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1. Introduction

We consider the evolution part of the Cauchy problem in General Relativi-
ty [8] as the time history of the two fundamental forms of a spacelike hyper-
surface: its metric g and its extrinsic curvature K. On such a hypersurface,
for example an “initial” one, these two quadratic forms must satisfy four initial
value or constraint equations. These constraints can be posed and solved as
an elliptic system by known methods that will not be discussed here. (See, for
example, [8].)

The Ricci tensor of the spacetime metric can be displayed in a straightforward
3 + 1 decomposition giving the time derivatives of g and K in terms of the
space derivatives of these quantities. These expressions contain also the lapse
and shift functions characterizing the threading of the spacelike hypersurfaces
by time lines. However, proof of the existence of a causal evolution in local
Sobolev spaces into an Einsteinian spacetime does not result directly from these
equations, which do not form a hyperbolic system for arbitrary lapse and shift,
despite the fact that their characteristics are only the light cone and the normal
to the time slices [13].
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In this paper we present in detail, using “algebraic gauge” or a generalized
harmonic time slicing condition on the lapse function, a hyperbolic system for
these geometric unknowns that is based directly on the Riemann tensor, using
Bel [4] electric and magnetic fields and inductions, and the full Bianchi identities.
Its characteristics are the physical light cone and the time direction orthogonal
to the spacelike submanifolds M; of the chosen slicing. The spacetime curvature
tensor is among the quantities that are evolved explicitly. Its propagation is
coupled to that of the connection, extrinsic curvature, and metric of M; through
relations introduced by H. Friedrich [13], who obtained an analogous vacuum
system based on the Weyl tensor, causal but with additional characteristics. Our
system constitutes a complete first order symmetric hyperbolic system equivalent
to the usual Einstein equations including matter. This new system, which was
sketched briefly in [9], is completely equivalent to our previous one [10], [1], [2].
The space coordinates and the shift three-vector are arbitrary; and, in this sense,
the system is independent of a gauge choice. In fact, we can also make the lapse
function take arbitrary values by introducing a given arbitrary function into its
definition. Indeed, our procedure for the lapse function is equivalent to specifying
G '/2N as an arbitrary positive function of the spacetime coordinates.

2. Metric, connection and curvature

It is convenient to write the metric on the hyperbolic spacetime manifold
M; x R as

(1) ds? = —~N2(6°)? + g,,0'0",
with #° = dt and 0% = da® + 5idt, where 3¢ is the shift vector. The cobasis 0%
satisfies

(2) do~ = —%Cameﬁ NG,

with Co; = —C"jp = ;4" and all other structure coefficients zero. The corre-
sponding vector basis is given by e = 9; — (379, where 8; = 9/0t, 9; = 8/0x",
and the action of ey on space scalars is the Pfaffian or convective derivative

eolf] = of =0 f — 39, f.

We shall assume throughout that the lapse function N > 0 and the space
metric g on M, is properly Riemannian. Note that g;; = g;; and g9 =g, (An
overbar denotes a spatial tensor or operator.)

The connection one-forms are defined by

(3) w3y =T + 9% C (397 — C%3y/2,
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where (8v) = (By +70)/2, [87] = (By —v8)/2, and T denotes a Christoffel
symbol. We adhere to the convention

(4) Vot = 0u0° + 07?0

for the spacetime covariant derivative V, and likewise for the spatial covariant
derivative V;. The Riemann curvature tensor is given by

() R%Bp0 = 0pw®gs — Dow® 3y + wapw gr — W row™ g, — w*srC oo

and the corresponding Ricci identity is

(6) VaVauy — VVaty = Rap~us.
(The comma in Rqp.+s is used to distinguish the two antisymmetric index pairs
(3] and [y6].)
The connection coefficients are written in 3 + 1 form as
wijk = Fijk = fijk, wioy = NgijajN,
(7) whjo = —NK'; +9;8',  w; =w’9=N"'9;N,
w'o; = —NK';, W0 = N719yN,
and
(8) Wi = N_2509ij/2 =-N"'K,,

where K;; is the extrinsic curvature (second fundamental tensor) of M, and for
any t-dependent space tensor T, we define another such tensor 50T of the same
type by setting, as in (8),

~ 0
) bo=1
where L3 is the Lie derivative on M; with respect to the spatial vector 8. Note
that 8y and 9; = 9/0x" commute.

*‘6[37

3. Bianchi equations

We recall that the Riemann tensor of a pseudo-Riemannian metric satisfies
the Bianchi identities

(10) vaR,B'y,)\p, + vvRaﬁ,)\H + VﬁRwa’)\# =0.

