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A class of nonlinear multipoint boundary value problems for singular fractional differential equations is considered. By means of a
coupled fixed point theorem on ordered sets, some results on the existence and uniqueness of positive solutions are obtained.

1. Introduction

Fractional calculus is used to formulate different phenomena
in physics, biology, medicine, and so forth. For more details
on the applications of fractional calculus, we refer the reader
to [1-4]. On the other hand, some basic theory for the initial
value problems of fractional differential equations involving
Riemann-Liouville differential operator has been discussed
by Lakshmikantham [5-7], Bai and L [8], El-Sayed et al.
[9,10], Bai [11, 12], Zhang [13], and so forth.

Very recently, Liang and Zhang [14] considered the
following m-point boundary value problem:

Dyu(t)+ f (Lu() =0, 0<t<l, 2<a<3,

, , m—2 , (1)
u(0)=u (0)=0, w' ()= B (&),
i1

where Dgi is the Riemann-Liouville fractional derivative, 0 <
£ <& < <&, < 1satisfies 0 < Y2 BE2 < 1,
and f : [0,1] x [0,+00) — [0,+00) is continuous and
nondecreasing with respect to the second variable. Under
some hypotheses, using a fixed point theorem on ordered
sets, the authors established the existence and uniqueness of
solution to such problem.

Motivated by the abovementioned work, in this paper, we
deal with the following multipoint boundary value problem:

Dyu(t)+ f (b,u(t),u(t) =0, 0<t<1, 2<a<3,

2)

m—2
u@=u'0=0, Q=Y (E), O
i=1

where f: (0, 1]%[0, +00)%[0, +00) — [0, +00) is continuous
and lim, _, o+ f(¢,-,-) = +00 (f is singular at t = 0).

2. Preliminaries
The following preliminaries will be useful later.

Definition 1. The Riemann-Liouville fractional derivative of
order & > 0 of a continuous function ¢ : (0,+00) — Riis

given by
o o1 (d\" g
Do) = I'(n-a) <E> Jo (t—s)m! ds. @)

where n = [a] + 1, [«] denotes the integer part of number «,
provided that the right side is pointwise defined on (0, +00).
Here, I' is the Euler gamma function defined by

+00

() = J 7 e dt. (5)

0
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Definition 2. The Riemann-Liouville fractional integral of
order & > 0 of a given function ¢ : (0,+00) — R is defined

by

0= o [ 09 00 ®)

provided that the right side is defined on (0, +00).

From the definition of the Riemann-Liouville derivative,
we can obtain the following statement.

Lemma 3 (see [15]). Let « > 0. If one assumes that u €
C(0,1) N L(0, 1), then the fractional differential equation

Dju(t)=0 (7)

hasu(t) = t* 4t 24 4oyt N, eR, i=1,2,...,N
as unique solutions, where N is the smallest integer greater than
or equal to .

Lemma 4 (see [15]). Assume that u € C(0,1) N L(0, 1) with
a fractional derivative of order o > 0 that belongs to C(0, 1) N
L(0,1). Then

L5 DGu(t) = u(t) + o™ + ot 4ot (8)

forsomec; € R,i=1,2,...,N, where N is the smallest integer
greater than or equal to c.

Lemma 5 (see [14]). Assume that Z:’SZ ,B,Ef‘_zaﬁ LIfh €
C([0,1]), then the boundary value problem

Dyu(t)+h(t)=0, 0<t<l, 2<a<3,

m-2 9)
u@=u' =0 u'1)=)pu (&),
i=1
has a unique solution
1 tocfl
)= Gts)h(s)ds+ -
¢ L T (a-1) (1 -y ﬁigia_z)
(10)
m—2 1
x Z[)’l J H(&,s)h(s)ds,
=1 70
where
a-1 a=2 a-1
d (l_s)r iU fo<s<t<l,
Gho=1 @
7 (1 -9 )
Y ifo<t<s<l,
I'(a)
_0G(t,s)
H (t,s) = 3%
(11)

It is clear that, for all 0 < t < s < 1, the function H(t, s) >
0.For0 < s <t < 1, we have ts < s; then t* (1 —s)* % —
(t—s)*% > 0.Hencefor0 <t < s < 1onehas H(t,s) > 0.
The following properties of G will be used later.
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Lemma 6 (see [14]). The following properties hold.

(i) G is a nonnegative continuous function on [0,1] X
[0,1];

(i) G(:, s) is strictly increasing for all s € [0, 1].

Let (X, <) be a partially ordered set endowed with a metric
d.Let F: X x X — X be a given mapping.

