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ADDENDA AND CORRIGENDA TO
“A DIRECT TOPOLOGICAL DEFINITION
OF THE FULLER INDEX FOR LOCAL SEMIFLOWS?”
(TOPOL. METHODS NONLINEAR ANAL. 21 (2003), 195-209)

CHRISTIAN C. FENSKE

ABSTRACT. We remedy an error and simplify an argument in the article
mentioned in the title.

We retain the notation of [1]. Firstly, I want to correct a well-hidden mistake
in that article. Secondly, I want to show that the manifold Zj, is orientable if M
is orientable.

In the section “Construction of nonbounding cycles” I had started from an
n-dimensional orientable manifold, and, with k a large odd number, I defined
a set Z®) and I claimed that Z*) was a manifold. But if we take open sets U
and V in € such that {(gr(z,t),t) | (z,t) € U}N{(Cgr(z,t),t) | (z,t) € V} # 0,
then the intersection can consist only of periodic points. But the set of periodic
points need not have interior points in M x [0,00). So in order to remedy this
defect we have to choose a “fatter” set.

We start by choosing a metric d on M. Then we choose an € > 0 such
that, for (z,t) € P and 0 < s < 2t, the sets E(q&sgbit/kx;e) are disjoint for
1=0,...,k—1. Since P is compact there is a p > 0 such that d(¢sz, psy) < &
whenever (x,t) € P, 0 < s < 2¢, and d(z,y) < p. For 8 € (0,¢) and (z,t) € P
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we define the k-pseudo-orbit O((z,t); 3) to be the set of all (zq,...,z5_1) such
that 2; € B(¢s/px; 8) for i = 0,...,k — 1. We then observe that
i O((xat)?ﬁ) C M(k)7
o (- O((x,1); B) = O((d¢/, t); #) and
o (dsxo,...,0stk-1) € O((@sz,t);¢) if (zg,...,26-1) € O((x,t); p) and
0<s< 2t

We now define
t t
om .= {(zo, o Tg_1,8) € O((m,t);€) X (k — 0+ 5) ‘ (z,t) € P}

where § is taken from the Lemma. We then let Z) := {(zq,...,21_1) €
O((x,t);¢) | (x,t) € P}. Obviously, Z(®) is an open subset of M¥), hence a ma-
nifold (of dimension kn). Since M was assumed to be orientable, so will be Z(*),
On the base space we let Oy, := {(qx&, s) | (&,5) € O} and Z, := ¢, (Z*)). Ob-
viously gqz: Z*) — Z,, is a covering map, so Zj, is a manifold. There are obvious
local semiflows U(*) on Z(*) defined by wgk)(xo, cosTh—1) = (Psoy -« GsTp—1)
where (zg,...,z5_1,5) € O%) and ¥* on Z, defined by ¥*(qu(xo,...,25_1)) =
(qx(Psxo, .., Psr—1)) if (qr(xo,...,Tk—1),8) € Or. We will now show that Z
is always orientable if M is. This will somewhat simplify the presentation in [1].

CLAIM. Zj, is orientable.

PrOOF. We start by choosing a covering W of Z;, by sets which are evenly
covered by ¢n. Since Z®*) is orientable we may choose an orientation 7 €
H¥(ZF) % 2®) | 7(8) x 7))\ A) (we denote all diagonals indiscriminately by A).
Let then W € W with ¢ '(W) = U2y ¢/(V). Let V; = ¢{(V), denote by
i;:Vj — g ' (W) the inclusion and call 7; := ;7. We claim that (y7;41 = 7; for
j=0,...,k—1 where we let 7, := 79. In fact, since (; (being a covering trans-
formation) is a homeomorphism mapping V; onto Vj; there is an o € {—1,1}

such that ({7j11 = ar;. But ¢F =1id, so 7o = CikkTo =aF

To which implies o = 1
since k was odd.

We now choose 7y € HFY(W x W, W x W\ A) = H(Z), x W, Z, x
W\ A) such that iig;mw = 70, and we claim that (T7w)wew is a compatible
family. This will then establish the orientability of Zj ( cf. [2, p. 294]). For
7=0,...,k—1 we have that Cinij = 1;. The definition of T then implies that
i aprw = ¢ igapTw = (7 10 = 7 which means that ifgfTw = 7;. So
the definition of 7y does not depend on the choice of the covering set V;. Let
then W, W’ € W and assume that W N W' # (). We have to show that Ty and
Tw restrict to the same class on W’ = W N W’. So denote the inclusions by
t:W" — W and /: W’ — W'. Suppose, we choose V and V' with ¢ (V) = W,
qe(V') = W'. Then there is a j € {0,...,k — 1} such that (g | V)72 (W") =
¢ ((qe|V)~H(W")). Again we have inclusions Ip: Uy := (qi|V)~*(W”) — V and
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I;:U; = (qu|V'))"Y(W") — V'. We then have that Ifijqic*rw = Ig7o and
I;i;qZLI*TW/ = I77;. Now we observe that I5To = Ig({*fj = Cf*I;Tj and that
i;1; = (Jiglo¢;” on U;. But then

* ok _x K TR
Liiqpe mwe = 1775,

() Igisdd g e = I,

and so
I*»**/* - I* j* — [0 = [Fifa™L*
oloqrt Twr =10 7 = IgTo = Igigqrt Tw
which proves our claim since qigly is a homeomorphism. Il

Thus, what we called the “orientable case” in [1] is just the case where M is
orientable.