These identities imply by contraction and use of the symmetries of the Riemann
tensor

(11) VaRgau+ VuRrg — VAR, =0,

where the Ricci tensor is defined by

Ra@au = Rﬁu'
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If the Ricci tensor satisfies the Einstein equations

(12) Rop = pag,

then the previous identities imply the equations
(13) VaRg 2, = Vapus — Vuprs-

Equation (10) with {af8v} = {ijk} and (13) with 8 = 0 do not contain deriva-
tives of the Riemann tensor transversal to M;; hence, we consider these equations
as constraints (“Bianchi constraints”). We shall consider the remaining equa-
tions in (10) and (13) as applying to a double two-form A,g x,, which is simply
a spacetime tensor antisymmetric in its first and last pairs of indices. We do not
suppose a priori a symmetry between the two pairs of antisymmetric indices.
These equations, called from here on “Bianchi equations”, read as follows

(14) VoA + ViAonaw + ViAo, =0,

(15) VoA au + VA" xu = Vapui — Viupai = Jouis

where the pair [Au] is either [0j] or [jI]. We next introduce [4] two “electric”
and two “magnetic” space tensors associated with the double two-form A, in

analogy to the electric and magnetic vectors associated with the electromagnetic
two-form F'. That is, we define the “electric” tensors by

(16) Eij=A%0; = —N"2A0i0j, Dij = nininjimA"™ /4,
while the “magnetic” tensors are given by

(17) Hij = N_l’r]ihkAhk,oj/Q, Bji = N_lmhkAOj7hk/2.

In these formulae, 7;;1 is the volume form of the space metric g.

LEMMA.

(1) If the double two-form A is symmetric with respect to its two pairs of
antisymmetric indices, then E;; = Ej;, D;; = Dj;, and H;; = Bj;.

(2) If A is a symmetric double two-form such that

(18) Aop = Ao 25 = Chap)
then Hij = Hji = Bji = Bij and Eij = D”

Proor. (1) If A is a symmetric double two-form, the proof is immediate.
(2) The Lanczos identity [17] for a symmetric double two-form, with a tilde
representing the spacetime double dual, is given by

(19) Aaﬁ,/\u + Aaﬁ,)\u = Coc/\gﬁu - Caugﬁ)\ + Cﬁugak - Cﬁ/\gauv
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with
(20) Cop = Aop — Agap/d, A= ANy,

The equalities E = D and B = H follow by a simple calculation that employs
the relation 7g;;; = IN1;j, between the spacetime and space volume forms. [J

In order to extend the treatment to the non-vacuum case and to avoid in-
troducing unphysical characteristics in the solution of the Bianchi equations,
we will keep as independent unknowns the four tensors E, D, B and H, which
will not be regarded necessarily as symmetric. The symmetries will be imposed
eventually on the initial data and shown to be conserved by evolution.

We now express the Bianchi equations in terms of the time dependent space
tensors E, H, D, and B. We use the following relations found by inverting the
equations (16) and (17)

21
22

23
24

2
Agioj = —N"Eyj,
Ank,0j = Nn'niHij,
Ankim = 0" 0’ 1mDij,

(
(
(
( Aojnk = Nn'niBj;.

)
)
)
)

We will express spacetime covariant derivatives V of the spacetime tensor A in

terms of space covariant derivatives V and time derivatives 50 of E, H, D and

B by using the connection coefficients in 3 + 1 form as given in (7) and (8).
The first Bianchi equation (14) with [Au] = [07] has the form

(25) VoAnk,0j + ViAon,0j — ViAok,oj = 0.

A calculation incorporating (7), (8) and (21)—(24), then grouping derivatives
using Jp and V;, yields the first Bianchi equation in the form

(26) 8o Hij) + 2NV Epyy + (L1)agj = 0,

(27) (L1)nk; = NK ' neHis + 2(VnN) Eygj + 2N0' 1, K 1, By
— (V'N)1 0™ 15 Dign.-

The second Bianchi equation (15), with [Au] = [05], has the form

(28) VoA 0; + VaA"; 0; = Jojis

where J is zero in vacuum. A calculation similar to the one above yields for the
second Bianchi equation

(29) 5oEij — Ny N Hij + (L2)ij = Joji,
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(30) (L2)ij = — N(trK)E;; + NK*;E; + 2NK;"Ey;
— (VpN)" Hyj + NK* 0™ ™1 D + (VPN i Ba.

The non-principal terms in the first two Bianchi equations (26) and (29)
are linear in E, D, B, and H, as well as in the other geometrical elements NK
and VN. The characteristic matrix of the principal terms is symmetrizable.
The unknowns Fj;y and H;(;), with fixed j and i = 1,2,3 appear only in the
equations with given j. The other unknowns appear in non-principal terms.
The characteristic matrix is composed of three blocks around the diagonal, each
corresponding to one given j.

