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SOME RECENT RESULTS ON THIN DOMAIN PROBLEMS
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Dedicated to the memory of Julisz P. Schauder

ABSTRACT. Let Q be an arbitrary smooth bounded domain in R? and € > 0
be arbitrary. Write (x, y) for a generic point of R2. Squeeze Q by the factor €
in the y-direction to obtain the squeezed domain Q. = {(z,ey) | (z,y) € Q}.
Consider the following reaction-diffusion equation on €2:

Ut:A’u+f(’lL), t>0, (xyy)€Q5

(Ee)
8V5u207 t>07 (z,y)EBQE

Here, ve is the exterior normal vector field on 02 and f:R — R is a
nonlinearity satisfying some growth and dissipativeness conditions ensuring
that (Ec) generates a semiflow m. on H'(Q.) with a global attractor A..
In this paper we report on some recent results concerning the asymptotic
behavior of the equations (Ec) as € — 0.

1. Limit dynamics on squeezed domains

Let Q be an arbitrary smooth bounded domain in R? and ¢ > 0 be arbitrary.
Write (z,y) for a generic point of R%2. Given ¢ > 0 squeeze Q by the factor e
in the y-direction to obtain the squeezed domain 2.. More precisely, define the
map

T.:R* = R?,  (z,y) — (v,cy)
and set . := T.(Q). Consider the following reaction-diffusion equation on €Q.:
. ug = Au+ f(u), t>0, (z,y) € Qe
(1) dy.u =0, t>0, (z,y) € 09Q..
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Here, v, is the exterior normal vector field on 0f). and f:R — R is a C'-
nonlinearity of polynomial growth, that is

(1.2) If/(s)] < CA+s|?) forseR,

where C' and 8 € [0, 00[ are arbitrary real constants. In addition, suppose that
f is dissipative in the sense that

(1.3) limsup f(s)/s < —dp for some &y > 0.

|s|]—o0

These hypotheses imply that (1.1) generates a semiflow 7. = 7. s on H' ()
which has a global attractor A, = VZ& Iz

As ¢ — 0 the thin domain ). degenerates to a one-dimensional interval.

One may ask what happens in the limit to the family (7). of semiflows and
to the family (/TE) >0 of attractors. Is there a limit semiflow and a corresponding
limit attractor?

This problem was first considered by Hale and Raugel in [7] for the case when
the domain Q is the ordinate set of a smooth positive function g defined on an

interval [a, b], i.e.
Q={(z,y)|la<z<band 0 <y < g(z)}.

The authors prove that, in this case, there exists a limit semiflow 7y, which is
defined by the one-dimensional boundary value problem

ur = (1/9)(guz)e + f(u), t>0, x €Ja,bl,

(1.4)
Uy =0, t>0, z=a,b.

Moreover, T has a global attractor VZO and, in some sense, the family (VZE)EEO
is upper-semicontinuous at € = 0.

Hale and Raugel also prove that one can modify the nonlinearity f in such a
way that each modified semiflow 7. possesses an invariant (inertial) C''-manifold
ME of some fixed dimension v which includes the attractor VZE of the original
semiflow 7. The semiflows 7. and 7, coincide on the attractor ./ZE.

Moreover, as € — 0, the reduced flow on MVE converges in the C'-sense to
the reduced flow on Mvo.

If the domain € is not the ordinate set of some function (e.g. if 2 has holes
or different horizontal branches) then (1.4) can no longer be a limiting equation
for (1.1). Nevertheless, as it was proved in [12] the family 7. still has a limit
semiflow. Moreover, there exists a limit global attractor and the upper-semicon-
tinuity result continues to hold.

In order to describe the main results of [12] we first transfer the family (1.1)
to boundary value problems on the fixed domain 2. More explicitly, we use the
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linear isomorphism ®.: H'(Q.) — H(2), u — uoTy, to transform problem (1.1)
to the equivalent problem

1
Ut = Ugy + —5 Uyy + f(u), t>0, (w,y) € Q»
€
(1.5) 1
Uz + —uyve =0, t>0, (z,y) € 0.
€

on Q. Here, v = (v1,12) is the exterior normal vector field on 0.
Note that equation (1.5) can be written in the abstract form
i+ Acu = f(u)

where f: H1(Q) — L(Q), u — f ou, is the Nemitski operator generated by the
function f, and A, is the linear operator defined by

1 1
At = —Ugpy — 8—2uyy € L*(Q) for u € H*(Q) with u,v; + 8—2uyug =0 on 0N.

