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ALMOST FLAT BUNDLES AND ALMOST FLAT STRUCTURES

ALEXANDER S. MISHCHENKO — NICOLAE TELEMAN

ABSTRACT. In this paper we discuss some geometric aspects concerning
almost flat bundles, notion introduced by Connes, Gromov and Moscovici
[2]. Using a natural construction of [1], we present here a simple description
of such bundles. For this we modify the notion of almost flat structure on
bundles over smooth manifolds and extend this notion to bundles over
arbitrary CW-spaces using quasi-connections [3].

Connes, Gromov and Moscovici [2] showed that for any almost flat
bundle a over the manifold M, the index of the signature operator with
values in « is a homotopy equivalence invariant of M. From here it follows
that a certain integer multiple n of the bundle o comes from the classifying
space Bmi(M). The geometric arguments discussed in this paper allow us
to show that the bundle « itself, and not necessarily a certain multiple of
it, comes from an arbitrarily large compact subspace Y C Bwi (M) trough
the classifying mapping.

1. Definition of almost flat bundles

Due to [2], the element o« € K(M) over the smooth manifold M is called
almost flat bundle if for any € > 0 there exist two vector bundles &, n with linear
connections V¢, V7 such that

(1) a=¢—ne K(M),
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(2) ||6f] <&, |©"]| < €, where

(1.1) 18l = Sg]\%{”@x(X AY)[ X AY] <1},

and O, (X ANY) = [Vx, Vy]| = V|x y] denotes the curvature form of the
connection V.

If « is almost flat then the sum « @ 3 is again almost flat for any trivial
bundle 8. This means that without loss of generality one can consider elements
from the group K (M) which are represented by vector bundles. In other words,
one can consider two sequences of bundles & = {£} and n = {n;} with fixed
linear connections Vj, V4 such that

Sk =Mk ® a.
dima = d, dim & = nyg, dimn,, = my = ny — d. Assume that
Jim |©Ll =0, i=1,2.

So, instead of the element o we shall consider a finer structure, which we call
the structure of almost flat bundle, consisting of

(1) The sequences of bundles & = {{;} and n = {n} with fixed linear
connections Vi and V3 with conditions
(1.2) Jim €3] =0, i=12,
(2) The sequence of isomorphisms

Jribe = e @ a.

The same bundle o may admit several structures of almost flat bundle. We
say that the structure of almost flat bundle

P={a:&={&, Vi), n={m. Vi), f=1{fi}}
is equivalent to another one
P={a:'¢={&"Vi}, n={m."Vi}, 'f ={fu}},
if the first one can be obtained from the other by a sequence of such operations:

(1) Passage to subsequences.

(2) Homotopy of linear connection V} and V% in the class of connections
which satisfy the conditions (1.2), and homotopy of isomorphisms f =
{fi}-

(3) Stabilization of bundles, that is, replacing the pairs {& = {&}, Vi},
{n = {m},V3i}, @ and isomorphisms f = {fx} by their direct sums
with a trivial bundle endowed with trivial connection.
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By abusing the terminology, we convene to call the equivalence class of an
almost flat bundle, simply, a flat bundle on the manifold M.

The trivial almost flat bundle is by definition the equivalence class of the
bundle

PO ={a: = (&, V), 00 = {n, V%), 1O = {2},

where all bundles a°, €2, 7 and connections V,;°, V3? are trivial, and the
isomorphisms f; are identical.

The direct sum of almost flat bundles passes to equivalence classes; let
Vectq (M) denote the semigroup of equivalence classes of almost flat bundles
with respect to the direct sum operation. The trivial flat bundle is the neutral
element in this semigroup.

The corresponding Grothendieck group will be denoted by Koz ().

2. Almost flatness in terms of transition functions

and quasi-connections

The almost flat bundle structure requires that the base of the bundle should
be a smooth manifold. In [2] the possibility of extending the notion of almost
flat bundles over arbitrary simplicial complexes is stated. We present here one
such possible extension.

Although our considerations could be extended even further, for the sake of
simplicity, we restrict our attention to simplicial spaces with a fixed simplicial
structure.

