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EXISTENCE OF SOLUTIONS
FOR p(z)-LAPLACIAN PROBLEM
ON AN UNBOUNDED DOMAIN

Fu YONGQIANG

ABSTRACT. In this paper we study the following p(x)-Laplacian problem:

—div(a(z)|VulP®) =2 V) + b(@) |[ulP® 2y = f(z,u) ze€Q,
u =0 on 09,

where 1 < p1 < p(z) < p2 <n, @ C R" is an exterior domain. Applying
Mountain Pass Theorem we obtain the existence of solutions in Wol’p(z) ()
for the p(x)-Laplacian problem in the superlinear case.

1. Introduction

After Kovacik and Rakosnik first discussed the LP(*) space and W () space
in [20], a lot of research have been done concerning this kind of variable exponent
spaces, see for example [1]-[3], [6], [7], [11]-[13] and [16]-[18] and the references
therein. We don’t want to list all the works in this field here. In [22] Ruzicka pre-
sented the mathematical theory for the application of variable exponent spaces
in electro-rheological fluids.

Inspired by their works, we want to study the p(z)-Laplacian problem:
(L1) —div(a(z)|VuP@2Vu) + b(z) |uP D2y = f(z,u), =eQ,
. u =0 on 012,
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where 2 is an exterior domain in R"”, i.e. £ is the complement of a bounded
domain, 0 < ap < a(x) € L>®(Q), 0 < by < b(z) € L>®(Q) , p is Lipschitz
continuous on  and satisfies

(1.2) I <p <px)<p2<n.

Our object is to obtain sufficient conditions on f for (1.1) to admit nontrivial
and nonnegative solutions in the general case of the following prototype:

(1.3) flau) = g(a)u™™, pla) -1 < a(z) < p*(z) - 1

where p*(z) = np(z)/(n — p(z)).

When p(x) is a constant function, there are a lot of studies. For the case of
bounded domains, see for example [4], [9], [10], [14] and [19] and the references
therein. For the case of unbounded domains, there are also many studies, see
for example [5], [8], [21], [24] and [25]. It is beyond our ability to write out
all the works in this direction here. When p(z) is a variable function, Fan and
Zhang [17] studied the p(z)-Laplacian problems on bounded domains. Under
some conditions, they established some results on the existence of solutions. For
unbounded domains, Fan and Han [15] investigated the existence of solutions for
p(x)-Laplacian equations. In this paper we discuss the p(z)-Laplacian problem
in the case of unbounded domain. Our method is a bit different from that in
[15] and [17] and in some sense we discuss the p(z)-Laplacian problem in a more
general setting than that in [15] and [17] as well.

2. Preliminaries

In this section we first recall some facts on variable exponent spaces LP(*)(Q)
and W) (Q). For the details see [20] and [16].
Let P() be the set of all Lebesgue measurable functions p: Q — [1, oo].

= z) [P dx + inf | f(z
(2.) pif)= [ P de 150,
(22 17l = b (A > 0 py(F/3) < 1},

where Qo = {z € Q : p(x) = oo}. The variable exponent Lebesgue space
LP@®)(Q) is the class of all functions f such that p,(\f) < oo for some \ =
A(f) > 0. LP(®)(Q) is a Banach space endowed with the norm (2.2). p,(f) is
called the modular of f in LP(*)(Q).
For a given p(x) € P(Q) we define the conjugate function p’(z) as:

00 ifre® ={zeQ:px)=1},
1 ifx € Qu,

p(x

———~— for other z € Q.
p(z) —1

p(x) =
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THEOREM 2.1. Let p € P(Q). Then the inequality

/Q F@)g(@) dz < 1yl Flplglly

holds for every f € LP®)(Q) and g € L”/(‘”)(Q) with the constant r, depending
on p(x) and Q only.

THEOREM 2.2. The topology of the Banach space LP*)(Q) endowed by the
norm (2.2) coincides with the topology of modular convergence if and only if

p € L>®(9).

THEOREM 2.3. The dual space to LP(*)(Q) is Lpl(“’)(ﬂ) if and only if p €
L>®(Q). The space LP)(Q) is reflexive if and only if

(2.3) 1< iréfp(x) <supp(z) < 0.
Q

Next we assume that Q@ C R™ is a nonempty open set, p € P(2) and k is a
given natural number.

