go,

we can reduce (4.5) to

0?\? ON? 0ga(t)

— +2m—T

g+ Tre(Z5,7)

= 2m1(/\2 -1) Mxcal + 22 mimaeAps, A
2m1m%

A

which implies (4.3). |

mimsa

+ Ap A+ 2mima(my — 1) | grad A 2

Obviously, the equation (4.3) is analogous to the previous equation (3.3) or (3.4) but
much more complicated. This is manifested chiefly by the second-order derivative term
a;g’ and the extra term 1, (aggt(t) ) without carrying given information. Therefore
one may worry about the equation (4.3) has no any solution and makes no any sense.
Indeed, it need’t worry, because the short-time existence result for HGF on a compact
manifold (see Theorem 1.1 in [11]) can provide us an evidence. We give its version

related to WPM as follows.

Theorem 4.3. Let (M x Mo, §%(z,y) = (gl)o(a:Z@ A3 (2)(92)°(y)) be a compact
Riemannian manifold. Then there exists a constant T > 0 such that the initial value
problem

0? S—
@(sza,@(w, y,1)) = —2Ricjjap(z, y, t)

_ _ J_

gija,@(xa Y, 0) = g%aﬁ(xa y>7 Egl]aﬁ(m, Y, 0) = h?]aﬁ(xﬂ y)
has a unique smooth solution gijap(z,y,t) = (g1)ij(z,t) ® A (g2)ap(y,t) on M x
[0, T, where h?jaﬁ(a:, y) is a symmetric tensor on My x M.

In non-compact complete manifold M, framing Theorem 3.5 and Theorem 4.3 and
combining Theorem 3.1 in [23] (see Introduction section), we present an analogous
result ro Theorem 3.5 without proof.
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Proposition 4.4. Let (M x My, go(z, y) = (91)°(x) ®A3(2)(92)° (v)) and (M x
My, ho(z, y)) be complete noncompact Riemannian manifolds of dimension mi + meo
with bounded curvature and Ay be imposed certain constrains. Then there exists a
constant T > 0 such that the initial value problem

0, _ =
a(gz_]a,@(xa Y, t)) = _QRICijoc,@(xa Y, t)u
9ijas(,4,0) = Giap(x, 1) = (91)5(x) © A (2) (92)0s(¥),

0 _
has a smooth solution Gijas(x,y,t) = (g1)ij (2, 1) ®N*(92)ap(y, t) on M x [0, T) with
uniformly bounded curvature.

In order to gain a sense of (4.3), we present several special examples.

Example 4.5. (Trivial example). If A is constant, then we easily observe from
(4.3) and (4.4) that A = £1. Since A is positive, thus A = 1, which implies that M is
exactly a direct product manifold. This is a fact.

Example 4.6. For simplicity sake, we manage to let the unknown term % go(x,y,t) =
0in (4.3). Take My = S™ (n > 2) with the standard metric which implies M5 admits an
Einstein metric go = ggn. Like the previous Example 3.6, let M; = R with flat metric
g1 = p(x)dz?. On M = R x S™, the warped product metric § = p?(z)dz?®A\%(z)gsn
can be read as

g(s,y) = ds” & N*(s)gsn(y),

where s = [ u(x)dx is the arc-length parameter.
Remembering dz? and gg» are independent of ¢, we get

a_; (1 (2, t)da® & N (x, t)gsn (y))

4.7) = 2(ppae + p17)dz® & 2(Ae + A7) gsm
2
= deg

p @ 2(Mst + A7) gsn-

Therefore, if the warped product metrics g(z, y,t) = p?(x,t)dr? ® \2(x,t)gsn(y) is

a solution to the HGF (4.2), then substituting (2.6) and (4.7) into (4.2), we obtain

Myt + A2

% = _(Krad + (TL - 1>K8ph)7

pupue + 113
112

(4.8)
= _nKradu
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which happens to be