So, let M be a finite simplicial complex. Let V(M) be the set of its vertices

and let
dim M

S(M) =[] Sk(M), V(M) =So(M)
k=0

be the set of all its simplices. Then each simplex o € Si(M)of dimension k is
determined by the collection of its vertices

ad:ef(ao,...,ak); a; € V(M), 0<i<k.

Cover M with the atlas & = {U,} consisting of the stars of its vertices
U; < star (a;) = U(O’ €SM):a; €0)

Let £ be a continuous complex vector bundle of rank n over M with projection
mapping p. The bundle &, restricted to each chart U; of the atlas, is trivial; choose
such a trivialization

Ya,:p N (U;) — Uy x C™.
Let V; be the obvious flat parallel transport defined by the trivialization ),
over U;.



78 A. S. MISHCHENKO N. TELEMAN

These data produce a system of transition functions for the bundle £ as
follows. If 4:[0,1] — M is any curve connecting two points g and 1 on the
manifold M,

(2.1) zo =7(0), @1 =~(1).

and V is any linear connection, let 7,:£;, — &, be the parallel transport defined
by the connection V along the curve y. Then the transition function ¢;; is defined
on the intersection of two charts U;; = U; N U; as follows

def
(2.2) 0ij (%) = Ty ,2)Ulz,a,): Eai = &ayr T € Uij.

In (2.2) the curve [a;, ] U [z, a;] is the union of the two segments [a;, 2], [z, a;].
This path lies in the star of the minimal simplex containing x; this star contains
also the vertices a;, a;. The precise formula for ¢;; has to employ the local

trivializations

(2.3) Ya;:€a; — C

this means that the precise formula (2.2) for ¢;; is (2.3):

def , _ n n
@Z](x) = ail : T[ai,z]u[z,aj] ) wa]‘:c - gai - gaj - (C ) T e Uzj

Notice that if the point x lies on the segment [a;, a;], one has
sz’j(x) = ;,il *Tas,a;] waj = Pij,

i.e. the transition function does not depend on the choice of the point z on the
segment. The transition function ¢;;(x) is in general not constant, in contrast
to the case of flat connections in flat bundles. In the general case of smooth
connections, the deviation of the transition functions from being constant can
be estimated in terms of the curvature tensor

iz () — wijll < max lpir - or; — @il < C - ¢,

where C' estimates the maximal area of the triangles (a;, ax, a;), and ¢ estimates
the curvature norm (1.1).
Therefore, an almost flat bundle over an arbitrary simplicial complex M,
consists of
(1) A sequences £ = {&} and n = {n;} of vector bundles defined by tran-
sition functions

k,
@ijs(m% HAS U’L]? 821727
relative to the atlas U; the transition functions satisfy the condition

. k,s k,s
(2.4) lim  sup H‘Pz‘j (z) — Pij Wl=0, s=1,2.

k—o0 IJ/EU@'
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(2) A sequence of isomorphisms

(2.5) for&e =k @ a.

2.1. Almost flat quasi-connections. The notion of quasi-connection was
introduced in [3]. Here we use a slight version of it which is going to be more
suitable for the purpose of describing almost flat bundles.

Let € be a continuous vector bundle on a topological space X; consider the
diagram involving the two canonical projections

X x X 2" X

Per(

X

We may associate two bundles on the space X x X

E—prj(§) pry(§) —— ¢
oo [ S |
X(pTXxX:XxXTX

By restricting the bundles of the diagram (2.6) to the diagonal X 2L XxX

we get the commutative diagram of canonical isomorphisms

¢ prj (€) A*prf (€) +9s A*pri(€) —— pri(€) —— &

since
Apr, = Apr; = id.
By definition, a quasi-connection in the bundle £ is a homomorphism
7:pr; (§) — pry(6),
£ ——prj(§) —— pri(§) ——¢
having the property that its restriction to the diagonal is the identity
Tia(x) = id: A*pry(§) — A*pry(§).

In particular, this means that in a neighbourhood of the diagonal 7 is an iso-

morphism.
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With this definition of quasi-connections one can define what does it mean
that the bundle & is e-flat. Namely, for three points z,y,z € X consider the
composition

Toy  Tyz 8o — &z
Then the quasi-connection 7 is called e-flat provided the following inequality
holds
7y,2 " Toy — Tazll <€
for arbitrary three points z, y, z belonging to a fixed neighbourhood of the
diagonal.