Given a multiindex a = (aq,... ,a,) € N”, we set |a] = a1 + ... + a,, and
D = D" ... D&%, where D; = 0/0x; is the generalized derivative operator.

The generalized Sobolev space Wk*p(””)(Q) is the class of all functions f on
Q such that D f € LP(*)(Q) for every multiindex a with |a| < k, endowed with

the norm

(2.4) I£llkp =D 1D flp.

lo| <k

By W(’f’p(x)(ﬂ) we denote the subspace of WP (Q) which is the closure of
C§° () with respect to the norm (2.4).

THEOREM 2.4. The space W*P(®)(Q) and W(f’p(x)(ﬂ) are Banach spaces,
which are reflexive if p satisfies (2.3).

We denote the dual space of Wé’p(x)(ﬂ) by W57 (#)((Q), then we have

THEOREM 2.5. Let p € P(Q) N L®°(Q). Then for every G € W=k (@)(Q)
there exists a unique system of functions {go € LP ) (Q) : |a| < k} such that

6= Y [ DU@ate)d. 1 W @),

la|<k
The norm of Wofk’p/(x)(ﬂ) is defined as

G
1115

1C g = sup{ Je Wé“*””)(ﬂ)}.
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THEOREM 2.6. If Q is a bounded domain with cone property, p(z) € C()
satisfies (1.2) and q(x) is any Lebesgue measurable function defined on Q with
p(z) < q(z) a.e. on Q and inf eq{p*(x) — q(x)} > 0, then there is a compact
embedding WP (Q) — L) ().

THEOREM 2.7. Let Q be a domain with cone property. If p:Q — R is Lip-
schitz continuous and satisfies (1.2), and q(x) € P(Q) satisfies p(x) < q(x) <
p*(x) a.e. on Q, then there is a continuous embedding W'P(®)(Q) — LI (Q).

For the p(x)-Laplacian problem (1.1) we define two functionals K (u) and
J(u) on £
1
MM:/FWWM,ﬂ@:/——M@WW@+WWM%M—KM
Q a p(x)
where F(x,t) = fot f(x,s)ds.
Next we discuss the properties of K (u) in the case (1.3). We assume that f
satisfies the following conditions:
(H1) f € C(Q xR), f(z,t) > 0in Qg x (0,00) for some nonempty open set
Qo CQand f(z,t) =0forall z € Q and ¢t <O0.
(H2) |f(z,t)] < g(z)|t|*®), a +1 € P(Q) is uniformly continuous on Q with
a=inficq{a(z) —p(z)+1} > 0 and @ = infco{p*(z) —alz) —1} > 0,
0# g€ L>*(Q) N LP(Q) where

np(z)
np(z) = (a(z) + 1)(n - p(x))’
(H3) There exists u > p(x) with inf,co{p — p(x)} > 0 such that pF(z,t) <
tf(z,t) for (z,t) € Q x R.

po(r) =

LEMMA 2.8. Suppose that o(x) satisfies the conditions in (H2). Let r be
a positive constant. Then, if |u(z)| > r,

lullar:
lull1,p,—0 |lu

p*

PrOOF. For any 0 < £ < 1, we have

a(z)+1 “(z *(2)—a(z)—1
/ < Jul ) (@) dx:/ < Jul )p ( )(5||U|p*)p (z)—a(z) ”
o \&llullp o \&llullp |ul
*(x *(2)—a(x)—1 a(z)+1
S/ ( Jul )p()<”u|p*>17() (z) (1> (w) .
o \lullp- r €

As a = inf eq{p*(z) —a(x) —1} > 0, we can choose ||u
that

p- sufficiently small such

a(z)+1 P (z)
/ [ul dr < / ﬂ der <1
o \&llullp- o \lullp-
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and further

[ullatr < eflullp-.

By Theorem 2.7 we know ||u||,» — 0 as ||ull1,, — O. O

THEOREM 2.9. Suppose that f satisfies (H1) and (H2), then K(u) is weakly

continuous on Wol’p(x)(ﬂ).