The jth block of the characteristic matrix in an orthonormal frame for the
space metric g, with unknowns listed horizontally and equations listed vertically,
(j is suppressed) is given by

E, E, Es Hy Hy Hj3
(29), &o 0 0 0 N¢  —N&
(29)2 0 £o 0 —-N& 0 N&
(31) (29)3 0 0 o N¢&  —N&G 0
(26)23 0 —N&  Né& o 0 0
(26)31 N&s 0 —N& 0 o 0
(26)12 —N¢& Né& 0 0 0 o

This matrix is symmetric and its determinant is the characteristic polynomial of
the E, H system. It is given by

—N5(£&E0) (£al™)?.

The characteristic matrix is symmetric in an orthonormal space frame and the
timelike direction defined by 50 has a coefficient matrix Ty that is positive definite
(here Tp is the unit matrix). Therefore, the first order system is symmetrizable
hyperbolic. We do not have to compute the symmetrized form explicitly because
we will obtain the energy estimate directly by using the contravariant associates
E¥ HY, ... of the unknowns.

The second pair of Bianchi equations is obtained from (14) and (15) with
[Ap] = [lm]. We obtain from (14)

(33) go(nihkﬁjlmDij) + 2N0 1V 1By + (L3)heim = 0,
(34)  (La)nkim =2N0" i K7y e Din + 2007 1 (V1 N) By

+ 2NKl[hEk]m + QNKm[kEh]l + 2Hz[l (ﬁm]N)nihk.
Analogously, from (15) we obtain

(35) 50(77jlm31‘j) — No* 71V 1D + (La) it = — N Jimi,
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(36) (La)iym = — N(trK)1/ 1y Bij + 2N0" j,, K7y By,
+ 2N K" 07 11, Brj — (Vi N)7" 0™ 1y D,
— 2N i Hjpn K"y + 2B, Vi N.

Consider the system (33) and (35) with [Im] fixed. Then j in 7, is also
fixed. The characteristic matrix for the [lm] equations, with unknowns D;; and
Bi;, j fixed, with an orthonormal space frame, is the same as the matrix (31).

If the spacetime metric g is considered as given, as well as the sources, the
Bianchi equations (26), (29), (33), and (35) form a linear symmetric hyperbolic
system with domain of dependence determined by the light cone of g. The

coeflicients of the terms of order zero are VN or NK. The system is homogeneous

in vacuum (zero sources).

4. Bel energy in a strip

Multiply (26) by n;"*HY /2 and recall that n,"*nine = 26%, nan'™ =
5407, — 51,6, and Jyg’ = 2N K. Then we find that

(37) " HY 8y (1 i Hyj) /2 = Do(HiH7) /2 — My,
(38) My =0 s Hyn' ni Hij00 (9" g% g7™) /4
=N(trK)HY — KYHY + K, H")H,;.
Likewise, multiply (29) by E% to obtain

(39) E98yEij = 8)(Ey;EY) /2 — My,
(40) M, = N(KYEY + K E")E,;.
Multiply (33) by n,*ns!™ D" /4 and (35) by 1,!™B"* /2 to obtain analogous re-
sults for the second pair of Bianchi equations. Sum the expressions so obtained
from the four Bianchi equations (26), (29), (33), and (35). The spatial deriva-

tives add to form an exact spatial divergence, just as for all symmetric systems.
Indeed, we obtain

(41)  Go(|E]? + [H> + [D|? + [B[?)/2 + Vp(NEn' . Hy)
~ Viu(NBy'",D;) = Q(E,H,D,B) + S,

where we have denoted by |- | the pointwise g norm of a space tensor, and where
Q is a quadratic form with coefficients VN and NK given by

(42) Q= — " HY(L1)nkj/2 — EY(L2)i; — 0" 05" D" (L3) i im /4
— 0" B (La)iim /2 + (Vi N)E9n'™" i Hyy — (VuN) B Dy
+ My + My + M3 + My.
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The source term S, zero in vacuum, is
(43) S = Joij EY — N Ty ™ B™ /2.

We define the Bel energy at time ¢ of the field (E, H, D, B), called a “Bianchi
field” when it satisfies the Bianchi equations, to be the integral

1
(44) B(t) = 5/M (IEP* + [H[* + [D|* + [B|*)ssg, -

We prove the following

THEOREM 1. Suppose that g is C' on M x [0,T] and that the g, norms
of VN and NK are uniformly bounded on My, t € [0,T]. Denote by m(t) the
supremum

(45) m(t) = Supy, (IVN| + [NK]).

Suppose the matter source J € L*([0,T), L?(M,)), then the Bel energy of a C*
Bianchi field with compact support in space satisfies for 0 <t < T the following
inequality

) B0 < (50 [ e ar)exn (c [ () i),

where C' is a given positive number.

