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ATTRACTORS FOR SINGULARLY PERTURBED
DAMPED WAVE EQUATIONS
ON UNBOUNDED DOMAINS

MARTINO PR1zzZ1 — KRZzYSZTOF P. RYBAKOWSKI

ABSTRACT. For an arbitrary unbounded domain Q C R3 and for € > 0, we
consider the damped hyperbolic equations

(He) eugt + ur + B(x)u — Z(flij (@)ug;)o; = f(2,u),

ij

with Dirichlet boundary condition on 912, and their singular limit as e — 0.
Under suitable assumptions, (He) possesses a compact global attractor A.
in H}(Q)x L2(£), while the limiting parabolic equation possesses a compact

global attractor .ZB in H& (2), which can be embedded into a compact set
Ao C H}(Q2) x L*(Q2). We show that, as e — 0, the family (Ac)eeo,00] i
upper semicontinuous with respect to the topology of H& (Q) x H=1(Q).

1. Introduction

In their paper [13] Hale and Raugel considered the damped hyperbolic equa-
tions

5Utt+ut7Au:f(u)+g(x)a r €Q, tE[0,00[,
u(z,t) =0, x €900, t €[0,00].
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and their singular limit as € — 0, i.e. the parabolic equation

w— Au = f(u)+g(z), = €0, t €000,
u(z,t) =0, x €00, t €[0,00][.

In [13] the set Q is a bounded smooth domain or a convex polyhedron, & is
a positive constant, g € L?(Q) and f is a C? function of subcritical growth such

that
lim sup M <0.

lul—oo U
Under these assumptions, for any fixed ¢ > 0 the corresponding hyperbolic
equation generates a global semiflow which possesses a compact global attractor
A. in the phase space Hg () x L*(Q) (see [2], [8], [12]). Moreover, the limiting
parabolic equation generates a global semiflow which possesses a compact global
attractor Ay in the phase space HZ(R) (see [5], [12]). Due to the smoothing

effect of parabolic equations, it turns out that Ay is actually a compact subset
of H?(2). Hence one can define the set

Ao = {(u, Au+ f(u) +9) | u € Ao},

which is a compact subset of Hg(Q2) x L?(Q). Hale and Raugel proved that
the family (A-)ccjo,00[ I8 upper semicontinuous with respect to the topology of
HL(Q) x L(Q), i.e.

L b W Al =0

In this paper we extend the result of Hale and Raugel in three directions:
firstly, we allow f to have critical growth; secondly, we let {2 be unbounded;
thirdly, we replace f(u)+g(z) by f(z,u) and —A by B(z)u — ;@i (2)ua; )z,
without any smoothness assumption on 9%, 8(-), a;;(-) and f(-,u).

In [13] the proof of the main result relies on some uniform (H?x H')-estimates
for the attractors A., combined with the compactness of the Sobolev embedding
H}(2) € L*(Q). The uniform (H? x H')-estimates are obtained through a boot-
strapping argument originally due to Haraux [14]. Such argument works only if
f is suberitical, and if Q2 is such that the domain of the L?(2)-realization of —A
is H2(Q) N H(Q) (e.g. if Q is a convex polyhedron).

A different bootstrapping argument was proposed by Grasselli and Pata
in [10] and [11]. Their argument also works in the critical case, and is based on
certain a-priori estimates that can be obtained “within an appropriate Galerkin
approximation scheme”. Here, “appropriate” means “on a basis of eigenfunctions
of —A”. Therefore, their approach cannot be used in the case of an unbounded
domain Q. More recently, in [15] Pata and Zelik obtained (H?* x H!)-estimates
for A, without using bootstrapping arguments, but again their a-priori estimates
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are obtained “within an appropriate Galerkin approximation scheme”. We point
out that also in [10], [11], [15] € must have the property that the domain of the
L?(Q)-realization of —A is H?(Q) N H}(2). Moreover, the Nemitski operator
associated with f must be Lipschitz continuous from H?(Q) N Hg(Q2) to HY(Q)
in [15] and from D((—=A)@*t1)/2) to D((=A)*/?) for all 0 < o < 1 in [10], [11].
Therefore, if one wants to replace f(u) + g(z) by f(x,u), one needs to impose
severe smoothness conditions on f(x,u) with respect to the space variable x.

If 2 is unbounded, the embedding H}(Q) C L*(Q) is no longer compact, and
this poses some additional difficulties even for the existence proof of the attrac-
tors A.. In [6], [7], Feireisl circumvented these difficulties by decomposing any
solution u (¢, z) into the sum wuq (¢, ) +us(t, ) of two functions, such that uy (¢, -)
is asymptotically small, and us(t, -) has a compact support which propagates
with speed 1/e2. As ¢ — 0, the speed of propagation tends to infinity, and,
indeed, the estimates obtained by Feireisl are not uniform with respect to e. It
is therefore apparent that, if one wants to pass to the limit as ¢ — 0, a different
approach is needed.

In our previous paper [17] we proved the existence of compact global attrac-
tors for damped hyperbolic equations in unbounded domains using the method
of tail-estimates (introduced by Wang in [19] for parabolic equations), combined
with an argument due to Ball [3] and elaborated by Raugel in [18]. Here we
exploit the same techniques to establish an upper semicontinuity result similar
to that of Hale and Raugel, when 2 is an unbounded domain and f is criti-
cal. Our arguments do not rely on (H? x H*')-estimates for the attractors A..
Therefore they also apply to the case of an open set € for which the domain of
the L?(Q)-realization of —A is not H2(Q) N H(Q) (e.g. if Q is the exterior of
a convex polyhedron).