Equation (1.5) defines a semiflow 7. = 7_ 7 on H L(Q) which is equivalent to 7.

and has the global attractor A. := ®.(A.), consisting of the orbits of all full
bounded solutions of (1.5).

The operator A, is, in the usual way, induced by the following bilinear form
1
ac(u,v) == /(uxvx + Zuyvy)drdy, u,v€ HY(Q).
Q €
Notice that, for every fixed ¢ > 0 and u € H'(12), the formula

lule = (ae(u,u) + |u|%2(9))1/2

defines a norm on H*'(2) which is equivalent to | - |1 (q). However, |u|. — oo as
e — 07 whenever u, # 0 in L*(Q). In fact, we see that for u € H' ()

/ uldrdy if uy = 0,
lim a. (u,u) = Q
=0 00 otherwise.

Thus the family ac(u,u), € > 0, of real numbers has a finite limit (as ¢ — 0)
if and only if u € H!(Q), where we define the closed linear subspace H!({) of
H'(Q) by

HXQ) :={ue H(Q) | u, = 0}.

The corresponding limit bilinear form is given by the formula:
(1.6) ap(u,v) := / Upv, dr dy, u,v € HH(Q).
Q

The form ag uniquely determines a densely defined selfadjoint linear operator

Ao D(Ap) € H(Q) — LI(Q)
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by the usual formula
ao(u,v) = (Aou,v) 2y for u € D(Ap) and v € H} ().

Here, the linear space L2(2) is defined as the closure of H!(Q) in the L?-norm.
It follows that the Nemitski operator f maps the space H}({) into L2(2). Con-
sequently the abstract parabolic equation

(1.7) o= —Agu+ f(u)
defines a semiflow 7o = m, + on the space H L1(Q). This is the limit semiflow of
the family .. In fact, the following results are proved in [12]:

THEOREM 1.1. Let (€,)nen be an arbitrary sequence of positive numbers
convergent to zero and (u,)nen be a sequence in L*(S)) converging in the norm
of L*(Q) to some ug € L2(Q). Moreover, let (t,)nen be an arbitrary sequence of
positive numbers converging to some positive number ty. Then

—tn A —toAo

e Uy — € Uole, = 0 asn — oco.

If, in addition, u, € HY(Q) for every n € N and if ug € H(S2), then
|tn e, tn — womotole, — 0 asn — oo.

The limit semiflow 7wy possesses a global attractor Ag. The upper-semiconti-
nuity result alluded to above reads as follows:

THEOREM 1.2. The family of attractors (A:)-c[o,1] 15 upper-semicontinuous
at e = 0 with respect to the family of norms |- |.. This means that
lim sup inf |u—wv|c =0.
e—0+ uejl)g vEAg | |€
In particular, there exists an €1 > 0 and an open bounded set U in H'(Q)
including all the attractors A, € € [0,¢1].

The definition of the linear operator Ay, as given above, is not very explicit.
However, as it is shown in [12], there is a large class of the so-called nicely decom-
posed domains on which Ay can be characterized as a system of one-dimensional
second order linear differential operators, coupled to each other by certain com-
patibility and Kirchhoff type balance conditions. In this case, the abstract limit
equation (1.7) is equivalent to a parabolic equation on a finite graph (cf. Section 2
below).

Let (A,)ven be the nondecreasing sequence of the eigenvalues of the limit
operator Ay (each of the eigenvalues being repeated according to its multiplicity).
Assume that the sequence (), ),en satisfies the following gap condition:

. )\u+1 - )\u
(1.8) th/ILSolip BT

> 0.
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In [13] it is shown that under hypothesis (1.8) there is an g9 > 0, g9 < &7,
and there exists a family M., 0 < e < g of (inertial) C'-manifolds of some finite
dimension v such that, whenever 0 < ¢ < gp, then A, C M, and the manifold
M is locally invariant relative to the semiflow 7. on the neighbourhood U of
the attractor A.. Furthermore, as € — 0, the reduced flow on the manifold M,
converges in the C''-sense to the reduced flow on M. It is also proved that the
gap condition (1.8) is satisfied on nicely decomposed domains satisfying a natural
additional condition. In particular, our inertial manifold theorem contains, as
a special case, the inertial manifold theorem of Hale and Raugel and it even
improves the latter.

