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ON THE EXISTENCE OF POSITIVE SOLUTIONS
OF HIGHER ORDER DIFFERENCE EQUATIONS

P.J. Y. WonGg — R. P. AGARWAL

1. Introduction

Let a, b (b > a) be integers. We shall denote [a,b] = {a,a + 1,...,b}.
The notation of all other intervals will carry its standard meaning, e.g. [0, 00)
denotes the set of nonnegative real numbers. Also, the symbol A’ denotes the
ith forward difference operator with stepsize 1.

In this paper we shall consider the n-th order difference equation
(L1) A"+ Q(k,y,Ay,... . A" 2y) = P(k,y, Ay,... , A" 'y), ke [0,N]

satisfying the boundary conditions

(1.2) A'y(0) =0, 0<i<n-—3,
(1.3) QA" 2y(0) — BA™1y(0) = 0,
(1.4) YA 2y(N 4+ 1) + A" 1y(N + 1) = 0,

where n > 2, N(>n — 1) is a fixed positive integer, o, 8, v and § are constants
so that

(1.5) p=ay(N+1)+ad+p5y>0
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and
(1.6) a>0, >0, >0, J=>n~.

Further, we assume that there exist functions f : [0,00) — [0, 00) and p, p1,
q,q1 : [0, N] — R such that
(i) uf(u) #0 for all u # 0,
(ii) for u #0,

Q(kvuauh e 7un72)

ply < D) )

(iii) p1(k) is not identical to q(k) and p; (k) < q(k), k € [0, N].

We shall give an existence result for positive solutions of the boundary value
problem (1.1)—(1.4), assuming that f is either superlinear or sublinear. No mono-
tonicity assumption on f is required. To be precise, we introduce the notation

fo=lim M, foo = lim M
u—0 u U—00 u
Function f is said to be superlinear if fo = 0, foo = oo, and f is sublinear
provided fo = 00, fo = 0. By a positive solution y of (1.1)-(1.4), we mean
y : [0,N 4+ n] — R, y satisfies (1.1) on [0, N], y fulfills (1.2)—(1.4), and y is
nonnegative on [0, N + n], positive on [n — 1, N +n — 2].

The motivation for the present work stems from many recent investigations.
In fact, applications of (1.1)—(1.4) and their continuous version have been made
to singular boundary value problems by Agarwal and Wong [2], [15]. Other
particular cases of (1.1)—(1.4) and their continuous analogs have also been the
subject matter of several recent publications on singular boundary value prob-
lems (e.g. see [1], [5], [10]-[12] and the references cited therein). In the special
case where n = 2, the continuous version of (1.1)—(1.4) arises in applications
involving nonlinear elliptic problems in annular regions, for this we refer to [3],
[4], [9], [14]. In all these applications, it is frequent that only positive solutions
are useful. We are particularly motivated by the work of [6]-[8], and our result
is a generalization and extension of theirs to a discrete case.

The plan of this paper is as follows. In Section 2 we shall state a fixed point
theorem due to Krasnosel’skii [13], and present some properties of certain Green’s
function which will be used later. In Section 3, we provide an appropriate Banach
space and a cone so that the fixed point theorem from [13] may be applied to
yield a positive solution for (1.1)—(1.4).
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2. Preliminaries

THEOREM 2.1. ([13]) Let B be a Banach space, and let C C B be a cone
in B. Assume that Qy,Qs are open subsets of B with 0 € Q, Q1 C Qq, and let

S:Oﬂ(ﬁQ\Ql) — C

be a completely continuous operator such that, either

(a) ISyl < llyll, y € CNOQ and ||Syll > |lyll, y € C NNy or
(®) ISyl = llyll, y € CN oL and ||Sy|| < |y, y € C N INs.

Then S has a fived point in C N (Q2\ Q).

To apply Theorem 2.1 in Section 3, we need a mapping whose kernel g(i, j)
is the Green’s function of the boundary value problem

_Any = 07
Aly(0)=0, 0<i<mn-—3,
aA"?y(0) — BA"y(0) = 0,
YA 2y(N 4 1) + A" 1y(N +1) = 0.
It can be verified that
G(i,j) = A" 2g(i,7) (w.r.t. i)
is the Green’s function of the boundary value problem
—A%w =0,
aw(0) — fAw(0) =0,
yw(N + 1) + JAw(N + 1) = 0.
Further, we have

1)  Glij) =+

{ [B+a@G+D)5+y(N+1-1i)] jelo,i—1],
p

(B+ ai)[d +~v(N — )] j € i, N].

We observe that conditions (1.5) and (1.6) imply that G(i,5) is nonnegative on
[0, N + 2] x [0, N], and positive on [1, N 4+ 1] x [0, N].