0°\

W = _(Krad + (TL - 1>K8ph)7
(4.9) 5 _

0%

W = _nKradu

where we assume that there are exactly the relations

- M+
(4.10) At = ttv ¢
and

_ + p?
@.11) fiet = W

Since the sectional curvature functions K,,q and Ky, are of uniform bound, we can
integrate (4.9) over the time interval [0, ¢], ¢ < T for twice and get

Az, t)

t U
M, 0) + (2, 0) — / / (Kyad + (n — 1)K ypn)dudt,
0 JO
t U
iz, t) = (s, 0) + tjig(x, 0) — n / / Kyadud.
0 JO

Further we locally re-solve the original functions A(z,t) and p(z,t).

Remark 4.7. Although (4.8) may look simple and has a local solution, we have to
remind it is a set of nonlinear weakly hyperbolic PDEs

1 1
Att — Ass = XA? + XA? — (TL — 1>A,
(4.12) U B
Mﬂtt M2Mt - A EES)

which is almost never easy to solve. (4.10) and (4.11) may be only our own wishful
thinking or be taken for granted.

5. EvoLuTioN EQuATIONS OF WARPING FUNCTION AND Riccl CURVATURE

In this section, we present evolution equations for an arbitrary family of warped
product metrics g(x,y,t) = g1(x,t) ® A2(z,t)g2(y, t),t € [0, T] with Einstein metric
go that is evolving by RF and by HGF as well. We also present evolution equations for
the Ricci curvatures of such an evolving metric. Our idea mainly comes from Simon’s
strategy [23].

From now on, we make informal convention for some notations on M = M x y My:
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o R

Z‘I:@, zzl,...,ml; 8a.za—ya,

Gi5 = G0y (jo) = 9((95,0),(95,0));  Gap = G(0a)(08) := 9((0,8a), (0, 0p));

a=1,...,mgy;

5.1y Jiios = Gy s) = (0, 0a). (95, 05)); (57°7) = (gijas) "
R (i0)(j8) (ko) (ir) := R (0, Oa); (05, 03), (Ok; Os), (O, Or)) ;
Ric;; = Ricig)(j0) == Ric((0;,0), (95,0));
Ricijap = Ric(ia)(jg) := Ric((9, 0a), (95, p)).

5.1. Metric and warping function evolution equations

Since the cross terms of g are zero, we need only to consider the evolution equations
of g;; and g,g. Meanwhile we make an assumption that go has a fixed Einstein metric
of the form M2Ric = cgy (c is some constant) and derive on evolution equation of
warping function.

Proposition 5.1. Let the smooth warped product metric
gz, y,t) = g1(@, 1) © \(x, )g2(y, 1), t € [0, T)

be a solution to the Ricci flow (3.2) on the manifold My x Ms. Then the metrics g1
and gy satisfy the evolution equations

0

(5.2) o

2
(gl)ij =-2 MlRiCij + %Hess(/\) (81, 8]‘),

0 :
(53) 5 (A2(92)ap) = =2 Ricap + (Aap A2 + (2ma — 4)|gradA|?) (92)as

Proof.  Since we see that (g1)ij = gi; and A?(g2)as = Jap, by using the Ricci
flow (3.2) and Ricci curvature formula (2.6), we immediately get the desired identities
(5.2) and (5.3). ]

Corollary 5.2. Soppose that go is a fixed Einstein metric with constant c. Then
under the Ricci flow (3.2), the warping function \ satisfies the following evolution
equation

0
(5.4) av = —2¢+ Ay N2+ (2mg — 4)|gradA|?
Proof. By already assumption, go is independent of {. Combining this and
MRicas = c(g2)ag, (5.4) follows from (5.3). [ ]

Similar to the above results, we have some parallel conclusions under the HGF.
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Proposition 5.3. Let
g(w,y,t) = gi(x, 1) ® N (2, t)g2(y, 1), t € [0, T)

be a solution to the hyperbolic geometric flow (4.2) on the manifold My x Ms, where
go is a fixed Einstein metric with constant c. Then the metrics g1 and the warping
function \ satisfy the evolution equation

0? ) 2m

(5.5) @(gﬂi]‘ =-2 MlRICij + T2HGSS(/\> (0, 8]‘),
82

(5.6) @v = —2¢+ Ay N2+ (2mg — 4)|grad)|?