Before we describe in detail our assumptions and our results, we need to
introduce some notation. In this paper, N = 3 and 2 is an arbitrary open
subset of RV, bounded or not. For a and b € Z we write [a..b] to denote the
set of all m € Z with @ < m < b. Given a subset S of RV and a function
v:S — R we denote by 9: RY — R the trivial extension of v defined by ¥(z) = 0
for z € RV \ S. Given a function g: Q2 x R — R, we denote by g the Nemitski
operator which associates with every function u: @ — R the function g(u): Q@ — R
defined by

g(u)(z) = g(z,u(x)), =e.

Unless specified otherwise, given k € N and functions g, h: Q@ — R* we write

k
(g by == / 3 )

whenever the integral on the right-hand side makes sense.
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If I ¢ R, Y and X are normed spaces with Y C X and if u:1 — Y is
a function which is differentiable as a function into X then we denote its X-
valued derivative by 9(u; X). Similarly, if X is a Banach space and u: I — X
is integrable as a function into X, then we denote its X-valued integral by

J;(u(t); X) dt.
ASSUMPTION 1.1.

(a) ag, a1 €0, 00[ are constants and a;;: X — R, i, j € [1.. N] are functions
in L>(Q) such that a;; = aj;, i, j € [1..N], and for every & € RN and

ae v €Q, aolél? < XN aii(2)&8 < arlé?. Az) = (ai; (@)Y,
x € Q.

(b) B:Q — R is a measurable function with the property that
(i) for every € € |0,00[ there is a Cz € [0, 00[ with |\ﬂ|1/2u@2 <
glul?, + Clul?, for allu € H}();
(ii) A1 :=inf{ (AVu, Vu) + (Bu,u) | u € HY(Q), |u|z =1} > 0.

REMARK. In [17], [16] we gave conditions on [, ensuring that (b) is satisfied.

ASSUMPTION 1.2.

(a) f:Q2 xR — R is such that, for every u € R, f(-,u) is (Lebesgue-)
measurable, f(-,0) € L?(Q2) and for a.e. x € Q, f(x, -) is of class C?
and such that O, f(-,0) € L°°(Q) and |Ouu f(z,u)| < C(1+]|u|) for some
constant C € [0,00], every u € R and a.e. v € Q;

(b) flz,u)u —aF(z,u) < c(z) and F(z,u) < c(z) for a.e. x € Q and every
u € R. Here, c € L*(2) is a given function, i € ]0,00[ is a constant
and F:Q x R — R is defined, for (x,u) € Q x R, by

Flow = [ fas)ds,
0
whenever f(x, -):R — R is continuous and F(x,u) = 0 otherwise.

Note that Assumptions 1.1 and 1.2 imply the hypotheses of [17].
Let D(B.) be the set of all (u,v) € HE(Q) x L?(Q2) such that v € H}()

and —fu+ ), (aijus; ), (in the distributional sense) lies in L?(Q). It turns out
that the operator

1 1 1
B.(u,v) = ( —v, v + gﬁu - g (aijuac],)gci>7 (u,v) € D(B;)
ij

is the generator of a (Cp)-semigroup e B« ¢ € [0, 00[ on H} () x L?(2). More-
over, the Nemitski operator f is a Lipschitzian map of H{ () to L?(£2). Results
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in [4] then imply that the hyperbolic boundary value problem

ey + up + B(x)u — Z(aij(x)uxj)xi = f(z,u), = €Q, te0,00[,
ij
u(z,t) =0, x €0Q,t €[0,00]
with Cauchy data at ¢ = 0 has a unique (mild) solution z(¢) = (u(t),v(?)) in
H} () x L%(Q), given by the “variation-of-constants” formula

2(t) = e Bet2(0) + /t e Be(t=s) (O, if(u(s))) ds.

0
For ¢ € )0, oo[ we define 7. to be the local semiflow on H{ (2) x L?(£2) generated
by the (mild) solutions of this hyperbolic boundary value problem. We can
summarize the results of [17] in the following:

THEOREM 1.3. Under Assumptions 1.1 and 1.2, w. is a global semiflow and
it has a global attractor A..

Analogously, consider the parabolic boundary value problem

us + Bx)u — Z(am(x)u%)z = f(z,u), z €9, t €l0,00],
ij
u(z,t) =0, x €90Q,t €[0,00]
with Cauchy data at t = 0. Letting A denote the sectorial operator on L?(£2)
defined by the differential operator u +— fu— 3", j(aijuxj)x“ we have that D(A)
is the set of all u € H}(Q) such that the distribution fu — > i (ijua; )z, lies in
L?(Q). Again, the Cauchy problem has a unique (mild) solution u(t) in Hg (),
given by the “variation-of-constants” formula

u(t) = e Aty te_A(t_s)Au s))ds.
® o+ [ Flu(s) a

Let 7 be the local semiflow on H{ (2) generated by the (mild) solutions of this
parabolic boundary value problem. Results in [16] imply that 7 is a global
semiflow and has a global attractor A (see also [1]). Moreover, it is proved
n [16] that A ¢ D(A) and A is compact in D(A) endowed with the graph
norm.

