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HYPERSURFACES IN NON-FLAT PSEUDO-RIEMANNIAN SPACE FORMS
SATISFYING A LINEAR CONDITION IN THE LINEARIZED OPERATOR
OF A HIGHER ORDER MEAN CURVATURE

Pascual Lucas* and Hector Fabian Ramirez-Ospina

Abstract. We study hypersurfaces either in the pseudo-Riemannian De Sitter space
Syt ¢ RP™? or in the pseudo-Riemannian anti De Sitter space Hy't'  R}F?
whose position vector v satisfies the condition Ly = Ay + b, where Ly, is the
linearized operator of the (k+1)-th mean curvature of the hypersurface, for a fixed
k=0,...,n—1, Aisan (n+2) x (n+2) constant matrix and b is a constant vec-
tor in the corresponding pseudo-Euclidean space. For every k, we prove that when
Hj, is constant, the only hypersurfaces satisfying that condition are hypersurfaces
with zero (k+1)-th mean curvature and constant k-th mean curvature, open pieces
of a totally umbilical hypersurface in SP** (SP_,(r), 7 > 1; SP(r), 0 < r < 1;

? 1(=r), r > 0; R ;), open pieces of a totally umbilical hypersurface in
HP T (HP (—r), r > 1; HY ((—7), 0 < r < 1; S(r), 7 > 0; R}), open pieces
of a standard pseudo-Riemannian product in S} (S™(r) x ST~ (v/1 —1r2),
H”  (=r)xS2=™(V1+7r2), S (r) xH,~"(—v/r? — 1)), open pieces of a stan-
dard pseudo-Riemannian product in H}t (H™(—7) x SP~™(v/r2 — 1), S™(r) x
H =™ (—v1+r2), H(—r)xH,~"(—v/'1 — r2)) and open pieces of a quadratic
hypersurface {z € M (¢c) | (Rz,z) = d}, where R is a self-adjoint constant
matrix whose minimal polynomial is pg(z) = 2% + az + b, a*> — 4b < 0, and
M} (c) stands for S}t € Ry or Hy ™' C Ry

1. INTRODUCTION

The Laplacian operator A of a hypersurface M" immersed into R"*! can be seen
as the first one of a sequence of operators {Lo = A, L1,...,L,_1}, where Lj stands
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for the linearized operator of the first variation of the (k4 1)-th mean curvature, arising
from normal variations of the hypersurface (see, for instance, [21]). These operators
are defined by Ly(f) = tr(P; o V2f), for a smooth function f on M, where P
denotes the k-th Newton transformation associated to the second fundamental form of
the hypersurface, and V2 denotes the self-adjoint linear operator metrically equivalent
to the hessian of f.

From this point of view, and inspired by Garay’s extension of Takahashi theorem
and its subsequent generalizations and extensions ([24, 6, 10, 8, 12, 1, 2, 3]), Alias
and Glrbiiz initiated in [4] the study of hypersurfaces in Euclidean space satisfying
the general condition L) = A + b, where A € R(FD*("+1) jg 3 constant matrix
and b € R™! is a constant vector. Recently, we have completely extended to the
Lorentz-Minkowski space the previous classification theorem obtained by Alias and
Gurbiiz. In particular, we proved in [15] that the only hypersurfaces immersed in
the Lorentz-Minkowski space L"T! satisfying the condition Ly = At + b, where
A e RHX(+1) s g constant matrix and b € L™t! is a constant vector, are open
pieces of hypersurfaces with zero (k + 1)-th mean curvature, or open pieces of totally
umbilical hypersurfaces S7(r) or H"(—r), or open pieces of generalized cylinders
ST (r) x R*=™ H™(—r) x R*™, with k +1 <m <n—1, or L™ x S"~™(r), with
k+1<n—-m<n-—1.

In [5], and as a natural continuation of the study started in [4], Alias and Kashani
consider the study of hypersurfaces M™ immersed either into the sphere S**! ¢ R"+2
or into the hyperbolic space H"1 R?” whose position vector ¢ satisfies the
condition L) = A + b, for some constant matrix A € R+2)x(+2) and some
constant vector b € Rg”, q = 0,1. They obtain classification results in two cases:
when A is self-adjoint and b = 0, and when the k-th mean curvature Hj, is constant and
b is a non-zero constant vector. When the ambient space is a Lorentzian space form
S?“ or ]HY{“, the shape operator of the hypersurface needs not be diagonalizable,
condition which plays a chief role in the Riemannian case. In this case, the shape
operator of the hypersurface can be expressed, in an appropriate frame, in one of four
types. In [16] we have extended, to the Lorentzian case, the results obtained in [5].

However, when the ambient space is a general pseudo-Riemannian space form
Sptt c R or HM ¢ R?jf, the shape operator of the hypersurface can be much
more complicated than in the Riemannian or Lorentzian cases, and then the reasoning
followed in [5] and [16] is not applicable in the general case. In this paper, we extend
to arbitrary pseudo-Riemannian space forms S?“ or ]HHhLl the results obtained in [5]
and [16].

Our approach in this paper is completely different to that given in above papers.
First, we do not assume that A is a self-adjoint matrix, but we only assume that the k-th
mean curvature of the hypersurface is constant. Secondly, the techniques developed in
[4, 5, 15, 16] are not applicable in the general case, so that we have needed to follow
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a different way. The new and more general proof is based on the complexification of
the shape operator of the hypersurface (see sections 2 and 5 for details).

For the sake of simplifying the notation and unifying the statements of our main
results, let us denote by M (¢) either the pseudo-Riemannian De Sitter space S/ ¢
R if ¢ = 1, or the pseudo-Riemannian anti De Sitter space Hy ™ ¢ R?jf ifc=—1.
In this paper, we are able to give the following classification result.

Theorem 1. Let b : M — M (c) C RZ‘W be an orientable hypersurface im-
mersed into the pseudo-Riemannian space form M?"H (¢), and let Ly, be the linearized
operator of the (k + 1)-th mean curvature of M, for some fixed k =0,1,...,n— 1.
Assume that Hy, is constant. Then the immersion satisfies the condition Ly = A +Db,
for some constant matrix A € RU"2X(42) gnd some constant vector b € RZ“, if
and only if it is one of the following hypersurfaces:

(1) a hypersurface having zero (k + 1)-th mean curvature and constant k-th mean
curvature.

(2) an open piece of one of the following totally umbilical hypersurfaces in S?'H.'
Spq(r), r>1; SP(r), 0 <r <1, HP (—r), >0, R ;.

(3) an open piece of one of the following totally umbilical hypersurfaces in ]HI?'H.'
HY (—r), r> 1, HY {(—r), 0 <7 < 1; SP(r), r > 0; R}

(4) an open piece of a standard pseudo-Riemannian product in S?H.'
Su'(r) x Sy7m(VI—=r?), H (=) x §§7™(V1i+r?), SP(r) x Hy7"
(—vr? —1).

(5) an open piece of a standard pseudo-Riemannian product in ]HI?'H.'
Hi (=) x Sp7™(vr? = 1), SiH(r) x Hy™™(=v1+7?), Hj'(=r) x Hy~{"
(—V1—72),

(6) an open piece of a quadratic hypersurface {x € M (c) C R;“LQ | (Rx,z) =
d}, where R is a self-adjoint constant matrix whose minimal polynomial is
224az+0b a®—4b<0.

In the case when b = 0, the condition that the matrix A is self-adjoint implies that
the k-th mean curvature Hy, is constant, and then we obtain the following consequence.