LEMMA 2.1. For (i,7) € [1,N] x [0, N], we find that
(2.2) G(i,j) = K G(j,J),
where 0 < K < 1 is given by

(B+a)(0+7)

(2:3) K= GramG )
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ProOOF. For j € [0,7 — 1], using (2.1), we reduce inequality (2.2) to
24)  PHal+DIE+y(N+1-1i)] = KB+ aj)ld+v(N —j)l.
For (2.4) to hold true, it is sufficient that K satisfies

min +a(fj+D]0+~v(N+1—4)] > K max (64 aj)[d +~v(N —75)],
pelin o B eG DI+ )2 K max (8+a7)[0+v(N - J)]

which gives

(B+a)[d +v(N+1-=N)| > K(B+aN)(6+yN),

B+a)(d+9)
(25) K= (B+aN)(§++yN)’
For j € [i, N], inequality (2.2) becomes
(B+ ai)[0 +v(N = j)] = KB+ aj)[d +v(N = j)],

B+ ai > K(B+ aj).
Again, it suffices to find K such that

min (8+ «ai) > K max (8 + aj),

1€[1,N] j€[0,N]
which provides
B+a
2.6 .
(26) ~ B+aN
Taking the intersection of (2.5) and (2.6), we immediately get (2.3). O

LEMMA 2.2. For (i,5) € [0, N + 2] x [0, N], we find that
(2.7) G(i,j) < L G(4,7),
where L > 1 is given by

28) I { (B+a)/B B>0,

2 B =0.

PROOF. In the case where j € [i, N], from (2.1) it is clear that we may take
L =11in (2.7). For j € [0,i— 1], (2.7) is the same as

(29)  [B+a(G+DI0+(N+1-d] < LB+ aj)d + (N - j)].
For (2.9) to hold true, it is sufficient that L satisfies

(2.10) [6+a( + D] +~v(N —35)] < LB+ aj)ld + (N —j)]
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where we have used the fact that 1 —i < —j. If 5 # 0, (2.10) leads to

B+a(i+1) B+a
2.11 L > = .
(2.11) e Ataj 5

If 8 =0, (2.10) provides

2.12 L> 1)/ = 2.
(2.12) Z max, (G+1)/g

Expression (2.8) follows immediately from (2.11) and (2.12).

We shall need the following notations in Section 3. For a nonnegative y(€&
which is not identically zero on [0, N], we denote

N
0=> G(0)q(0) —p(O)]f(y(L))

=0
and

N

['=) Gt 0a) —pi(O))f (y(0)).

£=0

In view of (i)—(iii), it is clear that § > T' > 0. Further, we define the constant
&= KT/L6.

It is noted that 0 < £ < 1.

3. Main results

Let
B={y:[0,N+n]—R|A%0)=0, 0<i<n-—3},

be the Banach space with norm ||y| = maxyejo x4y |[A" 2y (k)| and let

C= {y €B ’ A" ?y(k) be nonnegative and is not identically zero

343

g

B)

on [0,V + 25 min_ A™2y(k) > €]y}

" kE[,N
We note that C is a cone in B.

LEMMA 3.1. Lety € B. For 0 <i <n— 3, we find that

. k,(n—Z—i) .
(3.1) |A"y(k)| < mn—2—4) lyll, Kk €[0,N+n—i.
In particular,
(N +n)(n=2

(3-2) ly(k)| < 7 Iyl k€0, N+n].

(n—2)
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ProoF. For y € B, we see that

k—1
A" 3y(k) = Z A" ?y(l), ke€[0,N+3],
£=0
which implies
(3.3) A" Py (k)| < kllyll, k€ [0,N +3].

Next, since
k
AMHy(k) =Y Ay(0), ke [0,N +4],
on using (3.3) we get

A" Hy(k)| < Zéllyll = ||y|| ke[0,N+4].

Continuing in the same manner we obtain (3.2). O

LEMMA 3.2. Lety € C. For 0 <i <n — 3, we find that

(3.4) Aly(k) >0, ke[0,N+n—i,
and
. k—1)(n—2-9)
B3 Ay G el ke N bn-z-il

In particular,
(3.6) y(k) = &llyll, keln—1,N+n-2]

PROOF. Inequality (3.4) is obvious because of the fact that

k—1
Aly(k) =Y A™'y(0), ke[0,N+n—i], 0<i<n-—3.
=0

To prove (3.5), we note that

k—1 k—
(3.7) A"y(k) = APyl Zf\lyll = (k=1¢llyll, ke[l N+1].
£=0 {=1

Next, using (3.7) we find that

k—1 k—1 (k‘ )
A"ty(k) = Ay 2y (6= DIyl = 57— €yl

£=0 =1

for k € [1, N+2]. Continuing the process we obtain (3.5). Inequality (3.6) follows
immediately from (3.5) when we take ¢ = 0 and substitute ¥ = n —1 in the right
hand side of (3.5). O
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REMARK 3.1. Ify € C is a solution of (1.1)—(1.4), then (3.4) and (3.6) imply
that y is a positive solution of (1.1)—(1.4).