PrROOF. We integrate the identity (41) on the strip M x [0, ¢] with respect
to the volume element ig_d7. If the Bianchi field has support compact in space,
the integral of the space divergence term vanishes. The integration of a function
(%F on a strip of spacetime with respect to the volume form dr g _ goes as
follows

t t
(47) / O F dr pg = / / (0 — B'0,) F dr pg.
0 JM, 0 M,

t
:// d-(F(detg.)Y?) dr d’x
0 JM,

t
- / / (F(deth)‘l/Qar(detgT)W)ugTdT
0 M,

t t
[ [ VP s [ 5V g,
o JM, o Jm.
Therefore, if F' has compact support in space, we can express the right hand side
of (47) as

¢
(48) / F g, 7/ F g, +/ / N(trK)F pg_dr,
M., Mo 0o Jum,
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where we have used
(49) 0-(detg,)"/? = —(detg,) "/’ N(trK) + (det g,)"/*V, 5’

with tr K = K7 ;.
The integration of (41) on a strip leads therefore to the equality

(50) B(t) = B(0) + / / @+ S)g, dr

with

Q = Q+ N(rK)([E* + [H* + |D|* + [B[*)/2.
We deduce from this equality and the expression (42) for @ the following in-
equality, with C' some number

t t
(51) B(t) < B(0) +C/ Supy, ([VN|+ [NK|)B(7) dT+/ ISl 2 (ar, ) dr.
0 0

This inequality and the resolution of the corresponding equality imply the re-
sult. O

COROLLARY. If the metrics g, are complete, the inequality given in the the-
orem extends to C' Bianchi fields that are square integrable in Ug, -

PROOF. One uses a truncating sequence. U

REMARK 1. The quantities —V; N and —2Kj;; are, respectively, the (0k) and
(ij) components of the Lie derivative L, g of the spacetime metric g with respect
to the unit normal n of M;. (Its (00) component is identically zero.) The Bel
energy, therefore, is conserved if this Lie derivative is zero.

REMARK 2. Energy estimates for the double two-form A can be deduced
from the Bel-Robinson tensor of A when A is assumed to be symmetric in its
pairs of indices and when a timelike vector field has been chosen [11]. However,
we do not make such a hypothesis about the symmetry of A here.

5. Local energy estimate

We take as a domain ) of spacetime the closure of a connected open set
whose boundary OS2 consists of three parts: a domain w; of M;, a domain wg of
My, and a lateral boundary L. We assume L is spacelike or null and “ingoing,”
that is, timelike lines entering () at a point of L are past directed. We also
assume that the boundary 0f2 is regular in the sense of Stoke’s formula. We use
the identity (41) previously found and integrate this identity on  with respect
to the volume form pg_dr. Let f(t,z) =t + ¢(x) be the local equation of L.
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Set v; = 0;f = 0;¢ and vy = 1 — B'v;; these are the components in the coframe
0 of the spacetime gradient 0, f = V. Then we have from (41)

1
62 5 [ (EP+HP +DP + B,
1
~ 5 [ (EP+HP + DP + B g,
wo
1
+ [[[3(BR + 2 + 1P + B
L
+ N {(EAH)" — (B A D)h}} lig
t ~
0 wr
We have set

(BAR)" =9 BT H; =3 (BAH),

J
that is, (E A H)?j), for each fixed j, is the vector product in three dimensions of

the vectors £) and ﬁ(j). Therefore, the g norm of the vector (EAH)" satisfies

(53)  [EAH <3 IED Al < S IED|Hy| < (BE + [HP)/2.
j j
Let 7 = (1), vo > 0, and |Plg < N~ 1uy, that is, let v = (v, ;) be timelike
or null, as it must be for L. (Note that our sign conventions for v are suitable
for applications of Stokes’s theorem in a spacetime with signature (— + ++).)
We can now deduce from (53) and an analogous inequality for (D, B) that the
integral over L in (52) is non-negative. It is strictly positive if v is timelike.

REMARK. The integral over a null boundary L is also strictly positive if (53)
is a strict inequality. This will be the case if any of the norms of the vector
products of EW by H (j) is less than the product of the norms of these vectors,
that is, if any of these pairs of vectors are non-orthogonal: Ei(j)Hi(j) # 0 or
Dl )Bi(j) # 0 for some j. An analogous property has been obtained through
the use of the Bel-Robinson tensor of the Weyl curvature in [5].

We define B(w;) by replacing in the definition of B(t) the integral over M,
by an integral over w;

1
(54) Bw) =5 [ (BP+ HP + D + |BP) g,

A result of the non-negativity of the integral on L is that the inequality (51)
holds on © with B(7) replaced by B(w,), w, = M, N, and M, replaced by w.
Therefore the inequality (46) also holds with the same replacements. In par-
ticular, we have B(w;) = 0 if B(wp) = 0 and J = 0 (vacuum case). Then



EINSTEIN-BIANCHI HYPERBOLIC SYSTEM 363

E=H=D =B =0 in Q if they vanish on the intersection of My with the
past of Q. (Cf. for related results [5] and [20].) Note that such a result is not
sufficient to prove the propagation of gravitation with the speed of light because
it treats only curvature tensors that are zero in some domain, not the differ-
ence of non-zero curvature tensors. The Bianchi equations are not by themselves
sufficient to estimate such differences because their coefficients depend on the
metric, which itself depends on the curvature.