Theorem 2. Let ) : M — M (¢c) C R+ be an orientable hypersurface im-
mersed into the pseudo-Riemannian space form M?"H (¢), and let Ly, be the linearized
operator of the (k + 1)-th mean curvature of M, for some fixed k =0,1,...,n— 1.
Then the immersion satisfies the condition Ly = A, for some self-adjoint constant
matrix A € ROF2DX(42) if and only if it is one of the following hypersurfaces:

(1) a hypersurface having zero (k + 1)-th mean curvature and constant k-th mean
curvature;

(2) an open piece of a standard pseudo-Riemannian product in S?H.'

Sy (r) xSy (V1—r2), H* | (—r)xSp~™(V1+7r2), it (r)xH, - " (—v1r2—1).
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(3) an open piece of a standard pseudo-Riemannian product in ]HI?'H.'
H (=r) x §y7" (V2 = 1), Si(r) x Hy™™(=v1+r?), H'(—r) x Hy7"
(VT

(4) an open piece of a quadratic hypersurface {x € M (c) C Rg” | (Rx,z) =
d}, where R is a self-adjoint constant matrix whose minimal polynomial is
224+az+b a?2—4b<0.

2. PRELIMINARIES

In this section we will recall basic formulas and notions about hypersurfaces in
pseudo-Riemannian space forms that will be used later on. Let Rg” be the (n+2)-di-
mensional pseudo-Euclidean space of index ¢ >0, whose metric tensor (,) is given by

q n+2
(,)= —Zda:i®dmi+ Z dz; ® dx;,
=1 i=q+1
where 2 = (z1,...,2,.2) denotes the usual rectangular coordinates in R"*2. The

pseudo-Riemannian De Sitter space of index ¢ is defined by
SPH(r) = {z e RY™? | (z,2) =17}, 1 >0,
and the pseudo-Riemannian anti-De Sitter space of index ¢ is defined by

H?H(—r) ={z € R?jf (x,z) = —r2}, r > 0.

Throughout this paper, we will consider both the case of hypersurfaces immersed into
pseudo-Riemannian De Sitter space S?’Ll = S?H(l), and the case of hypersurfaces
immersed into pseudo-Riemannian anti De Sitter space H'™! = H?™ (—1). In order
to simplify our notation and computations, we will denote by M?J’l(c) both the De
Sitter space 7! and the anti De Sitter space H™ according to ¢ = 1 or ¢ = —1,
respectively. We will use RZ” to denote the corresponding pseudo-Euclidean space
where M7 (¢) lives, so that ¢ = ¢ if ¢ = 1 and ¢ = t + 1 if ¢ = —1. Then the metric
of R} is given by

t n42
(,)= _dei®dxi+0dxt+l @ drer + Z dr; @ dz;,
i=1 i=t+2
and we can write
t n42
Mt (e) = {z e RJT? | — Zx? +exig + Z z7 = c}.
i=1 i=t+2

It is well known that S} € R}"*? and H}'*! C R}/ ? are pseudo-Riemannian totally

umbilical hypersurfaces with constant sectional curvature +1 and —1, respectively.
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Let ¢ : M — M} (c) C R?*? be an isometric immersion of a connected
orientable hypersurface M of index s with Gauss map N, (N, N) = (where ¢ = 1
ifs=tore=—1ifs=1t—1). Let V°, V and V denote the Levi-Civita connections
on Rg”, M7 (¢) and M7, respectively. Then the Gauss and Weingarten formulae
are given by

(1) V&Y =VxY +e(SX,Y)N —c(X,Y) 1,

) SX =-VxN=-V%N,

for all tangent vector fields X,Y € X(M), where S : X(M[) — X(M}') stands for
the shape operator (or Weingarten endomorphism) of M!', with respect to the chosen
orientation V.

It is well-known [20, pp. 261-262] that a linear self-adjoint endomorphism B on
a vector space V' can be expressed as a direct sum of subspaces V; that are mutually
orthogonal (hence non-degenerate) and B-invariant, and each By = Bly, has a matrix
of form either

K 0
1 &
L R
1 &
0 1k

relative to a basis {E1, ..., E,} (p > 1) such that

e=+1 ifi+j=p+1

©) (Ei, Ej) = .
0 otherwise

or

a 0

-8 «
10 ap
| 01-Ba (B#0)
. 1 0 a B
0 0 1-8a

relative to a basis {E1, ..., E;} (¢ > 2 and even) such that
1 ifi,jareoddand i+ 75 =¢q
4) (Ei,Ej) = ¢ —1 ifi,jareevenand i+ j=q+2

0 otherwise
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Here p, € and ¢ depend on V. A matrix of type I is called a Jordan block corresponding
to the (real) eigenvalue x, whereas a matrix of type II is said to be a Jordan block
corresponding to the (complex) eigenvalue « + /3.

Jordan blocks of type II can be transformed in matrices of form I by a complex-
ification process, see [22]. If V is a real vector space, then the set VC = V x V of
ordered pairs, with component addition

(u1,v1) + (u2,v2) = (u1 + ug, v1 + v2)
and scalar multiplication over C defined by
(a+iB)(u,v) = (au = Pv, fu+ av),

for o, B € R, is a complex vector space, called the complexification of V. The set
VC can be described as VC = {u +iv | u,v € V} and then the addition and scalar
multiplication operations resemble the usual for complex numbers:

(w1 +v1) + (u2 +iv2) = (u1 + ug2) +i(v1 + v2),
(a+1i8)(u+iv) = (au — fv) +i(fu + av).

An interesting map from V to VC is the complexification map cpx : V — VC defined
by cpx(v) = v+ 0. It is easy to see that cpx is an injective linear transformation, and
in this way we can say that VC contains an embedded copy of V. If B = {v; | j € I}
is a basis of V' over R then the complexification of B, cpx(B) = {v; +i0 | v; € B},
is a basis for VC over C. Hence, dim¢(V®) = dimg(V).

A linear operator 7 on a real vector space V' can be extended to a linear operator
7C on the complexification V€ by defining

7 (u+ iv) = 7(u) + it (v).

The following properties of this complexification can be easily obtained. If 7,0 are
linear operators on V, then

(1) (am)® =a7®, acR.
) (T+U> =7C4+6C
(3) (r0)° =7%0".
@) [r()] =75(%).
Let B be a linear self-adjoint endomorphism on V and consider V; a B-invariant

subspace such that By = Bly, is a Jordan block of type II in a basis (4). Let VéC be
the complexification of V; and define the following complex vectors

(E +iEj41) for j odd,
) Iy =

E\H%\

(Ej—l — ZE]> fOI‘j cven.
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It is not difficult to see that {Fy,...F,} is a basis for V,* and
BfFj = kF; + Fjp0, 1<j<g—3, jodd,
BfFy1 = kFy_q,
BfF; =FRF; + Fjp9, 2<j<q—2, jeven,
Bf F, =/,

where k = o + i3. Then we can reorder the basis in such a way that B;F has matrix
of form

,_.
-.. R

Therefore every Jordan block of type Il can be reduced to two Jordan blocks of
type I by the complexification process.

The (possibly complex) eigenvalues of shape operator S are called the principal
curvatures of M. When M is endowed with an indefinite metric the algebraic and
geometric multiplicity of a principal curvature need not coincide. If they coincide, it
is called simply the multiplicity of the principal curvature. For every point x € M,
consider the decomposition T, M = V; & - -- ® V,. where subspaces Vy, £ =1,...,7,
are mutually orthogonal and S-invariant, and each Sy = S|y, is a Jordan block. We
can write S, = diag(S1,...,5,) or S = S1 @ -+ @ S,. These decompositions of
T, M and S, also work in a neighborhood of point z. Characteristic polynomial Qg ()
of S is given by

Qs(t) = det(t] — §) = H det(t] — Sy) = H Qs, (1),
/=1 /=1

where characteristic polynomial Qg,(t) of S is given by
(t— k)P if Sy is of type I,
Qs, (1) = L o
((t—a)*+ 5P = (t —r)P(t —R)P if Spis of type IT (¢ = 2p).