To obtain a positive solution of (1.1)—(1.4), we shall seek a fixed point of an
operator §: C' — B

(38) Sy(k nge Qb y, Ay, ... ,A"2y) = P(4,y,Ay,... ,A" ly)],

for k € [0, N + n] in the cone C. It follows that

N

AM2Sy(k) =Y Gk, 0)[Q(Ly, Ay, ... , A" 2y) = P(L,y,Ay,... , A" 'y)],
=0

for k € [0, N + 2] and, in view of condition (ii), we get for k € [0, N + 2],

N
(3.9) > Gk, 0)lq(t) — pr(O)]f(y(0))
=0
N
< A"2Sy(k) <> Gk O)q(0) — p(O)] £ (y(0)).
=0

THEOREM 3.1. Suppose that (1)—(iii) hold. If
(a) f is superlinear, i.e., fo =0, foo =00 or
(b) f is sublinear, i.e., fo =00, foo =0,

then (1.1)—(1.4) has a solution in C.

PRrROOF. First we shall show that the operator S : C — B defined in (3.8)
maps C into itself. For this, let y € C. Then, from (3.9) and (iii) we find

N
(3.10)  A"2Sy(k) Z —m(O]f(y(0) =0, kel0,N+2].

Further, it follows from (3.9) and Lemma 2.2 that

AT25y(k) < 3Gk Olan(6) — pOLFH(0)
£=0
N

< LY GO (0) = p(0)]f(y(L),
£=0

for k € [0, N + 2]. Therefore,

N
(3.11) ISyl < LY~ G, 0)ar(6) = p(6)] f(y(€)) = L.
£=0
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Now, using (3.9), Lemma 2.1 and (3.11) we find for k € [1, N,
N
A"2Sy(k) > Z (k, Ola(6) = pr (O] f (y(£))

> K'Y GOla0) = pi(0)]f(y(6) = KT = ]Syl

Hence,

(3.12) min A” 28y (k) > €Sy

ke[1,N
It follows from (3.10) and (3.12) that S(C) C C. Also, standard arguments yield
that S is completely continuous.

(a) Suppose that f is superlinear. Since fy = 0, we may choose a; > 0 such
that f(u) <eu for 0 < u < aq, where € > 0 satisfies

Le N+n n-2) N
(3.13) TZGM al) —p)] <1.

Let y € C be such that ||y|| = ai1(n — 2)!/(N + n)"=2). Then, from (3.2), we
have |y(k)] < a1, k € [0, N + n]. Hence, applying (3.9), Lemma 2.2, (3.2) and
(3.13) successively gives for k € [0, N + 2],

N

A28y (k) Z (K, 0)[q1(€) = p(O)] f(y(£))

<L Z G(L,0)lai (£) = p(O)] f(y(6))

£=0

< LY G Olar (0) — p(0)y(0)

=0
< L G0 —p(@}“vff)()wn 0
=0
Consequently,
(3.14) 1Syl < llyll-
If we set
le{yeB Iyl <m}

then (3.14) holds for y € C' N 9.



ON THE EXISTENCE OF POSITIVE SOLUTIONS 347

Next, since f, = 00, we may choose @y > 0 such that f(u) > Mu for u > aq,
where M > 0 satisfies
N

(3.15) EM Y Gin—1,0[g(l) = pr ()] > 1.

l=n—1

ax Lo a(n—1) 1_
a2 = max — v, -
2 (,7‘7—&—71)(”_2)’5 2 (>

and let y € C be such that ||y|| = ag. Then, from (3.6) we have

Let

1
y(k) 2 elyl = € ga =@, keln—1,N+n-2,

Hence, f(y(k)) > My(k) for k € [n — 1, N +n — 2]. In view of (3.9), (3.6) and
(3.15), we find

£=0
N
> Y Gn—1,0[g(t) = pr(O]f(y(0))
l=n—1
N
>M Yy Gn—1,0[q(t) = pi(O]y(0)
{=n—1

Therefore,
(3.16) 1Syl = [lyll-

If we set
Qe ={yeB ||yl <a2},
then (3.16) holds for y € C' N 0.
In view of (3.14) and (3.16), it follows from Theorem 2.1 that S has fixed
point y € C'N (Q2 \ Q1) such that
ai(n—2)!

N+ )2 < |yl < as.