5.2. Ricci curvature evolution equations

From (2.6) or Proposition 2.4, we see that the cross terms of Ric are zero. Hence
we only consider the evolution equations for Ric;; and Ricqg.

Theorem 5.4. Under the Ricci flow (3.2) on the manifold M, the Ricci curvature
mij and Ricag satisfy the following evolution equations

0— —— 2 SE SR —
5.7) aRiCi]‘ = ARiCij + m—2g_]a’8RiCa@ (Ricij — MlRiCij) — Qg_]klRiCikRile,

0 —— S 2 - -
N = ARicag+—g"'g" Riciq (Ricy — ""Riciy) g — 25" Ric, o Ricss
+2A2£—]75£—]0TRiC(ST (M2Rma'y,80+‘gradA‘Q((92>ao(g2>,@7_ (92>a@(gg>70)) .

Proof.  According to our notational convention (5.1) on M, the evolution equation
of the Ricci curvature in [15] is transformed into such form as

Ric 5
(5.9) ot uaB - - -
= ARicy 54297977 R g 1) (o) (55) RiCigsr — 2™ 7 Rices o Ricysg

o

where 1,7=0,1,...,m1, &, 8=0,1,...,mo, ctc. Hence we have

(24) and (2.5) tell us that the only non-zero R—m(l’ﬁ)(i())(ﬁ& A the
Rm o+)(i0)(00) (jo)- On the other hand, we also see that §'0% = '@ = 0 and Ricgjao =

Rice; = 0. Putting these facts together, (5.10) can be reduced to

)(joy are of the form

8 ES XN AT — —0TDO .. ES XN —klv: - T _
(5.11) aRlcij = ARic;; + 29759 Rm o+ (i0)(00) (jo)Ricsr — QleRICkiRICl]‘.
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Since (2.5) gives

- 1
(5.12) Rm(Oy)(iO)(OJ)(jO) = —/\HGSS(/\> (81, 8]‘)(92)70 = —XHGSS(/\> (81, 8]‘)@70,
again (2.6) gives

(5.13) ﬁl] = MlRiCij — %Hess(/\) (81, 8]‘),

combining (5.12) and (5.13) gives

1
(Ricij — MlRiCij)gva.

(5.14) R0 (0,)10) 00) (50) = 7~

Substituting (5.14) into (5.11) yields
0 —— = 2 N _— =
= Ric;; = ARiCij + —géTRiC(sT (Ricij — MlRiCij) — Qg_]klRiCkiRiClj,
ot mao

which is (5.7).

Now we calculate the evolution of ﬁa/@. From (5.9) we get

9 Ricas
(5.15) ot

Once again using that g = 0 and Rice; = 0, and remembering the only non-zero
terms Rm(kO)(Oa)(pO)(O,@) and R‘m(O’Y)(OOé)(OO')(O,@)i (515) becomes

o— .
5.16)  priicas = ARicas + 29" g7 R0 (0) 01 (p0) 05 RiCtg

+ 295 "R 01 (0a) (00) (05) RiCsr — 257 RicyaRicsg.
Since (5.14) gives

_ 1 — o
(5.17) R (10) (0a) (p0)(08) = —— (Rickp — *"Rickp) Jas

2
and (2.6) gives

Rn(01) (0) (00) (09)
= A MRimgq g0 + AlgradA? ((92)ac(92) 57 — (92)ap(92)0)
substituting (5.17) and (5.18) into (5.16) gives

(5.18)

0 —— S 2 N
aRica/@ =ARicqg+ —gklgquiclq (Rickp — MlRickp)ga@
ma
(5.19) — 29" Ric, o Ricss +2A257°5 Rics,

(MR g0 +[gradAl? (((92)ac(92) gy~ (92)as(92)40)) -
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which is (5.8). ]

To further simplify the evolution (5.8) and consider perhaps significant implication
for physics, like previous subsection we assume that go is a fixed Einstein metric with
constant c¢. We first give a lemma.