Let T: D(A) — H}(Q) x L2(R) be defined by I'(u) = (u, Au + f(u)). Set

Ap :=T(A). Then we have the following main result of this paper:

THEOREM 1.4. The family (Ac)ccio,00 5 upper semicontinuous at € = 0
with respect to the topology of HL(Q) x H=1(Q), i.e.

lim sup inf |y —z|gigg-1 =0
HlxH-1 .
e—=0F yeA, 2€Ao | | 0

Actually a stronger result is established in Theorem 3.9 below.
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2. Preliminaries

In this section we collect a few preliminary results. We begin with an abstract
lemma established in [16]:

LEMMA 2.1. Suppose (Y,(-, -)y) and (X,{-, )x) are (real or complex)
Hilbert spaces such that Y C X, Y is dense in (X, (-, -)x) and the inclusion
(Y, (-, )y) — (X,(-, - )x) is continuous. Then for every u € X there exists
a unique w, €Y such that

(vywy)y = (v,u)x  forallvey.

The map B: X — X, u — w, is linear, symmetric and positive. Let B'/? be
a square oot of B, i.e. BY?: X — X linear, symmetric and B'/? o B'/?2 = B.
Then B and B'/? are injective and R(B) is dense in Y. Set X/? = X,lg/2 =
R(BY?) and B='/2: X'/2 — X be the inverse of B'/2. On X'/? the assignment
(u,v)q)9 := (B=Y2u, B~'/2v) x is a complete scalar product. We have Y = X'/?
and (-, )y = (-, *)1/2-

Now let A be the sectorial operator on L?(Q) defined by the differential
operator u — [Bu— Zij (aijuz;)z;- Then A generates a family X* = X3, a € R,
of fractional power spaces with X ~% being the dual of X* for a € ]0,00[. We
write

H,=X"? a€eR.
For a € R the operator A induces an operator A,: H, — H,_>. In particular,
Hy=L*) and A = A,.
Note that, thanks to Assumption 1.1, the scalar product

(u,v) g = (AVu, Vo) + (Bu,v), u,v € Hg(Q)
on H} () is equivalent to the usual scalar product on Hg (). Moreover,
<U7U>H& = <A2U,U>, AS D(A2)7U € H(%(Q)

COROLLARY 2.2. H; = H}(Q) with equivalent norms. Consequently H_, =
H=Y(Q) with equivalent norms.

PROOF. Set (X, (-, -)x)=(L*(Q), (-, ), (V; (-, )y)=(Hs(Q), (-, ) m)-
Then Y is dense in X and the inclusion Y — X is continuous. Let By: X — X
be the inverse of As. Then for all u € X, Bou € Y and for allv € Y

(v,u)x = (v, Bou)y.

Thus By = B where B is as in Lemma 2.1. Now the lemma implies the corol-
lary. (|
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COROLLARY 2.3. The linear operator Ay: Hi — X = H_1 is self-adjoint
hence sectorial on X. Let X{, o € [0,00[, be the family of fractional powers
generated by Ay. Then X'/? = L*(Q) with equivalent norms.

PROOF. Set (X7<'7 >X) = <H717<'7 '>H71)7 (Yv<'> >Y) = (H0’<" '>Ho)'
Then Y is dense in X and the inclusion Y — X is continuous. Let B1: X — X
be the inverse of A;. Then for allu € X, Biju € Y and for allv € Y

(v,u)x = (Byv, Byu)g, = (v, Biu)y.

Thus By = B where B is as in Lemma 2.1. Now the lemma implies the corol-
lary. O

We end this section by quoting a result proved in [17], which can be used
to rigorously justify formal differentiation of various functionals along (mild)
solutions of semilinear evolution equations.

THEOREM 2.4. Let Z be a Banach space and B: D(B) C Z — Z the infini-
tesimal generator of a (Cy)-semigroup of linear operators e B on Z, t € [0, oc].
Let U be open in Z,Y be a normed space and V:U — Y be a function which, as
a map from Z toY, is continuous at each point of U and Fréchet differentiable
at each point of UND(B). Moreover, let W:U x Z — Y be a function which, as
a map from Z x Z to'Y, is continuous and such that DV (z)(Bz+w) = W(z,w)
forz€e UND(B) andw € Z. Let T € 10,00 and [ :=1[0,7]. Letze€ U, g:1 — Z
be continuous and z be a map from I to U such that

t
2(t) = e Bz +/ e BU=3g(s)ds, tel.
0

Then the map V o z: I — 'Y 1is differentiable and

(Voz)'(t) =Wi(z(t),g(t), tel

3. Proof of the main result

In order to establish our main result we need uniform estimates for the at-
tractors A. in H(Q) x L*(Q).

LEMMA 3.1. Let f be as in Assumption 1.2. Then there is a constant C €
[0, 00 such that for all u,v € R and for a.e. x € Q,

[0uf(z,w)] < O+ [ul?),
|0uf(2,0) = Ouf(z,u)| < C(L+ [u] + v —ul)]v —ul,
|f(2,0) = f(@,0) = Buf(z,u)(v —w)] < CO+ |ul + v —ul)v - ul.
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ProOF. For all u, v € R and a.e. € 2 we have

Ouf(0) — O f (2, ) = /O1 D f (2,1 + 5(0 — ) (v — w) ds
and
fl@,v) = fla,u) = 0uf(z,u)(v —u)
= (v—u)Q/OIQ{/Olauuf(x,u—l-rﬁ(v—u))dr df.
This easily implies the assertions of the lemma. O

PRrROPOSITION 3.2. Let f and F be as in Assumption 1.2. Then, for every
measurable function v:Q — R, both f(v) and F(v) are measurable and for all

measurable functions u, h: Q) — R

(3.1) |F(w)l L2 <1F(0)]z2 + C(lule + |ufie),

(32)  [flu+h) = fW)gz <Clhlgs + C|uf}s + |hI36)|Al Lo,

(3.3) [F(u)|r <C(lul?2/2 + [ulfa /) + [ulz2] F(0)]Le,

(34)  |F(u+h) = Fu)|p <(F0)|r2 + C(lulzz + |hlz2)
+A4C(Julds + [l36)) IR e,

and

(3.5)  |F(u+h) — F(u) — f(u)hlr < (Clhlr> + Clul?e + [B)26) B 1o) Bl L.

