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FIXED POINT THEORY
AND GENERALIZED LERAY-SCHAUDER ALTERNATIVES
FOR APPROXIMABLE MAPS
IN TOPOLOGICAL VECTOR SPACES

Ravi P. AGARWAL — DoONAL O’REGAN — RADU PRECUP

ABSTRACT. Some new fixed point theorems for approximable maps are
obtained in this paper. Homotopy results, via essential maps, are also
presented for approximable maps.

1. Introduction

This paper presents new fixed point and homotopy results for approximable
maps. Our theory extends and complements results in [3], [4], [6], [7] and relies
only on Brouwer’s fixed point theorem.

For the remainder of this section we present some preliminaries which will
be needed in this paper. Let X and Y be subsets of Hausdorff topological vector
spaces E; and Es respectively and F: X — K(Y'); here K(Y) denotes the family
of nonempty compact subsets of Y.

Given two open neighbourhoods U and V' of the origins in F; and E5 respec-
tively, a (U, V)-approximative continuous selection ([4], [5]) of F: X — K(Y) is
a continuous function s: X — Y satisfying

s(z) e (Fl(z+U)NX]+V)NY forevery z € X.
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We say F: X — K(Y) is approachable if it has a (U, V)-approximative contin-
uous selection for every open neighbourhood U and V of the origins in F; and
E5 respectively. We let Ap(X,Y) denote the class of approachable maps. We
say F: X — K(Y) is approzimable if its restriction F'|q to any compact subset §2
of X admits a (U, V)-approximative continuous selection for every open neigh-
bourhood U and V of the origins in E; and FEy respectively. We let A(X,Y)
denote the class of approximable maps.

The following elementary result was established in [3] using Schauder pro-
jections.

THEOREM 1.1. Let E be a Hausdorff locally convex topological vector space,
X C FE and F: X — K(F) a compact map. Assume F € Ao(X,E) takes its
values in a conver compact subset K of E. Then F € Ag(X, K).

A nonempty subset X of a Hausdorff topological vector space E is said to
be admissible if for every compact subset 2 of X and every neighbourhood V'
of 0, there exists a continuous map h:Q — X with x — h(z) € V for all z € Q
and h(Q) is contained in a finite dimensional subspace of E. X is said to be
g-admissible if any nonempty compact, convex subset €2 of X is admissible.

2. Fixed point theory

This section presents new fixed point results for approximable maps. All our
results rely on Brouwer’s fixed point theorem. In addition in this section we
present an essential map theory for approximable maps .

Fixed point theory for approachable maps defined on topological vector
spaces was first discussed in [4]. The following fixed point result can be found
in [4, Corollary 7.3].

THEOREM 2.1. Let X be a convex subset of a (Hausdorff) locally convex
topological vector space E and let F € Ay(X,X) be a upper semicontinuous
compact map. Then F has a fixed point.

Theorem 2.1 automatically leads to a fixed point result for approximable
maps (an alternate proof will be provided using Brouwer’s fixed point theory
later in this section; see Remark 2.6(a)).

THEOREM 2.2. Let X be a convex subset of a (Hausdorff) complete locally

convez topological vector space E and let F € A(X, X) be a closed compact map.
Then F has a fized point.

PRrROOF. Let Q =co (F(X)) C X. Note [10, p. 67] guarantees that §2 is com-
pact (and of course convex). Note also that F(Q) C . In addition guarantees
that F'|q is upper semicontinuous (see [2, p. 465]). Now since  is compact we
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have F|q € Ap(R2, X), so in particular F'|q € Ap(2, E). Theorem 1.1 guarantees
that Flg € Ao(92,Q). The result now follows from Theorem 2.1. O

REMARK 2.3. In Theorem 2.2, F' € A(X, X) could be replaced by F: X —
2% (here 2% denotes the family of nonempty subsets of X) with F € A(X, E).

REMARK 2.4. It is possible to consider a more general space E in Theo-
rem 2.2 if one works in a larger class of maps (see [8], [9]).

Recently in [6] another type of fixed point result for approximable maps
defined on Hausdorff topological vector spaces was presented. One of the main
reasons for examining this approximable type map was that the proof of the
fixed point result is elementary and just relies on Brouwer’s fixed point theorem.
For completeness we present the proof here.

THEOREM 2.5. Let X be an admissible convez set in a Hausdorff topological
vector space E and suppose F: X — 2% is a closed compact map with F €
A(X,F(X)). Then F has a fized point.

