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Firstly, we show a connection between the first Lucas sequence and the determinants of some tridiagonal matrices. Secondly,
we derive the complex factorizations of the first Lucas sequence by computing those determinants with the help of Chebyshev
polynomials of the second kind. Furthermore, we also obtain the complex factorizations of the second Lucas sequence by the
similar matrix method using Chebyshev polynomials of the first kind.

1. Introduction

Given two nonzero integers P and Q satisfying P> — 4Q #0.
The first Lucas sequence {U,(P,Q)},so and the second Lucas
sequence {V, (P, Q)},, are defined by the recurrence relations

U, (P,Q) =0,

U, (P,Q =1, )
U,P,Q) =PU,,;(P,Q-QU,,(PQ), nx2

Vy (P,Q) = 2,

V, (P,Q) = P, (2)
V,(P,Q) =PV, (P,Q-QV,,(P,Q, nx2

respectively.

By assigning P and Q some special values, we will
see some well-known Lucas sequences, which are impor-
tant historically and for their own sake. The numbers
{U,(1,-1)},5, are called the Fibonacci numbers while the
numbers {V,(1,-1)},5, are called the Lucas numbers, the
numbers {U,(2,-1)},5, and {V,(2,-1)},, are the Pell
numbers and the Pell-Lucas numbers, {U,(1,-2)},5, and
{V,,(1,-2)},5¢ are Jacobsthal numbers and Jacobsthal-Lucas
numbers, respectively, {U,(3,2)},, are Mersenne numbers,
and so on.

There is along tradition of using matrix methods to study
Lucas sequences [2-5]. In 2003, Cahill et al. obtained complex
factorizations for Fibonacci numbers and Lucas numbers by
using the determinants of two slightly different sequences
of tridiagonal matrices [2]. They used the n x n tridiagonal

matrix M(n) with entries m, = 1(1 < k < n), and
My = My =1 (2 < k < n) to prove that
n—1
ik
Fn=H<1—21C°S_)’ n>?2, (3)
n
k=1

where F,, is the nth Fibonacci number and i = v/~1, and also
used the n x n tridiagonal matrix S(n) with entries s, ; = 1/2,
ik =1 Q2 <k<mnands, =54, =i(2<k<n)to
prove that

n
L, = H(l ~2ic
k=1

where L, is the nth Lucas number and i = v-1. In 2011,
Burcu Bozkurt et al. obtained the complex factorization of the
second Lucas sequence {V,, (P, —1)},5, [4]:

Vn:ﬁ<P—2icosM>, nx1, (5)
k=1

n

(k- (1/2))
oS——

n

>, n>1, (4)

by using the n x n tridiagonal matrix D(n) with entries d, ; =
P/Z, dk,k =P (2 <k< 7’1), and dk—l,k = dk,k—l =i (2 <k< 7’1),
where i = V-1.
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In this study, number theory and linear algebra (with the
help of orthogonal polynomials) are similarly intertwined to
yield the complex factorizations of the first and second Lucas
sequences.

Now we give the following lemma which will be needed
later.

Lemma 1 ([2]). Let {H(n),n = 1,2, ...} be a sequence of tridi-
agonal matrices of the form

hl,l h1,2
h2,1 h2,2 h2,3
h3,2 h3,3
H(n) = . (6)
’ ’ hn—l,n
hn,n—l hn,n

Then the successive determinants of H(n) are given by the
recursive formula:

|H (D] = h1,1» [H(2)] = h1,1h2,2 - h1,2h2,1>

|H ()| = h,,,, [H (n = 1)] 7)

-h,  ,h,, o IHR=2), n=3.
2. Complex Factorizations of
the First Lucas Sequence

First of all, we introduce the tridiagonal matrix sequence
{A(n),n = 1,2,...} and express the first Lucas sequence
U, (P, Q) by the determinant of A(n — 1) for n > 2. Then we
use this connection to prove the explicit formula for U, (P, Q)
which is a generalization of the Binet Form for U, (P, -1).