Let us discuss in some detail the construction of the inertial manifolds given in
the proof of Theorem 1.3 below. We apply the method of functions of exponential
growth, used before by many researchers (cf. [5], [15] and the references contained
in these papers). First we choose an open set U in H'({) which includes all
the attractors A., ¢ € [0,e0], €0 > 0 small. Then we modify the Nemitski
operator f (rather than the function f) by finding a globally Lipschitzian map
g: HY(Q) — L2(Q) with f(u) = g(u) for u € U. For fixed ¢ € [0, 0] we seek an
invariant manifold M, for the modified semiflow 7. 4 in the form M. = A.(R),
where A.: R¥ — H'(Q) is a map obtained from the contraction mapping principle
applied to a properly defined nonlinear operator I'. defined on a certain space
of maps y:]—00,0] — H'(f) of exponential growth. If the operator T'. is a
contraction then the map A. is well-defined and A. C M.. It follows that M. is
invariant with respect to solutions of the original semiflow T 7 as long as these
solutions stay in the open set U. One can even find an open set V' C R” such
that for € € [0, £0] the set A-(V') is positively invariant with respect to 7_ + and
A. CA (V) CU.

The only problem is that, under the usual norm | - |. on H(Q), the operator
T. is not a contraction. In fact, the gap condition (1.8), which is the best possi-
ble, does not yield gaps which are large enough to counterbalance the Lipschitz
constant of the given Nemitski operator. At this point we use an ingenious idea
due to Brunovsky and Teresédk (see Theorem 4.1 in [3] and its proof) and, given
positive numbers [ and L introduce an equivalent norm

lulle = Llulz> + lule

on H(Q). Similarly, as in [3], we seek to choose the constants [ and L in such
a way that the operator I'. is a uniform contraction with respect to the norm
I-]le. That this is possible is due to the Gagliardo-Nirenberg inequality combined
with some linear estimates obtained from the variation-of-constants formula.

In order to state the inertial manifold theorem we need some notation. For
every ¢ € [0, 1] let (Ac ;) en be the repeated sequence of the eigenvalues of A, and



244 M. Prizzi — K. P. RYBAKOWSKI

let (we,j)jen be a corresponding complete orthonormal sequence of eigenvectors.
For every € € [0,1] and every v € N let E. ,:R” — L?*(Q) be defined by

B &= Gue;, LR
j=1
Furthermore, if € > 0 (respectively, ¢ = 0), let P.,:L*(Q) — L*(Q) (respec-
tively, P ,: L2(2) — L%(Q)) be the orthogonal projection of L?(2) (respectively,
L2(€)) onto the the span of the vectors w. j, j =1,... ,v.

THEOREM 1.3. Suppose that f € C1(R — R) satisfies the growth and dis-
sipativeness conditions (1.2) and (1.3). Suppose the eigenvalues of Ao satisfy
the gap condition (1.8). Then there are an g9 > 0 and an open bounded set

U c H'(Q) such that for every e € [0,e0[ the attractor A of the semiflow _ 7

lies in U.

Furthermore, there exists a globally Lipschitzian map g € CH(H* () —
L2(R)) with g(u) = f(u) foru € U.

Besides, there is a positive integer v and for every e € [0, o[ there is a map

A. € CYRY — HY(Q)) ife > 0 and A. € CH(R” — HLX(Q)) if e =0 such that
(1.9) P., oA =FE,.,

and A-(R”) is an invariant manifold with respect to the semiflow 7. 4.

Finally, there is an open set V. C R such that, for every e € [0, &0/,
A. CA(V)CU

and the set A (V') is positively invariant with respect to the semiflow T F
The reduced equation on A.(RY) takes the form

(1.10) E=vc(6), €€R,
where
ve:RY = RY, € —AE. &+ P ug(Ac()).