In the following text in the first instance we have to correct the dimensions
(since the dimension of Zj is now kn rather than n 4 1). In the proof of the
normalization property we need two modifications: when we prove that ¢} equals
the fixed point index of the Poincaré mapping corresponding to v we should first
choose an € > 0 such that the ¢’-neighbourhood of || is contained in V. Then
we choose € > 0 so small that

o IV x (to —€,t0+€) c Q"
e The sets B(¢s¢it, /1 €) are disjoint for i = 0,. .., k—1 whenever z € ||
and |s — to/k| < 0.

We then choose a p’ > 0 such that d(¢sz, ¢sy) < € whenever = € |v|, |s—to/k| <
§, and d(z,y) < 2p'. Finally, we choose a p > 0 such that for any space Y any
two maps f,¢9:Y — X which are 2p-near are p’-homotopic. The set W in [1]
is then replaced with the set of all (gx(yo,-...,yx—1),s) where (yo,...,yx—1) €
O((z,t9); p) with z € |y| and |s—to/k| < 6. We then let Vi := {qx(v0,---,Yt—1) |
(Yo, -+ Yr—1) € O((x,tg)); p) for some z € |y|}. The homotopy © freezing the
parameter ¢ at to is not needed anymore and " is just the W* defined above.
We then choose B, N, Ny, O, and ¥ as in [1] where we choose O so small that
O C B(xo;p) and we call £ := (qx|N1)"V:N NV — Nyp. If the multiplicity
m =1 welet o(y) := n(y) if 0 < n(y) < to/8, o(y) == 0if y € 3, and
o(y) := max{(to — n(y))/2,0} if n(y) > Tto/8. Then y > ¢y, 0 dy(y)y may
serve as a Poincaré-mapping, so we let 7'(y) = ¢o(,yy. If m > 1 we let again
7' denote the Poincaré mapping for the period (m — 1)p(xz¢) and we see that
v = ind(X, pry Lqrir e, um’, O).

Another modification is needed at the end of the proof. The commutativity
property of the fixed point index gives

ind(X, pry Larindi, i, O) = ind(Vi, quindeo /a7 pry £, g pri(O)),
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and it is to be shown that the right hand side equals the fixed point index ¢},. We

then denote by X’ the set of (yo,...,yx—1) (where (yo,...,yp—1 € O((x,t9)); )
for some z € |y|) such that y; € ¥ for some ¢ € {0,...,k — 1} (if such
an 4 exists it is necessarily unique). Then we let X := ¢x(X'). Let then

qr(Yo, - -, Yk—1) € Xk, choose i such that y; € L and let j =i —11if i > 0
and j = k — 1 else. We then let 7/ (qr(yo,-..,yk—1)) = n(y;). Then 7/ will
be continuous and ¥; will be a section for UF at gpixzo. The correspond-
ing Poincaré-mapping is easily computed: Let (yo,...,yr_1) € pr; (O) and
£ = qr(Yo, - yr—1). Then 7{(§) := n(yr—1), 7j41(§) := 7j(&) + n(dr, (&) Yr—j-1)
and the Poincaré-mapping for the multiplicity m is «” := 7/, so #"(§) =
Qe (Drr () Yk—ms -+ s et () Yk—1, Prs (£)Y0s - - Prs (6)Yk—m—1). On the other hand
we have that qrixdy,/k Pr1l(€) = ar(PtoT Y05 Pro/kT Y05 - -+ Pk—1)t0/kT Yo) and
the arguments of both expressions are 2p-near, so we find p’-homotopies hg, ...,
hy—1 such that ho(§,0) = é¢,7'yo, h;(€,0) = Gje,um'yo for j = 1,...k — 1,
hj(f, 1) = (Z)TV,,L(E)yk—m-‘rj lfj = O,...,m - 1, and hj(f,l) = d)r,n(ﬁ)yj—m if
j=m,....k— 1. So we let h(&,A) = qr(ho(&,N), ..., he—1(&,N)). Obviously,
we cannot have h(&,\) = £ for £ € 9V}, since this would give rise to a periodic
point of ¥* on OV}, contradicting the fact that v is isolated. So we finally have
that ¢, = ind(Vi, qrirds, /i pry 4, qi pr; (O)) which finishes the proof of the
normalization property.

The case of a non-orientable manifold M is then handled by just embedding
M as a neighbourhood retract in some R™. Then one argues as in the case of a
simplicial complex.
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