Theorem 2. Let {A(n),n = 1,2,...} be a sequence of tridiago-
nal matrices of the form

P «
B P «
P
An) = P (8)
.. '.' (X
B P

with af3 = Q, where P and Q are nonzero integers satisfying
P? — 4Q #0. Then

U,P,Q) =]An-1)] forn=2, 9)
U,(P,Q) = a; : b” for n >0, (10)

where |-| denotes the determinant a and b are roots of x?—Px+

Q=0.
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Proof. According to Lemma 1, successive determinants of
A(n) are given by the recursive formula:

IAWI=P, |AQ)I=P-Q W
|JA()| = P|A(n-1)|-QlA(n-2),

Clearly, this is also the first Lucas sequence, starting with
U, (P, Q). Therefore,

U, (P,Q =A(n-1)

n=3.

for n > 2. (12)

Since a and b are roots of x> — Px + Q=0,
a+b=P, ab=Q. (13)

Note that Uy(P,Q) = 0 = (a° — b°)/(a - b) and U,(P,Q) =
1= (a' = bY)/(a -b). In order to prove (10), it is sufficient to
prove

a®-bv"

[A(n—1)| = forn>2 (14)

by (9). Now we prove (14) by induction on n. When n = 2, 3,
we have

2 12
A =P=a+b=L"Y
a-b
313
AQ)| =P -Q=(a+b’-ab=a*+ab+b* =2 Z
-
(15)

Next we assume (14) holds for 3 < n < k. Thenwhenn = k+1,
we have

|A(k)| = P|A(k-1)] - QJA (k- 2)]
= (a+b)|A(k-1)|-ablA(k-2)|

_ (a.,.b)ak_bk _abak Lkt
a-b a-b (16)
_d" - abt 4 d - b - b+ ab
N a-b
ak+1 _ bk+1
a-b
Hence, (14) is proved. ]

Now we give two complex factorizations and one explicit
formula of the first Lucas sequence by using the determinants
of tridiagonal matrices and Chebyshev polynomials of the
second kind.

Theorem 3. The first Lucas sequence {U,(P, Q)},5, satisfies

n-1

Un(P,Q)=H<P+2\/—cosk—ﬂ>, n>2 (17)
n

k=1

n—1

U, (P,Q) = H(P—Z\/acosk—ﬂ>, n>2 (18)
n

k=1
n-1sin (narccos (P/2+/Q))
sin (arccos (P/2/Q))

U, (P.Q =(VQ) n=1,
(19)

where \Q = \/=Q1i and i = V-1ifQ is a negative integer.
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Proof. Choosing e = 8 = v/Q in {A(n),n = 1,2,...}, where
4/Q represents /-Qi when Q is negative, we obtain a
sequence of tridiagonal matrices {B(n),n = 1,2,...} of the
form

P \Q
V@ P A
VvQ P -
B(n) = . (20)
. . \/6
VQ P
Then
Upy (P,Q) = [B(m)| forn=1 (21)

by Theorem 2. Considering that the determinant of a matrix
can be found by taking the product of its eigenvalues, we will
compute the spectrum of B(n) in order to find an alternate
formulation for |B(n)|.

We now introduce another sequence of tridiagonal matri-
ces {G(n),n = 1,2,...}, where G(n) is the nxn tridiagonal ma-
trixwith g, , =0 (1 <k <mand g 1 = grp1 =12 <
k < n). That is,

01
101
10
Gn) = . (22)
o1
10

Note that B(n) = PI, + v/QG(n), where I, is the n x n identity
matrix. Let A, k = 1,2,...,n, be the eigenvalues of G(n) with
associated eigenvectors x;. Then for each 1 < j < n, we have

B(n)x; = (PL,+ QG (n)) x;
= PLx; + VQG (n) X;
=Px;+ \/é)tjxj
= (P + \/a)tj)xj.

(23)

Therefore, P + \QAy, k = 1,2,...
B(n). Hence,

,n are the eigenvalues of

n

(P+VQA,), n>1 (24)

k=1

B (n)| =

Next we compute A;’s by recalling that each A, is a zero
of the characteristic polynomial p,(A) = |AL, — G(n)|. Notice
that

A -1
-1 A -1
-1 A
AL -G (n) = ; (25
. . 1
-1 A

we use Lemmal to obtain a recursive formula for the
characteristic polynomials of {G(n),n = 1,2,...}:

pV=A  pN)=1-1,
Pu (A) = )Lpn—l (/\) = Pna2 (/\) >

(26)
n=3.

This family of characteristic polynomials can be transformed
into another family {U,(x),n = 1,2,...} by the transforma-
tion A = 2x as follows:
U, (x) = 2x, U, (x) = 4x* -1,

(27)
Un (X) = 2XUrH (x) - Un—z (x) > nzs3,
and this family {U,(x),n = 1,2,...} is the set of Chebyshev
polynomials of the second kind. It is well known [6] that
defining x = cos 0 allows the Chebyshev polynomials of the
second kind to be written as follows:

sin[(n+1)0]

28
sin @ (28)

U, (x) =

From (28), we can easily see that the roots of U, (x) = 0 are
0 = kn/(n+ 1),k = 1,2,...,n, or equally, x;, = cosf, =
cos(kmr/(n + 1)), k = 1,2,...,n. So we get the eigenvalues of
G(n) as follows:

krm
Ap = 2cos R

k=12,...,n (29)
n+1

Combining (21), (24), and (29), we finally have

n

Ut Q) =] (P +2+/Qcos

k=1

km
n+1

), n>1, (30)

which is equivalent to (17). Moreover, by takingk = n+1—t,
we get

U, (P,Q) = ﬁ(P+ 2\/—cos<rr— t—”))

1 n+1

).

