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Dedicated to Professor Ky Fan

Morse theory is an important part of critical point theory. A fashionable
version of Morse theory, which implies Morse inequalities as consequences, de-
scribes a Morse function on an oriented compact differentiable manifold without
boundary by a cohomology complex or a chain complex {Cj,0}. In J. Mil-
nor [Mi], Cx, = @ Z(x), where x is a critical point with Morse index k, and
0 is the boundary operator, i.e., > = 0, determined by the matrix of inter-
section numbers of oriented right hand spheres with left hand spheres having
oriented normal bundles. And in E. Witten [Wi], C}, is the linear space of the
k-“harmonic” forms of a certain Laplacian related to the given function, and
0 is a certain exterior differential operator. This version of Morse theory was
generalized to infinite-dimensional manifolds by Floer in his study of symplectic
geometry [F1].

However, Morse inequalities for manifolds with boundary have been known
to be useful in applications. The main purpose of this paper is to extend Witten’s
approach to that situation, i.e., we shall prove

THEOREM. Suppose that f is a Morse function defined on an oriented com-
pact manifold M with boundary. Define

4P = tdf A+ dP
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326 K. C. CHANG J. Liu

with domain D(dY) = HYAP(M). Define also the Laplacian
AP = dPdp + dy P
with domain
D(APY = {w € H?AP(M) : svw|gpr = *vdyw|on = 0}.

Let X? be the span of the eigenvectors of AL with eigenvalues NP(t) satisfying
NP (t) < et. Then (XY,dV) is a cohomology complex for large t. (See Section 4

for the choice of € and the exzact expression for the dimension of XT.)
REMARK. If we take the following as domains:

D(dy) = {w € H'AP(M) : Tw|anr = 0},
D(AY) = {w € H?AP(M) : Tw|on = T diw|onr = 0},

then the conclusion of the Theorem remains valid.

1. Preliminaries

Let M™ be a compact manifold with boundary ¥ = 9M. The following
notations are used throughout this paper: A?(M) for the space of all L? p-forms
on M, and d for the exterior differential operator.

For a p-form, we write in local coordinates,

szaIdxl, I=(i1,...,0p).

If ¥ is along z,, = 0, and M is on the side x,, > 0, we call

! I 1 I
Twzg ardx’ and Vw:E ardx,

n¢l nel

the tangent part and the normal part of w respectively.

Given a Riemannian metric ¢ on M, we introduce the Hodge star operator
x: AP(M) — A"P(M), satisfying

wkw = (=P Py Yw e AP(M),
g(w,0) = w A (x0) Yw, 8 € AP(M),
and
x1 =1, *n =1,
where n = \/§dx1 A ... Adz"™. The codifferential operator d* is defined to be
(—1)"P=D+1sdx on AP(M).
According to Stokes’ theorem,

(do,w) :/Mdg A (xw) = <9,d*w>+/8 o N (xw),

M
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for all w € APTY(M) and g € AP(M). Since

/8M9A<*w>=[)M<fg>A<*uw>,

there are many ways of defining the domains of d and d* so that they are co-
adjoint, e.g.,
(1) D(d) = H'AP(M), the H' section of the bundle A” T* M,

D(d*) = {w € H*AP(M) : xvw|op = 0};
(2) D(d) ={w e H'AP(M) : Tw|onm = 0},
D(d*) = H'AP(M);
(3) D(d) ={w € H'AP(M) : Tw|on = 0},
D(d*) = {w € H'AP(M) : *vw|apn = 0}.

In all these cases, we have
(do,w) = (o0, d"w) Yo € D(d), Yw € D(d").
Under these boundary conditions, again, we have
d? = (d*)* = 0.
In fact, what we really want to show is the following:

CLAIM. If w € D(d) N H2AP(M) (or D(d*) N H2AP(M)), then dw € D(d)
(or d*w € D(d*) resp.).

It suffices to prove Tdw|gpr = 0 from 7w|opr = 0. Indeed, if w = Tw + vw =
(32" +3"Yay dz’, then

n—1
Tdw = Z Zlakajdxk Adxt.
k=1ngl

From aslsppr = 0, n ¢ I, it follows that Orarloar = 0 for k # n, ie.,
Tdw|on = 0.