Finally, for every r € [3,00] there is a constant C(r) € [0, 00[ such that for all

u, h € H}(Q)

(3.6) [Pt h) = F@)l-r < CO)lhlza + COr)(ulto + [Al7e) e
ProOOF. Lemma 3.1 implies that f satisfies the hypotheses of [17, Proposi-

tion 3.11], to which the reader is referred for details. O

For s € [2,6] we denote by Cs € [0, co[ an imbedding constant of the inclusion
induced map from H; to L*(€2).

PROPOSITION 3.3. Let f be as in Assumption 1.2, I C R be an interval, u
be a continuous map from I to Hy such that u is continuously differentiable into
Hy with v := d(u; Hy). Then the composite map fo u: I — Hy is defined, fo U
is continuously differentiable into H_q and g := 8(fo wyH_1) = (827’ ou) v
Moreover, for everyt € I,

(3.7)  |g®)m_, < C(Ca+ Colu(t)[1s)lv(t)|r2 < C(C2 + CoCslu(t)[z, )v(t)] L2

PRrOOF. It follows from Proposition 3.2 that for every w € Hy, f(w) € Hy.
Thus f o u is defined as a function from I to Hy. Moreover, for every t € [
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and ¢ € Hy, the function 5u\f(u(t)) -v(t) - ¢:Q — R is measurable and so by
Lemma 3.1 and Hélder’s inequality

100 f(u(t)) - v(#) - 1 < Clo@®)]g2[Cl 22 + Clu(®)? |ps o) 12 1¢] o

—

It follows that for every t € R, g(t) = 9, f(u(t))-v(t) € H_1 and (3.7) is satisfied.

Moreover, for s, t € I,

10 f (u(t)) - v(t) — 8 f(u(s)) - v(s)|mr_,
= sup  [Buf(u(t) - v(t) - ¢~ Buf(u(s)) v(s) |ps

CEHy, ¢, <1

< sup T+ sup  Ta(t)(C),
CEH17‘<‘H1S1 (EH17|C‘H1S1

where

T (1)(C) = [(Buf (u(t)) — Buf(uls))) - v(t) - |11,
To()(C) = 10uf (u(s)) - (v(t) - ¢ —v(s) - Q).

By Lemma 3.1 we obtain, for all ¢ € Hy with |(|; <1,

T (1)(Q) <O+ [uls)] + |u(t) —uls)]) - [u(t) = uls)] - (| L2[v(t)] 2
< Clu(t) —uls)|Lslo(t)] L2 [C] Lo
+ Clu(s)|po|u(t) — u(s)|Lelv(®)[L2|¢] Lo
+ Clu(t) = u(s)|Ls|u(t) — uls)|Ls [v(t)]L2[C| Lo
< CC3Cslu(t) — uls)|m |v(t)| 12 + CCGlu(s) | [u(t) — u(s) |, [v(t)| 2
+ CCglu(t) — uls) [, [v(t)] 2
To(t)(Q) < CI(1+ [u(s)[*) - Clzz|v(t) — v(s)| L2
<O(I¢lzz + [ ul(s)* e[l o) lo(t) — v(s)] L
< C(Ca + Cglu(s) i, )lv(t) = v(s)| 2
Since u is continuous into H; and v is continuous into Hy = L%(Q) it follows

that

sup T ()(C) + sup To(t)(¢) — 0 ast—s
CEH, [¢|m, <1 CEH, (|, <1

so the map (87;]’ ow) - v is continuous into H_;.
Now, for s, t € I, t # s,

(t =) (Fow)®) = (fou)(s) = Duf(u(s)) - v(s)lu_,
= swp (t—8)(Fow®)- ¢~ (Fou)(s)- ¢ — uf(u(s)) - v(s) - C[r

CEH1,|Cln, <1

<(t—s)"" sup T+ (t—s)""  sup  Tu(t)(C)
CE€H1, [¢ln, <1 C€H1,|¢lH, <1
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where T5(t)(¢) = |gt,¢|z1 with

gre = (Fou)(t) ¢ — (Fou)(s) ¢ — duf(u(s)) - (u(t) —u(s)) ¢
and

Tu(t)(C) = 8uf(uls)) - (u(t) — uls) — v(s)) - |11

Now, by Lemma 3.1, for all { € Hy with |{|g, <1 and for a.e. x € Q

19e.¢(2)] < CA+ [uls)(@)] + u(t) (@) = uls)(@)])|u(t)(x) — uls)(@)]?|¢(2)]

SO

3.8)  T()() < (\ () = u(s)|Ls|u(t) — u(s)|L2(C|Lo)
C(luls)|Lofu(t) — uls)|Lofu(t) — uls)|L2[C] o)
Clult) — u(s)|Lslu(t) — u(s)|Ls|u(t) — u(s)|L2C|Ls)
< CCs(Cslu(t) — uls) a [u(t) —uls)|L2)
+ CCs(CElu(s) |, ult) — uls)l, u(t) —
+ CCo(Cglu(t) — uls) [, [u(t) — uls)|2).