(31)

\%
=

=ﬁ<P—2\/—cos

trr
1 n+1

which is identical to (18).



From (25), we can think of Chebyshev polynomials of the
second kind as being generated by determinants of successive
matrices of the form

2x -1
-1 2x -1
-1 2x -,
H(n,x) = , (32)
S|
-1 2x

where H(n, x) is n x n. Note that B(n) = —/QH(n, —P/2~/Q).
So we obtain

B0l = (V)" [t (5 )| = (V@) U (575 ).
33

Since the Chebyshev polynomial of the second kind U,,(x) is
an even or odd function, involving only even or odd powers of
x, as nis even or odd, the right side of (33) can be represented
as

n P n p
. (55) - (DU (5g) e
Combining (21), (33), (34), and (28), we derive
nsin ((n + 1) arccos (P/21/Q))

Uit (P,Q) = (\/6) sin (arccos (P/2/Q)) et
(35)
which is identical to (19) since it also holds for n = 0:
L osin (arccos (P/2+/Q))
U, (P.Q =1=(VQ) cin (arccos (P/24Q)) (36)
O

Remark 4. For P = 1, Q = -1, (18) and (19) are exactly the
formulas for Fibonacci numbers in [2].

3. Complex Factorizations of
the Second Lucas Sequence

The complex factorization of {V,(P,-1)},., was derived in
[4], and we generalize the formula to {V,(P,Q)},5, for any
integer Q in the following theorem.

Theorem 5. The second Lucas sequence {V, (P, Q)},~, satisfies

V,(P,Q) = ﬁ<P+2\/6cosw>, n>1,
k=1 n
(37)

V,(P,Q) = ﬁ(P—zx/écosw>, n>1,
A n

=1
(38)
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n p
V,(P,Q) = 2(\/6) cos <n arccos <%)>, nx1,
(39)
where \Q = \/=Q1i and i = V-1ifQ is a negative integer.

Proof. In order to obtain (37), we introduce a sequence of
tridiagonal matrices {F(n),n = 1,2, ...} of the form

N
vQ P \Q
F(n) = vQ Pt , (40)
VQ
VQ P

where /Q represents /—Qi when Q is negative. Then
V, (P,Q) =2|F (n)| (41)
by Theorem 1 of [4]. Unlike the derivation in Theorem 3, we

will not compute the spectrum of F(n) directly. Instead, since
L, + eel | = 2, we have

IF ()| = 5 |(L, +eief ) F ()], (42)

Y-

where I, is the n x n identity matrix and e; is the jth column
of I,,. Moreover, we can express the right-hand side of (42) as
follows:

% (1, + eref ) F(m)| = % |PL,+ VQ(Gm) +eye5 )|, (43)

where G(n) is the n X n matrix defined in Theorem 3. Let
e k = 1,2,...,n be the eigenvalues of G(n) + e;e) with
associated eigenvectors y,. Then for each 1 < j < n, we get

(PIn + \/G(G (n) + eleg)) Yj
=PlLy; + \/a(G (n) + ele;) i
(44)
=Py; + \/aﬂj}’j

= (P+VQu) y;

Therefore, P + \/Quy, k = 1,2,...
PI, + \VQ(G(n) + eleg). Hence,

,n, are the eigenvalues of

n

|(In +eleT)F(n)' = H(P+ \/C_ka), n>1. (45)

k=1
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Next we compute y;’s by recalling that each yy is a zero
of the characteristic polynomial gq,(u) = |ul, - (G(n) +
eleZ)I. Since |(I,, — (1/2)elelT)| = 1/2, we can represent the
characteristic polynomial as follows:
1
q,(u) =2 |<In - zelelT) (uI, - (G (n) + eleZ))l . (46)
Notice that

I r
(In - Eele1

N——

(yIn - (G (n) + elezT))

£
2
-1 u -1 (47)
-1
-1 u

We use Lemmal to obtain a recursive formula for the
characteristic polynomials:

2

“ u
= —, = — — 1)
Q=% @)=7

(48)

Gn (1) = G,y (1) = Gur (), n=3.