Moreover, whenever e, — 07 and &, — & in RY, then

(1.11) A, () = Mo(&)len + D105, (6) — 05M0(€0)]e, — O
j=1

and

(1.12) |02, (&n) — v0(&0)lrr + D |050e,, (€n) — Bjv0(£0) [ — O.
j=1

The reader is referred to [13] for a detailed proof of Theorem 1.3.
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2. Nicely decomposed domains

In this section we report on some results from [12] and [13] which characterize
the function spaces H1(Q)) and L2(Q) and the domain of the limit operator
A = Ap on nicely decomposed domains. Moreover, we state the additional
conditions which ensure that the eigenvalues of the operator A satisfy the gap
condition described in the previous section.

For the reader’s convenience we will first recall the definition of a nicely
decomposed domain.

We say that an open set Q C R? has connected vertical sections if for every
z € R the z-section €2, is connected. Such a section is, of course, nonempty if
and only if € P(Q), where P:R x R — R, (x,y) — z is the projection onto
the first component. Note that, given a nonempty bounded domain € in R?,
Jo := P(Q) is a nonempty bounded open interval in R, that is Jo = |ag, bal,
where —0o0 < ag < bo < 0.

Given a € R and ¢ € ]0, co[ we set

Is(a) :=]a—6,a+48[, I;(a):=]a—46,a] and I (a):=]a,a+4[

DEFINITION 2.1. Let Q, Q; and Q3 be nonempty bounded domains in R2.
Set a; 1= aq, and b; := bg,, i = 1,2. Given ¢ € R we say that 1 joins Qg at c
in Q if the following properties hold:

(1) Q1 N Qs = {c} x [3,7] where 3 = Bq,.q, and ¥ = Vg, o, are some real
numbers with § < 7,

(2) C=aq, = le,

3) {c} x]B,7[CQ,

(4) whenever d € |3, [, then there is a § = §(d) > 0 with the property that

Is(d) C1B,y[ and I; (c) x Is(d) C , I (c) x Is(d) C Qo.

We say that £, and Qs join at ¢ in  if Q1 joins Qs at ¢ in  or Qs joins 4
at ¢ in €.

DEFINITION 2.2 (cf. Figure 1). Assume that 2 C R x R is a nonempty
bounded open domain with Lipschitz boundary. Let P:R x R — R, (z,y) —
x be the projection onto the first variable. A nice decomposition of € is a
collection €1, ..., of nonempty pairwise disjoint open connected subsets of
@ with connected vertical sections such that, defining Ji := Jqo,, ar = aq,,
by :=bq,, k=1,...,r, the following properties are satisfied:

(1) Q\ (Up—y ) C Z, where Z := J;_, {a, b} x R),

(2) whenever k = 1, ..., r then 0Q C 9Q U ({ag,br} x R) and for ¢ €
{ak,br} 00 N ({c} x R) = {c} x I, where I is a compact (possibly
degenerate) interval in R,
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FIGURE 1

(3) whenever k,l =1,...,7, k # [ and (c,d) € Qi N is arbitrary then
either Q0 and ; join at ¢ in § or else there is an m € {1,...,r} such
that Q and ., join at ¢ in Q and ; and €2, join at ¢ in £,

(4) for every k = 1,...,r the function py: J — ]0,00[,  — p1((Q)z), is
such that 1/py € L' (Jg).

REMARKS. (1) Definition 2.2 says that, up to a set of measure zero, contained
in a set Z of finitely many vertical lines, €2 can be decomposed into the finitely
many domains Q, k= 1,...,r in such a way that at Z the various sets €2} and
€ “join” in a nice way. Points of QN Z are, intuitively speaking, those at which
connected components of the vertical sections €2, bifurcate.

(2) Let Ry, ..., R, be closed bounded intervals in R?, with nonempty in-
terior; let Qg be the interior of |J;_; Rx. Then any connected component { of
Qg is a nicely decomposable domain with Lipschitz boundary.

(3) In Section 3 below we will show that all real analytic domains are nicely
decomposable.

Finally, given a nice decomposition 1,... ,€, of Q, we set
E = U (({ak, bk} X R) n an)
k=1

As we already said, our goal is to give a detailed description of the spaces
H(Q) and L?(Q2) when  is a nicely decomposed domain. We begin our de-
scription by first considering the simpler case of an open set O with connected
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vertical sections. Below, such a role will be played by the sets {2 occurring in
the nice decomposition of 2. We do not assume that O has Lipschitz boundary,
since the sets 2, occurring in the nice decomposition of 2 in general do not have
this property.