u(s)|2)

Since u is continuous into H; and locally Lipschitzian into Hy = L?(12) it follows
from (3.8) that

(t—s)~* sup T5(t)(¢) =0 ast—s.
CeHy, |¢|m, <1

We also have
Tu(t)(€) <CI1+ [u(s)[*) - Clralu(t) — uls) — v(s)| 2
< (Cl¢lr2 + Clluls)]? [LslC]po)lu(t) — u(s) — v(s)| L2
< C(Ca + CCGluls)[3r,)u(t) — uls) — v(s)|ra.
Since (t — s) " Hu(t) — u(s) —v(s)|r2 — 0 as t — s it follows that

(t—s)~* sup Ti(t)(() =0 ast—s.
CeHy, |¢|u, <1

It follows that fo u, as a map into H_q, is differentiable at s and

Ou(fows Ho1)(s) = (Buf o u)(s) - v(s). O

PROPOSITION 3.4. Let € € |0,00][ be arbitrary. Define the function vV =
VeeHy x Hy — R by
~ 1 1

Viu,v) = §<u,u>H1 + §8<’U,U> — /Q F(z,u(x))dz, (u,v)€ Hy x Hp.
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Let R — Hy x Hy, 2(t) = (21(t), 22(t)), t € R, be a solution of w.. Then V oz
is differentiable and (V o z)/(t) = —|22(t)|2, fort € R.

PRrOOF. This is an application of Theorem 2.4 (for the details see [17, Propo-
sition 4.1]). O
PROPOSITION 3.5. Let € € ]|0,00[ be arbitrary. Define the function V. =

‘/E:HO XH_lﬂR by

1 1
Vv,w) = 5(1},1}) + §5<w,w>H_l, (v,w) € Hy x H_1.
Let 2R — Hy x Hy, z(t) = (21(t),22(t)), t € R, be a solution of m.. Then
z = (z1,29) is differentiable as a map into Hy x H_y with zo = 0(z1; Hy). Let
u=2z1,v=29,w=0(v;H_1) and g = (0 fou)-v. Then the function «:R — R,
t— V(v(t),w(t)) is differentiable and for every t € R

o (t) = —(w(t),wt)m_, + (g(t),wt)m_,.
PRrROOF. For € € ]0,00[ and kK € R let B, ,,: H, x H,_1 — H,,—1 X Hy_o be
defined by
1
B. .(2) = (— 22, g(zz + A,Qzl)>, z2=(21,22) € Hy X Hy_1.

It follows that —B. , is m-dissipative on H,_1 X Hy_o (cf. [17, proof of Propo-
sition 3.6]). Moreover, if z:R — H; x Hy is a solution of 7., then

Z(t) _ e—Bs,2(t—t0)Z(t0) + /t (e_Bs"z(t—S) (0, ::fA(Zl(s))) ; H1 X Ho) ds

to

t 1 ~
= efBa’l(tfto)z(to) + / <6B5*1(t5) (O, f(zl(s))) s Hy x H_l) ds,
€

to

for t,tp € R, to < t. Since z(tg) € D(B.1) and t — (0,(1/2)f(z1(s))) is
continuous into D(Be1) it follows from [9, proof of Theorem II.1.3 (i)] that
z = (u,v) is differentiable as a map into Hy x H_; with v = 9(u; Hy). Now,
in Hfl,

w= 0 H 1) = Z(v— Ayout fou)= (v Agou+ Fou).
It follows from Proposition 3.3 that w is differentiable into H_o and
O(ws H 2) = —(w —~ Agouv+9).
Again [9, proof of Theorem I1.1.3 (i)] implies that

(3.9) (v, w) (1) = e~ Bt U710 (v, w) (o)

’ 1
Jr/ (eBE’l(ts) <O, g(s)) s H_o X H_3> ds
to €
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=e Bealt=t) (y w)(ty)

k 1
+/ (ervl(ts) (0, g(s)) s Hy X H_1> ds,
to €

for t,ty € R, tg < t. Now note that the function V' = V., is Fréchet differentiable
and

DV (v,w)(v,w) = (v,0)y g, + e{w, W) g_, -
Thus for (u,v) € D(—B.1) = H1 x Hy and (v,w) € Hy x H_;

1 1
DV (v,w)(—=B¢ 1 (v, w) + (v,w)) = (v, w + V) g, + 5<w, —ow - gAlfu + @>
H_y

=, 0) g, — (w,w)g_, +e{w, W)g_,.
Here we have used the fact that
(w, Aro)r_, = (AT w, AT Aoy, = (AT w,0)m, = (w,0) 1,
as A7 w = Ay 'w € Hy. Defining W: (Ho x H_y) x (Ho x H_;) — R by
W((v,w), (v, w)) = (v, 0) iy = (W, w)r_, +e(w, W)m_,

we see that W is continuous. Now it follows from (3.9) and Theorem 2.4 that
a = V. o (v,w) is differentiable and

o/ (t) = —(w(t), wt) m_, + (w(t),g(t))u_,, tER a

PROPOSITION 3.6. Let g9 € ]0,00] be arbitrary. Then for every r € [0,00]
there is a constant C(r,e9) € [0,00[ such that whenever ¢ € 10,e0] and z =
(u,v):R — Hy x Hy is a solution of m. with sup,cg (lu(t)|, +elo(t)|F,) < r and
w:=0(v; H_1), then

jlelﬂlgﬂv(t)l%zo +elw(t)z_,) < C(r,e0).