PROOF. Let N be a fundamental system of neighbourhoods of the origin 0
in Fand V € N. Let C = F(X). Now there exists a continuous function
h:C'— X and a finite dimensional subspace L of E with

(2.1) y—h(y) € Viforally e Cand h(C) C L.

Let M = h(C) and Q = co(M). Since M is a compact subset of L N X it follows
that Q is a compact convex subset of LNX. Since F|q:Q — 2¢ admits a (U, V)-
approximative continuous selection, there exists a continuous function s: 2 — C
with

(2.2) s(x) e (Fllz+V)NQ+V)NC foralze.

Lets look at h o s: Q) — Q. Brouwer’s fixed point theorem implies there exists
xy € Q with ho s(xy) = zy. Let yy = s(zy). Now (2.1) and (2.2) imply

yv — h(s(zv)) =yv —h(yv) €V
and s(xy) —wy € V for some wy € F(zy) such that zy € (zy + V)N Q.

Since € is compact we may suppose h(s(zv)) = xy — « for some z € 2. Thus
zy — z and s(zy) = yy — x and so wy — x. Since F is closed and wy € F'(zy)
we have z € F(x). O

REMARK 2.6. (a) In Theorem 2.3 if X is compact then F € A(X, F(X))
could be replaced by F' € A(X, X). This is immediate since we can take C = X
in the proof of Theorem 2.5 and notice (2.2) is true since F' € A(X, X).

(b) Suppose E is a (Hausdorfl) locally convex topological vector space and
X a convex subset of E. Also suppose F' € A(X, X) is a closed compact map.
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Notice X is admissible. Now let C' = toF(X) in the proof of Theorem 2.5 and
notice (2.2) is true from Theorem 1.1 (note F' € A(X,X)). As a result we
have a proof of Theorem 2.2 using Brouwer’s fixed point theorem. Similarly the
proof of Remark 2.3 follows if FF € A(X, X) is replaced by F: X — 2% with
Fe AX,E).

Our next result removes the compactness assumption on the map F' in The-
orem 2.2.

THEOREM 2.7. Let X be a closed convex subset of a (Hausdorff) complete
locally convex topological vector space E with xo € X. Suppose F € A(X, X) is
a closed map with the following condition holding:

(2.3) AC X, A=co({xo} UF(A)) implies A is compact.
Then F has a fized point.

PrOOF. Consider F the family of all closed, convex subsets C' of X with
xzo € C and F(z) C C for all z € C. Note F # () since X € F. Let

Co = ﬂc.

CeF

Notice Cy is nonempty, closed and convex and F: Cy — 20 since if € Cy then
F(z) CC for all C € F. Let

(2.4) C1 = @({zo} U F(Cy)).

Notice F: Cy — 2°° together with Cy closed and convex implies C; C Cp. Also
F(C1) C F(Cy) C Cy from (2.4). Thus C is closed and convex with F'(Cy) C Cj.
As aresult C; € F, so Cy C C;. Consequently

(2.5) Co =co({zo} U F(Cp)).

Now (2.3) implies Cj is compact and notice (2.5) implies F'(Cy) C Cpy. Also
[2, p. 465] guarantees that F|c, is upper semicontinuous and in addition we
have (note Cy is compact) that F|g, : Cop — 2°° is a compact map. Now since
Cy is compact we have Fl¢o, € Ao(Cp, X), so in particular Fl¢o, € Ao(Cop, E).
Theorem 1.1 guarantees that Flc, € Ag(Co,Cp) and the result follows from
Theorem 2.1. O

REMARK 2.8. Theorem 2.7 extends Theorem 6 in [7]. It is also possible to
consider a more general space E in Theorem 2.7 (see [1]) if one works in a larger
class of maps.

REMARK 2.9. In Theorem 2.7, F' € A(X, X)) could be replaced by F: X —
2% with F € A(X, E).
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It is also possible to obtain a result in the Hausdorff topological vector space
setting using Theorem 2.5.

THEOREM 2.10. Let X be a q-admissible closed conver set in a Hausdorff
topological vector space E with xo € X. Suppose F: X — 2% is a closed map
with (2.3) holding. Also assume Flq € A(Q, F(2)) for any convex compact set
of X with F(Q) C Q. Then F has a fized point.