PROOF. Let Q; = {z € Q : |z| < k} where k is a natural number. Let
uj — u weakly in Wol’p(z)(Q). We have

K (1) — K (u)] < / \F(z,uj) — )| de

+ Cllgllpo o0 ([T @t 1) -1pe + g1l 1)=10)-

As {u;} is bounded in W, *)(Q), {u;} is bounded in W) () for fixed k as
well. By Theorem 2.6 there is a compact embedding W) (Q,) — L®)+1(Q,)
and further there exists a subsequence of {u;} (still denote the subsequence by
{u;}) such that u; — u in L*®+1(Q) and by Theorem 2.2 u; — u in modular
as well. From (H2) we get

F(z,t)| < —————g(z)[t|*®+1,
F@.0)| € Soseo@)l
Then by Vitali Theorem, after subtracting a subsequence if necessary, for fixed
k we have
F(z,u;)dr — F(x,u)dx as j — oo.
Qe Qp

Let xo\q, be the characteristic function of 2\ Q. Denote @ = supg, a(z). From

[\ @@
—_— dx
(@)
o \((1+ [Jullp- )@ )@+

0] )M /( ] )P“”
< S TEiTT dr = — dx,
| (@ p) D o \1+[lull

we have

ot [ oy =1 < (1 g llp )1

Furthermore, by Theorem 2.7,

p*

s 1 )= < CA+ ugllp) ™

Similarly
el 1) -1pr < CQ A+ flullip)**.
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As g € LPo(®)(Q), we know
/ g7 @ dr < 0o and / gP@ dg = /(gxgz\gk)p"(z) dz — 0
Q O\Q Q

as k — o0o. By Theorem 2.2 |[gxo\a, lpo = [19lpe, 0\ 0, — 0 as k — oc. O

THEOREM 2.10. Suppose that [ satisfies (H1) and (H2), then K(u) is dif-
ferentiable on Wol’p(x)(Q) with

K'(u)¢ = /Q flz,u)pdx, for all ¢ € Wé*’("’”)(g)

and K'(u) is a continuous and compact mapping from Wol’p(m)(Q) to W—Lr' (@)(Q).

PrOOF. For differentiability of K, we will show that for any € > 0, there
exists a § = d(g,u) > 0 such that

K(u+¢) — K(u) —/Qf(x,u)¢d:c

<el¢llip

= ‘/QF(x,unLqS)F(x,u)f(x,u)¢dx

for all ¢ € W™ (Q) with ||¢[|,, < o.

Let Qp = {z € Q: |z| <k}, Q1 = {z € Q= u(z)] > B}, Q2 = {x €
Qg 2 |p(x)| =1}, Qs = {z € Qi : Ju(z)| < B and |¢(z)| < r} where k, 5, r are
constant which will be determined later. First on Q \ Q) we have

/ Fla,u+ ) — Fla,u) — f(z, )¢ da
o\

s/’ (] + 16)*@) 6] + [ul*®|]) dx
Q

\ Q%
<C [ g(ul*@ o] + ol ) da
Q\Qy,
since
(Jul + [¢)) > < 206 (Juf*) 4 [§]*)) < 2% (|| *®) 4 |g] (),
Observe that

/Q\Q glul*@|¢|dz < Cllglul*@ ey ra Dl < Clighal™® ey, ov0, [ ll1p-
k

NV np(x) np(x) .
@) = @ = —p@) ~ np(e) = (al@) + D —p(@) 0@

we have

/Q\Q (glul @)™ dz < Cllg® ) |y /ey 2 1l N oy oy -
k
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Since, by Theorems 2.2 and 2.8,
/(|u‘a<x><p*<m))’)(pou)/(p*(z))’)’ . :/ P @ dz < oo,
Q Q
we get H|u|°‘(p*)l||(p0/(p*),)/ < o0 by applying Theorem 2.2 once more. In view of

/ (@ (@) ypo @)/ (" @) gy — / (9xena )@ de — 0
\Qy, Q
as k — oo, from Theorem 2.2 we obtain

197 Npoy ey one — 0 as k — oo.

Similarly we can deal with the term fQ\Q glo|*®)+1 dz. Therefore we conclude

(2.5) < %H¢||1,p

/ F(z,u+ ¢) — F(z,u) — f(z,u)pdx
Q\Q

for sufficiently large k and ||¢][1, < 1.
On Q. we have

‘/Qk F(w,u+¢) = F(z,u) - f(z,u)¢ d

< Z/ F(x,u+ ¢) — F(x,u) — f(z,u)¢| dz.