In the next section, we will give a further first order symmetric hyperbolic
system linking the metric and the connection to our Bianchi field. This further
system is inspired by an analogous one constructed in conjunction with the Weyl
tensor by Friedrich [13].

6. Determination of (', K) from knowledge of the Bianchi fields

We will need the 3 4+ 1 decomposition of the Riemann tensor, which is found
by combining (5), (7), and (8); namely,

(55) Rij = Rij i + 2K, Ky,
(56) Roiji =2NV[; Ky,
(57) ROz’,Oj = N(é\oKij + NKikKkj + ﬁ,a]N)

From these formulae one obtains the following ones for the Ricci curvature
Rapg = Raqp

(58) Rij = Rij — N'9K,; + K;jtr K — 2K, K*; — N~'V,9;N,
(59) Roj =N(9;tr K — V, K"),

(60) Rgo = N(Ootr K — NK;; K" +V'9;N).

The identity

(61) Bogi; = —2NK,;

and the expression for the spatial Christoffel symbols give

(62) T = VH(NK,;) — 2V, (NKy™).

Therefore, from the identity (56), we obtain the identity

(63) 8T + NV"K;j = Kijo"N — 2K" ;0N — 2Ro (i ;)"
On the other hand, the identities (57) and (58) imply the identity
(64)  9oKi; + NRij + V;0;N = —2NR°; o; — N(tr K)K;; + NR;;.

We obtain equations relating I' and K to a double two-form A and matter sources
by replacing, in the identities (63) and (64), Ro(i’j)h by (Ao(i7j)h + Ah (j,i)O)/27
RY; 0 by (A% 0;4+A4°%; 0:)/2, and the Ricci tensor of spacetime by a given tensor p,
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zero in vacuum. The terms involving A are then replaced by Bianchi fields as
n (21)—(24).
The first set of identities (63) leads to equations with principal terms

(65) 50fhij + NghkﬁkKij.

To deduce from the second identity (64) equations which will form together with
the previous ones a symmetric hyperbolic system, we set

(66) N = o~ !(detg)"/?,

where « is a given scalar density of weight one. This is the “algebraic gauge”
[7], [6]. (It can also be considered as a change in the name of the unknown from
N to a [15].) The condition (66), if T denotes the Christoffel symbols of g,
implies that

(67) ", = d;log N + 6, log a.

The second set of identities (64) now yields the following equations, where
N denotes o~ (det g)'/?,

(68) 50Kij + N@hfhij = N[fmihfhjm — (fhih — ({91 IOg O[)(fkjk — Bj log O[)]
+ N((‘)io”'j log o — fkijo”!k log Oé) — N(Eij + Eji) — N(trK)Kij + Npij.
The first set (63) yields

(69) 5ofhij + NﬁhKij = NKijghk(fmmk — 8k log a)
— 2N K" (T ) — 05y log ) = Nn* ;" Bjye = NHym"™ "

We see from the principal parts of (68) and (69) that the system obtained
for K and I’ has a characteristic matrix composed of six blocks around the
diagonal, each block a four-by-four matrix that is symmetrizable hyperbolic with
characteristic polynomial N4(£0£0)(£4£%). The characteristic matrix in a spatial
orthonormal frame has blocks of the form

S N& N& N&
NG & 0 0
N& 00 & 0
Ng 0 0 &

(70)

REMARK. In the equations considered above, N = o~ *(det g)'/2. Instead of
this algebraic replacement, we can consider an evolution equation for N of the

type

(71) 9N + N*trK = N f,



EINSTEIN-BIANCHI HYPERBOLIC SYSTEM 365

where f is an arbitrary function on spacetime. For f = 0, (71) is the harmonic
slicing condition. For arbitrary f, the general solution of (71), if g and K are
linked as in (61), is

(72) N =77 (detg)"?,
with + such that
(73) 8oy + fv =0,

that is, - satisfies a linear first order differential equation depending only on the
known quantities 8 and f. It does not depend on any of the previously defined
unknowns (E,H,D,B,g,K,T) of our system in algebraic gauge. The modified
system consists of the equations in algebraic gauge [(26), (29), (33), (35), (61),
(68), (69)] but with N now replaced by (72). Therefore, « is replaced by . The
additional equation is (71), or, on account of (72), this role can be regarded as
played by (73).