PRroOOF. Let Cy be as in Theorem 2.7. Notice Cy is convex and compact
with F(Cp) C Cy. Also since X is g-admissible we have that Cy is admissi-

ble. In addition F|¢, € A(Cy, F(Cy)) and F|¢, is a closed map. Now apply
Theorem 2.5. O

Next we present an essential map approach for compact approximable maps.
Assume F is a Hausdorff topological vector space, C a closed convex admissible
subset of £ and U an open subset of C with 0 € U.

DEFINITION 2.11. We say F' € GA(U,C) if F:U — K(C) is a closed com-
pact map with F € A(U, F(U)); here U denotes the closure of U in C.

DEFINITION 2.12. We say F € GAyy (U, C) if F € GA(U,C) with x ¢ F(z)
for z € OU; here OU denotes the boundary of U in C.

DEFINITION 2.13. A map F € GApy (U, O) is essential in GAyy (U, C) if for
every G € GAyy (U, C) with Gloy = Flsu there exists x € U with x € G(z).

THEOREM 2.14. Let E be a Hausdorff topological vector space, C a closed
convex admissible subset of E and U an open subset of C' with 0 € U. Then the
zero map is essential in GAay (U, C).

PROOF. Let 0 € GAyy (U, C) with 0|sy = {0}. We must show there exists
x € U with © € §(z). Let

{ O(x) forx €U,
J(x) = _
{0} forze C\U.

Clearly J:C — K(C) is a closed compact map. We next show J € A(C, J(C)).
By the definition of .J it suffices to show for any compact set Q of U that J|g: Q —
K(J(C)) is approachable. Let U; and V; be two open neighbourhoods of the

origin and let s: Q2 — 6(U) be a (U, V) approximative continuous selection of
Ol ie. s(x) € O(U) and

s(x) €0l(x+U)NQ+Vi=J[(z+U1)NQ+Vy  forall z e

Now for z € 2 we have

s(z) e{y:y€b(zx)and zc U} = J(C),
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so J|q: 2 — K(J(C)) is approachable. Theorem 2.5 guarantees that there exists
x € C with z € J(z). Note x € U since 0 € U. Thus = € 0(z) and we are
finished. O

We now present a generalized Leray—Schauder alternative.

THEOREM 2.15. Let E be a Hausdorff topological vector space, C a closed

conver admissible subset of E and U an open subset of C' with 0 € U. Suppose
F € GA(U,C) with

(2.6) x ¢ A\Fz  for every x € OU and X € (0,1].
Then F is essential in GAay (U, C) (in particular F has a fived point in U).

PROOF. Let H € GApy(U,C) with H|sy = Floy. We must show H has
a fixed point in U. Consider

B={x€U:x € \H(x) for some \ € [0,1]}.

Now B # () since 0 € U. Also B is closed (in C') and in fact compact since H
is a closed compact map (note U is closed in C'). In addition B N AU = {) since
(2.6) holds and H|sy = Floy and 0 € U. Since C is a subset of a Hausdorff
topological vector spaces it is completely regular and so there exists a continuous
function p: U — [0,1] with 4(8U) = 0 and u(B) = 1. Define a map R, by
R, (z) = p(x)H(z). Now R,:U — K(C) is closed and compact. In fact R, €
A(U, R, (U)). To see this let Uy and V; be two open neighbourhoods of the origin
and without loss of generality assume V; is balanced. Let 2 be a compact subset

of U and let s:Q — H(U) be a (U, V1) approximative continuous selection of

H|g ie. s(x) € H(U) and
s(x) e H(x +U1)N Q]+ V1 for each = € Q.
Notice for each z € €2 that
u(w)s(z) € () (@ + U3) 9] + Vi) € Ryl(e+ V1) N9 + V4
since p(z) € p([xr + U] N Q) and V; is balanced. As a result
R, (z) = p(z)s(z) € Ry[(z+U)NQ+Vy forxz e

and also we have for x € ) that

R,(2) = p(2)s(x) € {u(@)y <y € H(x) and « € U} = R, (D).

As a result R,:Q — K(R,(U)) is approachable, so R, € A(U,R,(U)). Thus
R, € GA(U,C) with R,|sy = {0}. This together with Theorem 2.14 implies
that there exists * € U with x € R,(z). Thus z € B and so u(z) = 1, ie.
x € H(x). O
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For our next results we assume F is a complete locally convex topological
vector space, C a closed convex subset of £ and U an open subset of C' with
0eU.