Qkﬂ

Second similar to the above

/ F(z,u+¢)— F(z,u) - f(z,u)pdz| < C [ g(Jul*"|¢| +|o|* @) da
Q1

Q1

< c/ (@[] + |6[*@*) dz = I, + Iy,
Qr1

For I; we have

I < C|l|ul™ [l ooy 20

pr < Clllul® [y 2 19l11.p-
As ax)(p*(x)) = a(z)p*(z)/(p*(z) — 1) < a(x) + 1, we have
/le Jul @D da < [l * P | 0y a0y 000 1X02%1 (@4 1) o)y -
In view of
/Q(ng y(e@)+D)/a@) (" (@) )" dz = meas Qy; < meas Y < 00,

by Theorem 2.2
X1 a1y fa(peyy < 00
Because u € WP (Q), we can get

(2.6) 00 > / Ju[P® do > BP®) dz > min{ [P, 3P2 Jmeas Qp1.
Q1 Qr1
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From (2.6), measQy; — 0 as § — oo. In view of

/ |u|a<z><p*<z>>'<<a<x>+1>/a<z><p*<z>>'>dx:/ 6@+ g
le le

and by Theorem 2.6 we conclude
/ || @+ gy = / [UX oy, | dz — 0
Q1 Q
as 3 — oo and Hua(p*)/H(QH)/a(p*)/’QM — 0 as 8 — oo. Therefore
/Q u[<@E @) 4y 0 as B — 0o
k1

and, by Theorem 2.2, we can choose 3 so large that
€

h < S 6l

Similarly for Is we can also show for sufficiently large 3
€

I < 5119l

and therefore
€
(2.7) ‘ /Q F(z,u+ @) — F(z,u) — f(z,u)¢dz| < 6”(,25”1,)
k1

Third from f € C(Q x R) we have F € C*(Q x R). For any €1, 3 > 0, there
exists 7 > 0 such that

(2.8) |F(z,§+h) = F(2,§) = f(z,8)h| < e1|h]

whenever z € Qy, |¢| < 8 and |h| < r. From (2.8) we have
P 0) - P - @l dr < ol ol

Choose €1 such that e1||xq, ||,y < &/6, then

(2.9) /Q B2, u+ ) = Fle,u) = f(@,u)é|do < =[6]]1,

Here ||xq, |/, < oo because fQ(XQk)p/(I) dr = meas Qj, < oco.
Fourth similar to the above we have

/ F(z,u+¢) — F(z,u) — f(z,u)pde| < C [ |[u*®|| + [¢|*)F! da
Qra

Q2

< Cll[u*lla+1)/a.00 + 1% @r1) /.02 Bl ot 1,020

By Theorem 2.8 ||¢||la+1,0,, < €2]|0]p+ < Ceal|@||1,p for sufficiently small ||¢]|1 .
From u € WP (Q) and Theorem 2.6, v € L*®*1(Qy), so

/ (ul*@)) (@D o) gy < og
Q2
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and further [||u|*||(a41)/a,04, <00. Similarly [|[¢|*[|(a+1)/a 0k, <00 if [|@][1,, <1.
Choose €9 such that

(2.10) /Q |F(z,u+ ¢) — F(z,u) — f(z,u)d|dx < %Hd)”l’p.

From (2.5), (2.7), (2.9) and (2.10) we conclude that K (u) is differentiable on
WoP™)(Q) with

K'(u)¢ = /Qf(;v,u)¢ do  for all ¢ € WP (Q).
Next we consider the continuity of K”(u). From
K ;)6 — K' (1))
</ 1) = S ol de + | Ut = ol de

k
< O(f (2, uy) = f(@ w)ll oy @ 10l + 119(us | + 1wl [y o\l
S C(If (@ u) = f@, )| oy + M9(ug | + [ul) oy 20 19]1,p;

we have

»)

1K () = K ()| -1,
< C(If (@ uy) = f(@ W) ey + 19Cu | + ul*) o) 2100)-

Similarly to the differentiability of K (u) we get the result.

At last we show the compactness of K’'(u) by the diagonal method. Let
{u;} be a bounded sequence in Wol’p(z)(Q). For each k the compactness of
the embedding WP(®)(Q,) — L) (Q,,), where ¢(z) satisfies the conditions in
Theorem 2.6, and the boundedness of {u;} in W1?(®)(Q;) imply that {u;} has
a Cauchy subsequence {u;;} in L1®)(Qy,). By taking ¢(x) = a(x) + 1, similar to
the above we can choose j and k sufficiently large such that

1f (s ui5) = fwia) | ooy + 190 |* + lui @y ora < e
Then {K'(uj;)} is a Cauchy sequence in W17 (*)(Q) and the compactness of
K’ follows immediately. O
3. Existence of solutions

The critical points u of J(u), i.e.
(3.1) J'(u)(¢) = / a(z)|VulP D 2VuV e + b(z)|ulP@~2u¢ — f(z,u)pdr =0
Q
for all ¢ € Wol’p(m)(Q) are weak solutions of
—div(a(z)|VulP D 2Vu) + b() |[ulP @20 = f(z,u).