Lemma 5.5. Let
g_](flf, Y, t) = gl(xa t) @ A2(IB7 t).qQ(yu t)

be a smooth warped product metric on the manifold My x My, where go is an Einstein
metric with M2Ric = cgy. Then

(5.20) Ricap = f(,1)Gap,
where
1 _ . s5—
f= —go‘ﬁRlca@
(5.21) ”;2
=5 ((4 — 2mo)|gradA|* — A A* + 2¢) .

Proof. By (2.6) and M2Ric = cgy , we get
ﬁa,@ = c(g2)ap — (/\AM1/\ + (mo — 1)‘grad/\‘2) (92)as
1 _
= 5z (6= M A = (my = 1)|gradA?) gas.
Note that )
M\ = §AM1/\2 — |gradA|?.

Putting these with (5.20), we obtain

1
I=5%

which is the second “="in (5.21).

(=Ar A% = 2(mg — 2)|gradA|® + 2¢)

ma
As to the first “="in (5.21), note that gaﬁgaﬁ = my, it quickly follows from
a,B=1
(5.20). ]

Applying this Lemma, we can simplify (5.8) to a better expression.

Theorem 5.6. Assume that go is a fixed Einstein metric with M2Ric = cgy. Then
under the Ricci flow (3.2), the Ricci curvature evolution equation (5.8) has another
form :

_ o 9 _ _
%Rica@ = ARicag — —g_]kp (Rickp — MlRiCkp)RiCa@
(5.22) 2

2 plpg o i Ricy, g
+ m_29klgpq (Rlckp — MlRlep)Rlclqgaﬁ'



Geometric Flows on Warped Product Manifold 1813

Proof. By (5.20) and (5.18), the last two terms on the left-hand side of (5.8) can
be transformed to

(I) := —2g"°Ric, o Ricss + 22257° 5 Rics,
( M2Rmow,80 + ‘grad/\‘2 (((92>a0 (92)py — (92>a,@(92>70))
= —29" fgyaRicss + 257577 fG5- R0+ (0a) (00)(05)
= 2f (~Ricag + 5" Ri(04)(00)(00)(09)) -

(5.23)

By the definition of the Ricci curvature and the only non-zero terms R—m(kO)(Oa)(pO)(O 5)
and Rm(Ov)(Oa)(Oo)(O,@): we have

Ricas : = §"1°Rm, ¢ _
(5.24) g f’k HEe0@os)
= §"PRm (140 (0a) (p0)(08) T 97 R (04) (00) (00 (08)-

Combining (5.24) and (5.17), we get

— o'— - 1 — — ™ .
(5.25) 977 Rm(07)(00)(00)(08) = RiCap — %gkpgaﬁ(f{wkp — MRicyy).

Substituting (5.25) into (5.23) and using the relation (5.20), we obtain

2\ kpio— ;
(1) =~ (f7ap)g"" (Rick, — “Ricy,)
(5.26) 5

B _EgkpRiCaﬁ(Rickp — MRicy).

Finally, substituting (5.26) into (5.8) gives
O AmTe 2 hopem— (B M. _
Ricag = ARicag + g" g"Ricyy (Rlckp Rlckp)gaﬁ
8t mo
2 _knp S Mo
— m—29 PRicap (Rlckp — 1R1Ckp),
which is (5.22). ]

Now we return to find out the interesting evolution equation of f(x,t).