PrROOF. By C;(r) € [0,00], resp. C;(r,&9) € [0,00] we denote various con-
stants depending only on 7, resp. on r and &y, but independent of & € ]0, g and
the choice of a solution z of 7. with sup,cg(Ju(t)[3;, +elv(t)]3,) <7

Let £ € ]0, 0] be arbitrary, a(t) = Vo(v(t),w(t)), t € R, and g = (9, fou) - v.
Using (3.7) we see that

(3.10) lg®)|a_, < CO+CeCar®)|v(t)|m,, tER.
Proposition 3.5 implies that

1 1
(3.11) o/ (t) < —w()r_, + 5lo0, + Sl

1 1
< — sl + 5C3(1+ Gl
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for t € R. Thus we obtain, for every k € ]0, ool,

1 1
o () +ka(t) < (—2+k25> w(t)ﬁq1+(202(1+060§r2)2+§)|v(t)|%10, teR.

Choose k = k(g9) € ]0, 00[ such that (—(1/2) + (keo/2)) < 0. Hence we obtain
o/ (t) + ka(t) < Ci(r,e0)v(t)h, tER.

Using Propositions 3.4 and 3.2 we see that

t
|U(S)|%Io < CQ(T‘7 60), t,tg € R, to < t.
to

It follows that

t
(3.12) alt) = e Rt g (t0) + O, (r, 60)/ e FI=) o (s) 3, ds

to

< e—k(t—to)a(to) + 03(7', 50)7 t7t0 S R, tO S t.

Using the definition of o we thus obtain from (3.12)

1 1

1 1
< ¢ Hlt=to) <2|v(t0)|%10 + 25|w(t0)|fq_1) + C5(r, €9),
for t,tg € R, to < t. Since for t € R, ew(t) = —v(t) — Ayu(t) + f(u(t)) in H_;,
it follows that

~

elw®)|g_, < o®)|a_, + [ult)|m + [f(u®)]s_,
< |(t)m_, +Cs(r) < Ce(r)e /> + Cs(r), teR.

Thus

(3.14) elwto) %, < (1/6)(Colr)e™"/% + C5(r))?.
Furthermore,

(3.15) lv(to)|7, < 1/e.

Inserting (3.14) and (3.15) into (3.13) and letting ty) — —oo we thus see that
0O, +elw®)f_, <2C5(r,20), tE€RD
Fix a C*°-function 9: R — [0, 1] with J(s) = 0 for s € |]—00,1] and J(s) = 1
for s € [2,00[. Let
9 =7
For k € N let the functions J: RY — R and ¥;:RY — R be defined by

Op(z) =9(|z|?/k?) and Op(z) = 9(|z*/k?), =z e RV,
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The following theorem (actually a rephrasing of Theorem 4.4 in [17]) provides
the “tail-estimates” mentioned in the Introduction:

THEOREM 3.7. Let Assumptions 1.1 and 1.2 be satisfied. Let ey > 0 be fized.
Choose 6 and v € 10, oo[ with

v <min(l,7/2), A —6>0 and 1—25 > 0.

Under these hypotheses, there is a constant ¢’ € [0,00[ and for every R € [0, 0]
there are constants M' = M'(R), ¢, = cx(R) € [0,00[, k € N with ¢, — 0 for
k — oo, such that for every 1o € [0,00[, every e, 0 < e < g and every solution
z(+) of me on I = [0, 70] with |2(0)]z < R

21 ()3, +ele2(t)?|m, < ¢+ Me ™ tel
If |2(t)|z < R fort €1, then
[0k21 ()3, + elIn2a(t)?|m, < cx+ M'e "', keN, tel.
Now we can prove the following fundamental result:

THEOREM 3.8. Let (£,)n be a sequence of positive numbers converging to 0.
For each n € N let z, = (un,vn): R — Hy X Hy be a solution of m., such that

sup sup(|un () |}, + enlvn(t)|h,) < 7 < oo
neN teR

Then, for every o € 10,1], a subsequence of (zn)n converges in Hy x H_,,
uniformly on compact subsets of R, to a function z: R — Hy x Hy with z = (u,v),
where u is a solution of T and v = 0(u; Hp).

PrROOF. We may assume that ¢,, € ]0, ] for some &g € ]0, 00[ and all n € N.
Write u, = 2,1 and v, = 2,2, and n € N. We claim that for every ¢t € R,
the set {u,(t) | n € N} is relatively compact in Hy. Let ¥, k € N, be as
above. Then, choosing k£ € N large enough and using Theorem 3.7 we can make
SUp,en [Vrtn (t)|m, as small as we wish. Therefore, by a Kuratowski measure
of noncompactness argument, we only have to prove that for every k € N, the
set Sy = {(1 — Ig)un(t) | n € N} is relatively compact in Hy. Let U be the
ball in RY with radius 2k centered at zero. Then (1 — 9;)|U € Ci(U), so
(1 — 9p)u, (t)|U € HI(U) for n € N. Since H}(U) imbeds compactly in L?(U)
and (1 —9p)u, (t)|(RY \ U) = 0, it follows that, indeed, Sy is relatively compact
in Hy. This proves our claim.

Since, by Proposition 3.6, for each n € N, u,, is differentiable into Hy and
vn, = O(up; Hp) is bounded in Hy uniformly ¢ € R and n € N, we may assume,
using the above claim and Arzela-Ascoli theorem, and taking subsequences if
necessary, that (u,), converges in Hp, uniformly on compact subsets of R, to
a continuous function u: R — Hy. Moreover, since, for each ¢ € R, (uy,(t)), has
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a subsequence that is weakly convergent in Hy, we see that u takes its values in
Hy. Let w, =90(v; H_1), n € N.

