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ATTRACTOR AND DIMENSION FOR DISCRETIZATION
OF A DAMPED WAVE EQUATION
WITH PERIODIC NONLINEARITY

SHENGFAN ZHOU

ABSTRACT. The existence and Hausdorff dimension of the global attractor
for discretization of a damped wave equation with the periodic nonlinearity
under the periodic boundary conditions are studied for any space dimen-
sion. The obtained Hausdorff dimension is independent of the mesh sizes
and the space dimension and remains small for large damping, which con-
forms to the physics.

1. Introduction

Consider the damped wave equation with periodic nonlinearity
0%u ou

1 27 b
S o Yo

with the periodic boundary conditions

—Au+tglu)=f, ze€Q, t>0

u(x, t)|ér€Fj = u(xv t)‘merj+n7

Ou ou
(- wn| =)o tler,

zel'y

du ou
= 87%(377 t)lwef‘j+n ( = %(I7 t)GJEFJML),

j=1...,n,t>0,
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268 S. ZHou

and the initial value conditions

u(z,0) = ugp(z), %(m,O) =ui(z), z€Q,

where u = u(z,t) is a real-valued function on Q x [0,00), f = f(z) € L?(Q2),
a >0, D(—=A) = H2,,.(Q), the space of H? functions which are spatially periodic,

per

Q=[[;_,(0,1) CR", neN,
F]‘ =00nN {,Ij = O}, F]‘+n =00nN {ZE]' = 1}

are the faces of the boundary 9Q on Q, j = 1,...,n, and g(u) € C?*(R;R)
satisfies:

3 lgwl<e gu+T)=g(), T>0, |¢'u)]<C (constant).

We consider the spatially finite difference discretized version of problem (1)—(2).

Let m € N, h = 1/m. We approximate a function u(x) : @ — R by u = ug:

uk:u(klh,... 7knh):u<k1, ’k”>’

m m

where k = (k1,... ,kn) € Z"N{1 < ky,... ,k, <m}.
We can think of uy as a vector in R™". For convenience, we reorder the
subscripts of components of any v € R™" as follows:

(4) U= (U1.4.111,Ul...112, <o Ul 11my -+ - 5 V1.1m1, V1.1m2s - - - 5 UVl 1mms

<y Umm..m1l Umm...m2y - - - 7vmm...mm)T S R™ )
where “T” is the transpose operation for matrixes. Let
M = {v € R™" | subscripts of components of v are ordered as in (4)}.

Since we consider the periodic boundary conditions, we extend the indexes of

any v € M by periodicity:

(5) Uk = U(kymod(m)),... ,(knmod(m))s for all k= (ky,...  k,) € Z",

where
m p is a multiple of m,

pmod (m) = {

Let D1,...,D,, D, A denote the finite difference discretizations of the linear
operators 9/0x1, ... ,0/0x,,V,—A of the continuous version, respectively. For

pmodm otherwise.
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v € M, the (ky,...,kyp)-th component of v is denoted by v, , .. k), we define
the linear operators D1,... ,D,,A: M — M by:
(D19) ey oo k) = (V(k k) = Vet —Lika,en kn) )
(D20) (ks ... ko) = U0k k) = Vlkr k=1, k))s
(6)
(Dn) (kyee k) = MUV k) — V(e hn—1) )
(AV) (hy . o) =T (2N0(y i) = Uy 41k on) — V(s Lok sees ko)
= T Uk kA1) T Uk, ,kn71)),
and D: M — M x...x M as
Dlv
Dv = :
DTL’U
where (ky,... . k,) € Z"N{1 <k; <m, j=1,...,n}.
The spacially finite difference discretized version of the systems (1)—(2) can
be written as

du du
and the initial value conditions as

du

(8) w(0) =u®,  —(0) =u,
dt
where
Uu :(ul...111,~~~ y UL 11my -+, UL Imly -+ , UL . lmm,
-5 Umm..mly-- - aumm...mm>T S M7
ul® = (ugif___11au(1i1),__127 s 7u52,)7n...mm)T €M, (Z =0, 1)7
and

I'= (]-—‘11...11» cee ame...mm)T S M,
the sampling of f with (1/m")>7)" . _ T7 . uniformly bounded with
respect to m, and

Go(u) = (g(u11..11), 9(u11..12), - - - 7g(umm...mm))T € M,

the sampling of g(u).