Theorem 5.7. Assume that go is a fixed Einstein metric with M2Ric = cgy. Then
under the Ricci flow (3.2), f(x,t) satisfies the evolution equation

OF=Afrap - g (Ricy, - MRiey)s
(5.27) 2

2 S _
+ m_nglgpq (Rickp — MlRiCkp)RiClq.
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Proof.  Since g = 0 and Ric,; = 0, by (5.21) we have

of _ 0,1 _afo—
E - ot (m2 RICa@)
(5.28) 1 P 2\ = 1 ; o
= % <§g ) Ricag + m—29 <§R10a@) .
Note that
0 0
_ Y — Y (7085

Combining this and (3.2), yields

0 _ ot foo—
ago"@ = QQaTgﬁURICTU.
Thus substituting this and (5.22) into (5.28) gives

0 2 g =
5 :m—29‘”g “Ric,sRicqg

1 - AD:~ 2 — XN . SR

2 T~ . N -
+ m—Zg’“lgpq (Rlckp — MlRlckp) RIClqga@)

= 875" (f570)(FGas)
(5.29) L D
B (57(G0s) ) — 738" (Rick, — “Rice,)5(f5es)
2
2 ™ . ™ — —
+ Wg’“lgpq (Rlckp — MlRlep)RIClq(ga’@ga@>.
2
= if2m + LA(m f)— i_kp(ﬁ — MRicyy ) (fma)
= ma 2 ma 2 m%g kp kp 2
2 - _
+ nglgpq (Rickp — MlRiCkp)RiClq - My,
2
that is
8 2 A 2 —kp (M~ Mip:
5 = 2f“4+ A f — m—29 (Rlckp - Rlckp)f

2 T~ . -
+ m—Zg’“lgpq (Rlckp — MlRlckp) Ricyg.

This is the desired equality (5.27).
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Remark 5.8. In above theorems, if we take M; = R, then MRic = 0. This time,

since m; = 1, by changing the indices ¢, j, k, [, p, ¢ into a same notation “z”, then
(5.7), (5.22) and (5.27) are respectively rewritten as

d—— N 2 _
—Ricyy = ARiCyr + —§*RicasRicss — 25°%(Ricy,)?,
ma

Ot
0 = AR~ 2 —TIN . Ris 2 —TT =TT (M. 25
aRlca@ = ARicqepg — m2g RicgzRicag + —m2g 3" (Riczz)*Gass
0 2 A 2 — XX 2 P e o . 2
a :2f +A f_ g Rlca:a:f+ g g (Rlca:a:> )

mo mao

which are exactly (4.3)-(4.4) in Proposition 4.1 in [23].

Remark 5.9. Under HGF, the evolution equations for Ricci curvature on a single
manifold are much more complicated when compared with the case under RF, because
they involve some complex terms such as B(X, B(X,Y)) := &(Vx(ZVyZ)) and

the unknown term ag—y)( see Theorem 1.4 or Theorem 1.1 in [18], or Theorem 5.2 in
[11]), let alone on the warped product manifold. Therefore, it is very hard to gain some
novel evolution equations for Ricci curvature on warped product manifold M when we
still want to follow the introduced approach under the RF. Taking into account the just
mentioned reason and our present technique, in this paper we put this issue aside for a
moment.

ACKNOWLEDGMENTS

The author would like to thank Professor Kefeng Liu for constructive suggestion.
He also wishes to thank Doctor Jian-Ming Wan, Doctor Hai-Ping Fu, Doctor En-Tao
Zhao, Professor De-Xing Kong, Doctor Chang-Yong Yin and Professor Fangyang Zheng
for some useful and stimulating discussions. Finally, the author would like to express
his sincere gratitude to the anonymous referee for valuable suggestions and for pointing
out a flaw in the previous version of Theorem 3.2.

REFERENCES

1. S. Angenent and D. Knopf, An example of nechpinching for Ricci flow ow on S"*+!,
Math. Res. Lett., 11(4) (2004), 493-518.