Let P:R xR — R, (z,y) — x be the projection onto the first variable.
Let J := P(O) and assume for simplicity that J = ]0,1[. Define the function
p:J — 0,00 by x — u1(£;). In [12] it is shown that, if u € L?(O) satisfies
u, = 0 in the distributional sense, then there is a null set S in R? and a function
v e L (J) such that u(x,y) = v(x) for every (x,y) € O\ S. Moreover, p'/?v €

loc

L%(J). If w € H'(O) then v' € L] (J) and we can choose the null set S so
that u(z,y) = v(z) and u.(z,y) = v'(x) for every (z,y) € Q\ S. Moreover,
p/?v" € L*(J) and we can choose the function v to be absolutely continuous
on J.

Now, since O is open and bounded, it is easy to see that the function p

satisfies the following hypothesis:
(A) p € L*(0,1) and for every ¢, 0 < £ < 1 —e¢, there exists ¢ > 0 such that
p(z) >din e, 1 —¢l.

Given an arbitrary function p satisfying hypothesis (A), note that p(xz) > 0
for 0 < z < 1. Therefore the following linear spaces

H(p) := {u € Li,e(0,1) | p"u € L?(0,1)}
and
V(p):={ue L. (0,1) | v € LL.(0,1),p*?u € L?(0,1),p"/?u' € L?(0,1)}

are well-defined. Define on H(p) and V(p) the scalar products

(U, V) H(p) ::/0 p(z)u(z)v(x) dz

and
1

1
wolvg = [ plai @@ de+ [ pauls) da.
0 0
It is easy to check that these products define Hilbert space structures on H(p)
and V(p).
Now define the mapping

1:L2(0) — H(p), u— v,

where v is the function v: J — R such that u(z,y) = v(z) almost everywhere
in O. It turns out that ¢ is a well-defined isometry of L2(O) onto H (p). Moreover,
¢ restricts to an isometry of H1(O) onto V (p).

In [13] the following result is proved:
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PROPOSITION 2.3. Assume that the function p satisfies (A) and (1/p) €
LY(0,1). Let u € V(p). Then there exists a function v € C°([0,1]) such that
u = v almost everywhere in ]0,1[. Moreover, the imbedding V (p) — C°([0,1])
(and hence the imbedding V (p) — H(p)) is compact.

Now we consider the full nicely decomposed domain 2. For k =1,... 7 let
us define the linear spaces

Hy = {u € LL (ax,b) | p/*u € L*(ay, bi)}

and
Vk = {u (S Hk | o c Llloc(akabk)v p,1€/2u/ c L2(ak,bk)}.
We have seen that Hy and Vj, with the scalar products

by
(u, V) m, ::/ pr(z)u(z)v(x) dx

ag

and
by

by
(u, v)v, ::/ pr(z)u ()0 (2) da:Jr/ pr(z)u(x)v(x) de

ag ag

respectively, are Hilbert spaces and that the imbedding Vj, — Hj is dense and
compact. Moreover, consider the following bilinear forms on Vj:

bk
ak(u, v) ::/ pi(2)u ()" (2) d,

k

bk
bi. (u,v) ::/ pr(2)u(z)v(x) dz.

)

The fact that we use the same symbols “ax” and “bi” to denote both a bilinear
form and the endpoints of the interval Ji will not lead to confusion.

Define the product spaces
He =H1®..0H, :={u] = (u1,...,uy) |ux € Hy, k=1,...,7}
and
Vo =Vid...oVe={ul=(ur,...,ur) [ux € Vo, k=1,...,7},

with the scalar products

T T

(], WD rrg =D (um, o), and ([u], [])ve =D (ur, vidvi,

k=1 k=1
respectively. It is easy to check that Hg and Vg are Hilbert spaces and that the
imbedding Vg — Hg is dense and compact.
Furthermore, consider the following bilinear forms on Vg:

ag([u], [v]) == Zak(uk,vk) and  bg([ul, [v]) := Zbk(uk,vk).
k=1 k=1
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Note that bg is just the restriction to Vi x Vg of the scalar product (-, -)m, -

For k=1,...,r, let ¢ :=tp,. Define the map
1 L2(Q) — Heg,  topu = (1(ula,), - t(ulg,)).

It follows that tg is an isometry of L2(Q) into Hg and that tg restricts to an
isometry of H1() into V. Set

Ve = {[u] € Vg | ug(br) = w(a)

whenever by, = a; = ¢ and Qj and Q; join at c}.