If we write
n

n
Qs(t) = H(t — Ry) = Zaktn_k, with ag = 1,
k=0

/=1
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where {1, ..., k,} are the n roots (real or complex) of Qg(¢), then it is not difficult

to see that n
a = - Z Ki,
i=1

n
ap = (“1F 3 ki ki, k=2,m

11 <-<1
These equations can be easily obtained b; making use of the Leverrier—Faddeev method
(see [14, 9]), since coefficients of Qg(t) can be computed, in terms of the traces of
S7, as follows:

k
1 : .
(7) ak:—EZak_jtr(SJ), k=1,...,n, withag=1.
=1
From now on, we will write
n n
J
Wy, = Zfﬁil"'ﬂik and Mkzzf%'“fﬂik,
i1 << i <<
ij¢J

where 1 <k <mand JC{1,...,n}.
The k-th mean curvature Hy, or mean curvature of order k of M} is defined by
n
(8) <k> Hy = (—e)*ar, = "y,
|
where <Z> = m In particular, when k& = 1,
nHy = —eay = etr(9),

and so [ is nothing but the usual mean curvature I of M7, which is one of the most
important extrinsic curvatures of the hypersurface. The hypersurface M is said to be
k-maximal if Hy4; = 0.

3. THE NEWTON TRANSFORMATIONS

The k-th Newton transformation of M is the operator Py : X(M]) — X(M])
defined by

k
) Pe=) ap ;5.
=0

Equivalently, P, can be defined inductively by
(10) Po=1 and P.=arl+ SoP;_.

Note that by Cayley-Hamilton theorem we have P,, = 0. The Newton transforma-
tions were introduced by Reilly [21] in the Riemannian context; its definition was
Py, = (—1)*P,. We have the following properties of Py (the proof is algebraic and
straightforward).
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Lemma 3. Let ¢ : M — M?H(c) be an isometric immersion of a hypersurface
M7 in the pseudo-Riemannian space form M?"H (c). The Newton transformations Py,
k=1,...,n—1, satisfy:

(a) Py is self-adjoint and commutes with S,

(b) tI‘(Pk) = (n — k)ak = ¢ Hp,

(c) tr(SoPy) =—(k+ 1)agy1 = ecpHyy1,

(d) tr(S2 o Py) = arapy1 — (k+ 2)agro = Cy [’rLHlHk_H —(n—Fk— 1>Hk-+2i|,
1<k<n-2,

where constants cy, and Cy, are given by

(k+1)Cp = cx = (—€)*(n — k) (Z) = (—e)*(k +1) (k Z 1).

In a neighborhood of any point, let W C T,M be an m-dimensional, non-
degenerate and S-invariant subspace such that S|y is a Jordan block. Then its d-power
is given by either

Kk 0 0 0

()ri-? e 0
(Shw)" =1 (e ()" i 0
(mcil) Hd_m—’—l (mciZ) Hd_m+2 (mciS) Hd—m+3 U Hd

if S|y is of type I, where (;‘f) =0 whend < r, or

[Ad] 0, 0, SR |}

(1) o] [Ad 0, 0y

(Slw)? = (3) [Ad—s] (4) [Ag-1] [Ad] s 0y
(mcil) [Ad—m—f—l] (mcig) [Ad—m—f—Z] (mcig) [Ad—m—f—S] e [Ad]

if S|w is of type II, where 05 = <g g), Ay is the identity map and
(5]

Q C, D _
A, = B9 Pl i =0

-3 « -D, C, [53]
- >t(
0
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Here [z] stands for the integer part of z.
The following two propositions describe operator Py, in W, according to S|y is of
type I or type II, respectively.

Proposition 4. (S|y is of type I).
Let {El, By .. Em} be a local frame of tangent vector fields on W satisfying (3)
such that S|w is a Jordan block of type I: SE; = KE; + E;jq, for 1 <i<m—1,
and SE,, = KE,,. Then the k-th Newton transformation Py in W is given by

I, 0 e 0
1,2 2
_M M Y 0
Pylw = (=1)F - S . )
-1 1,..., m m—1,m m
(_1>m Mk_(m—n Ty, oy,

where k; = K for all i.

Proposition 5. (S| is of type II).
Let {El, By .. Em} be a local frame of tangent vector fields on W satisfying (4)
such that S|w is a Jordan block of type II (hence necessarily m is even):

SE; = aB; — BEip1 + Eipa, 1< (0dd) <m—3,
SE.._1=aFE,_1—BE,,
SE; =pBEj_1+aFEj+ Eji2, 2<j (even) <m —2,
SE,, = BEn_1 + aBy,

The k-th Newton transformation Py, in W is given by

Uy Zy
—2Zo U
Uy Z17 Uy Zy
Pilw = | =% Vi =%0 o :
Ui Z1 Uy Zy
- =7y Uy —Zy Uy
k . k .
where U, = Za’k—j (i)Cj_T and Z, = Za’k—j (fn)Dj_T.
§=0 §=0

Expression for Py|y obtained in Proposition 5 can be reformulated as follows when
the tangent frame is complexificated according to (5). The proof is straightforward.
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Proposition 6. Let B = {El, By .. Em} be a local frame of tangent vector fields
on W satisfying (4) such that S|y is a Jordan block of type II (hence m = 2d even).
Let B® = {F\,F, ..., F,} be the complexification of B such that (S|w)C has in this
frame a matrix of form (6), with k = a + i3. Then the k-th Newton transformation
Py, in W is given by Py|w = (—1)*diag(Z(r), Z(r)) where

H, 0 0
1,2 2
—p @ 0
Z(/ﬁ) — k—1 k
d—1 1,..., d—1,d d
(_1> Mk—(d—l) - k—1 Mk
Here k1 = -+ - =Kqg =K and Kqy1 = - = Kaq = k.

Now, we recall the notion of divergence of a vector field X or an operator 7. For
any differentiable function f € C*° (M), the gradient of f is the vector field V f
metrically equivalent to df, which is characterized by (Vf, X) = X(f), for every
differentiable vector field X € X(M). The divergence of a vector field X is the
differentiable function defined as the trace of operator VX, where VX (V) := Vy X,
that is,

div(X) =tr(VX) =Y g7 (Vg X, Ej),

%
{E;} being any local frame of tangent vectors fields, where (g*/) represents the inverse
of the metric (g;;) = ((E;, E;)). Analogously, the divergence of an operator 1" :
X(MD) — X(M?) is the vector field div(T") € X(M) defined as the trace of VT,
that is,

div(T) = o(VT) =Y ¢ (Ve T)E;,

%
where VT'(E;, E;) = (Vg,T)E;.

In the following lemma we present two interesting properties of the Newton trans-
formations.

Lemma 7. The Newton transformation Py, for k =0,...,n — 1, satisfies:
(a) (VxS 0 Pb) = =X (ars)
(b) div(Py) = 0.

Proof. (a) From definition of Py (9) we deduce

k kt1 A A
VxSoPy = ap;(VxSos)) =Y %VXS%
§=0 i=1

By taking traces and using that Vx commutes with trace operator we have
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k+1 k+1

w(VxSoP) =Y %tr(vxszj =3 P X (1 57).