This family of characteristic polynomials can be transformed
into another family {T,,(x),n = 1,2,...} by taking y = 2x:

T, (x) = x, T, (x) = 2x% -1,
(49)

T,(x)=2xT,; (x)-T,, (x),
In fact, this family {T,(x),n = 1,2,.. .} is the set of Chebyshev
polynomials of the first kind. It is well known [6] that defining

x = cos 0 allows the Chebyshev polynomials of the first kind
to be written as

n=3.

T, (x) = cosn0. (50)
It is easy to see that the roots of T} (x) = 0 are given by 0, =

(k= Q/2)mn/n k = 1,2,...,n, or x, = cos0, = cos(k —
(1/2))/n, k = 1,2,...,n. Thus, we derive

(k-(/2)m
- ,

W = 2 cos k=12,...,n (51)

Combining (41), (42), (45), and (51), we finally have

n

Vn(P,Q)=H<P+2\/_cos(k_(¢>, n>1.

k=1
(52)
Furthermore, by taking k = n + 1 — t, we obtain
V,(P,Q) = ﬁ <P+2\/_cos (rr— M))
t=1 n
= Q(P—Zx/acosw» ns 1.
(53)

Equations (37) and (38) are proved.

Now we think of Chebyshev polynomials of the first kind
from (47) as being generated by determinants of successive
matrices of the form

x -1
-1 2x -1
-1 2x -,
K (n,x) = , (54)
SR
-1 2x

where K(n, x) is n x n. Note that F(n) = —+/QK(n, —P/2~/Q).
So we get

IF ()] = (-VQ)" ‘K(n,—%)‘ = (-VQ)'T, (-%).
(55)

Since the Chebyshev polynomial of the first kind T,,(x) is an
even or odd function, involving only even or odd powers of
x, according as # is even or odd, the right side of (55) can be
represented as

n P n P
_ T((-——— )= T |—). 6
(VT (~505) - (T (555)- 69
Combining (41), (55), (56), and (50), we derive

> 1.

V., (P,Q) = 2(\/6)n cos <narccos (%)), n>

(57)

Equation (39) is completed. 0

Remark 6. For P = 1,Q = -1, (38) and (39) are exactly the
formulas for Lucas numbers in [2].

Remark 7. For Q = -1, (38) and (39) are exactly the formulas
for {V,(P,-1)} in [4].

4. Examples
Finally, we give some examples.

Example 1. Choosing P = 2,Q = —1, we can get the complex
factorization of Pell numbers by (17). Let P, be the nth Pell
number and i = V—=1. Then the fourth Pell number is

3
P =U,2-1)=]] (2 + 2icos%">

k=1

2
= (2 + Zicosz> <2 + 2icos—n>
4 4

(58)
X (2 +2i cos%)

(2+V2i) (2+0) (2 - V2i)

12.



Example 2. Choosing P = 1,Q = -2, we can get the complex
factorization of Jacobsthal numbers by (18). Let J,, be the nth

Jacobsthal number and i = +/—1. Then the third Jacobsthal
number is

2

. km
U,(1,-2) = H(l —2\/§1cos?>

k=1

J3

<1—2\/§icos§)(l—2\/§icos2§> (59)

(1 2) (1 + Vai)

Example 3. Choosing P = 2,Q = —1, we can get the complex
factorization of Pell-Lucas numbers by (37). Let p, be the nth
Pell-Lucas number and i = v/~1. Then the third Pell-Lucas
number is

3

;.- =[] (2 +2icos

k=1

k-(1/2
P ( (3/ ))ﬂ)

. T . 3 . 5
<2 +2i cos—> <2 +2i cos—) (2 +2i cos—) (60)
6 6 6

(2+V3i) 2+0) (2 - V3i)
= 14.

Example 4. Choosing P = 1,Q = -2, we can get the complex
factorization of Jacobsthal-Lucas numbers by (38). Let j, be
the nth Jacobsthal-Lucas number and i = v—1. Then the third
Jacobsthal-Lucas number is

3
J3=V5(1,-2) = H <1 - Zﬁicos%>

k=1

<1 - 2\/51cos%> (1 —Zﬁicos%{)

x(l—Z\/iicosS?ﬂ) (61)

(1-6i) (1-0)(1+ V6i)

=7.

5. Conclusion

We use the tridiagonal matrices B(n) and F(n) to obtain
the complex factorizations of the first and second Lucas
sequences, respectively. It is possible to find other suitable
matrices for different factorizations of Lucas sequences.
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