So next we need only to consider the existence of nontrivial critical points of J(u).
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In the following we study the general case of the prototype (1.3).

THEOREM 3.1. Under conditions (H1)—(H3) the p(x)-Laplacian problem (1.1)
has a nontrivial and nonnegative solution u € Wol’p(z)(Q).

PROOF. By condition (H2),

bo 1
J(u 2/—V (@) 4 up(”)dx—/igm u|*@HL gy
)= [ v+ [ e

= */ ao| Vu|P@ + bo|ulP®) — Clu|*®+1 dz.
D2 Ja

By Theorem 2.7 we have ||ul|a+1 < Cllull1p- If |lull1,p, < 1 is sufficiently small
such that Cllulli, < 1, then [Julla+1 < 1. As a(z) and p(x) are uniformly
continuous on Q, for any € > 0 there exists § > 0 such that

p(z) —p(y)l <e and fa(z) —a(y)| <e

whenever z = (z!,...,2"),y = (y},...,y") € Q satisfy |y* —2¢| < §, i =

1,...,n. Take e = @/4 and define u(x) = 0 on R™\ 2. Divide R™ into countable
open hypercubes {Q; 521 with edges parallel to the coordinate axes, the length of
each edge is 0/2, {Q;}32; mutually have no common points and R" = J;2, Q.
It is obvious that

~

a
aj1+1—pj2>§

where pj2 = sup,cg no{p(2)} and aj1 = infreq;na{a(z)}. By [11]
(3.2) [l e < (g e,
QjﬂQ
As |Jull1p = llullp + [|Vull, < 1, we have
(3.3) /Q‘m(mp(ﬂ + IVl do > |[ullh, e + IIVUlg,na = Clulis o,na-

From (3.2) and (3.3) we have

1
— ao|VulP@® 4 bolu|P™® — Clu|*@+1 dz
P2 Jg;na
+1
> CollullY’5.q,n0 — Cl||u| 1@y n0
+1-p;
Collul 0,00 (1 - ST 5" )

Cr, a2
> Collull??,, Q,;N0 <1 Cy ||U||L1l/ijmQ> >0

if [[ull1,p,0,n0 < (02/01)2/6. So, if u=#0 and ||u||1 p, <d=min{1/2, (02/201)2/6},

then -
2
e ||u||1,,w( att ||?/,,,an9)>0-
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Set Sa = {u € Wy Q) : ||ulp = d}, Ba = {u € Wy (@) : |Julh, < d}.
Next we show inf,cgs, J(u) > 0. Otherwise inf,ecg, J(u) = 0 and there exists
{un} C Sq such that J(u,) — 0. As By is weakly compact, there exist a
subsequence of {uy} (still denote it by {u,}) and v € By such that w, — u
weakly in VVO1 P (x)(Q). As J(u) + K (u) is convex and differentiable, it is weakly
semicontinuous and then J(u) < liminf,, . J(u,) = 0 in view of Theorem 2.9.

If u # 0, we have J(u) > 0 and so u = 0. But similar to (3.3)
J(up) + K(uy,) = / a(2)|Vun|P® + b(x) |u, [P d2 > Cllull}?, = CdP* >0,
Q

we know J(u,) /4 0 as K(u,) — 0, which is a contradiction. By (H1) and (H3)
we have F(z,t) > ait* — as where (z,t) € Qp x R and aj,as > 0 are constant.

Pick zg € Qg and Bag(zo) = {z : |z — x| < 2R} C Qp with 2R < 1. Let
¢ € C°(Bar(zp)) such that ¢ =1, € Br(xo); 0 < ¢(z) <1 and |V¢| < 1/R.
Denote | = inf eq{p — p(x)}. Then, for s > 1,

sP(@)
oo < [ T @)V £ bo)lor®) de
BQR(wo) p(x)
f/ stay|@|* dx 4+ agmeas Bog(x0)
Bar(zo)

§C< ! +1)/ sP@) dg;
Rp2 Bagr(zo)

- s“al/ |o|* dx + asmeas Bagr(xo)
Bar (o)

= / sP(@) (chz +C - C’s“p(x)> dx + asmeas Bag(xp)
Bar(zo)

< / sP(®) (chz +C — C’sl) dx + asmeas Baogr(z9) < 0
Bar(zo)

if s is sufficiently large. Here C' = (IBQR(%) ai|¢|* dx)/meas Bag(zo).