Similarly, we now prove xvd*w|gy = 0 from svw|gpr = 0. Noticing that
d* = (=1)"P= D+ sk x(tw) = v(*w) and *(rvw) = T(xw), from *vw|opr = 0 it
follows that 7(*w)|gar = 0, i.e., *w € D(d). By the previous conclusion, we have
Td(*w)|onr = 0, so

awd*wloar = (~1)" D sy s (d ) oar = 0.

This proves d*w € D(d*).

Now let us define the Laplacian A = d*d 4+ dd* under various boundary
conditions so that it is self-adjoint:

(1) D(AP) = {w € H?2AP(M) : xvwlgnr = *vdw|snr = 0},

(2) D(AP) ={w € H2AP(M) : Tw|pn = Td*wlon = 0},

(3) D(AP) ={w € H2AP(M) : Tw|op = *vw|on = 0}.
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Case (1)’ associates with (1). Indeed, for w € D(A), both dw and d*w make sense.
From svdw|gpy = 0, it follows that dw € D(d*). And obviously d*w € D(d).
Similarly, case (2)’ associates with (2).

The self-adjointness of A follows from Green’s formula:

(Aw, 0) = (dw, df) + (d*w, d*0) +/ Td*'w A (xv0) — 70 A (xvdw),
oM

for all w,0 € H?AP(M).
In case (3), d*d and dd* do not make sense. However, A is defined by the
bilinear form

w, 0] = (dw,df) + (d*w,d*0)  Vw,0 € D(d) N D(d")

in case (3), and then the Friedrichs extension provides a self-adjoint operator.
In all these cases,

Aw=0 iff dv=d'w=0.

However, in case (3), there is no nontrivial harmonic form, according to the
Poincaré inequality. Therefore this is not the case of interest, and we restrict
ourselves to cases (1) and (2).

We have the following Hodge Theorem:

AP(M) = N(AP) & R(d"~") & R((d")"),
N(d") = R(d"™") & N (AP),
N((d*)P=") = R((d")") & N (AP),

where we use dP, (d*)? and AP to indicate the associated operators.

According to various boundary conditions,

HP L (M) in case (1),

N(AP) = N(dP)/R(dP~1) = { HP(M,dM) in case (2)

(cf. [GM], [Du], [DS], [DR]).

2. Witten complex

To a given 1-form A, one attaches an exterior differential operator
(2.1) dyw =ANw+dw

with D(dy) = D(d). We have d3 = 0 if X is exact.
Similarly, we define d§ = (—1)"P~Y xdyx*, thus

(2.2) dw =iyw+ d*w,
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where i is the interior product, with D(d}) = D(d*). We have d3* = 0 if ) is

exact. Define

(2.3) Ay = dydy +drdy,
where D(Ay) = D(A). We have the expression

(2.4) Ay = A +t2g(\, ) +tPy,

where
Pyw = iydw + d(iyw) + d*(AAw) + AN d*w.

It is known that Py commutes with multiplication, i.e., for all p € C*°(M),

(2.5) Py (pw) = o(Prw).
Now, for a function f € C?(M,R'), we use the shorthand
dtw = dtdfw,

and similarly for dj and A,;.

In a conformal metric,

82
Pyw = PN dggn]w.
W > Do [dx’ A Qger|w

Now, for the pair of differential operators d;, dy, we call the complex
E={AP(M):p=0,1,...,n}, di={d}:p=0,1,... ,n—1}

with
0 AO(M) — ... — AP(M) 25 APFY (M) — ... 0

the Witten complex. With the given domains as boundary conditions, again we

have the Hodge decomposition:
AP(M) = N(A?) @ R(d; ™) @ R((d;)P),
N(df) = R(d}™") @ N (A}),
N((d;)P™") = R((d;)") @ N(A}),
and
(2.6) N(A?) = N(d})/R(d{™") = N(AP).
Indeed, only the last relation is to be verified. By looking at the complex

0 — AOM) — ... — AP(M) 25 APHY(M) — ... — 0

e—th/ e—tfi e—tfi

0 — AYM) — ... — AP(M) 5 ArH(M) — ... — 0
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one sees that R(d’™") and R((d)P) are isomorphic to R(d?~!) and R((d*)?)
resp. This proves N(A?Y) = N(AP) for all ¢.
In the following, we assume that f satisfies the general boundary conditions,
i.e., f has no critical point on 9M, and both f and f: floar are Morse functions.
Let
Yr ={z e X: £({df(z),n(x)) <0},

where n(z) is the unit normal vector on ¥, and let

5 ¥_  in case (1),
T ¥4+ in case (2).