: - 1
i=1 i=1

From (7) it is not difficult to see that

where

A1

—X tr Sl ZAH'I tX a,t

=-1 and Mpp1= > (-1)May-a;, forb>1.

i1+ +ip=b
ijZl

That equation, jointly with (11), yields

k+1 4 k+1

(12) tr(VxSoP) = Z Z i1t Opg1—; X (ag) = Z B X (ar),
i=1 t=1 t=1

where k1

Bt = Z it 1—t k41—
i=t

It is not difficult to see that

b
1
Z/\t app1-t = — Z (=) a;, - -a;, = —Xpy1,
=1

i1+ +ir=b
ijZl

and then 8, = 0 for t =1, ..., k. Using this equation in (12) we obtain

k+1

(VxS oPy) =Y BiX(ar) = MaoX (akr1) = =X (ars1),

t=1

and the proof finishes.
(b) From the inductive definition (10) of P we have

(VxP)Y = X(az)Y + (VxS0 P 1)Y + (S0 VxPp1)Y,

and then

div(Py) =

> 9" [Exak)Ej +(ViS o Pea) By + (S0 Vi, P k‘l)Ej]
i,7=1
—Vap+ Y g9(VeSo Py B, + S( > gij(VEiPk—l)E])
i =1 i,7=1
=Var+ Y 99(VE,S 0 Pio1)Ej+ S(div(Pi-1)),
i,7=1
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where {El, .. .,En} is a frame of the tangent space. Then for every tangent vector
field X € X(M[) we have

(div(Py), X) = (Vag, X) +tr(Vx S o Pe1) + (S(div(Pi—1)), X ),
which implies from (a) that
(div(Py), X) = (S(div(Pr-1)), X).
Therefore we deduce
div(Py) = S(div(Py_1)) = S?(div(Ps_2)) = - -- = S¥(div(Pp)) =0. m
Bearing in mind this lemma we obtain
div(Py(V f)) = tr(P, 0 V2 f),

where V2f : X(MDP) — X(M?) denotes the self-adjoint linear operator metrically
equivalent to the Hessian of f, given by

<V2f(X),Y>:<VX(Vf),Y>, X,YG:{(M?)

Associated to each Newton transformation Pi., we can define the second-order linear
differential operator Ly, : C>°(M?) — C>°(M?) by

(13) Li(f) = tr(P, o V2f).

An interesting property of Lj is the following. For every couple of differentiable
functions f, g € C°°(M?") we have

Li(fg) = div(Py o V(fg)) = div(Py o (¢Vf + fVyg))
(14) = gLi(f) + fLk(g) +2(P:(Vf), Vg).

4. EXAMPLES

This section is devoted to show some examples of hypersurfaces in pseudo-Riemannian
space forms M7 (¢) satisfying the condition Ly = Avy-+b, where A € R(?+2)x(n+2)
is a constant matrix and b € Rg” is a constant vector. Before that, we are going to
compute L acting on the coordinate components of the immersion v, that is, a function
given by (¢, a), where a € Rg” is an arbitrary fixed vector.

A direct computation shows that

(15) V{p,a)=a’ =a—e(N,a)N —c(y,a) ¢,

where a” € X(M) denotes the tangential component of a. Taking covariant derivative
in (15), and using that V%a = 0, jointly with the Gauss and Weingarten formulae, we
obtain
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(16) VXV<’(/J7G’>:VXG'T:€<N7a’>SX_C<¢7a’>X7
for every vector field X € X(M). Finally, by using (13) and Lemma 3, we find that

Ly (¢,a) =e(N,a)tr(PyoS) —c{(¢,a)tr(PyoI)

(17)
= cpHp1 (N, a) — ccpHy, (¢, a) .

This expression allows us to extend operator Ly, to vector functions F' = (fi, ..., fnt2),
fi € Co°(MD), as follows

Lk‘F = (Lk‘flu cey kan+2)7

and then L can be computed as

Lkw = (Lk(€1 <1/J7 €1>>7 SRR Lk(€n+2 <1/J7 en+2>>)
= Cka_H (81 <N, €1> y ooy En42 <N, €n+2>)

(18)
—cerpHy(e1 (i, e1) .. enga (U, eny2) )
= CkH]H_lN — CCkaZ/J,
where {ej,...,e,42} stands for the standard orthonormal basis in Rg” and ¢; =
<€i, €i>-

Example 1. An easy consequence of (18) is that every hypersurface with Hxq =0
and constant k-th mean curvature Hj, trivially satisfies Ly = Ay + b, with A =
—cepHylpio € ROVEDX(42) and p = 0.

Example 2. (Totally umbilical hypersurfaces in M7 (¢)) Is is well known that
totally umbilical hypersurfaces in M7 (¢) are obtained as the intersection of M (c)
with a hyperplane of Rg”, and the causal character of the hyperplane determines
the type of the hypersurface. More precisely, let a € Rg” be a non-zero constant
vector with (a,a) € {1,0, -1}, and take the differentiable function f, : M (c) —
R defined by f,(x) = (x,a). It is not difficult to see that for every 7 € R with
{a,a) — ct? # 0, the set

M = f7'(7) = {z € MI ()| (w,a) =7}

is a totally umbilical hypersurface in M7 (¢), with Gauss map

1
@ \<a,a>—072\( )

and shape operator
(19) SX = -V4N = il X.
[ {a, a) — c7?|
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Now, by using (8) and (19), we obtain that the k-th mean curvature is given by

(ecT)*

[{a,a) = cr 7
where ¢ = (N, N) = £1. Therefore, by equation (18), we see that M, satisfies the
condition Ly = Ay + b, for every k =0,...,n — 1, with

k(o2 2
cpleer)¥eT + ¢l (a,a) — cT

k(eer)"( | {a, a) \)In+2 ond b o
| (a,a) — cr2|(k+2)/2 | {a, a) — cr2|(k+2)/2
In particular, b = 0 only when 7 = 0, and then Mj is a totally geodesic hypersurface
in M (c).
It is easy to see, from (19), that M has constant curvature

2

(20) Hy =

k=1,...,n,

A cp(ecr)kHl

K= —_—
et (a,a) — eT?’

and it is a hypersurface of index t or ¢ — 1 according to (a,a) — c72
positive, respectively.
Next two tables collect the different possibilities.

is negative or

Table 1. Totally umbilical hypersurfaces in SP™ ¢ RP+2

(a,a) T K e  Hypersurface
1
-1 VT o -1 SP,(Vr2+1)
0 T#0 0 -1 R},
1
1 7] <1 T 1 Sp(V1-—72)
-1
1 ‘7" > 1 7_2—_1 -1 H?—l(_ 7'2 - 1)
Table 2. Totally umbilical hypersurfaces in Hy*" C Ry}
(a,a) T K ¢  Hypersurface
-1
-1 |7<1 2 -1 H {(—V1-172)
1

1 Sp(vr2-1)
0 r#0 0 1 Ry

CHENZESY

-1 |7 >1

1 VT
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Example 3. (Standard pseudo-Riemannian products in M?’Ll(c)). In order to
simplify the notation, we will consider in this example that the metric tensor in Rg”
is given by

m+1 n+2
(,)= Zaidxi®dxi+cdxm+2®dxm+2+ Z g;jdx; ® dxj,
i=1 J=m+3

where ¢ = card{i | &; = —1}. Let f : M"*!(c) — R be the differentiable function
defined by

m n+2
f(z) = 51(Z€ix?> + 810032, 41 + caly o +52( Z 5ja:?)’
i=1 j=m+3

where m € {1,...,n — 1} and 01,02 € {0, 1} with §; + d2 = 1. In short, f(x) =
(Dz, x), where D is the diagonal matrix D = diag[d1, ..., 01,0102, 1,02. .., d2]. Then,
for every r > 0 and p = +1 with p — cr? # 0, the level set M = f~1(pr?) is a
hypersurface in M7 (c), for appropriate values of (&1, d2, p, ¢).