Next we show that the (PS) condition holds. Suppose that {u;} C Wol’p(z)(Q)
is a sequence such that J(u;) < C and J'(u;) — 0 in W=7 @)(Q). By (H3) we
have

1
J(u;) > / UL G p@ 4 X&) o) g / = fla, ui)u; da
Q p QM

p() (@)
— [ DY @)V PO b P dee
/Q(p(x) ,u>( (@)[ V[P + b() [wi ") d
l a(z)|Vu;|P®) N lP@ e u ) de
# 2 [ (TP ) ) d

l 1
> — | ag| V[P 4 bolui ") d — ;IIJ'(uz')H—l,pflluz'l Lp-

T P2 Jao
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We consider four cases to show that {u;} is bounded in W1P(®)(Q).
Case 1. If |Ju;||, <1 and ||V, <1, it is immediate that |ju;|1,, < C.
Case 2. If |Ju;|, > 1 and ||Vu;||, > 1, then

[ill1p S/ Jug P + |V [P d.
Q
For 4 sufficiently large we have
()] 11 < 5 min{ag, bo}
NI (wi)|| <1,y < =—— min{aqg,
[ B 2py om0

and then
/ |Vu;[P® dz < C and / Ju; [P da < C,
Q Q

and furthermore, by Theorem 2.2, |lu;]|1, < C.
Case 3. If ||u;||, > 1 and || V||, < 1, then

lbo / p(ac) v ’
dr — —||J (u; u; — |1 (ws) || =1,p-
Mpz | | || ( )H 1,p’ H ||p ‘uH ( )H 1,p

If ¢ is sufficiently large

lbo

2pp2’

by ||luillp < Jq [uiP@ do we know [, |[us|P®) do < C and [Jugl|1,, < C.

Case 4. If ||u;|l, < 1 and ||[Vu,ll, > 1, we can get |lu;]|1,p, < C similar to
Case 3.

From Cases 1-4 we conclude that {u;} is bounded in WP (Q) and by
Theorem 2.10 there exists a subsequence of {u;} (we still denote it by {u;}) such
that K’ (u;) is a Cauchy sequence in W17 (2)((),

Divide €2 into two parts: 3 = {z € Q: p(x) < 2}, Qo ={z € Q: p(x) > 2}.
From (3.1) it is easy to get

1
;IIJ’(ui)Ilfl,p/ <

(3.4) / a(2)(|Vug|P® =2V — |V [P 2V, (Vu; — V)
Q
+b(z )(Iu~lp(“">*2u' = [ P72 ug) (w; — ) d
< | (ui) (ug )|+|J () (ui — uj)l
‘/ flz,u) — f(z,uy))(uy — uy) de
< C(I (i)l <17 + 11" ()| 1,0 + K" (i) = K ()| -1,7) — 0
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On Q7 we have
/ Vs = V[P 4 fu; — ;PO da
Q1

< /Q ((|VU¢|P(91)—2VUZ- — |Vuj |P(m)—2vuj)(vui B VUj))p(g”)/Q
1
X (| Vs [P0 4 |V [P@))@=p@)/2 g
Jr/ ((‘ui‘P(z)*2ui B |uj|p(w)72uj)
931

X (u; — uj))p(m)/2(|ui|p(r) + |uj|p(z))(2—p(m))/2 dx
<NVl "D =2V — (V[P 72V 0) (Vui = V)P 2 a0,
X |||V [P + |vu,|p(arf))(2—p(ﬂc))/2“2/(2710)7Ql
(a2 — fuy [P~ 2uy)

X (u; — ;) )P )/2||2/p,91\\(|uz|p(w + Juy [PENE=PEN2 ), 0 a,

From (3.4) and Theorem 2.2 we get

(3.5) ((IVus P2V IVu'Ip(IHVuj)(Vui = Vu))P 2 g0, =0,
(3.6) (o[~ = g [P~ 2) (i = )P 2,0, — 0.