For every n € N and every t € R,
(316) Enwn(t) = _Un(t) - Aoun(t) + f(un(t))

~ -~

in H_7. Now, uniformly for ¢ lying in compact subsets of R, f(u,(t)) — f(u(t))
in H_; (by Proposition 3.2), Agun(t) — Aou(t) in H_5 and e,w,(t) — 0 in
H_, (by Proposition 3.6). It follows from (3.16) that, uniformly for ¢ in compact
subsets of R, v, (t) — v(t) in H_o, where v:R — H_5 is a continuous map such
that, for every t € R,

~

v(t) = —Aqu(t) + f(u(t))
in H_5. It follows that w is differentiable into H_s and v = d(u; H_3). Then u
is differentiable into H_3 and, for all ¢t € R,

~

Ous H_3)(t) = —A_yu(t) + Flu(t))

in H_5. Since f o is continuous into D(A_,) = H_, it follows that

(317) () = e~ A1)y (4) + /t (=A== Flu(s)): H_s) ds

— A (ty) [ (A Fu(e)); o) ds,

to
for t,tg € R, tg < t. We claim that u is a solution of 7. To this end let t; € R
be arbitrary. Let u: [0, co[ — H; be the solution of 7 with %(0) = u(ty) (@ exists
by results in [16]). We must show that u(s) = u(s + to) for all s € [0,00[. If
not, then there is a sop > 0 with @(sg) = u(sp + to) and u(s,) # u(s, + to) for
all n € N, where (s,,), is a sequence with s,, — sg as n — 0o. By Corollary 2.3
there is a constant C' € [0, co[ such that

‘efAltw|HO < Ct71/2|w‘H_17 w E H—la t e ]0,00[

Moreover, by Proposition 3.2, for every b € ]0, oo[ there is an L(b) € |0, co[ such
that for all w; € Hy, |wilg, <b,i=1, 2,

~

| flws) — Flw)lm_, < Lb)|wz — w1,

There is an 3 € ]sg, oo[ such that whenever s € [sg,5] then |u(s + to)|m, <7 +1
and |u(s)|g, < r+ 1. Let L = L(b) where b = r + 1. Choosing 5 smaller, if
necessary, we can assume that

(3.18) CL(5—s0)"/?/2 < 1.

It follows that, for each s € [sg, 3],

~

u(s + to) — ls) = / MO [Flufr + t0)) — F(r)] dr

S0
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SO

(s +to) — @(s)|m, < C/S(S — ) V2L fulr + to) — U(r)| ) dr

S0

< CL(s - 30)1/2/2 sup |u(r +to) — u(r)|m,-

r€[s0,5]

In view of (3.18), we obtain that u(s +tg) = u(s) for s € [sg, 3], a contradiction,
which proves our claim.

We now claim that u,(t) — w(t) in Hy, uniformly for ¢ lying in compact
subsets of R. If this claim is not true, then there is a strictly increasing sequence
(nk)n in N and a sequence (t), in R converging to some to, € R such that

(3.19) érelg [thn,, (tk) — utoo)|rr, > 0.
For ¢ € ]0, 0o[ define the function F.: Hy x Hy — R by
1 1
Fe(2) = 55(521 + 29,021 + 22) + §<AV21, Vz)

4B+ P2z, - [ Floa(o)ds

where § € ]0,00] is such that A; —d > 0 and 1 — 2d¢g > 0. Note that
[ull? = (AVu, Vu) + (8 — S)u,u), u € Hy

defines a norm on H; equivalent to the usual norm on H;. Let ¢ € ]0,&0] and
¢ = (¢1,¢2):[0,00] — Z be an arbitrary solution of m.. Using Theorem 2.4
(cf. [17, Proposition 4.1]) one can see that the function F; o ¢ is continuously
differentiable and for every ¢ € [0, 00|

(3.20) (Feo ) (t) +20F-(C(1) = /9(255 — 1)(8¢1 (1) () + Co(t)(2))? da
+ [ 8@ @ 0@ o =2 [ Pl G)@)de.
Moreover, define Fy: H; — R by
1 1
Fo(u) = 5(AVu,Vu> + 5((ﬁ —0)u,u) — /QF(.T,U(SC)) dz, wue€ H.

Every solution £: R — H; of 7 is differentiable into H; so the function Fp o £ is
differentiable and a simple computation shows that for ¢ € R,

(3-21)  (Fo o &) () +25(Fo 0 §)(t) = —(5E(t) + n(t), 3§(t) + n(t))
+ /Sl[5€(t)(x)f(xvf(t)(x)) — 20F (z,&(t)(x))] d

~

where n(t) = —A1£(¢) + f(£(¢)), t € R.
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Fix | € Nand, for k € N, let (i (t) = 2z, (tr — 1 +1) and ((¢) = (u(toc — 1+ 1),
V(teo — L+ 1) for ¢t € [0,00[. Then (3.20) and (3.21) imply that

(322)  F, (zn(tr)) = e > Fe, (2 (8 — 1))
l
+ (206, — 1)/0 e~ 20(=s) (/Q(agm(s)(z) +<k,2(5)($))2dx> ds
l e 20(=s) (s)ds
+/0 Pk

where
o(s) = /Q 5611 ()(2) £ (&, G (8)(a)) dr — 25 /Q P2, Gea(s)(@)) de, s € [0,1]
and