The Gauss map is given by

Vi) = ! (Dz — per?x),

BMGIEEN

and the shape operator is

@ N(x)

o -1 (61 — per?) I,
ry/|p— cr?| (82 — per®) L
In other words, M has two constant principal curvatures

_per® =61 _per’ =0y
o= e

with multiplicities m and n — m, respectively. In particular, every mean curvature Hy,
is constant. Therefore, by using (18) and (21), we get that

Ly = cyHy11N o9 — cepHy)
= (N0 Ao, 01,0 2 A2 s A2 ),

K1 = and K9 =

where

cexHyi1(8; — per?) cexHyr1(i — per?)

N =

—ccka, and 9i=
r ’p—cr2’ r ’p—cr2’

— ccp Hy,.
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That is, M satisfies the condition Ly = Ay + b, with b = 0 and
A =diag[\', .. AL 6% 00 02N,

Table 3 shows the different hypersurfaces in M?H(c). Parameters v and v are
defined by

u={i|i<m,e;=-1} and v={ili>m+3,e=—1},
where u +v = t.

Example 4. (Quadratic hypersurfaces with non-diagonalizable shape operator) The
hypersurfaces shown in Examples 2 and 3 have diagonalizable shape operators. How-
ever, since we are working in a pseudo-Riemannian space form, it seems natural think-
ing of hypersurfaces with non-diagonalizable shape operator satisfying Ly = A +b.
Let R be a self-adjoint endomorphism of Rg”, thatis, (Rx,y) = (z, Ry), forall z,y €
RI+2. Let f - M7 (¢) — R be the quadratic function defined by f(z) = (Rz, ),
and assume that the minimal polynomial of R is given by ug(z) = 22 + a1z + aq,
a1, a9 € R, with a? — 4ag < 0. Then, by computing the gradient in M7 (c) at each
point = € M (¢), we have Vf(2) = 2Rz — 2¢cf (z)x.

Let us consider the level set My = f~1(d), for a real constant d. Then, at a point
x in My, we have

(Vf(2),Vf(x))=4(R?s,z) — def(z)* = —4dcup(cd),

Table 3. Standard pseudo-Riemannian products in M7 (c)

51 09 Hypersurfaces in S7H! Hypersurfaces in H?* 1!
P yp t Yp t

S (r) x Sy (V1= 12)

10 1 St (r) x HY“"(—V1+72)
S (r) x Hy—{"(=vr? = 1)
Si(V1I—12) x Sp=™(r)

0 1 1 H  (—V1+7r2) x SE™(r)
H? 3 (= = 1) x Sp7"(r)

' (—r) x §p™ (V2 = 1)

H (—r) x H 77" (—v1—12)
Su(Vr2 = 1) x Hy~™(-r)

H  (—V1 =) x Hy ™ (=)

1 0 -1 HP (—r)xSI™(V1+12)

0 1 -1 SPW1+72)xH!Z7 ()
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where we have used that R?z = —a; Rr—agz. Then, for every d € R with pg(ed) # 0,
My = f~1(d) is a pseudo-Riemannian hypersurface in M7 (¢c). The Gauss map at a
point x is given by

1

and thus the shape operator is given by
1

for every tangent vector field X . From here, and bearing in mind that R2+a; R+agl =
0, we obtain that

S?X = a1 + 2cd)RX + (ag — d*)X),

1
ey

for every tangent vector field X. At this point, it is very easy to deduce that

2 a1 + 2cd ; ap + ajed + d?
lur(cd)|H/? lr(cd)|

is the minimal polynomial of S, and that every k-th mean curvature is constant. On
the other hand, since the discriminant of pg(¢) is not positive, the shape operator is
non-diagonalizable.

Finally, from (18), we obtain that Ly = A, where A is the matrix given by

_ e o, < crHpp1cd
lur(cd)|1/? lur(cd)|1/?

ps(z) =z

+ ccka) 1.

5. A Key LEmmaA

In this section we need to compute LN, and to do that we are going to compute
the operator Lj acting on the coordinate functions of the Gauss map N, that is, the
functions (N, a) where a € Rg” is an arbitrary fixed vector. A straightforward

computation yields
V(N,a)=—Sa'.

From Weingarten formula and (16), we find that
VxV(N,a) = -Vx(Sa') = —(VxS)a" — S(Vxa")
= _(vaTS>X - €<N7 a’> S2X + C<¢aa> SX;

for every tangent vector field X. This equation, jointly with Lemma 3 and (13), yields
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Li (N, a)
o = —tr(Py o V,75) — e (N, a)tr(Py, 0 §%) + ¢ (1), a) tr(Py 0 S)
= —2Cy. (VHisn,a” ) = eCy(nHyHysn — (n = k = 1) Hyy) (N, a)
+ecepHv1 (¥, a) .

In other words,

(25) LyN = —Cy,VHys1 — eCl (nHlHk+1 -k — 1)Hk+2> N + e Hy 1.

On the other hand, equations (14) and (17) lead to

Li(Lk (¢, a)) = ck Hpp1Li, (N, a) + Ly(ckHg11) (N, a) + 2¢x(Pp(VHy11), V (N, a) )
—cepHip Ly, (v, a) — Li(cep Hy) (¥, a) — 200k<Pk(VHk), V¥, a) >,

and by using again (17) and (24) we get that

Li(Ly (¢, a) ) = —eckCrHi1 (VHip, a) — 2¢5 (S 0 Pr)(VHy1), a)
— 2ccy (Pe(VHg), a) — [eCrHpy1 (nH1Hpy1 — (n — k — 1) Hy0)
+ cepHpHyy1 — L (Hps1) e (N, a)
+ [5cckH,?+1 + ckH,? — ch(Hk)]ck (Y, a).

Therefore, we get

Ly (Lkw) = —ec,CrHi1VHip1 — 2¢(S o Pi)(VHyy1) — 2cc,. Py (V Hy,)
— [é“Cka_H (’rLHlHk_H —(n—Fk— 1)Hk+2)

(26)
+ccyHyHiy1 — Lis(Hi1) | e N
—i—[acckH,?H + ckH,? — ch(Hk)]ckz/J.
Let us assume that, for a fixed k = 0,1,...,n — 1, the immersion ¢ : M} —

M7 (¢) satisfies the condition

27 Ly = Ay +0,

for a constant matrix A € R(*+2)X(n+2) and a constant vector b € Rg“. Then we
have Ly (Lit)) = ALy, that, jointly with (26) and (18), yields
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Hy 1 AN — cH}, Ay
= —eCyH41VHyy1 —2(S o Py)(VHgy1) — 2¢P,(VHy)

(28) —[eChHpr (nH1Hgy — (n — k — 1) Hyyo)

+ccyHpHpy1 — Li(Hg1)| N

—i—[acckH,?H + e HE — cLi(Hp)] .
On the other hand, from (27), and using again (18), we have
2 Aty = cpHp 1N — cepHyp — b —e (b, NYN — ¢ (b, ) ¥
*) =—b" + [exHis1 — e (b, N)|N — [ccpHy, + ¢ (b,9) 9,

where b7 € X(M?) denotes the tangential component of b. Finally, from here and
(28), we get

Hy 1 AN
= —eCpHyp1VHpy1 — 2(S 0 Py)(VHyi1) — 2¢Py(VHy) — cHpb '

(30)
— [é“CkH]H_l (nHlHk_H — (n—k— 1)Hk+2) +€CHk <b, N>—Lk(Hk+1>]N

+[ecerH {1 — Hi (b)) — cLi(Hy) 1.