This y is a positive solution of (1.1)—(1.4).
(b) Suppose that f is sublinear. Since fy = oo, there exists ag > 0 such that
f(u) > Mu for 0 < u < a3, where M > 0 satisfies

N
(3.17) M Y Gin—1,0[g(t) = pr(0)] > 1.

l=n—1
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Let y € C be such that ||y = az(n — 2)!/(N +n)"=2). Then, from (3.2), we
have |y(k)| < as, k € [0, N +n]. Hence, using (3.9), (3.6) and (3.17) successively,
we get

£=0
N
> Y Gn—1,0[g(t) = pr (O] f(y(0))
l=n—1
N
>M Yy G(n—10[q(t) = pi(0)]y(6)
£=n—1

N
>M Y Gn—1,0[q(t) = pr(OElyl = llyll

from which inequality (3.16) follows immediately. If we set

yn<[”“‘?}},

Q1:{y€B N+ )02

then (3.16) holds for y € C' N 9Qy. Next, in view of fo, = 0, we may choose
a4 > 0 such that f(u) <& wu for u > @y, where € > 0 satisfies

LE(N +n) (n—2)
(3.18) TZG (0, 0)[q:(0) — p(0)] < 1.
There are two cases to consider, namely, f is bounded and f is unbounded.

Case 1. Suppose that f is bounded, i.e., f(u) < R, u € [0,00) for some
R > 0. Let

LR(N +n)n=2 &
a4=max{2a3,R(+nZG€€ @ (4 (6)]}

and let y € C be such that ||y| = as(n —2)!/(N +n)»=2 . For k € [0,N + 2],
from (3.9) and Lemma 2.2 we find

N N
A"2Sy(k) < Y Gk Olar(0) = p(O]f (y(0) < RY_ Gk, Oar(£) — p(0)]

£=0 £=0

N
< LRSS GO0~ p(0)] < 2 .

Hence, (3.14) holds.
Case 2. Suppose that f is unbounded, i.e., there exists

az(n—2)!  _
ag > maX{Q m,m
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such that f(u) < f(as4) for 0 < u < ay4. Let y € C be such that ||y|| = as(n —
2)!/(N +n)(»=2). Then, from (3.2) we have |y(k)| < a4, k € [0, N + n]. Hence,
applying (3.9), we successively get from Lemma 2.2 and (3.18) for k£ € [0, N + 2],

N N
A"2Sy(k) <> Gk, O)q1(0) — p(O)] F(y(0) < LY G 0)[q1(0) — p(0)] £ (y(0))
ZZON Z;O
< LY GWO[q(l) = p0)]fas) < LD G, 0)]qi(¢) — p(0)]zas
=0 £=0
as(n —2)!
< W = lyll,

from which (3.14) follows immediately.
In both Cases 1 and 2, if we set
ag(n —2)!
Il < ~———o [

Qy = €B
2 {y (N +n)=2)

then (3.14) holds for y € C'N 0. Now that we have obtained (3.14) and (3.16),
it follows from Theorem 2.1 that S has a fixed point y € C'N (Q2\Q;) such that

az(n —2)! aq(n —2)!
B [ [ L
(N +n) (N +n)
This y is a positive solution of (1.1)—(1.4). The proof of the theorem is com-
plete. O

The following two examples illustrate Theorem 3.1.

ExAMPLE 3.1. We consider the boundary value problem

APy + y =0, kelo,11],

2
k(13— k) +1]"
12y(0) — Ay(0) = 0,
12y(12) + 13Ay(12) = 0,
where r # 1. Taking f(y) = y" (which is superlinear if » > 1, and sublinear if
r < 1), we find

Qk,y) _ 2 and ER:9:89) o
fly)  [R(A3=k)+ 1] fy)
Hence, we may choose
1 2
1N =rmop e P rmonrn

and

p(k) = p1(k) = 0.
All conditions of Theorem 3.1 are fulfilled and therefore the boundary value
problem has a positive solution. One such solution is given by y(k) = k(13—k)+1.
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ExXAMPLE 3.2. We consider the boundary value problem
24k
[£(5000 — (k — 1)(k—6)(k+ 1)) + 1]
y(0) =0,
3Ay(0) — 625A2y(0) = 0,
162Ay(11) + 163A%y(11) = 0,

A?’y +

-+ 1)"=0, kel0,10],

where r < 1. Taking f(y) = (y + 1)" (which is sublinear if r < 1), we find

Qk,y,Ay) 24k
fly) k(5000 — (k —1)(k —6)(k+ 1)) + 1]’
and
Pk,y, Ay, M%) _
fy) '
Hence, we may take
b k
1) = G0 = =Dk ek ) T
lh(k) = 24k

and

[k(5000 — (k — 1)(k — 6)(k + 1)) + 1]

p(k) = p1(k) = 0.

Again, all conditions of Theorem 3.1 are satisfied and so the boundary value
problem has a positive solution. Indeed, y(k) = k[5000 — (k — 1)(k — 6)(k + 1))
is one such solution.
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