2. J. K. Beem, P. Ehrlich and T. G. Powell, Warped product manifolds in relativity, in:
Selected Studies: A Volume Dedicated to the Memory of Albert Einstein, North-Holland,
Armsterdarm, 1982, pp. 41-56.

3. M. Bertola and D. Gouthier, Lie triple systems and warped products, Rend. Mat. Appl.,
7(21) (2001), 275-293.

4. A. Balmus, S. Montaldo and C. Oniciuc, Biharmonic maps between warped product
manifolds, J. Geom. Phys., 57 (2007), 449-466.



1816

5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Wei-Jun Lu

R. L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc.,
145 (1969), 1-49.

S. Brendle and R. Schoen, Manifolds with 1/4-pinched curvature are space forms, J.
Amer. Math. Sco., 200 (2009), 1-13.

. A. L. Besse, Einstein Manifolds, Ergebnisse der Mathematics und threr Grenzgeiete (3)

[Results in Mathematics and Related Areas (3)], 10, Springer-Verlag, Berlin, 1987.

S. Brendle, Ricci Flow and the Sphere Theorem, Grad. Studies in Math., 111, AMS.,
2010.

B. Chow and D. Knopf, The Ricci Flow: an Introduction, Mathematical Surveys and
Monographs Vol. 110, AMS, Providence, 2004.

B. Chow, P. Lu and L. Ni, Harmilton’s Ricci Flow, American Mathematical Society and
Science Press, 2006.

Wen-Rong Dai, De-Xing Kong and Kefeng Liu, Hyperbolic geometric flow (1), short-
time existence and nonlinear stability, Pure and Applied Mathematics Quarterly., 6(2)
(2010), 331-359, (Special Issue: In honor of Michael Atiyah and Isadore Singer).

S. Das, K. Prabhu and S. Kar, Ricci flow of unwarped and warped product manifolds,
arXiv:0908.1295v2 [gr-qc], 2009.

D. De Turck, Deforming metrics in the direction of their Ricci tensors, J. Differential
Geom., 18 (1983), 157-162.

I. E. Hiricd and C. Udriste, Basic evolution PDEs in Riemannian geometry, Balkan
Journal of Geometry and Its Applications, 17(1) (2012), 30-40.

R. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom., 17
(1982), 255-306.

D.-S. Kim and Y. H. Kim, Compact Einstein warped product spaces with nonpositive
scalar curvature, Proc. Amer. Math. Soc., 131 (2003), 2573-2576.

De-Xing Kong and Kefeng Liu, Wave character of metrics and hyperbolic geometric
flow, J. Math. Phys., 48 (2007), 103508-1-103508-14.

Wei-Jun Lu, Evolution equations of curvature tensors along the hyperbolic geometric
flow, arXiv:1204.1396v1 [math.DG], 2012.

Li Ma and Xing-Wang Xu, Ricci flow with hyperbolic warped product metrics, Math.
Nachr., 284(5-6) (2011), 739-746.

B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic Press,
New York, 1983.

P. Petersen, Riemannian Geometry. Second edition, Graduate Texts in Mathematics, 171,
Springer, New York, 2006.

W. X. Shi, Deforming the metric on complete Riemannian manifold, J. Diff. Geom., 30
(1989), 223-301.



Geometric Flows on Warped Product Manifold 1817

23. M. Simon, A class of riemannian manifolds that pinch when evolved by Ricci flow,
Manuscr. Math., 101 (2000), 89-114.

24. Shing-Tung Yau and Steve Nadis, The Shape of Inner Space: String Theory and the
Geometry of the Universe’s Hidden Dimensions, Basic Books, A Menber of the Perseus
Books Group, 2010.

Wei-Jun Lu

Center of Mathematical Sciences
Zhejiang University

Hangzhou 310027

and

School of Science

Guangxi University for Nationalities
Nanning 530007

P. R. China

E-mail: weijunlu2008@126.com