2.2. Construction of quasi-connection by transition functions. It is
sufficient to define a quasi-connection only on a neighbourhood of the diagonal.
Let then Wa C X x X be such a neighbuorhood. For example, the atlas {U;}
defines a neighbourhood of the diagonal by taking

w = Jw; x Uy).

In this case, a quasi-connection can be thought as a family consisting of a quasi-
connection on each of the charts

(2-7) Ti:prf(f)(Uiin) H]lei(Q(UixU,iw
subject to the requirement that they agree on the intersections
(Ul X Ul) N (UJ X Uj) = (Uz N UJ) X (Ul n U])

Let f;(x,y) be a partition of unity which is subordinate to the covering
By means of the quasi-connections (2.7) we define the homomorphism

(2.8) 7(z,y) = Z filz, y)mi(z,y).

It is clear that 7 is a quasi-connection on X.
On the other hand, this new quasi-connection may be analyzed on a separate
chart {(U;, x U,,)} using the coordinate homomorphisms

Yirp '(U;) = Uy x V,

where p: £ — X is the projection and V is the fiber. The homeomorphisms 1);
commute with p, that is they act fiber-wise and hence the homeomorphism );
has the form

iv) = (p(v), W™ (v)),  where Wi:p~!(z) = V.
Define o;(z,y): (U; x U;) x V. — (U; x U;) x V by

O'i('r7y) = (\Ilzy)rl(x,y)(\llf)_l7 Ti(xvy) = (\P?)_lgz(x’y)(\llf)
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The restriction of (2.8) to the chart {(U;, x U;,)} may be thought of as a local
quasi-connection form:

it :9) = (W) () (02) 7 = () (3 Atoirten) ) (3
=) (3 Ao (8) (o)) ) )
~ raa ) X oot ) (o)

For example, if o;(z,y) = id, then we get the definition of the canonical
quasi-connection associated to the transition functions and partition of unity

(29) S (Zfz 2 )i ()3s(o) )

On the intersection of two charts (U; x U;) N (Uy x Uy) the quasi-connection
satisfies the relations

(2.10) T, xuy) (@,y) = (W) (2, y)(UF) !
(WD) T xv (2, y) () (UF)
=0k (YT xv) (T, ) @)k (T)-

2.2.1. Almost flat transition functions. Suppose that the transition functions

are ¢-almost flat, that is
lojn(x)or;i(y) —id|| < e, a,y € U; N Us.

Then from (2.9) one gets

@11 rw o (@) — id] = (Zfz e 9)loes( )soj,xx)—idn)
< (Zfi(a:,y))e = €.

Viceversa, if the quasi-connection satisfies (2.11) on a chart atlas with the

transition functions ¢, (x), from (2.10) we get

)6 (y)er.;(x) —id]

< i W)W, xv,) (@, y)er,i(x) —id|l + [l)k () (T, xv,) (@, y) — id) ek, ;(@) |
= lmwy <) (@, ) = 1d|| + @ik () (7w, xv;) (2, y) — id)p, ()]

< Irwexv) (@, y) —id[l + s - 17w, xv) (@, y) —id] - lor,; (@)

= T xvi) (@, y) —id|| + (|7, xv;) (z, y) —id|| < 2e.
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Here we have assumed that the matrices ¢y j(x) are unitary and hence
o i(x)|]] = 1. The condition (2.11) does depend on the choice of the tran-
sition functions.

2.2.2. Equivalence between transition functions and quasi-connections. Given
the transition functions ¢;;(x), by means of (2.9) we have constructed the quasi-
connection 7(z,y). Successively, using (2.1), to this quasi-connection, we can
associate the transition functions ®;;:

(I)ij(x) = T(aja x)_l : T(a'ia $)I gai - faj .
These transition functions involve the coordinate homomorphisms
fi _
Uig — &, —V, V7 = fit(ai, x) L

The next proposition establishes the mutual reciprocity between the two
constructions

PROPOSITION 2.1. ¢;,(x) = ®@;;(x).