DEFINITION 2.16. We say F' € GAA(U, C) if F:U — K(C) is a upper semi-
continuous map with F' € A(U, E) and which satisfies the following condition:

ACU, ACco({0} UF(A)) implies A is compact.

REMARK 2.17. In the theory below, F' € A(U, E) in Definition 2.16 could
be replaced by F € A(U,C).

DEFINITION 2.18. We say F € GAAyy(U,C) if F € GAA(U,C) with = ¢
F(z) for x € OU.

DEFINITION 2.19. A map F € GAApy (U, C) is essential in GAAyy (U, C)
if for every G € GAApy(U,C) with Gloy = Flsu there exists * € U with
z € G(z).

THEOREM 2.20. Let E be a complete locally convex topological vector space,
C a closed convex subset of E and U an open subset of C with 0 € U. Then the
zero map is essential in GAAay (U, C).

PROOF. Let § € GAAyy(U,C) with 6oy = {0}. Let J be as in The-
orem 2.14. Clearly J:C — K(C) is a upper semicontinuous map with J €
A(C, E). Next we claim the following holds:

(2.7 if AC C with A=co({0} U J(A)) then A is compact.

If (2.7) holds then Theorem 2.7 (with Remark 2.9) guarantees that there exists
x € C with x € Jz. As in Theorem 2.14 we have x € U and we are finished.

It remains to show (2.7). To see this let A C C with A = co({0} U J(A4)).
Then

(2.8) ACeo({0}UO(AND))
and so
ANU Ceo({0}U(ANT)).

Since # € GAA(U,C) we have that ANU is compact, and since § is upper
semicontinuous we deduce that §(ANU) is compact (see [2, p. 464]). This
together with [10, p. 67] implies €6({0} UO(ANU) is compact, so (2.8) implies
A(= A) is compact. Thus (2.7) holds. O

Next we obtain a generalized Leray—Schauder alternative.
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THEOREM 2.21. Let E be a complete locally convex topological vector space,
C a closed convex subset of E and U an open subset of C with 0 € U. Suppose
F € GAA(U, C) with (2.6) holding. Then F is essential in GAAay (U, C).

PROOF. Let H € GAAyy(U,C) with H|sy = Flsv, and let B be as in
Theorem 2.15. Notice B # () is closed and in fact compact (since B C co({0} U
H(B))). Next let R, be as in Theorem 2.15. It is immediate that R,,: U — K(C)
is an upper semicontinuous map with R, € A(U, E). We now claim

(2.9) R, € GAA(U,C).

If (2.9) is true then R,|oy = {0} together with Theorem 2.20 implies that there
exists x € U with € R, (z). Thus « € B so pu(z) = 1 and we are finished.

It remains to show (2.9). Suppose A C U with A C ({0} U R,,(A)). Then
R, (A) C co({0} U H(A)) together with {0} Uco({0} U H(A)) = co({0} U H(A))
yields

A Cco({0} UR,(A)) Cco(co({0} UH(A))) =co({0} U H(A)).
Since H € GAA(U, C) we know A is compact, so (2.9) is true. O

Next we present a Leray—Schauder alternative for noncompact maps defined
on Hausdorff topological vector spaces. One could derive a theory (similar to the
one above) using Theorem 2.10. However here we present a different approach.

THEOREM 2.22. Let E be a Hausdorff topological vector space, C a closed
convex subset of E and U an open subset of C with 0 € U. Suppose F:U —
K(C) is a upper semicontinuous map with F € A(U, ﬁ) Let Co = N\per D
where F is the family of all closed, convex subsets D of X with 0 € D and
F(DNU) C D. Assume the following conditions hold:

(2.10) ACE,A=c({0}UF(ANU)) implies ANU is compact,
(2.11) Cy is admissible,
(2.12) x ¢ A\Fx for every x € O, (intc,(Co NU)) and X € (0,1].

Then F has a fized point.

ProoOF. Consider F the family of all closed, convex subsets D of X with
0€Dand F(DNU) C D. Let Cop =\ per D and

(2.13) C1 =c({0} U F(CoND)).

Notice Cjy is closed and convex, 0 € Cy and F(CoNU) C F(DNU) C D
for all D € F. Thus Cy € F and so C; C Cy since F(Co NU) C Cp. Also
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F(CinU) CF(ConU) Ceo({0}UF(ConU))=C;soCp €F. As a result
Co C C1 so

(2.14) Co =co({0} U F(ConD)).
Now (2.10) implies

(2.15) CoNU is compact and F(CyNU) C Cp.