If we take covariant derivative in (27), and use equation (18) as well as Weingarten
formula, we obtain

31 AX = —c;Hp1SX — cep Hi X + ¢, (VHyy1, X) N — cc, (VHy, X) 9,
for every tangent vector field X, and therefore
(32) (AX,Y) = (X, AY),

for every tangent vector fields X,Y € X(M). That means A is a self-adjoint endo-
morphism when it is restricted to the tangent space.
By taking covariant derivative in (32) we obtain

e((AN,Y) = (N, AY)) (5X, Z) = c({A,Y) = (¢, AY)) (X, Z)
—<((AN, X) — (N, AX)) (SY, Z) — c({Aw, X) — (, AX)) (V. Z).
for every tangent vector field Z € X(M), and then
e((AN,Y) — (N, AY))SX — c((Ay,Y) — (¢, AY)) X

(33)
= c((AN, X) — (N, AX))SY — c({A, X) — (1), AX))Y.
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Lemma 8. Let ¢ : M — M (c) C R;“LQ be an orientable hypersurface
satisfying the condition Ly = Ay +b, for a fixed k = 0,1,...,n—1, some constant
matrix A € R2x(+2) gnd some constant vector b € Rg”. If Hy, is constant and
Hy. 1 is non-constant, then b = 0.

Proof.  Consider the open set

Upr = {p € M | VHE,(p) # 0},

which is non-empty by hypothesis. From (31) we have (AX,¢) = 0 on Uy+1, and by
taking covariant derivative here we obtain

e(SX,Y)(AN,¢) — c(X,Y) (A, )+ (AX,Y) =0  on Up41.
This equation, jointly with (29)—(31), leads to
(34) (Hp (SX,Y) —eHp1 (X,Y)) (b,¥) =0  on Uy,
for every tangent vector fields X, Y € X(M). Let us consider the open set

V ={p €Uy | (b,¢)(p) # 0}.
Our goal is to show that V is empty. Otherwise, from (34) we get
Hi (SX,Y) —eHp1 (X, Y)=0 onV,

which implies that Hy # 0, and therefore

i
SX = )\X, /\:5:;’1, on V.

k

This equation yields V is totally umbilical in M?H(c) and then A\ (and Hyq) is
constant, which is a contradiction.

Therefore V = @ and then we have b = £ (b, N) N. But N is a non-constant
vector field (otherwise U1 should be totally umbilical with constant (k + 1)-th mean
curvature), which implies b = 0. ]

The following auxiliar result is the key point in the proof of the main theorems.

Lemma 9. Let ¢ : M — M (c) Rg” be an orientable hypersurface
satisfying the condition Ly = Ay +b, for a fixed k = 0,1,...,n—1, some constant
matrix A € ROT2X(+2) gnd some constant vector b € Rg“. If Hy, is constant then
Hy., is constant.



36 Pascual Lucas and Hector Fabian Ramirez-Ospina

Proof.  Let us assume that Hy is constant, and consider the open set

Upr = {p € M} | VHE,(p) # 0}

Our goal is to show that Uy is empty. Otherwise, from Lemma 8 we have that b = 0
and then from (29) we get
(A, X) =0,

for every tangent vector field X. Since Hy, is constant, from (31) we get (AX, ) =0,
and thus (33) is equivalent to

(35) ((AN,Y) — (N, AY))SX = ((AN, X) — (N, AX))SY,

for every tangent vector fields X,Y € X(M?). From equation (30), we get that the
tangential component of AN is given in Uy by

2
(AN)" = —eCyVHpy1 — = (S0 P)(VHgy1).

k+1

Now, bearing in mind (31) and (35), we find that
(36) (The(VHy41),Y) SX = (X, Ti(VHi41)) SY, X,Y € X(M),

where T}, is the linear self-adjoint operator defined by

2
(37) Ty =e(k+2)Cpl +
Hiy

(So P).

We claim that Ty, (VHg41) = 0 on Uyy;. Indeed, if Ti(VHiy1)(po) # 0 at some
point pg € Uj+1, then there exists a neighborhood of py where Ty (VHy41) # 0,
and we may choose a local orthonormal (or pseudo-orthonormal, respectively) frame
{E1, Es, ..., E,} with E in the direction of T}, (V Hy1). As a consequence, equation
(36) implies that SE; = 0 for every i # 1 (or i # 2, respectively), and then rank(S) < 1
on Ui11. But this implies that Hx1q = 0 for every £ > 1, which is not possible.
Therefore, Tj(V Hj41) = 0 on Uy11, which implies by (37) that

€(k + 2>Ck

(38) (SoPy)(VHpy1) = — 7

Hy41VHpp on Uy
This equation leads to the proof in the case where k = n—1. In fact, from the inductive
definition we see that P, = a,I+SoP,_1, and then SoP,,_1 = —a,I = —(—¢)"H, 1.
From this we have

SoP, 1(VH,)=—(—¢)"H,VH,,

that jointly with (38) implies H,V H,, = 0 on U,,, which is not possible.
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Now consider the case where 1 < k£ < n — 2 (and n > 3 necessarily). From the

inductive definition of Py, and (38) we obtain
39)

where Dy, = £(k + 4)C.

Pet1(VHiy1) + Dy Hey1 VHppr =0 on Uy,

Let us assume that the tangent space is V = V; & --- & V,,, where each V; is
S-invariant and S; = S|y, is a Jordan block of type I or II. Then

VHii1lw,
VHpi1 = : ;
VHpiilv,,
and therefore (39) is equivalent to
(Pet1lvi + DieHpaI)(VHigaly,) =0

foreveryi=1,...,m.

on U1,

When S; is a Jordan block of type II we can complexify and then S; is reduced
to two Jordan blocks of type I. In consequence and without loss of generality, in what
follows we shall consider that every S; is a Jordan block of type I associated to a (real

or complex) root x of S.
Let {Ei17 ..

is a Jordan block associated to x. From Propositions 4 and 6 we deduce

M,SH + DipHp41

11,42

(VHiin )

., E;,} be a tangent frame of subspace V; = V;(x), where S; = S|y,

k

“:iu + D Hpt1

(VHit1, Biyy )

i1,12,%3
k—1

11 ieenip
(D"

where Dy, = (—1)¥1Dy. Since k;, = - - -

to

(VHir, By

(VHis1, Bipoy)  (VHigr, Eiy)

(VHg41, Eiy)

2,13

k

(VHi+1, Eiy)

u,ﬁH + D Hg41

ip—1sip

—p,

(VHiin,B,)

foeyy + DiHita

(VHit1, Biyy )

(VHyt1, Eiy)

i
f, + DrHip
1,19
e
i1,i9,i3
k—1

\pl, Heeip
( 1) k—(p—2)

= Ky, = K, then last equation is equivalent
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As a consequence, if (VHy1, E;,) # 0, then

w4 DpHyyy =0, (e1)
1,12
Mk = 07 (€2>
(40) et =0, (e3)
D] yeeesy ip
L My (o2 0 (€p>

Equations (e2) — (ep) yield
(41) u('w) , =0, for2<i<qg<p.

We can easily prove (41) by inductionon ¢—[ =0, ...,p—2. If g—I1 = 0 then equation
(41) follows from (40). Let us assume that (41) holds forq — 1 =0,1...,s <p— 2,
and consider ¢ — [ = s + 1. Observe that

i eils i1 i st

Fogay—r = P Pasay—arn - Py

then by using the induction hypothesis on both sides of this equation we find that
T+ — (), That concludes the proof of (41).

(k+2)—1
Claim 1. Let {E;,, ..., E; } be a tangent frame of an S-invariant subspace Vi(k),

where S|y, is a Jordan block of type I associated to a root k. If <VHk+1, Eip> #£0

then

(42) !+ DipHyy1 =0,

k+1

Jor every J C {i;, ... ip} = Ji(K).