PRroOOF. In fact,
(212 (o) = (5 e eislo) )
If U; = star (a;), then
(2.13) ®y(x) =7 (a5, 2)7(ai, x): &a, — &,
In the local form, on the chart Uj, the equation (2.13) can be represented as
(2.14) @, () = @ij(a;)7; aj, x)Ti(ai, o).
From (2.14) one gets

piila;)®ij(x) = 77" (a5, 2)7i(ai, x)

or

’Ti(aj, x)apﬂ(aj)@”(x) = Ti(ai, x)

Using (2.12), one has
(2.15) (Z frlaj, z)por: (x)¢ik(aj)> pik(a;)®ij(z)
k
= < > filas, f)%,i(@%k@i)) .
k

Assume, that the atlas has the property that the point a; € U; does not
belong to any other chart. This condition is not essentially limitative since it
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holds for the stars of the simplicial structure. In this case the equality (2.15)
can be simplified:

filag, x)pji(x)pij(a;)eji(a;)®ij(x) = filai, ©)@ii(x)pii(as)
or
filag, z)pji(x)®ij(x) = fiai, ©)pii(x)pii(a;) = id,
or
pji(x)Pij(z) = id.
In other words
P;5(z) = pij(2). O

The proposition (2.1) shows that our attention can be focused onto the tran-
sition functions constructed by means the quasi-connection by formula (2.13), or
more precisely, by the formula (2.14). Then, from (2.14) we can express easily
the property of e-almost flatness of the bundle in terms of quasi-connections.
One has
Soij (27) = SOZJ (a’j)Ti71 (a’jﬂ ‘T)Ti(aiv IL'),
wij(ai) = pij(az)m (aj, ),
pij(aj) = pijla;)mi(ai, a;),

that is

pjilaz)pij(z) =77 aj, 2)7i(a;, x),
Ti(aj,a;) = wji(ai)pij(aj),

Ti(ai,aj) ld

From (2.12) one has

7i(ai, z) = (Zfk(%x)@k,i(x)%,k(ai))
k
= filai, ©)pii(7)pii(a;) = id,
e.as) = (X uloas)enstapinto))
k
= [i(@, a5)pj,i(a)pij(x) = @ji(a;)pi ().

Hence,

7 (aj, ) = 7i(x, a5).

This is in agreement with the following definition:
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DEFINITION 2.2. We say that the quasi-connection is e-almost flat if for any
chart U; and point x € U; the following inequalities hold:

(2.16) 7 (ai, a;) — 7(x, a;)1(a;, x)|| <e,
where z € star (a;), a; € star (a;).

In particular, for e-almost flat quasi-connection and arbitrary 2-simplex o =
(ai,aj,ar) one has:

I7(ai, a;) — 7(ak, a;)7(ai, ar)|| <.

PROPOSITION 2.3 (This proposition was stated in [2, p. 273] for e-flat bun-
dles). Let M be a simply connected simplicial space. There exists a constant
S(M) > 0, which depends only on the simplicial structure of the space M, such
that if e- S(M) < 1, then any e-almost flat quasi-connection of the vector bundle
& generates a trivialization of €.

ProoF. Fix a vertex ag € I'. Consider a tree I' C M, consisting of all
vertices of M and some edges, such that any vertex a € M is connected with ag

by a unique path v =+, = (ao, ... ,ax—1,ar = a), which belongs to the tree I
Put

def
(2.17) T(a) =T,, = 7(ak,ax—1)7(ak-1,0K—2) - T(az,a1)7(a1,ap).

The homomorphism T'(a) defined by (2.17) is defined on all vertices a; €
V(M) of the simplicial space M:

T(a):&uy — Ea-

We intend to extend the function T'(a) to the whole space M. Let © € M
be an arbitrary point; suppose it belongs to the simplex o = (ag, a1, . ..,ax) and
suppose it is represented in barycentric coordinates by

k
=0
Put
k
T(x) = Z Ai(7(ai, ) - T(a:)): €ag — a-
=0

In order for the operator T'(z) to be invertible, it would be sufficient to keep small
the distances between the operators T'(a;) and T'(a;) for all vertices of the sim-
plex 0. The pair of vertices a; and a; generates the closed path l(a;,a;) =
Ya, v la;,a;] - va,, which on the account of the simply-connectedness of the
space M can be represented as a composition of n;; defining relations in the
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co-representation of fundamental group of M. Denote by S(M) the maximum
of numbers n;;. Provided that € - S(M) < 1 one has

(@i, ) - T(as) = 7(aj,2) - T(ay)|| < 1,

and hence the operator (2.18) is invertible.