7. Symmetric hyperbolic system for u = (E,H,D,B,g,K,TI)

We denote by S the system composed of the equations (26), (29), (33), (35),
(61), (68), and (69), where the lapse function N is replaced by a~'(detg)'/2.
This system is satisfied by solutions of the Einstein equations whose shift (3,
hidden in the operator 50, has the given arbitrary values and whose lapse has
the form N = a~'(detg)'/2. (Clearly, any N > 0 can be written in this form.)
The following lemma results from the previous paragraphs.

LEMMA. For arbitrary o and 3, and given matter sources p, the system S is
a first order symmetric hyperbolic system for the unknowns u.

Note that in this Lemma, the various elements E, H, D, B, g, K, and T
are considered as independent. For example, a priori, we neither know that T’
denotes the Christoffel symbols of g nor that E, H, D, and B are identified
with components of the Riemann tensor of spacetime.

An analogous Lemma holds for the system S’ that has an additional un-
known N (equivalently, v) and an additional equation (71) (equivalently, (73))
with f replacing « as an arbitrary function.

We now consider the vacuum case.

Initial Values. The original Cauchy data for the Einstein equations are,
with ¢ a properly Riemannian metric and ¢ a second rank tensor on M,

(74) glo=¢, Klo=1.
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The tensors ¢ and 1 must satisfy the constraints, which read in vacuum,

(75) R()i = 0,
(76) 0 = Goo = Roo — gooR/2 = Roo + N?g*°Ro/2

=N*R - K;; KV + (trK)?)/2,
with R = g" R;;. The initial data given by ¢ determine the Cauchy data I'*;;|o
and thus R;; x]o- Then, R;; x1]o is determined by using also . To determine the
initial values of the other components of the unknown u of the system S, we use
the arbitrarily given data o and 3. In particular, we use N = a~!(det g)l/ 2 to
find Ro; jx|o and to compute V;0; N |y appearing in the identity (58). We deduce
from (58) 50K¢j|0 when R;; = 0, which enables Ro; 0; to be found from (57). All
of the components of the Riemann tensor of spacetime are then known on Mj.
We identify them with the corresponding components of the double two-form
A on Mj: the latter have thus initially the same symmetries as the Riemann
tensor. We find the initial values of (E, H,D,B) according to their definitions
in terms of A.

8. Existence theorems

In order to define Sobolev spaces on a manifold M, it is convenient to endow
M with a C*° Riemannian metric €. We will suppose that € has a non-zero in-
jectivity radius, dg > 0, hence is complete, and that it has Riemannian curvature
uniformly bounded on M, as well as its derivatives of all orders relevant for the
required Sobolev properties to hold.

With I an interval of R, and under the hypotheses made on €, each manifold
M x I endowed with the metric € —dt? is globally hyperbolic [18], [6]. We denote
by D the covariant derivative associated with € (the “€-covariant derivative”).

THEOREM 2. Hypotheses.

(a) The arbitrary quantities are such that, with I an interval containing 0,
a is continuous on M X I, and there exist numbers Ay, Ao > 0 such that
on M x I

0< A <a<A,, Da,ﬁGCO(I,HS_H).

(b) The initial data are such that D¢, € Hqiq, and ¢ is a continuous
properly Riemannian metric on M uniformly equivalent to €. That is,
there exist strictly positive numbers by, by such that at each point of M
and for any tangent vector & to M at this point,
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Conclusion. If s > 3, there exists a number T > 0, [0,T] € I, such that the
system S has one and only one C' solution u on [0,T] x M taking the Cauchy
data ug deduced from ¢, ¥, a, 3. The solution u is such that the components
of u different from g, as well as € — ¢, are in C°([0,T], Hs) N C([0,T], Hs_1).
There exist By and By such that

Blé(fa 5) S g(év 6) S BQé(Ea 6)

PROOF. 1. We replace the equation (61) in the system S by the equation

(77) Do(gij — dij) = —2NKij + Ly,

We still have a symmetric first order system S for the unknown 1, deduced from
u by replacing g by g — ¢. This quasilinear system is hyperbolic as long as g is
properly Riemannian.

The hypotheses made on the arbitrary data «, (8 and on the initial data ¢, 1
imply, through the Sobolev multiplication properties, that the initial data ulg
belong to Hs; whenever s > 1.

2. If the Riemannian manifold (M, €) is the Euclidean space R?, the existence
theorem is known, with s > 3/2 + 1. (Linear case: Friedrichs [14]. Quasilinear
case: Fischer-Marsden [12], using semigroup methods, and Majda [19], using
energy estimates.)