Also notice since F € A(U, F(U)) that F|q ~z: ConU — K(F(U)) is approach-
able. Consider the set

B={zxe€CynU:x € \Fx for some \ € [0,1]}.

Note Cy NU is compact so B # () is a compact convex subset of Cy. For later,
notice since F' is upper semicontinuous we have [2, p. 464] that F(Co N U) is
compact. Also we have BN ¢, (intc,(CoNU)) = 0, so there exists a continuous
function p: Cy — [0, 1] with p(dc, (inte,(Co NU))) = 0 and u(B) = 1. Notice
inte, (CoNU) = CoNinte, (U). Let S: Cop — K(Cp) (note (2.14) implies F(Co N
U) C Cp) be defined by

(z) = p(x)F(z) for x € CoNinte, (U) = inte, (Co NU),
R W) for @ € Cp \ inte, (Co N T).

Since F(CoNU) is compact we have that S is a closed compact map. We now
show S € A(Cy, S(Cp)). Note intc, (Co NU)% = CoNU. By the definition of S

it suffices to show that S|, ~z:CoN U — K(S(Cy)) is approachable. Now since

F|e,nz: ConU — K(F(U)) is approachable then essentially the same reasoning

as in Theorem 2.15 guarantees that S|, i: CoNU — K(S(Cp)) is approachable.
As a result S € A(Cyp, S(Cp)). Now Theorem 2.5 (see (2.11)) guarantees that
S has a fixed point ¥ € Cp. It is immediate that zo € inte,(Co N U) so

xo € p(xo)F(x0). Thus zg € B so p(xg) =1, i.e. zg € F(xo). O
REMARK 2.23. If (2.10) is changed to
(2.16) ACE,A=c({0}UF(ANTU)) implies F(ANU) is compact,

then it is easy to see that F' upper semicontinuous in Theorem 2.21 can be
replaced by F' a closed map.

REFERENCES

[1] R.P. AGARWAL AND D. O’REGAN, Homotopy and Leray—Schauder principles for mul-
timaps, Nonlinear Anal. Forum 7 (2002 pages 103-111).

[2] C. D. ArLiprANTIS AND K. C. BORDER, Infinite dimensional analysis, Springer—Verlag
Berlin, 1994.



202

(3]

(4]
[5]

[6]

[9]

(10]

R. P. AGARWAL D. O’REGAN R. PrRECUP

H. BEN-EL-MECHAIEKH, S. CHEBBI AND M. FLORENZANO, A Leray—Schauder type
theorem for approzimable maps: a simple proof, Proc. Amer. Math. Soc. 126 (1998
pages 2345-2349).

H. BEN-EL-MECHAIEKH AND P. DEGUIRE, Approachability and fized points for noncon-
vez set valued maps, J. Math. Anal. Appl. 170 (1992 pages 477-500).

L. GORNIEWICZ, Topological Fized Point Theory of Multivalued Maps, Kluwer Acad.
Publishers, Dordrecht, 1999.

I. KiM, K. KiM AND S. PARK, Leray—Schauder alternatives for approximable maps
in topological vector spaces, Math. Comput. Modelling 35 (2002 pages 385-391).

D. O’REGAN, Fized point theory for closed multifunctions, Arch. Math. (Brno) 34
(1998), 191-197.

S. PARK, A unified fixed point theory of multimaps on topological vector spaces, J. Korean
Math. Soc. 35 (1998 pages 803-829).

, The Leray—Schauder principles for condensing approximable and other mul-
timaps, Nonlinear Anal. Forum 4 (1999 pages 157-173).

F. TREVES, Topological Vector Spaces, Distributions and Kernels, Academic Press, New
York, 1967.

Manuscript received April 6, 2003

RAvVI P. AGARWAL

Department of Mathematical Science
Florida Institute of Technology
Melbourne, Florida 32901, USA

E-mail address: agarwal@fit.edu

DoNAL O’REGAN
Department of Mathematics
National University of Ireland
Galway, IRELAND

E-mail address: donal.oregan@nuigalway.ie

RADU PRECUP

Faculty of Mathematics and Computer Science
Babes—Bolyai University

Cluj, ROMANIA

E-mail address: r.precup@math.ubbcluj.ro

TMNA : VOLUME 22 — 2003 — N° 1