The following result characterizes the spaces H!(Q) and L2(9):

PROPOSITION 2.4. The following properties hold:

(1) 10 (L3(Q) = He,
(2) ta(H(Q) = V5.

Next we consider the limit operator A = Ag, which, as we know, is generated
by the bilinear form ag defined in formula (1.6). Let ag be the restriction of ag;
to Vg x Vg and let Ag be the self-adjoint operator generated by ag in Hg. If
u € D(A), then, for all v € H(Q),

(Au,v) L2 () = ao(u, v) = ag(tou, Lgv).

On the other hand

(Au, v>L§(Q) = (Lo AU, LpV) H, -
It follows that

ag (tpu, tgv) = (Lo Au, tgv) i,
for allv € H}(Q), so tgu € D(Ag) and Agtpu = g Au. Similarly, one can prove
that, whenever [u] € D(Ag), then tz'[u] € D(A), and Aug'[u] = 155" Az [ul.
This means that tg restricts to an isometry of D(A) onto D(Ag) and that
A= LélAéL@.

For k=1,...,r, let us define the spaces

Zy i ={u€ Vi | (pu') € Lige(ar, br), p;1/2(pkul)/ € L*(ay, by)}.

Moreover, set Zg 1= Z1®...H Z,. Then we obtain the following characterization
of the domain D(Ag) of A:

THEOREM 2.5. Let Ag be the self-adjoint operator generated by the bilinear
form ag. Then D(Ag) = Zg, where Zg is the subspace of Zg consisting of all
[u] = (u1,...,ur) satisfying the following properties:

(1) uk(bg) = ui(a;) whenever by, = a; = ¢ and Q. and Q; join at c;
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(2) whenever T' is a connected component of E (necessarily of the form
I' = {c} x I, where ¢ € |J;_,{ar,br} and I is an interval) then

> e )(e) = Y (prur’)(©)-

keoy keo_
Here, oy = o (I) is the set of all k such that QN ({by} xR) C T and so
bp = ¢, while o = o_(T) is the set of all k such that QxN({ar}xR) C T
and so aj = c.

Moreover, for [u] € Zg, Aglu] = (pfl(plu;)', ooy Hprul)).

If Q is nicely decomposable, then, due to the isometry tq and in view of
Theorem 2.5, the abstract equation (1.7) is equivalent to the following system of
“concrete” one-dimensional reaction-diffusion equations:

v = (1/pe)(prur’)’ + fug) on Jag, byl for k=1,...,r,
with compatibility conditions
ug(c) = w(c)

whenever by = a; = ¢ and Q and ); join at ¢, and Kirchhoff type balance
conditions
Yo )= Y (ew)(e)
keoy () keo_(T)

whenever I' = {¢} x I is a connected component of E.

As it is explained in [12], such a system can be interpreted as a reaction-
diffusion equation on an appropriate finite graph.

Now assume that the nicely decomposed domain €2 satisfies the following
additional hypothesis:

(C) For every k =1, ..., r one of the following conditions is satisfied:

(1) there exist two constants o and Ok, 0 < ap < B, such that ap <
pr(r) < B in Jag, b[;

(2) there exists a function g, € C°([ak,bx]) N C?(Jak, bx]), with g(z) > 0,
¢ (z) >0 and ¢"(z) <0 on Jay, bx], q(ax) = 0 and (1/qx) € L*(ax, by),
and there exist two constants ap and Gi, 0 < ap < [, such that
arqr(z) < pr(z) < Brgr(w) in Jag, bi;

(3) there exists a function gx € C°([ax,bx]) N C*([ak, b[), with g(z) > 0,
¢ (z) <0 and ¢"(z) <0 on [ag,bk], ¢(br) = 0 and (1/qx) € L*(ax, by),
and there exist two constants ax and (i, 0 < ar < Bk, such that
arqr () < pr(z) < Brae(z) in Jag, bel.

REMARK. The technical condition (C) is general enough to cover all the
classes of nicely decomposable domains discussed in the remarks following Defi-
nition 2.2.
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The following result is proved in [13]:

THEOREM 2.6. Let Q C R? be a nicely decomposed domain and assume
condition (C) is satisfied. Let (A\,),en be the repeated sequence of eigenvalues of
the limit operator Ag. Then the gap condition (1.8) is satisfied.