In a local chart about x, we take 2’ = (21,...,2,—1) along T,(X), and the
y axis directed opposite to n(z).
Let K(f) ={«7,...,2%} and K.(f) = {y5,... , s} be the critical sets of f

~

and f

», respectively. We have the Morse lemmas
* 1 -
(2.7) Fa)= fa) g S, =1,
k=1

in a local chart about x*, and

o~

n—1
1
(2.8) fl@)=Ffly" )+ wan Ly, e ==£l,
2
k=1

in a local chart about y* € X+.
In a local chart about z* (and y*) under the flat metric, the Laplacian AY
is expressed as follows:

n n—1
82
(2.9) Z Hi ¢ (and Z My + < ~ e + t2) resp.>,
k=1

k=1
where

0? .
Hie = 02 + tzivi + t,uk[d(L'k A Ggph]-
k

For all * € K(f), we define a self-adjoint operator A} . on AP(R") with
the same expression as in (2.9). Thus, N(A} ,.) is spanned by all p-forms of the

t n
b =t"*exp (— 2;x2>dml,
where T is a p-multiindex such that pr < 0 < py for k € I and &/ ¢ I.

~

Similarly, for y* € K.(f),A},- is defined on AP(R") with the same expres-
sion as in (2.9) and with boundary conditions either *(vw) = *(vdiw) = 0 on

form

y=0,or 7w =7djw=0o0ny=0.
Again Af,y* so defined is self-adjoint.
We are going to find the kernel N(A? .).
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LEMMA 2.1. N(AP,.) is spanned by all p-forms of the form
1 n—1
o = 1D/ gy { - t(y +5 ; xﬁ) }dxf’

where I is a p-multiindex in {1,... ,n} such that pr < 0 < pg for k € I and
K ¢ I and n ¢ I in case (1), while n € I in case (2).

ProOF. We only discuss the case where the boundary condition for Aﬁy*
reads
sxvw = x(vdyw) =0 ony =0,

where d; = dygr and f is as in (2.8). Set
By ={w=e¢%uw, :w € H*AP(R" 1)},

E, = {w = ZaJ(x',y)de tay € H*(R%), / ay(,y)eWdy=0
n¢J 0

and dya;(z',0) +tay(2',0) =0; Jis a p—multiindex},
By ={we H*AP(R"}) : w =w; Ady, vwi =0 and w; |y—o = 0}.
We shall prove
(2.10) D(A? ) = By & B> & By,

Firstly, all F;, i = 1,2,3, are in D(Aﬁy*), i.e., the boundary condition is
satisfied.
Indeed, for w € By, vw = 0 so *(vw)|y—o = 0. Further, on y =0,

vdyw = —te”Wdy Awy + te¥dy Awy = 0.
For w € F», again vw = 0. Moreover,
vdyw = (9ya; + tay)dy A dx’

50 *(vdiw)|y—o = 0.
For w € E3, *(vw)|y=0 = *w1|y=0 = 0. From

vdiw = (tdf Nwi 4 dwi) A dy

and w1 |y=o = 0 it follows that *(v dyw)|y=0 = 0.

Secondly, E1, Fs and E3 are mutually orthogonal with respect to the inner
product of AP(R"}).

Thirdly, E1, Ey and E3 span D(A7,.).

Similarly, for the boundary condition

Tw=7djw =10 ony =0,
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we set
By ={w=e¢%uw Ady:w, € H*AP(R" 1)},

E, = {w = ZaJ(x',y)de tay € H*(RY), / aj(z’,y)e Wdy =0
neJ 0

and dya;(z',0) +tay(2',0) =0; Jis a p—multiindex},

and
E3 ={we€ H*AP(R}) : vw = 0, %w|y—o = 0}.

The verification of (2.10) is the same.