For system (7)—(8) where the nonlinearity g(v) = sin u in one space dimension
n =1, Yin Yan in [1] proved the existence of the global attractor and gave an
upper bound of Hausdorff dimension of the attractor for c > 0. But this upper
bound is directly proportional to the coefficient o of damping when o > v/6, and
tends to infinity as @ — oo, which are not precise in the physical sense. S. Zhou
in [2] improved the estimate in [1] and obtained a more strict upper bound of
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the dimension for the global attractor by carefully estimating and splitting the
positivity of the linear operator in the corresponding evolution equation of the
first order in time. The obtained Hausdorff dimension of the global attractor
is independent of the mesh sizes and space dimension remains small for large
damping.

In this paper, by using similar technique in [2], we generalize the estimate
of [2] to any space dimension n € N and obtain an upper bound of the Hausdorff
dimension of the global attractor for system (7)—(8). The result is the following
theorem.

THEOREM 1. The semigroup determined by (7)—(8) possesses a global attrac-
tor in M and the Hausdorff dimension dy of the global attractor satisfies:

) 1 1 Ao }
9) dg <2+ l{feN, - =— < )
(9) dn < mln{ ‘ {4 A ACH/ a2 + 4N (a+Va? +4))

LS ta? |
t — Xj ~ C2V/a? + 1672 (o + Va2 +1672) )

(10) < 2+min{£‘£€N,
Where A\; = 4m? sin® w/m and 16 < A\ = Xl < XQ <...< Xg <...< X[m/g}”_l
are the ordering, from small to large, of set
(11) {6 4+...+13)|10<l,...,l, <[m/2] butly+...+1,>1}.
Particularly, if

Aa? > 402/ + 40 (a + Va2 +4\),

then dg < 2.

It is easy to see from (9) that dg is uniformly bounded for sufficiently large a

because
)\2 2 )\2
(12) [ - L
4C2/a? + 4\ (a+ Va2 +4);)  8C
as o — 00.

2. Preliminaries

At first, we consider the properties of operator A. Obviously, the linear
operator A : M — M defined by (6) is symmetric, so it can be diagonalized. For
the eigenvalues of A, we have the following information.
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Let
1 ifl =0,
. 27 . m
(13) e(l,i) = sin <mz> H1<i< {2}
cos<2(m_l)”i) if[m]+1§l§m—l,
m 2

where [m/2] is the largest integer not greater than m/2, and for any 0 <
li,oooylp<m—1and 1 < ky,..., k, <m, define e(ly,... ,l,) € M by

(14) 6([1, . ,ln)(;ﬁ’m ,k") = 6(l1, kl) L— €(ln, k‘n).
LEMMA 1. The eigenvalues of A are as follows:
l Iy
(15) Ay ) = 4m? (sin2 an + ...+ sin? 7T>
m m
and the corresponding eigenvectors are e(ly, ... ,l,), i.e.,

(16) Ae(ly, ... 1) = 4m? (sin2 hm + ... +sin? Z"ﬂ-)e(ll, ces ),
m m

for any ly,... l, =0,...,m—1. Particularly, 0 is a simple eigenvalue of A

with the corresponding eigenvector

(17) e = (€hy,... b)) €M, where ey, k) =11<ky,... k, <m).

PROOF. It is easy to see from (13)—(14) that for any 0 <!y,...,l, <m—1,
ki,... ,kn €Z,
e(lis s ln) (hry k) = €15+ 5 ln) (kymod(m),... \knmod(m))-
Here we consider the case 0 < li,...,l, < [m/2] only. In other cases, we can

prove the lemma similarly.
Write 8; = 2l;w/m, i = 1,...,n. By (6), (13) and (14), it is easy to check
that for any 0 <ly,... I, <m—1,ky,... k, €Z,