The continuous function T'(x) provides a trivialization of the bundle £&. O

REMARK 2.4. Moreover, the bundle ¢ can be extended to a trivial bundle
over the cone CM = (M xI)/(M x{1}, along with the extension of the coordinate
transition functions so that they will satisfy the condition of &-almost flatness
for some €’ > 0. Similarly, the quasi-connection 7 can be extended over the cone
C'M, seen as a simplicial space, so that the condition (2.16) holds.

3. Extension of almost flat bundles
over compact subspaces of B (M)

Connes, Gromov and Moscovici [2] proved that for any almost flat bundle «
on the manifold M, the higher signature sign . (M), = cha, does depend only
on the homotopy equivalence class of the manifold M.

This means that the cohomology class = cha € H*(M; Q) lies in the image
of the natural mapping fr,, where fa;: M — By (M) is the classifying mapping.
We may assume that the mapping fa; is an embedding if, for example, the
classifying space Bmy (M) is realized by adding cells to M so that all homotopy
groups of degree > 2 will be killed. In other words, for any compact subspace
Y C Bm(M), fu(M) C Y, there exists an integer n and a bundle 8 € K(Y)
such that

na = fi(8),
that is
na € Im (fy,).

The geometric arguments discussed above allow us to show that the bundle
« itself, and not necessarily a certain multiple n of it, comes from an arbitrarily
large compact subspace Y C B (M) through the classifying mapping. In other
words, we are going to show that any almost flat bundle « can be extended to
a bundle § over an arbitrary compact CW-subspace Y C By (M).

However we do not know if it is possible to choose this extension (3 to be
almost flat.

THEOREM 3.1. Let M be a connected, non simply connected, compact CW -
complex with (M) = © and let fa;: M — Br be a continuous embedding induc-
ing an isomorphism on the fundamental groups. Let a be an almost flat bundle
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on M. Then for any compact CW-subspace Y C Bw, fa(M) CY there exists
a bundle B on the space Y such that

a= fy(B).

PRrROOF. Let a be an almost flat bundle on M. According to the definition
(2.4), (2.5) this means that there are two sequences £ = {£;} and n = {n;} with
fixed coordinate charts U; and transition functions

gafjfs(x), relUy, s=1,2,

such that

lim sup @i (2) — i ()l =0, s=1,2,

k—00 4 yeU;;

fk5£k =N D a.

Let Y be constructed from M by attaching a finite number of cells. We are
going to show that the bundle « can be extended to the next cell attached to the
previous space. Since the fundamental group of the space M coincides with the
fundamental group of B, all attached cells have dimension > 3. In other words,
the space Y appears as the end of an increasing sequence of CW-complexes

M=YyCcYiC...CYy=Y,
where each space Y} has the form
Y, = Yi_1 U, D¥,
with attaching mapping
gp:S(S*l) =Yg, s=3.

Suppose that the almost flat bundle o has already been extended as an almost
flat bundle over Yy _1; let (£ and 7)) be the corresponding pair of e-flat extended
bundles.

Consider the next attaching mappings ¢ above. Then ¢*(«) is an almost flat
bundle over the sphere S¢~1). As the image of the mapping ¢ is compact in Yj_1,
the induced bundles ¢*(&), ¢*(m) are K(p)e-flat bundles,where ¢, — 0 and
K () is a constant which depends on the attaching function ¢. The base space of
these bundles, S~ is a simply connected sphere. Therefore, if ¢; is sufficiently
small, Proposition 2.3 implies that these bundles are trivial. Therefore, both of
them can be extended over the cone of the mapping ¢, i.e. over the attached
cell. The Remark 2.4 states that the extended bundles ¢*(&;), @™ (1) over the
cone are K'(p)e;-flat bundles, where the constant K’(¢) may be evaluated.

After a finite number of steps the desired extension will be performed. [J
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