The proof this result is quite technical and is based on comparison arguments
and on the min-max characterization of the eigenvalues of selfadjoint operators.
The reader is referred to [13] for details. As we said before, this result enables
us to construct inertial manifolds for the semiflows 7., for € > 0 small enough.

3. An example: analytic domains

Let ¢:R? — R be a real analytic function, and assume that ¢(z,y) — oo as
|(z,y)| — oco. Assume that 0 is a regular value of ¢ and consider the sublevel set

Q= {(x,y) € R? | ¢(x,y) < 0}.

The set 24 is open, bounded, and has analytic boundary. Finally, let Q2 be any
connected component of 4. In this section we shall prove that such a domain
) admits a nice decomposition. We give only the main ideas of the proof and
leave the details to the reader (cf. also Figure 1).

The starting point is the following proposition, which is an easy consequence
of the analyticity of ¢ and the implicit function theorem.

PROPOSITION 3.1. Let (zg,y0) € R? be such that ¢(zo,yo) = 0, ¢y(z0,v0) =
0. Then there exist 6,n > 0 such that (¢(z,y), dy(z,y)) # (0,0) for all (x,y) €
I, (z0) x Is(yo) with (x,y) # (%o, Yo)-

Since 2 is bounded, it follows immediately from Proposition 3.1 that there is
only a finite number of points (z,y) € 0Q such that ¢(z,y) = 0 and ¢, (z,y) = 0.
Set

X :={z € R | there exists y € R
with ¢(x,y) =0, ¢y(x,y) =0 and (z,y) € 0Q}.

Then X is finite, and we can write
X ={z0,...,zs} withzo<...<uzs.

Let P(Q2) :=]a,b]. Tt is easy to check that a = ¢ and b = z;. The open domain
) is therefore contained in the strip ]zg, zs[ x R. Let us define

Z = U<{$Z} x R).

=0
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Consider the strips S; := |a;—1,z;[ x Rfor i =1,...,s. Then
Q\zc|JS.
i=1
Let us fix i = 1,..., s and consider QNS;. Let (Z,7) € 02N.S;. Then ¢(Z,7) =0
and ¢, (T,7) # 0. The implicit function theorem and the analiticity of ¢ imply
that there exists a unique analytic function f:]x;_1, ;[ — R such that f(T) =7
and ¢(z, f(z)) = 0 on Jx;—1,x;[. Furthermore, the function f can be extended

to a continuous function, again denoted by f, on the closed interval [z;_1, z;].
Now we fix &; € |a;—1, ;[ arbitrarily and we set

YVi:={y eR|¢(&,y) =0and (&,y) € 00}
At such points we have ¢, (&;,y) # 0, so Y; is finite. Let us write
Yi=A{yit,- - Yiey) With yi1 < ... <yi)-
Thus for every j =1,...,¢(i) there exists a unique continuous function
figilwio, o] — R,

which is in fact analytic on Jz;_1, z;[, and satisfies f; ;(&;) = yi,; and ¢(z, fi ;(z))
=0 on [x;_1,x;]. Moreover,

fi)l(x) <. < fm(z)(x) for all z € ]xifl,iti[

and
oy(z, fij(x)) <0 forall @ € |w;_1,z;[ if j is odd,

{ Oy, fii(x)) >0 forall x € |z;_1, ;[ if j is even.

It follows that t(7) is even for every i = 1,...,s, and
QnsS;= |J i, fori=1,...5s
JED;
where
D;:={1,3,...,t(i) =1} fori=1,...,s
and
Qij={(z,y) € Si| fij(@) <y < fijn(2)}
fori=1,...,sand j € D;,.
The family (€2;;),j), where i = 1,...,s and j € D;, is a nice decomposition

of the set . The proof of properties (1), (2) and (3) in Definition 2.2 depends
only on the implicit function theorem and does not present particular difficulties.
Property (4) is a little more delicate and requires some estimates for the first
order derivatives of implicitly defined functions. In the same way one can prove
that the domain 2 satisfies condition (C), so the eigenvalues of the operator A
on ) satisfy the gap condition (1.8). The details are left to the reader.
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REMARKS. (1) Open sets with C° boundary need not be nicely decompos-
able. As an example, consider the curve

7 (t) := (¢(¢)sin(1/t),t) for ¢t € [0,1],
where

(=1/¢%)
o) :{e ort 0,

0 for t = 0.