1 Lo g Lol
WAe(ll, R 7ln)(k1,... kn) = 4(81112 1? + ... +sin? m)e(ll, R 7ln)(k1,... Ken)
The proof is completed. O
<

Let ¢1 and ¢o are two different arrangements of I1,... ,1l,, 0 < l1,... I,
m — 1, then by (15), we have \;, = A,,. Since sinz > 2z/7 for x € [0,7/2],

(18) 16 < )\(1,0,... 0) = )\(0,17,_ 0) == X0,....01) = Am—1,0,... 0)
=A _ =...= )\ =4 2 302 1
(0,m—1,...,0) (0, 0,;m—1) = 4m”sin” —

< N, 1) < 4m°.
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and it is easy to see that if one/ones of ly,... ,l, is/are replaced by m — Iy or
m — Iy or ... or m — l,, respectively, then the corresponding eigenvalue of A
remains invariant for any 0 < ly,...,l, < [m/2) and [ + ...+, > 1. For
example, we have

)‘(11,---,ln,) = )‘(m—ll,..,,m—ln)7 for all 0 < ll, ce ,ln < [m/2] but ll+ . +ln > 1.

So, we need to consider the case of 0 <ly,...,1, < [m/2] only.

Let 272(1)72(2) € M with their components 2, .k, , zg)kn, zl(j)kn for 1<

ki,...,k, < m. We define the weighted inner products and norms as
1L v L0 Lo
1) (2 1 2
(=W, 2®)) = oo Z Py b PRy e
Eyees k=1

(19) s 1 m ) 1/2
‘Z| = (Z,Z) / = (W Z Zkl...k:n> 5

ky..kn=1

l2ll = (Az,2)"/? = (Dz, D2)'/2.

Write E = {e}*™ the orthogonal complement of span{e} in M, which is an
invariant subspace of the linear operator A. It is easy to see that |- | is a norm
in M, || -|| is only a semi-norm in M, but it is a norm in E. We also have the
following inequality:

(20) 121> = A1,0,... 027 = 16]2|*, for all z € E,

which corresponds to the Poincédre inequality.
Let

Ey=(E,|-]), Ei=(E]-I),
and
Vo= (B, x SY)Y x (Ey x R), Vi =E; x Ejy,
where S! = R!/TZ is the one-dimensional torus. Introduce a orthogonal pro-
jector
P:Mw—{e}*M = F,

which induces a projector from Vj to Vj(also denoted by P). Write © = Pu,
T = PT, then
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and the projection of system (7) to E is

d*u du B 1 m B
(21) = toegt At + Go(u) — (m” Z g(uklmkn)>e =T,
k1., kn=1
and the initial value conditions (8) is
_ du _
(22) w(0) = u(®), d%‘(o) — D),
where
— . 1 i )
() =@ — [ — (4) P —
w u (mn Z ukl...kn €, (7’ 07 1)
ki, k=1

Since Gp(u) in (7) is globally Lipschitzian continuous with respect to u in M
and equation (7) can be solved backwards in time ¢, globally existence and
uniqueness of solutions of (7) are evident for any ¢t € R. If u(t) € M is a solution
of (7), then u(t) can be decomposed into

(23) u(t) =a(t) + m(t)e,

where

(24) m(t) = # S Uk,
ki, kn=1

Since (7) is invariant if we add an amount [Te (I € Z) to u for any integer I, the
solution u(t) of (7) induces a nonlinear flow

du

S(t) : (U(O),u(l)) eVy— <u(t)7 7

(t)) eVy, t>0.

3. Global attractor

Firstly, we consider the absorbing properties of flow S(¢)|y,, ¢ > 0, in V;.
Let ¢ = (u,v)T, © = du/dt + €%, where ¢ is chosen as

)\1(1

(25) = o

where A1 = A10,... 0) = 4m?sin® 7 /m, then system (21) can be written as
(26) et +Ap+Glp) = H,

where

- s~ )
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By (19) and (20), we can define the inner product and norm in V; as

(28) (0, ¥)vi = (AlpT, @) + (01,7), |l = (0,01

for ¢ = (w1, 71)", ¥ = (@2, 72)" € V4.