Definition 7. One says that (X, <) is directed if, for every
(x,y) € X x X, there exists z € X suchthatx <z, y < z
and there exists w € X such that x > w, y > w.

Definition 8. We say that (X, <, d) is regular if the following
conditions hold.

(¢) if {x,} is a nondecreasing sequence in X such that
x,, — x € X, then x, < x for all n;

(6) if {y,} is a decreasing sequence in X such that y, —
y € X, then y, > yforalln.

Example 9. Let X = C([0,T]), T > 0 be the set of real
continuous functions on [0, T]. We endow X with the stand-
ard metric d given by

d(u,v) = max [ (t) —v ()],

nax u,v € X. (12)

We define the partial order < on X by

u,veX, uvesut)<v({t) Vtel0,T]. (13)
Let x,y € X. For z = max{x,y}, that is, z(t) =
max{x(t), y(t)}, for all t € [0,T], we have x < zand y < z.
For w = min{x, y}, that is, w(t) = min{x(¢), y(£)}, for all
t € [0,T], we have x > w and y > w. This implies that (X, <)
is directed. Now, let {x,,} be a nondecreasing sequence in X
such that d(x,,x) — 0asn — 00, for some x € X. Then,
forall t € [0,T1], {x,(t)} is a nondecreasing sequence of real
numbers converging to x(t). Thus, we have x,,(t) < x(t), for
all n, that is, x,, < x for all n. Similarly, if {y,} is a decreasing
sequence in X such that d(y,, y) — 0asn — oo, for some
y € X, we get that y, > y for all n. Then, we proved that
(X, %,d) is regular.

Definition 10 (see [16]). An element (x, y) € X x X is called
a coupled fixed point of F if

F(y,x) = y. (14)

Definition 11 (see [16]). One says that F has the mixed
monotone property if

F(x,y)=x,

(%,9),(wv) e XXX, x<u, y>v=F(x,y) < F(u,v).
(15)

Denote by O the set of functions ¢ : [0, +c0) — [0, +00)
satistying the following.

(®,) ¢ is continuous;

(D,) ¢ is nondecreasing;
(@) ¢~'({0}) = {o}.
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The following two lemmas are fundamental for the proof
of our main result.

Lemma 12 (see [17]). Let (X, X) be a partially ordered set and
suppose that there exists a metric d on X such that (X,d) is
a complete metric space. Let F : X x X — X be a mapping
having the mixed monotone property on X such that

y(d(F(xy), F ) <y (max{d (x,u),d (y,v)})
— ¢ (max{d (x,u),d (y,v)}),
(16)

forall x, y,u,v € X withx > uand y < v, where y,¢ € O.
Suppose also that (X, %, d) is regular and there exist x,, y, € X
such that

xo < F (x05 ¥0) » Yo = F (¥, %) - (17)

Then, F has a coupled fixed point (x*, y*) € X x X. Moreover,
if {x,} and {y,} are the sequences in X defined by

n=0,1,..., (18)

Xny1 = F(xn’ yn)’ Yn+1 = F(yn’xn)’

then
Jim d (x,,x7) = lim d (,,y") = 0. 19)

Lemma 13 (see [17]). Adding to the hypotheses of Lemma 12
the condition (X, <) is directed; one obtains uniqueness of the
coupled fixed point. Moreover, one has the equality x* = y*.

3. Main Result

Let Banach space E = C([0, 1]) be endowed with the norm
lulloo = maxy,,|u(t)|. We define the partial order < on E by

u,veE, uxvesu()<v(t) Vtel[0,1]. (20)

In Example 9, we proved that (E, <) with the classic metric
given by
u,veE (21)

du,v) = llu =Vl

satisfies the following properties: (E, <) is directed and
(E, %,d) is regular.
Define the closed cone P ¢ E by

P={ucE:uxo0}, (22)

where 0 denotes the zero function.

Definition 14. One says that (u™,u") € C([0, 1])xC([0, 1]) isa
coupled lower and upper solution to (2)-(3) if, forall ¢ € [0, 1],
one has

1

u (t) < J G(t,s) f(s,u” (s),u’ (s))ds

0

ta—l

e (- pE)

m—2 1
x Y B L H(&,s) f(su (s),u" (s))ds,
i1

(23)
1

ut(t) > J G(ts) f(ssu' (s),u (s))ds

0

totfl

(- pE?)

m—2 1
X Z/)’l L H(&,s) f(s,u” (s),u (s))ds.