A proof under the hypotheses we have made on (M,€) and on the data can
be obtained along the same lines, using energy estimates, because the spaces
H, on (M,€) have the same functional properties that they have on R3. The
energy inequalities for 1 and its spatially covariant €-derivatives of order < s
can be obtained directly on [0,7] x M, as we have indicated in the case of the
Bianchi equations. One uses s-energy estimates for linear symmetric first order
hyperbolic systems and the Garding duality method [16] to prove existence and
uniqueness for the linearized system. One uses the contraction mapping principle
in the norm C°([0,T], Hs—1) on the one hand, and boundedness in the norm
C°([0,T), Hs)NC([0,T], Hs—1) on the other hand, as in Majda [19], to prove the
theorem for our quasilinear system. O

REMARK. The spacetime defined by the g component of u together with
a and 8 on M x [0, T)] is globally hyperbolic, with a C! metric if o and 3 are C*.

Domain of dependence. The exterior sheet of the characteristic cone of
the system S at a point of spacetime V is the light cone of the spacetime met-
ric g. It has been proven by Leray [18], for globally hyperbolic Leray systems
on a manifold, that the values of a solution of the Cauchy problem in a compact
set Wy C M; depend only on the values of the Cauchy data in the compact set
wWo that is the intersection of My with the past of w;. We will prove this result
for our symmetric hyperbolic system.



368 A. ANDERSON Y. CHOQUET-BRUHAT J. W. YORK JR.

We recall that on a spacetime (V,g), V = M X R, temporally oriented by the
orientation of R, the past P(z) of a point x is the union of the paths timelike
with respect to g and ending at x. The past P(w) of a subset w C V' is the union
of the past of its points.

LEMMA. Let (V,g) be a globally hyperbolic manifold with V.= M x R and
g a C' metric. Let Wy be a compact subset of My with non-empty interior wr
and boundary Owr. Then

Q =P(wr)N{t >0}
is a compact subset of V. Its boundary is
00 =wr Uwg U L.

The lateral boundary L is generated by null geodesic arcs issuing from points
of Qwp. At an interior point of such an arc, L has a null tangent hyperplane

and is ingoing.

PrROOF. On a globally hyperbolic manifold, the past of a closed set is closed;
and the intersection of the past of a compact set with a “past compact set” (here,
t > 0) is compact. Therefore, Q is compact.

If y € QN{0 < t < T}, there exists = € Wy such that y € P(x). Suppose that
the path xy is strictly timelike. Then there is an open neighbourhood V' (y) of y
in P(x) such that z € V(y) implies that z € P(z). Consequently, y cannot be on
the boundary L, which must therefore be generated by null paths. Analogous
reasoning shows that x cannot be an interior point of wr. For the proof of the
rest of this Lemma, see Leray [18, Lemma 97]. O

Recognizing that in a C' globally hyperbolic manifold the lateral boundary
L admits a null tangent hyperplane almost everywhere, we prove the following
theorem.

THEOREM 3 (Domain of Dependence). Two C! solutions u; and uy of S
coincide on wr if the arbitrary data «, [ coincide in the past of wr defined
by g1, while the Cauchy data (¢1,%1) and (pa,12) coincide on wq, which is the
intersection of the g1-past of wp with M.

PRrOOF. The difference of two solutions satisfies a linear homogeneous first
order symmetric hyperbolic system with C! principal coefficients and C° non-
principal ones. Weset y =1 —To, k =K; ~Kjy, G =g, —8,,a= A; — Ay, and
likewise for the Bianchi fields obtained from A. The linear system is composed
of three sets of equations in which we denote by ¢ various linear forms in v, k, ...
with coefficients analytic in u; and us.
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The first set is

(78) 50'7hij + Nigt*Oki; = o

Zj’

(79) 50]{72’]’ + Nlahvhij = fgc)
The second set consists of an equation for e = E; — Eg
(80) doeij — N1gh™ g by = €5

and similar equations for h = H;y —Hs, d = Dy — D5, and b = B; — B5 deduced
from the Bianchi equations. (Note that e in (80) is not to be confused with the
metric € introduced in Section 8 and below in the discussion of H¥1.) The third
set of equations is

a G
(81) 80GU = 4] )

Raising and lowering indices with the metric g;, we multiply (78) by 4%,
(79) by k¥, (80) by e and so on. We add the results and integrate over a
domain € of the type indicated in the preceding Lemma, constructed with g;.
We denote by £(w;) the integral

1
(82)  E(wi) = 5/ (71 + [k[* + lef* + [ + [d* + [b]* + |G|*) g, -

Integration of (82) over 2 leads to the identity

(83) E(wr) 5(w0)+/LU+/OT /w qpig, (1) dt;

where o is a three-form and ¢ is a quadratic function of v, k,... ,G with co-
efficients analytic in u; and uy. The three-form o arises from integration of
a 50 derivative together with a spatial divergence from the principal terms of
our equations. We made an analogous computation for the Bianchi equations
and showed that the integral over L in that case is positive. The same argument
holds here for the terms coming from the second set of equations. It is easy to
prove that the integral over L is also positive for the first and third sets of equa-
tions. On the other hand, ¢ is bounded on €2, up to a multiplicative constant C,
by the sum of the squares of the g, norms of v, k, e,...,G. Hence, we have
the inequality

(84) E(wT) § E(W(]) + CA E(wt) dt.