LEMMA 2. For any ¢ = (u,v)T € V1,

o
(29) (Ap,@)v, = alely, + 5117,
where
(30) - )\10[
TV (ot Var T i)

PrOOF. From (27) and (28), for any ¢ = (u,7)T € Vi, we have
a
(Ap, )i — alely, — Slof*
=l + (§ - o) o - @D by 0
2 e = olulP + (§ —e - o )i - L2

_ (0% _ Ex | _
2 (= ol + (5 — < =)o - S fal - ol

A simple computation by (25) and (30) shows

Thus, the proof is completed. O

Let ¢ = (u,v)T € V; be the solution of (26). Taking the inner product
(-, )y, of (26) with ¢ = (@, )T € V; in which ¥ = du/dt + £, we have

(31) S d1eR, = (Mg ol — (C(0), @i + (H, o).

By (28) and (29),

(32) _2(A¢730)V1 < _20'|<P|%/1 - Oé|§|27
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(33) —2(G(p), o)vy +2(H, 9)v,

1 n B —
= — 2<G0(U) — (’[’nn Z g(U]i;l_“kn)>e,’U> —+ Q(F,U)
ki,... ,kn=1

0T -2 3 (gfwn )L S g i)

— 7] —_— — —_— —
) i 9w, ) = 9(Uky ..k,) |01y,
Uiy ln=1 Ei1,... kn=1
<2[F o
1 m 1 m 2\ 1/2
SLICEED SN AR SEFUES)
b1,y ln= ki, kn=1

)

T| + 2¢)?
p oy (Fl+29
«

where c¢ is defined by (3), thus by (31), (32) and (33), we have

d (IT| + 2¢)?
(34) Sl < ~2olpl}, + 2
Applying the Gronwall inequality, we obtain the following absorbing inequality

in the space V;:

T| + 2¢)?
(20

(35) el < (| P+u®+2u®) exp(~20t)+ -

[1—exp(—20t)],

or

T|+2c)?
lim s Bz < 07.
lmtilipoolw( N, < %00

Now, we consider the existence of the global attractor of S(t), ¢ > 0 in V;.
If uw = wu(t) is the solution of (7), then @ = Pu, the orthogonal projection of
u € M into u € E, satisfies (35). Thus we have

u(t) =u(t) + m(t)e,

and
du du dm
(36) E(t) = E(t) E(ﬂ&
where
1 m
(37) m(t) = — Z Uy o K,
e ha=1
By (7) and (37),
d*m dm 1 " 1 "
am Ty — — r
pre (t) 7 (t) + o > gluk. k) o > Thk,

ki, kn=1 ki,... ,kn=1
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Integrating this equality,

dm

@) %)

dm 1 t
— |9 g)emer 4 L / (Coroor — 9t (7))o dr
‘ dt m” J, klzk: . ! !

yRn=

dm
dt
By the definition of Vj,

(O)‘e”‘t + $(|F| +e)(1 —e ).

2

LT [E@®)]1* + [m(6)]* +

du 2

@) (s 50) W

By the fact that m(t) € S' = R/TZ,

(40) m()]? < T2,

and, by (38),

(41) ’ﬁ?(t)’ < |u(1)\e*("t + éqr‘ + C)(l - 6iat).
@) 1P +| 20| < e + (o] + efal)?

< (1 n ;) I + 25 < w7 )2 + [52),

where = max{1 + £2/8,2}, by (35) and (42),
du, |°
— (1
o @)

1 — — T|+2¢)?
<pu 14 =2 ) [[u® )2 + 2JuM? |27t + M 1 ¢ 20t
8 200

N N T 2¢)2
< 12(|[u® |2 + [uD[2)e—2t 1 n(T] + 2¢) (1 _ e2at>,

(43) [[m(®)|* +

200

then together with (40), (41) and (43), (39) yields

(w0 20| <l (14 ) O ¢ 2 e

T| + 2¢)?
+ (| |+ C) (1 _6—20'15) —|—T2
20

1
+ (lu]eme + ~(T[+e)(1—e)*.

2

Vo

Therefore, we have the following lemma.
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LEMMA 3. There exists a constant

p(IT] + 2¢)?