The main result of this paper is the following.
Theorem 15. Suppose that the following conditions hold.
o < & <& < - < &,, < 1 satisfies 0 <
YA BET < 1with ;> 0fori=1,...,m—2;

(i) f: (0,1] % [0, +00) x [0, +00) — [0, +00) is continu-
ous, lim, _, g+ f(£,+,+) = +00;

(iii) there exists 0 € (0,1) such that t — t°f(t,x,y) is
continuous on [0, 1] for all x, y € [0, +00);

(iv) there exists

0<A

< 1- Zgz /31‘5?7071 a1 I(1-0) -1
I\ 1-YrRpE? a-o ) (a-DIa-o)

(24)

such that for all x, y, z, w € [0, +00) withx > z, y < w
andt € [0,1],

0<t(f(txy) - f(tzw)
< Ay (max {(x - 2), (w - »)}),

(25)

where 17 : [0,+00) — [0, +00) is nondecreasing, f3 :
u-u-—nu) e d;

(v) equations (2)-(3) has a coupled lower and upper solu-
tion (u”,u*) € P x P.

Then,

(I) the boundary value problem (2)-(3) has a unique
positive solution u™ € C([0,1]);



(IT) the sequences {u, } and {v,} defined by
Ug=u,

1
”n+1=J0G(t>5)f(5)” (s),v,(s))ds
ta—l

(a—n@—z 2 BEe?)

<Y B H ) S (50,5, 9)ds

i=1

n=0,1,...,
(26)
vo=u',
1
o = | G039 F (5, (910, ds
0
-1
* m-2 =2
(a—1) (1 - 2in B )
<38 [

1=

f(sv,(s),u,(s))ds,
n=0,1,...,

. *
converge uniformly tou™.

Proof. Suppose that u is a solution to the boundary value
problem (2)-(3). Then, from Lemma 5, we have

1
u@zLG&Qf@M%u@Ms
ta—l

e (1o D pE) @7)

m—2 1
X Z,B, L H(&,s) f (s,u(s),u(s))ds,
i=1

forallt € [0,1].
Consider the operator F defined by

1
F(u,v)(t) = J-o G(t,s) f (s,u(s),v(s)ds
ta—l

-y BE?) (28)

+(oc—1)(1

m—2

xZ@jH@@f@

i=1

(s))ds,

forall ¢t € [0,1], for all u,v € P. From (iii) and Lemma 6, we
have that F(P x P) C P.

Journal of Applied Mathematics

Let (x, ¥), (u,v) € P x P such that x < wand y > v. From
(25), we have

STf(s,x(8),y(8) <57 f(s,u(s),v(s), Vsel[01].

(29)

Since the operator F is linear and increasing with respect to
the function f, we deduce that

F(x,y) () < F(uv)(t), Vse[0,1]. (30)

This implies that F has the mixed monotone property with
respect to the partial order < given by (20).
In the sequel, we denote

m-2
E= Y BE. (31)
i=1

Let (x, y), (u,v) € P x P such that x > uand y < v. For all
t € [0, 1], using (25) and Lemma 6, we have

|F (x, y) (£) = F (u,v) ()|

1
= L Gts)[f(s,x(s),y(s) — f(s,u(s),v(s))]ds

tafl
Ta-na-9
m—2
Y[ HEI (5. 0)
i=1
— f(s,u(s),v(s)]ds

1
= L Gt,s)s ’s" [f(s,x(5), y(s) = f(s,u(s),v(s)]ds
ta—l

Ta-na-9
1
X Z[Sl Jo H(&,s)s 7" [f (s, x(s), y(s))
—f(s,u(s),v(s)]ds

< r G(t,s)s ‘A (max{x(s) —u(s),v(s) - y(s)})ds
0
ta—l

Ta-na-g
YRRt

x (max {x (s) —u(s),v(s) — y(s)})ds
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< A (max{d (x,u),d (y,v)})

a—1

1 » 2
Xz?[oa,)f] <L G(z,s)s * ds + —(oc— a9
m—2 1
<Y B J H(,s) s_ads> .
i=1 0

(32)

Thus, for all (x, y), (u,v) € P x Psuch thatx > wand y <,
we have

d (F (x,y), F (u,v)) < Axn (max{d (x,u),d (y,v)}), (33)

where

1 o za—l
X 2323’1‘]00 Glas)sTds+ T
(34)
m—2 1
X Z B; J H(&,s) s_ads>
i=1 0
Now, let z € [0, 1]. We have
1
J G(z,s)s %ds
0
- Jz Z(x—l(l _ S)zx—Z _ (Z _ s)oc—l s—ads
) I'(a)
1 Zot—l(l _ S)a72 o
+ L T @ s “ds
_ 1 a—1 ! &2 0
= m <z Jo (1-35)""s"ds -