We shall prove (42) by induction on the cardinality of J, card(J). If card(.J)=1,
then (42) is nothing but equation (e;) in (40). If card(J)=2, J = {i1,i2}, then (42) is
a consequence of (e1) and (eg) in (40), since we have

12 1,1

0=y, +DrHyp1 = (ripps, "+ 7) + DiHypr = 1 + DpHyn.

k+1

Let us assume that (42) is true for every subset J with card(J) = 1,2,...,m < p and
consider a set Jy = {i1,. .., imyt1} with cardinality m + 1 < p. Let J; be the set of
cardinality m such that Jy = J; U {i,,+1}. By the induction hypothesis applied to .J;
and bearing in mind (41) we get

0= M;g]-lu + Dka-H = (’%im-u M;CJO + MJO ) + Dka-I—l = M;ﬁl + Dka-I—lu

k+1
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and that concludes the proof of Claim 1.
An immediate and important consequence of this claim is that (VH 1, E;) = 0
for some 7. Otherwise, from Claim 1 we deduce

n

n
tr(Per1) = Y 97 (Pepi B, Ej) = > (=1 pp, | = (=1)* nDyHyya,
,j=1 (=1

that jointly with Lemma 3 leads to Hy; = 0 on U1, which is a contradiction.

Claim 2. Let {E;,,...,E;,} and {Ej,,...,E; } be tangent frames of two S-
invariant subspaces V;(r1) and Vj(k2), where S|y, and S|y, are Jordan blocks as-

sociated to two distinct roots k1 and ko, respectively. If <VHk+1,Eip> % 0 and
<VHk+1, qu> =% 0 then

(43) u;fﬂ + DyHpyq =0,

Sor every set J C {i1, ... ip, j1, ..., Jq} = Ji(K1) U Jj(ka2).

We can write J = J; U Jo, where J; € Ji(k1) and Jo C Jj(k2), and then
card(J) = my + me, with m; = card(J;) and mg = card(J2). We shall prove (43)
by induction on m = m1 4+ mg. If m = 1, then (43) is nothing but (42).

Let us assume that (43) holds for every set J with card(J) = 1,2,...,r <p+gq
and consider a set Jo = {h1,...,hpq1} C {i1,...,0p, J1,--.,Jq} With cardinality
r 4+ 1 < p+ q. In the case where Jj is a subset either of J; or Jo, there is nothing to
prove. Thus let us assume that Jy has elements of J; and .J5.

Without loss of generality, we can assume that hy € J; and h,11 € Jo, and let [
and I be the two sets of cardinality r such that Jy = I1 U {h,41} = {h1} U I. From
the induction hypothesis we deduce

0=y + DiHipr = (s, 1 + 12,) + DeHysn,
0=p2 + DpHipr = (k, 1w + p° ) + DiHys1,

and then (w7, — k), )u® = 0. Since , # K, , we obtain 0 = p% + DyHy1,
as desired. That concludes the proof of Claim 2.

Claim 3. Let {E;,,...,E;,} and {Ej,,...,E; } be tangent frames of two S-
invariant subspaces V;(r) and V;(k), where S|y, and S|y, are Jordan blocks associated

to the same root k. Then there exists a tangent vector E such that

SE=kE and (VHy1,E)=0.
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To prove this claim, we distinguish two cases:
(a) If (VHp11,E;,) = 0 (or (VHyq1, Ej,) = 0, respectively), there is nothing to
prove, we can take E = E;, (or E = E;,, respectively).
(b) If (VHy11, E;,) # 0 and (VHyq, Ej,) # 0, then we take

E =—(VH1,E;)) E;, +(VHyi1, E,) Ej,.

Two consequences can be obtained from this claim.
(C1) If & is real, then from (31) we get

AFE = —cka+1nE,

and then there exists a constant eigenvalue n of matrix A such that

n

44 K="\
“4) —cpHp 1

(C2) If k = a+ i is complex, then there exist two (real) tangent vectors El, Es»
such that £ = Ey + il and (VHyy1, E;) = 0 for i = 1,2. In this case, W =
span{ E', F»} is an S-invariant subspace and S|y has matrix of form

a B

-8 «

Slw =

By using (31) we get that W is also an A-invariant subspace with matrix of form

—cpHpp1o0 —cpHipq18
Alw =

ckHi18  —ckHipria
As a consequence, we obtain that
0 =tr(Alw) and p=det(Alw)

are invariants of A (and constant). Explicitly, they are given by § = —2(cpHpt1)
and p = (cxHy1)?(a® + 5%), and then it is easy to see that there exist two constants
s1 and sy such that

S1 59
a=——— and [f=-—"F"——.
—cka_H —Cka—H
Thus we can write
(45) k= — = sy +is.
—crHp 1

To finish the proof of Lemma, let K be the following subset of roots of Qg (t):
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K = {H ‘ JB(H) =1 and <VHk+1,Eip> 7& 0},

where JB(k) stands for the number of Jordan blocks associated to the root x. From
Claim 2 we deduce

M;c]-u + Dka‘H - 0’

for every subset J C |, J/(ki). In particular, for J = J,.c J (i) we obtain

n n
-, — § ) ) — E ) )
—DyHy =M, = Kiy - Kigyy = Kiy -+ Ki
i1<-~<ik+1 i1<-~<ik+1
i ki E K

that jointly with (44) and (45) lead to

D i My

i1<~"<ik+1
—DyHyy1 = ) on U1,
— cpHpy1)
showing that Hy1 is locally constant on U1, which is a contradiction. [ |

6. MAIN RESULTS

This section is devoted to prove the main result of this paper.

Theorem 1. Let ) : M — M (c) C R;“LQ be an orientable hypersurface im-
mersed into the pseudo-Riemannian space form M?"H (¢), and let Ly, be the linearized
operator of the (k + 1)-th mean curvature of M, for some fixed k =0,1,...,n— 1.
Assume that Hy, is constant. Then the immersion satisfies the condition Ly = A+Db,
for some constant matrix A € ROT2)X0+2) gnd some constant vector b € Rg”, if
and only if it is one of the following hypersurfaces:

(1) a hypersurface having zero (k + 1)-th mean curvature and constant k-th mean
curvature.

(2) an open piece of one of the following totally umbilical hypersurfaces in S?'H.'
Sy y(r), r>1;SP(r), 0 <r <1, H} {(—r), r >0, R} ,.

(3) an open piece of one of the following totally umbilical hypersurfaces in ]HI?'H.'
HY (—r), r> 1, HY {(—r), 0 <7 < 1; SP(r), r > 0; R}

(4) an open piece of a standard pseudo-Riemannian product in
Su(r) x SpT™(V1—r?), Hit (=r) x Sp7"(V1+7r?), SP(r) x HyZY"
(VT T)

(5) an open piece of a standard pseudo-Riemannian product in ]HI?'H.'
H (=r) x §57" (V2 = 1), S(r) x Hyp=™(=v1+r?), H(—r) x HyZ71"
(V=)

n+1 .
Syt
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(6) an open piece of a quadratic hypersurface {x € M (c) C R;“LQ | (Rx,z) =
d}, where R is a self-adjoint constant matrix whose minimal polynomial is
224+az+b a?2—4b<0.

Proof.  We have already checked in Section 4 that each one of the hypersurfaces
mentioned in Theorem 1 does satisfy the condition Ly = Ay + b, for a constant
matrix A € R("*2)*("+2) and some constant vector b € RI'F2.

Conversely, let us assume that ¢ : M — M (¢) C R2+2 satisfies the condition
Lyt = Awp + b, for some constant matrix A € R("+2)*("+2) and some constant vector
be Rg”. Since Hj, is constant on M, from Lemma 9 we know that Hy 1 is also
constant on M. Let us assume that Hj; is a non-zero constant (otherwise, there is
nothing to prove).

From (31) and (28) we have

(46) AX = —cpHp 15X — cep Hip X,
H? cH,
(47) AN = (X — cepHp)N + cp(ecH)pq + —2)ih + — A,
Hi Hi

with A = —eCy(nH1Hy41 — (n — k — 1)Hy2). Taking covariant derivative in (47),
and using (46), we have

VY (AN) = (VA, X)N — ASX + eccpHy 1 X,
but also from (46) we obtain
VY% (AN) = A(VYN) = —A(SX) = ¢, Hp115°X + ccp H.SX.