(3.23)  Fo(ulteo)) =e P Fy(ultos — 1))

- o2 ( [ 666)@ + e dz) ds
v [ ([ s aem) i
—25/9Fx,§13 x) d:r)ds

Since (,1(s) — (1(s) in Hyp, uniformly for s lying in compact subsets of R, we
obtain from Proposition 3.2 that

1
(3.24) /0626@S)</Q5Ck,1(5)(9€)f($,Ck,l(S)(fﬁ))dl’
—20 | F(x,Cka1(s)(x)) dx) ds

Q

- [ [ saewieaee) e
— 25/52F(:E,C1(s)(x))d:c) ds

as k — oco. We claim that

(3.25) li]rcrisip(%snk —1) /0 l e—%(l—S)( /Q (6Ck,1(5)(@) + Cr2(s)(2))? dx) ds
< ey ([ 666+ Gals)@ ) .

In fact, since 1 — 26e,,, > 0 for all £ € N we have by Fatou’s lemma

k—o0

!
(3.26) limsup(20e,, — 1)/0 e~ 20(=9) (/9(5@,1(8)(90) + Cra(s)())? dx) ds
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= — liminf(1 — 20ey,) /Ol e 2009 (/9(5@,1(8)(35) + Cr2(s)(2))? dx) ds

k—o0

= — liminf /Ol e=20(=9) (/Q(CSCk,l(S)(«T) + Cra(s)(w))? da:) ds

k—o0

< - /Ol e 2°0=) Jim inf (/Q((;Cm(s)(x) + G2 (s)(2))? dm) ds.

k—o0

Let s € [0,{] be arbitrary. Since ((Cx,1(8), Ck,2(5)))r converges to (¢1(s), C2(s))
weakly in Hy x Hy it follows that ((Ck1(s),0Ck,1(s) + Ck,2(s)))x converges to
(¢1(5),0¢1(8) + Ca(s)) weakly in Hy x Hy. It follows that for every v € L%(Q)

(v, 0Ck,1(8) + Cr,2(s)) = (v,6C1(s) + C2(s))  as k — oo.
Taking v = (6¢1(s) + d¢2(s)) we thus obtain
|(8C1(5) + 8Ga(s))[Z2 = ((6¢1(s) + 8Ca(5)), (5Ci (s) + 3C2(5)))
= lim ((5C1(s) + 5Ga(s), (5Gk,1(s) + 8Cra(s)))
< 100G (s) +06a(5)) | 2 i inf [(3Cx,1(5) + 0Ck 2(s))| 2
and so

321 [ @)@ + Gas) @) do < mind [ (56,1 ()(a) + o)) o

Inequalities (3.27) and (3.26) prove (3.25). Since, by Proposition 3.2,

[ Pt de — [ Faut) @) do
Q Q

we obtain, using Proposition 3.6, that

limsup Fe,, (zn,(tx)) = (1/2) limsup l|u(tr)]|* — / F(z,u(teo)(x)) dz
k—oo k—o0 Q

Moreover, there is a constant C’ € |0, co[ such that

supsup |7, (zn, ()] + sup | Fo(u(t))] < C".
kEN teR teR

Thus

%limsup lu(ts)||® — / F(z,u(te)(2)) dz < e=2°C!
Q

k—o0

_ /Ol 625(18)(/9(5<1($)(x) + Co(s)(2))? dx) ds

+ / eaat-) ( / 61 (5)(2) (&, 1 (5)(a)) d — 26 / P, ¢ (s)(2) dx) ds

— el (1/2)|lu(tso)] = /QF(ar,u(too)(x)) dr — e 2V Fy(u(tes — 1))
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§26_25l0'+(1/2)||u(too)||2—/QF(a;,u(too)(:r))da:.

Thus, for every [ € N, limsup,,_, .. |[u(tx)]|? < 4e=2C" + |Ju(too)||? sO
tim sup ffuti )| < flu(too)

Since (Un,, (tn, ))r converges to u(t) weakly in H; we have
i inf [[un, (En,) | = [lu(too) I
k—o0

Altogether we obtain

i [ ()| = u(toc)
This implies that (up, (s, ))r converges to u(ts) strongly in Hi, a contradiction
to (3.19). Thus, indeed, u,(t) — u(t) in Hy, uniformly for ¢ lying in compact
subsets of R.

Now (3.16) implies that v, (t) — v(¢) in H_1, uniformly for ¢ lying in compact
subsets of R. Since (vy,),, is bounded in Hy, interpolation between Hy and H_q
(cf. [16]) now implies that v, (t) — v(t) in H_,,, uniformly for ¢ lying in compact
subsets of R. The proof is complete. O

Now we obtain the main result of this paper.

THEOREM 3.9. For every o € 10, 1] the family (Ac)-cjo,00] @S upper semicon-
tinuous at € = 0 with respect to the topology of H1 x H_,, i.e.
lim sup inf |y —=z =0.
0+ yei z€ Ao [y = 2l
PROOF. Using the first part of Theorem 3.7, choosing g € 0, oo arbitrarily
and 6 € ]0, oo[ such that Ay —§ > 0 and 1—2dep > 0 and noting that the constant
¢ in that theorem is independent of ¢ € 0, g¢], it follows that, for all € € ]0, &¢]
and all (u,v) € A, ulf;, +e|v|3;, < 2¢. Now an obvious contradiction argument
using Theorem 3.8 completes the proof of our main result. 0

REMARK. Theorem 3.9 and Corollary 2.2 imply Theorem 1.4.
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