- r (z - s)a_ls_ads>
0

_ z(x—l ! a-2 -0
_F((x)<.[o (1-95)""s"ds
_ 1-0 ! _ a-1 —o >
z JO (1-9)""s"ds
a—1
_ z _ _ _ -0 _
= (BU-0,a-1)-2"7 B(1-0,0)),

where B denotes the beta function. Recall that beta and
gamma functions satisty the following properties:

b-1 s = I1(“)1“(19)
F(a+b) (36)

1
B@M:LO—)

I'(a+1)=al(a) fora,b>0.

Thus we have

Za— 1

I'(x)

1
J- G(z,s)s P ds= (1——1 1‘7>B(1—ooc—1)
0 a-o

(37)

Using the same computation as above, we can show that, for

alli=1,...,m— 2, we have
rH(ﬁ s)s ds = (X—_lf“*z (1 —§17‘7)B(1 —o,a—1)
o 7 T T f ’ '
(38)
Now, (37) and (38) give us that
! -0
LG(z,s)s ds+( 1)(1 Z/jlj H(§,s)s™d
_ Za_l l_g -1 1 -0
_F(oc)(l—f - cr )B(l—aoc 1),
(39)
where
m—2
E= Y p& (40)

i=1

But the maximum of the above function depending in z is

attained at z = 1. Then
_(1—§_a—1 B(l-o,a—1)
- 1-¢& a-o I'(x)
(1-&8 a-1 I'(l1-o0)
\1-¢ a-0)(@-DI(a-0)

Now, it follows from (33), (41), and condition (iv) that

(41)

v (d(F(x,5),F (u,v)))

<y (max{d(x,u),d(y,v)}) - ¢ (max{d (x,u),d (y,v)}),
(42)

with y(t) = tand ¢ = 3.

Finally, taking (x,, ¥,) = (u",u") € P x P, we have from
condition (v) that x;, < F(x, ¥,) and y, = F(y,, x)-

Now, from Lemmas 12 and 13, there exists a unique u™ € P
such that u* = F(u",u"); that is, u* is the unique positive
solution to (2)-(3). The convergence of the sequences {u, } and
{v,} to u” follows immediately from (19). This makes end to
the proof. O

Example 16. Consider the fractional boundary value problem

2
D u (t) + % (u t) +

>=0, 0<t<l,
(43)

1
u(t)+1

u(0)=u' (0) = 2 (1) =u G) (44)



In this case, we have

5 1 1
2<(X:E<3, ﬁl:z) E]ZZ)
1 = 1
f:—, f:_)
4 8 (45)
C(t-1/2) 1
Floxn) = 5 (5 17),

vVt €(0,1], x, ¥y > 0.

Note that f is continuous on (0, 1] x [0, +00) X [0, +00) and
lim, 4+ f(t,-,-) = +00.Leto = A = 1/2 and 5(t) = (1/2)t.
Forall x, y,z,w € [0,+00) with x > z, y <wand t € [0,1],
we have

0< 82 (f (t.3.9) - f (b 2w)
2 _
ST PR CLS)

2 (y+1)(w+1)

12
S(t—5> max {x — z,w — y} (46)
< }lmax{x—z,w—y}

= Ay (max {x — z,w - y}).

On the other hand, we have

1 1-B&! Ca-l I(1-o0) -
0<A_5<[< 1-B&e2 oc—a)(oc—l)l"(oc—o)]

s

5

(47)

Now, since G, H, and f are nonnegative continuous
functions, it is easy to prove that u~ = 0 is a lower solution to
(43)-(44). Moreover, for all ¢ > 0, we use (37), (38), and (41)
to obtain

rcmgf@amm
0

tot—l 1
+@Tﬁﬁjg&£fﬂ%ﬂfuqmm

< c;—l (JOIG(t,s) s %ds
(48)
t(x—l 1 o
+—(oc—l)(1—€)ﬁ1 L H(&,s)s ds)
_ctl 1-8 a-1 I'(l-o0)
-8 1-¢& a-0/)(a-1)T(x-0)
—M c+1).
144
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Then, an upper solution u* to (43)-(44) will be any constant
¢ > 0 satisfying

5V (c+1<ec (49)

Finally, from Theorem 15, Problems (43) and (44) have a
unique positive solution.
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