Now we show that for w = ardz’,

n—1
(2.11) (AL yew,w) > ] + 1Y (1+ ) w])?
k=1
ifu.) S E2 @E{;, and
n—1
(2.12) (AL rw,w) 28> (1 +ef) o]
k=1

if w € Eq, where

1 if kel,
el =
—1 ifk¢l

That (2.11) holds for w € Ej3 is verified by using the Hermite operators in
separate variables and the boundary condition. For w € FE5, since

/ / as(@, y) (=02 + 2)ay (2’ ) da’ A dy
rr-1.J0

-,

((0yar)* +t%a?) da’ Ndy + / ay(z',0)0ya,(z',0)d’,

n -1
¥ R

and

/ eityayaJ(x/vy) dy = _aJ(xlvo)a
0

< ([ ot mpa) ([ eva)

= (20)! / 10,a(a’ y) 2 d.

we have

‘ / e Yoyay(x', y)dy
0
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Therefore
/ ay(z',0)0ya,(z',0)ds" = — / |aJ(3:',O)\2dz’
]Rn—l Rnfl
1
> —f/ |3ya|2 dx’ A dy.

This proves (2.11).
For w € E1, since e~ is a solution of the equation

2 42
(-0, +17)v =0,

(2.12) follows directly.

Combining (2.11) and (2.12), we see that N(A},.) is spanned by the forms

o

Let us introduce a Hilbert space H = AP(R")* @ AP(R.)", where X* denotes
the s-fold product of a Banach space X. Moreover, let

AP = (AV oo AL AT AT

" N
txyo t,y%

be a self-adjoint operator on H, where A7 . (and A, .) is defined as above. We

obtain
THEOREM 1.
np in case (1),
dim N(AY) =m, +
np—1 n case (2),
where

my = #{z" € K(f) : ind(f,27%) = p},

np = #{y* € K.(f) : ind(f,y") = p}.

REMARK 2.1. The operator AY may have continuous spectrum.

3. The relationship between eigenvalues of A and A
We arrange the eigenvalues of AY and A} as follows:
0< N (@) <A@ <..., 0<tef <teh<...,
but ignore the continuous spectrum of A?. We shall prove

THEOREM 2. ()
tlggo kT = ek
The proof is divided into two parts:
(i) limsup, . t7'AP(¢) <€t
(ii) liminfs e 72D (2) > €F.
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The proof of (i) is quite similar to that for manifolds without boundary.
Write down the eigenforms of A} .. and Af, .

‘P?V,I:H\/EHNk(\/Exk)dII for z* € K(f),

k=1
n—1
P =e W [ VEHy, (Viay)ds'  fory* € K_(f),

k=1
where Hj(&) is the jth Hermite function, N = (Ny,... ,Ny), N' = (Ny,...,
N,,—1) and I is a multiindex. Let o € C*°(R"™), with 0 < p < 1, satisfy o(y) =1
if [y| <1/2 and o(y) = 0 if |y| > 1.

We pull back these functions, and glue them up to define a form on M:

(Z Z) (/503 (2)) (b7 01y (2),

where o, is an eigenform of A}, and (¢!,) is its jth component, « = (N!,... | N¥;
Nt ... N'%), and n; is the coordinate function in a neighborhood of z, (or
Y. d=J'or .

As in [An], [Ch], we have

(e ¥h) = dapl < Cagexp (- 5t'/°),
(04, S — ek + Bt )] < Cas o ( — 36149)
as t — oo, where ek, and ef; are the eigenvalues of t~ A} associated with ¢!, and

@l Tesp.
Applying the Rayleigh—Ritz Principle, it follows that

(3.1) limsupt 'AP(¢) < ef.

t—oo

Next we turn to the proof of the reverse inequality (ii).

Let Ujs (or Uj») denote a neighborhood of z7, (or y7,) on which the Morse
lemma holds, and suppose a metric g is constructed in such a manner that g|y,
is conformal.

Set (for ¢ large)

07 T Uj,
Jt(x) :{ #

’ o(t*Pnj()), =€ U;,

where j = j or j”, and set

Jb = (1 -3 (J;.)2> 1/2.

J
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By direct computation, one has
(3.2) A? = JEALTE+ > JIALTE =Y (V2
J J

where we use j to denote 7/ and j”.