Moreover, choose a C*°-imbedded curve vs: [1,2] — R? such that
Y2(1) = (e tsin(1),1), 72(2) = (e *sin(—1), —1)
and such that the curve 7: [—1,2] — R? defined by

7 (t) forte[-1,1],
(t) = {
v (t) fort e |[l,2],
is a C*°-imbedded curve. Then v is a Jordan curve, and the corresponding
bounded region €2 is an open set with C* boundary. Clearly, this domain does
not admit any nice decomposition.

(2) On the other hand, let ¢: R? — R be a C? function such that ¢(x,y) — oo
as |(z,y)| — oo. Assume that 0 is a regular value of ¢. Let Q4 := {(z,y) |
o(z,y) < 0} and let Q be any connected component of Q4. Moreover, sup-
pose that, whenever ¢(zo,y0) = 0, ¢y(x0,%0) = 0 and (zo,y0) € 0N, then
®yy(T0,%0) # 0. Then Q is nicely decomposable. The proof is similar as in the
case of analytic domains.

4. Concluding remarks

It is straightforward to generalize some of the preceding results to domains
of dimension higher than two. In fact, assume that €2 is a bounded domain in
RM+N =~ RM » RN with Lipschitz boundary. Define, for ¢ > 0, the squeezing

operator
(4.1) T..RM xRN = RM | (2,9) — (z,ey)

and set Q. := T.(2). We can then consider, as before, the boundary value
problem (1.1). With some obvious notational changes, we can define the oper-
ators Ac, € > 0, the function spaces H!(Q)) and L?(Q2) and the limit operator
Ag. If the growth exponent (3 of the function f satisfies appropriate restrictions
then we can also define the semiflows T_f € > 0, and the limit semiflow T 7
Theorems 1.1 and 1.2 continue to hold in this more general setting (see [12] for
details).

The transformation 7. defined in (4.1) is an example of flat squeezing of the

space RM+N “toward” an M-dimensional linear subspace. One can consider,
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much more generally, a squeezing transformation of an open subset of RM+ to-
ward an arbitrary (curved) smooth M-dimensional submanifold S. More specif-
ically, if S is orientable, then there is a system v: S — RM*N k=1 ... N
of linearly independent smooth vectorfields of norm one which are normal to S.
Moreover, there is a (tubular) neighbourhood U of S in R®*¥ and smooth maps
¢:U — S and ap:U — R, k= 1,..., N, such that ¢ represents the “normal”
projection of U onto S and ag(z), 2z € U gives the “distance” between z and
@(2) in the vg(p(z))-direction. Note that

N
2= ¢(z) + Z ar(2)vk(9(2)), z€U.
k=1
We can now define, for € > 0, the squeezing map T.: U — RM+N by
N
(4.2) To(2) = ¢(2) + £ > ar(2)vk(e(2)), =z€U.
k=1

If Q is a bounded domain in RM*+Y with Lipschitz boundary and Q C U, then
set

Q. =T.(Q).
Note that formula (4.2) reduces to formula (4.1) in the special case U =
RM x RN, § = RM x {0}, ¢(z,y) = (2,0), vi(z) = ermrsr and ax(z,y) = yi,
k=1,...,N. Here, ey,...,er4n is the canonical basis of RM+V,

RM+N ]

The simplest nonflat example is obtained by letting S be the M-dimensional
unit sphere in RM+1. A squeezing transformation toward S can then be defined
by (4.2) by setting U = RM*1\ {0}, ¢(2) = z/||z]l, a1(2) = ||2]| - 1, 2 € U and
v1(z) =z, z € S. Here || - || is the Euclidean norm in RM+1,

Again one can consider the boundary value problems (1.1) on §2.. One can
now translate these problems to an equivalent family of boundary value problems
on the fixed domain Q. One can define the analogues of the spaces H!(Q) and
L2(Q), the limit operator Ay and one can prove, in this general setting, most
of the results described in this paper. The details are presented in the recent
work [11] of M. Rinaldi and the present authors.

Some applications of the Conley index to thin domain problems are contained
in the recent paper [4] of M. Carbinatto and the second author.
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