From the last two equations we deduce that A is constant on M, and also that the
shape operator .S satisfies the equation

_ AtcepHy

= constant.
crHpqq

(48) S%2 4+ a1S —ecl =0, ai

As a consequence, M" is an isoparametric hypersurface in M7 (¢) and the minimal
polynomial of its shape operator S is of degree at most two. If the degree of that
polynomial is one, then M? is totally umbilical (but not totally geodesic) in M7 (c)
and so it is one of the hypersurfaces listed in paragraphs (2) or (3) of the theorem,
according to ¢ = 1 or ¢ = —1, respectively (Example 2). Let us assume that the
minimal polynomial of S' is exactly of degree two. If S is diagonalizable, then M has
exactly two distinct constant principal curvatures, and then from standard arguments
(similar to those used in [13, 23, 19, 18, 25, 26]) it is an open piece of a standard
pseudo-Riemannian product (Example 3).
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Suppose now that .S is not diagonalizable, so that the minimal polynomial of S is
given by us(z) = 2% 4+ a1z — ec, with discriminant ds = a? + 4ec < 0. From above
equations we easily deduce that the minimal polynomial of A is given by 4 (2) = 22+
b12+4bg, where by = 2cc, H, —aicxHy41 and by = czH,? — alccinHkH —500%H,?+1
are constants. Since the discriminant d4 of pa(z) is given by d4 = i H? 11ds, then A
also is not diagonalizable. Since (A, v) = —ciHy, is constant and pa(—cerHy) # 0,
then M} is an open piece of a quadratic hypersurface as in Example 4. That concludes
the proof. ]

As an easy consequence of this theorem we obtain the following result.

Theorem 2. Let b : M — M (c) C R;“LQ be an orientable hypersurface im-
mersed into the pseudo-Riemannian space form M?H (¢), and let Ly, be the linearized
operator of the (k + 1)-th mean curvature of M2, for some fixed k =0,1,...,n— 1.
Then the immersion satisfies the condition Ly = A, for some self-adjoint constant
matrix A € RT2X42) it and only if it is one of the following hypersurfaces:

(1) a hypersurface having zero (k + 1)-th mean curvature and constant k-th mean
curvature;

(2) an open piece of a standard pseudo-Riemannian product in S?'H.'
Su(r) x Sy7m(VI—=r?), H (=) x §§7™(V1+r?), SP(r) x HyT"
(VTT)

(3) an open piece of a standard pseudo-Riemannian product in ]HI?'H.'
Hy (—r) x S77™(Vr? = 1), S§(r) x Hy™™(=v1+4r?), Hp'(—r) x H~Y"
(V=)

(4) an open piece of a quadratic hypersurface {x € M (c) C Rg” | (Rx,z) =
d}, where R is a self-adjoint constant matrix whose minimal polynomial is
224az+0b a®—4b<0.

Proof.  Since A is a self-adjoint matrix we have (AX,v) = (X, Ay), and by
using (29) and (31) we deduce

V(b)) =b" =, VHy,

which implies that Hj, is constant. Now the result follows from Theorem 1. ]

REFERENCES

1. L.J. Alias, A. Ferrandez and P. Lucas, Surfaces in the 3-dimensional Lorentz-Minkowski
space satisfying Ax = Ax + B, Pacific J. Math., 156(2) (1992), 201-208.

2. L. J. Alias, A. Ferrandez and P. Lucas, Submanifolds in pseudo-Euclidean spaces satis-
fying the condition Ax = Ax + B, Geom. Dedicata, 42 (1992), 345-354.



44

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Pascual Lucas and Hector Fabian Ramirez-Ospina

. L. J. Alfas, A. Ferrandez and P. Lucas, Hypersurfaces in space forms satisfying the
condition Az = Ax + B, Trans. Amer. Math. Soc., 347 (1995), 1793-1801.

L. J. Alias and N. Giirbiiz, An extension of Takahashi theorem for the linearized operators
of the higher order mean curvatures, Geom. Dedicata, 121 (2006), 113-127.

. L. J. Alias and M. B. Kashani, Hypersurfaces in space forms satisfying the condition
Ly = Ay + b, Taiwanese Journal of Mathematics, 14 (2010), 1957-1978.

. B.-Y. Chen and M. Petrovic, On spectral decomposition of immersions of finite type,
Bull. Austral. Math. Soc., 44 (1991), 117-129.

S. Y. Cheng and S. T. Yau, Hypersurfaces with constant scalar curvature, Math. Ann.,
225 (1977), 195-204.

F. Dillen, J. Pas and L. Verstraelen, On surfaces of finite type in Euclidean 3-space,
Kodai Math. J., 13 (1990), 10-21.

V. N. Faddeeva, Computational Methods of Linear Algebra, Dover Publ. Inc, 1959,
New York.

O. J. Garay, An extension of Takahashi’s theorem, Geom. Dedicata, 34 (1990), 105-112.

J. Hahn, Isoparametric hypersurfaces in the pseudo-Riemannian space forms, Math. Z.,
187 (1984), 195-208.

T. Hasanis and T. Vlachos, Hypersurfaces of E* 1! satisfying Ax = Ax + B, J. Austral.
Math. Soc. Ser. A, 53 (1992), 377-384.

H. Lawson, Local rigidity theorems for minimal hypersurfaces, Ann. Math., 89 (1969),
187-197.

U. J. . Leverrier, Sur les variations séculaire des ¢lements des orbites pour les sept
planétes principales, J. de Math., s.1, 5 (1840), 230ff.

P. Lucas and H. F. Ramirez-Ospina, Hypersurfaces in the Lorentz-Minkowski space
satisfying Ly = Ay + b, Geom. Dedicata, 153 (2011), 151-175.

P. Lucas and H. F. Ramirez-Ospina, Hypersurfaces in non-flat Lorentzian space forms
satisfying Ly = Ay + b, Taiwanese J. Math., 16 (2012), 1173-1203.

P. Lucas and H. F. Ramirez-Ospina, Hypersurfaces in pseudo-Euclidean spaces satisfying
the condition Ly = A + b, submitted for publication, 2011.

M. A. Magid, Lorentzian isoparametric hypersurfaces, Pacific J. Math., 118 (1985),
165-197.

K. Nomizu, On isoparametric hypersurfaces in the Lorentzian space forms, Japan J.
Math. (N.S.), 7 (1981), 217-226.

B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, Academic Press,
New York London, 1983.

R. Reilly, Variational properties of functions of the mean curvatures for hypersurfaces in
space forms, J. Diff. Geom., 8 (1973), 465-477.



Hypersurfaces Satisfying a Linear Condition in Ly 45

22. S. Roman, Advanced Linear Algebra, 3ed. Springer, 2008, New York.

23. P. J. Ryan, Homogeneity and some curvature conditions for hypersurfaces, Tohoku Math.
J., 21 (1969), 363-388.

24. T. Takahashi, Minimal immersions of Riemannian manifolds, J. Math. Soc. Japan, 18
(1966), 380-385.

25. L. Xiao, Lorentzian isoparametric hypersurfaces in H" "', Pacific J. Math., 189 (1999),
377-397.

26. L. Zhen-Qi and X. Xian-Hua, Space-like Isoparametric Hypersurfaces in Lorentzian
Space Forms, J. Nanchang Univ. Nat. Sci. Ed., 28 (2004), 113-117.

Pascual Lucas and Hector Fabian Ramirez-Ospina

Departamento de Matematicas

Universidad de Murcia

Campus de Espinardo

30100 Murcia

Spain

E-mail: plucas@um.es
hectorfabian.ramirez@um.es