We have
(3.3) (VJ;-)2 = O(t*/?),
and for w € D(AY),
(3.4) SOAL T w,w) = (Alwr,wr)

J

> tef > Tiwl? + (Fr(tw, w),
J

where wy = o(t*/°z) - w o nj_l(as) € H, and
(3.5) Fiu(t) = JIPL(AY —tel ) PLJL,
J
B, being the pull back of Py, which is the orthogonal projection onto the subspace
spanned by the first k eigenvectors of A?Y.

It remains to estimate (JEAY J{w,w). A new difficulty is the lack of positive
definiteness of AP on D(A?). Indeed,

(APw,w) = [[dw|]? + [|d*w] + /W(Td*w A (k) — 7 A ().
For instance, if xvw|ap = *(vdiw)|om = 0, one has
(APw,w) = ||dw|)® + ||d*w|)* + t/aM Tw A (xv(df Aw));
and if Twlgy = 7dfw|onm = 0, then

(APw,w) = ||de2 + ||al*wH2 — t/ Tigrw A (kvw).
oM

Since
TwA (xv(df Aw)) = g(Tw, Tw)Onf -
and
Tigrw A (xvw) = g(vw,vw)o, f - 1,
where

On f(z) = (df (z),n(z)) Vo € OM,
and 7 is the volume form on M, AP might be positive definite on D(AY) if
+0,f > 0 on OM in case (1) and (2) resp. However, generally speaking, this is
not true.
We only investigate case (1).
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To overcome this difficulty, let us define a 1-form A as follows. We choose Uj
and Uj» as above; let U’ = |J;, Uy, U” = ;. Uj», and let W be a neighborhood
of X_\U" with WNU’" = { for which there exists 9 > 0 such that

g(TdfaTdf”me‘:O VSUGW

The existence of g¢ is due to the fact that Tdf # 0 on X_\U".

One may choose an open set V such that VNX_ =0 and {U",W,V} is a
covering of M.

Let x1, x2 and x3 be a C®-partition of unity on M associated with
{U", W, V}, ie., suppx1 C U", supp xo2 C W and supp x3 C V. Set

vdf if O,f <0,
[vdf]- = ,
0 if 0,f >0,
and

A=x1(2)V1—y?dy + xa(2)[vdf] -,

where (2/,y) = n;»(x) for all z € U;» and all j".

LEMMA 3.1.
(3.6) (df =An(x) >0 VzeX,
(3.7) g(df,df) — g(A\, N)|z > €0 >0 Vo e M\(U ' uU").

ProOF. For z € supp x1 NX_,
8nf = _[Vdf]— = -1,

and x1 + x2 = 1, therefore (df — A\,n) = —1+ x1 + x2 = 0.
For x € ¥_\ supp x1,

8nf = 7[Vdf]— = -1,

therefore (df — A\,n) = —-1+1=0.

For x € £\X¥_,
therefore (df — A\,n) = 0, f > 0. Thus (3.6) is proved.

One may choose U’ suitably such that

g(df,df)|= > o Ve e M\U'.
This is due to the fact that K(f) C U’. Since
A=0 VzeV\(WuU"ut’),

for such x we have

g(dfvdf) _g(/\v)‘)LE Z £0-
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Finally, for x € W\U",
gldf,df) — g\ ) = g(rdf,7df ) + g(vdf, vdf) — x39([vdf]-, [vdf]-)
> g(rdf, 7df) > eo,
and (3.7) is proved.

LEMMA 3.2. Suppose e} <r < eiﬂ. Then for large t, there is a finite rank
operator Fy(t) : AP(M) — AP(M) with dim R(Fy(t)) < k and

AP > rtId + Fi(t).