9 1/2
2T 2
2000 + az(‘ [+0) )

po = <T2 +

such that for any p1 > po and any Ry > 0, if the initial value (u(o),u(l))T
satisfies

[ @[* + [D? < RS,
then the solution u(t) of (7) satisfies

du
t), —(t <
(w0 G0)| <o
for any
1 2 2R2 2 T 2
bty L g W2+ BN £
20 P1 — Po

As a direct consequence of Lemma 3, we have the existence of the global
attractor.

THEOREM 2. The nonlinear semi-flow of (7) possesses a global attractor 88
m Vp.

4. Hausdorff dimension of the global attractor

We note that the projection P : M — FE induces a projection on V{, denoted
by P again.

LEMMA 4. Let S(t) be the semi-flow of (7) and w(PS(t)) be the w-limit set
of the restricted semi-flow of (26), we have

(45) P8 = w(PS(t)).

PROOF. For any (w,z)? € B, assume that there exist initial conditions u©),

u®) such that the solution u(t) of (7) with u(0) = u(®, 2£(0) = vV € M,
satisfies u(t;) — w in Ey x S* and %%(t;) — z in Ey x R for some sequence
t; — oo. Thenu(t;) = Pu(t;) — W= Pwin E; and %% (t;) = P%(t;) » z = Pz
in Ey, i.e., PB C w(PS(t)).

Conversely, assume for some initial conditions u(?), u(!) and a sequence t; —
oo such that Pu(t;) — @ in Ey and P%%(t;) — Z in Ey. Since m(t) and 22(t)
defined by (37) and (36) are both bounded, then there exists a subsequence
of {t;}, denoted by {t;,}, such that

(vt G 6)) = (w2) i,

where Pw = w, Pz =Z. This implies w(PS(t)) C P8. O
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LEMMA 5. The Hausdorff dimension dg(B) of the global attractor 8 C Vj
satisfies

(46) dr(B) < dg (PB) + 2.

PROOF. Since 8 C P8 x S' x R', then
dp(B) <dg(PBx S* x RY) < dy(PB) + 2. O

According to the above lemmas, we only need to consider the Hausdorff
dimension of P8, the global attractor of system (21).

To estimate the dimension of the attractor for system (21), we consider the
first variation equation of (26)

(47 W =F(p)UV)T = -AV+ G (2)(U V), 2(0) = (€0 € W,
where U = (U, V)T, ¢ = (u,)7 is a solution of (26)—(22),

48) G (U, V)T

g'(u11...11)U11..11

g’ (u11..12)U11.. 12 1 i
=10, e —( > gl(ukl...kn)Ukl...kn)e ;
: k=1

m’ﬂ
K1,

T

’ ) L0
9 (Umm..mm)Umm.. .mm

and
= TeM
U= (U11..11,U11..125 - - - > Umnm...mm)" €

is a solution of (7), (8), and

au
U= (Ull---lh Uiz, - - aUmm...mm)T, V= pr +eU

is a solution of the variation equation of (7), (8) with initial value conditions

UW0) =& = (&11.11,&11.125 - -+ > Emmemm) s
aU

V(0) = E(O) +eU(0) =1 = (1111, M1..12+ - - - > Dnm...onm) 5
_ 1 ™
T=U-—
mn Z Uks..okn
ki, kn=1
1 m
§=8— 2 > Gk
ki, kn=1
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LEMMA 6. For any orthonormal family of elements of Vi, {§j717j}§=1,

4

¢
1
(49) DI
1 j=1"7

j:
where 0 < Ap < ... < X\ < ... < Apn_y are eigenvalues of operator A|g.

PROOF. See lemma VI. 6.3. in [3]. O

LEMMA 7. Consider the system (26). Let ® denote a set of ¢ vectors
{®1,...,D,}

which are orthonormal in Vy. If

14

(50) sup sup > _((—=A®;, @)y, + (G (9)B;, ®))v;) <0,
PCVy pePB =1

then the Hausdorff dimension of the global attractor PB of (26) is less than or
equals to ¢, i.e.,
dy(PB) < ¢.