It follows that £(wr) = 0 if £(wp) = 0, which is the stated result. O

By using Theorem 3, we will show that the local existence result holds for
a non-compact manifold M without any hypotheses on the fall-off at infinity of
the initial data.
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DEFINITION. A tensor u on M belongs to a space H* (“u.l.” denotes
“uniformly local”) if there exists a covering C of M by open sets w(; with
compact closures such that

(1) The restriction of u to each of these open sets belongs to H,(w(;)), that
is, u is square-integrable on w(;) in the volume element defined by the
metric € introduced in Section 8, and so are all its €-covariant derivatives
of order < s.

(2) Sup;llullg, () = lullgu. < occ.

Note that different choices of uniformly locally finite coverings, as well as
different uniformly equivalent metrics €, define the same H! space because

they define equivalent norms.

LEMMA. If, for the covering C, the arbitrary quantities and the original
initial data are such that

aeClI,HYY), a>0, BeC(I,HYY), ¢e€HY,, ¢eH,

and ¢ defines a properly Riemannian metric on M, uniformly equivalent to €,
then the initial data for u belong to HY" if s > 1.

PRrROOF. The proof follows from the definition and the Sobolev multiplication
properties. U

THEOREM 4. Hypotheses.

(a) The arbitrary quantities are such that, with I an interval containing 0,
aeClI,HY,), a>A>0, BeC’I,HMY).
(b) The initial data are such that
peHY,, veHN,,

and ¢ defines a properly Riemannian metric on M, uniformly equivalent
to e.
Conclusion. If s > 3, there exists a number T > 0, [0,T] C I, such that the
system S has one and only one solution u € C°([0,T], H*") N CL([0,T], H*Y)
taking the Cauchy data ng € HY" deduced from ¢, .

PrROOF. Suppose M is not compact. Consider a covering of M by compact
sets K(Ti ). The pasts of these sets in the globally hyperbolic metric —A%dt? + Boe
cover Vi = M x[0,T]. (The numbers A and Bs here refer to Theorem 2.) The in-
tersections of these pasts with Mj define a covering of My by compact sets Kéi).
There exist truncating functions (9 that are smooth, bounded uniformly with

respect to ¢ (as are their €-covariant derivatives of order < s), equal to one on K, éi)
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and equal to zero outside another compact set K () strictly containing Kéi) ([3])-
Use the sets K () to define the H*!" norms of tensors on M.
Consider the Cauchy problem for the system S with Cauchy data ﬁ(()z) =
6(D1,. There exists a constant C' independent of i such that
165”1, < ClToll -

Corresponding inequalities hold for the given quantities o, 4. Theorem 2 shows
that there exists a number T < T, independent of 7, such that S has one and

only one solution u” on M x [0, T] that takes the initial value ﬁ((f). O

REMARK. The associated metric g is uniformly equivalent to € and the
spacetime metric g(* satisfies the inequalities posited in Theorem 2. Therefore,
the past of a subset in this metric is contained in the past defined with €.

We obtain, from the set of u(?’s defined on Vi, a solution u for the Cauchy
problem for S on V; by setting

u(z,t) =u®(2,t) on P(KY)YNn{0<t<T}
because, by Theorem 3 and the previous Remark, we have
uD (z,1) =u®(z,t) on P(KYYNP(KEW)Nn{o<t<T'}.
Finally, we prove

THEOREM 5. The solution of S with the data deduced from the arbitrary
quantities «, 3 and the initial data ¢, Y is a solution of the vacuum FEinstein
equations with lapse N = a~(detg)Y/? and shift (3 if the initial data satisfy the
constraints.

PROOF. The result holds for Hyy; as well as for H%; data. We spell it
out for the first case. It has been proven by Choquet-Bruhat and York [10],
for initial data in the indicated function spaces and satisfying the constraints,
and for a given arbitrary shift G, that the vacuum Einstein equations have one
and only one solution in the “algebraic gauge”, that is, with a lapse function in
the given form, such that g € C°(M x [0,7]), (Dg,K) € C°([0,T], Hs+1). The
connection of g, the second fundamental form K and the Riemann tensor of g
satisfy the system S and take the Cauchy data ug. They coincide, therefore, with
the solution u found previously. In particular, the component g of u together
with N = a~'(detg)'/? and 8 are a metric that satisfies the vacuum Einstein

equations. O

REMARK. It is a result of the coincidence of the components g and K of
u with the solution of the Einstein equations with initial data ¢ and 1, given
shift 3, and lapse N = a~!(det g)'/? that these components are in fact such that
(Dg, K) € C°([0, T, Hy1).
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