PRrROOF. Obviously, the operator Fy(t) defined in (3.5) is of finite rank, and
dim R(Fy(t)) < k. As we have seen in (3.2)—(3.4), it suffices to estimate

(JEAT Jhw, w) > tel_ || Jw||?

for large t.
Indeed, from (2.4),

)
<J(§Ai)‘](t)w’w> = <AfJ(§w’ Jéw>
= (AP Jtw, Jiw) + t3(g(df, df ) Jtw, Jiw) + t(Py Jiw, Jiw
0 0 0 0 if <0 0
= (A} Jow, Jgw) + 2 ((g(df, df) — g(X, X)) Jgw, Jow)
+ t<Pdf_)\J8w, Jéw)
=T+ T+ T;.
Now, for all w € D(AY),
Ty = sl + izl + [ (=7 (i)
oM
+ 7dj\w A (xvw)
= ||dpwl® + [|diw|)? +t/ Tw A (*(df —A) Aw) >0
oM

by Lemma 3.1, if *(vw)|oy = *(vdiw)|op = 0. Similarly one reasons for the
other boundary condition by using

[0 itar<o,
Y= o, > o,

in place of [vdf]-_.
Obviously, since Py commutes with multiplication (cf. (2.5)), it is a bounded
operator on AP(M), and we have a constant C' > 0 such that

T3 > —Ct|| Jiw]||*.
We turn to estimating T». By Lemma 3.1, for x € M\(U' UU"), we have
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For x € U’, we have A = 0, and
2 —
gldf,df) = |a|* > ;=5
For z € U”, we have A = (1 — y?)dy, and
2 2 1
g(df,df) = g\ N) = [a' P + 4 = 17477,
Therefore
Ty > t* min (g9, $t=4/%) || Jéw||* > 1t5/5||J{w||®>  for ¢ large.

This proves the lemma.

The rest of the proof of Theorem 2 is the same as the proof for manifolds
without boundary; we refer the reader to [An], [Ch].

4. Cohomology complex

We introduce a new cohomology complex

XP = XP = {w € AP(M) : w an eigenvector of AY with eigenvalue A\ ()
satisfying AP (t) < et},

where
0<e <min{e’]\)/[erl :p=0,1,... ,n},

and

. » ny in case (1),
M, = dim N(A}) = m, + ]
np—1 in case (2)

(cf. Theorem 1). Thus, by Theorem 2,

np in case (1),
dim X? = m,, +

np—1 in case (2).
We are going to show that

n—1

(4.1) 0— X0yt g
is a cohomology complex.
Cram 1. df : XP — XPHL
For all w € X?, we have dYw = \(t)w, and
xvwloy = *(vdiw)|om =0 (or Twlon = 7(d})Pw|on = 0),

so that

*(vdPw)|onr = #v(dPT dPw)|opr = 0.
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The last equality follows from d? = 0. Moreover, we have
AP = @ N = a7 = A,
This proves the claim.
Cram 2. 477" xp — x»=1,

Indeed, Yw € XP, we have *(vw)|aon = *(vdlw)|on = 0.
Set 0 = d" 'w. Then %10|spr = *vd* 'w|on = 0 since *(vw)|on = 0 (see
§1). Moreover,

a0 = N = (B (1) — 47 .
Therefore
*(vd? 1 0)|onr = — #(wdiP (dPw))|opr =0 since *(vdPw)|on = 0,
i.e., we proved § € D(AP™"). Moreover,
AP Pt — (@ g PR = P T P = 4P AY,
Again, this proves the claim. Similarly, we verify the case (2).
CLAM 3. N(dP) = R(d*™') & N(AP).

It is easily seen that N(AY) ¢ X? N N(d}). Now, for w € XP N N(d¥) N
N(AD)*, we have

Pw=0, &P =N (Hw,
where A2 (t) # 0. Define = d;?~'w. By Claim 2, § € X?~'. Tt follows that
1 -1 -1

Finally, we have shown that the smaller cohomology complex (4.1) has the
following properties:
Ny in case (1),

dim X? = m,, + {

np—1 in case (2),

)

)
dim N (d?)/R(d?™") = { B, in case (1),

B, in case (2),
where
By = rank Hip (M) and ;= rank H?(M,0M).
As a consequence, Morse inequalities for M with boundary conditions hold,

i.e., for all ¢,

> (mg +ng — By)t <and > (mg+ng1 - ﬂ;)ﬁ) =(1+1)Q(1),

q=0 q=0

where @ is a formal series with nonnegative coefficients.
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REMARK 4.1. The two boundary conditions yield two different cohomology

complexes. However, anyone is the dual of the other, in the sense that the second

complex can be obtained by considering the first complex for the function —f

via the Poincaré duality theorem, and vice versa.

[An]
[Ch]

[DR]
[Du]

[DS]
(F1]
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