ProoF. This is a direct consequence of theorem V. 3.3, equations (V.3.47)—
(V.3.49) and identity (VI.6.24) of [3]. O

LEMMA 8. The Hausdorff dimension dg(P8) of the global attractor for sys-
tem (26) satisfies

1 [€/2]+1

(51) ngmin{E‘feN 7 >

j=1

i < )\1042 }
N, AC?VaZ + AN (a+ Vo + 1))

where C' is defined by (3), A\; = 4m? sin® w/m and 16 < A\ = Xl < ... < Xg <

oo < Apmy2n41 are the ordering, from small to large, of set

{64 ...+12)|10<l,...,l, <[m/2], butl +...+1,>1}.

PrOOF. Let £ € N be fixed. Consider ¢ solutions ¥q,..., ¥, of (47). At a
given time 7, let Q¢(7) be the orthogonal projector in V; onto the space spanned
by Wp,..., U, Let ®(r) = (&(r),ni(r))T € Vi, j = 1,...,£, denote an
orthonormal basis of Q¢(7)V1 = span{¥1(7), (7),..., ¥,(7)}. Consider

L

TrE (7)) 0 Qu(r) = Y (F (p(1)®7(1), &7 (1)),

Jj=1

[(ADT, @7y, — (G ()7, D7)y ).

£
=1

J
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By (29) and |®7|y, =1,

—(A®, )y, < —o = Zip?
By (28) and (48),

()O)q)]a q)J Vl‘

g (u11..11)€1 1
- m
g’ (u )€1, 1 j ni
11. 1.2 11...12 _ (Tnn Z g/(ukl...kn)gil...kn)6’77]
: k
1
m

1. 5Rn=

urn'm .mm )fmm .mm

m I e—— 3
< g (ukln-kn) ’ Eilkn : nilk}n
kl,...,kn_l
1 m — 1 m B — .
Hiom L dwwd) (e X )| 2@
k1o kn=1 N |
Hence,

(52) TrF (p(r)) 0 Qu(7) < 50—*Z|77J|2+Z2C|§J o

<to 42~ Z GF (by49))

Since sinx > 2x /7 for x € [0,1/2], the eigenvalues of the operator A|g as follows:

l 9 lnm
Ay dn) = 47712(51112 % +...+sin’ - ) > 16(13 +...+12),

for any 0 <ly,...,l, <[m/2]
Let 0 < Xl < < )\g . < )\[m/g] n11 be the ordering, from small to large,
of set

{62 ...+12)0<1y,... .1, <[m/2] butly+...+1,>1}

Thus, by (52),

AC? [¢/2]+1 1
(53) TrF (o(1)) 0 Qu(7) < za+— P
j=1 >‘j
If
[4/2]+1 Ao

1
v Z N 402\/a2+4)\1(a+\/a2+4)\1)

Jj=1
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then, by (53),

TrE (o(1)) o Qe(1) < 0.
By Lemma 7, (51) is true. The proof is completed. O

COROLLARY 1. If

Na? > 40%\/a? + 4\ (a + Va2 4+ 4)\;),
then dg (P8) = 0.

PROOF. In this case, £ =1 in (52) and (F'(o(7))®(7), ®(7))v, < 0 for any
unit element ® = (£,7)7 € Vi. So, the largest Lyapunov exponent of P8: p; < 0,
hence, dy (P8) = 0.

Combining with Theorem 2, Lemma 5, Lemma 8, and Corollary 1, we com-
plete the proof of Theorem 1. O

REFERENCES

[1] YIN YAN, Attractors and dimensions for discretizations of a weakly damped Schrodinger
equation and a sine-Gordon equation, Nonlinear Analysis, Theories, Methods & Appli-
cations, vol. 20, 1993, pp. 1417-1452.

[2] SHENFAN ZHOU, Dimension of the Global Attractor for Discretization of Damped Sine—
Gordon Equation; Applied Math. Letters, vol. 12, 1999, pp. 95-100.

[3] R. TEMAM, Infinite-dimensional Dynamical Systems in Mechanics and Physics; Appl.,
Math., Siences, vol. 68, Springer-Verlag, New York, 1988.

Manuscript received August 28, 1999

SHENGFAN ZHOU

Department of Mathematics
Sichuan University

Chengdu 610064, P.R. CHINA

E-mail address: nic2601@scu.edu.cn

TMNA : VOLUME 15 — 2000 — N° 2