As
/ (VuaP®) 4 [V, [P0 (CpE)/2)-/ ) gy

1
and

/ (Jug [P + |uj|p(w))((2—17(90))/2)~(2/(2—p(w))) dr

Q1

are all bounded, by Theorem 2.2, (3.5) and (3.6), we have

(3.7) / Vi — V[P + u — [P da — 0.
Q4

On Qq, by (3.4) we have

(38) |VU1 - Vu]\p(f”) + |ui — uj|p($) dr
Q2

< C (|Vui|p(””)_2Vui — \Vuj|p(m)_2Vuj)(Vui — VU])
Qo

+ (JuiP@ =20y — |y |P@~205) (u; — uj) da — 0.

Combining (3.7) with (3.8) and by Theorem 2.2 we conclude ||u; — u,lj1,, — 0.
Thus the (PS) condition holds.

The Mountain Pass Theorem guarantees that J has a nontrivial critical
point u. Let ¢ = max{—u(x),0} in (3.1) we arrive at the conclusion that v > 0
in . 0



248

Fu YonNacQiaNG

Acknowledgements. Part of this work was done while the author was

visiting Department of mathematics, The University of Queensland, Australia.

He would like to express his sincere thanks to all members of Department of

Mathematics, The University of Queensland, for their hospitality, especially to

Dr. Jan Chabrowski, who gave a lot of helps there. Part of this work was

supported by Natural Science Foundation of Heilongjiang Province.

(1]
2]

(3]

4]
5]
6]
7
8]
9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

REFERENCES

E. ACERBI AND G. MINGIONE, Regularity results for a class of functionals with non-
standard growth, Arch. Rational Mech. Anal. 156 (2001), 121-140.

E. ACERBI AND G. MINGIONE, Regularity results for stationary electro-rheological fluids,
Arch. Rational Mech. Anal. 164 (2002), 213-259.

Y. ALkHUTOV, The Harnack inequality and the Holder property of solutions of nonlin-
ear elliptic equations with a nonstandard growth conditions, Differential Equations 33
(1997), 1653-1662.

T. BARTSCH AND Z. Liu, On a superlinear elliptic p-Laplacian equation, J. Differential
Equations 198 (2004), 149-175.

K. CHAIB, Necessary and sufficient conditions of existence for a system tnvolving the
p-Laplacian (1 < p < N), J. Differential Equations 189 (2003), 513-525.

V. CHIAD PIAT AND A. COSCIA, Hélder continuity of minimizers of functionals with
variable growth exponent, Manuscripta Math. 93 (1997), 283-299.

A. Coscia AND G. MINGIONE, Hélder continuity of the gradient of p(x)—harmonic
mappings, C.R. Acad. Sci. Paris Ser. 328 (1999), 363-368.

D. CosTAa AND O. MIYAGAKI, Nontrivial solutions for perturbations of the p-Laplacian
on unbounded domain, J. Math. Anal. Appl. 193 (1995), 737-755.

P. DE NAPOLI AND M. MARIANI, Mountain pass solutions to equations of p-Laplacian
type, Nonlinear Anal. 54 (2003), 1205-1219.

G. DincA, P. JEBELEAN AND J. MAWHIN, Variational and topological methods for
Dirichlet problems with p-Laplacian, Portugal Math. 58 (2001), 339-378.

D. EpMUNDS, J. LANG AND A. NEKVINDA, On LP(®) Norms, R. Soc. London Proc.
Sec. A 1981 (1999), 219-225.

D. EbpMUNDS AND J. RAKOSNIK, Sobolev embending with variable exponent, Studia
Math. 143 (2000), 267-293.

D. EDMUNDS AND J. RAKOSNIK, Sobolev embending with variable exponent 11, Math.
Nachr. 246—247 (2002), 53-67.

H. EGNELL, Ezistence and nonexistence results for m-Laplace equations involving crit-
ical Sobolev exponents, Arch. Rational Mech. Anal. 104 (1988), 57-77.

X. FAN AND X. HAN, Ezistence and multiplicity of solutions for p(z)-Laplacian equations
in RN, Nonlinear Anal. 59 (2004), 173-188.

X. FAN, J. SHEN AND D. ZHAO, Sobolev Embedding Theorems for Spaces Wk'mz)(ﬂ),
J. Math. Anal. Appl. 262 (2001), 749-760.

X. FAN AND Q. ZHANG, Ezistence of solutions for p(zx)-Laplacian Dirichlet problem,
Nonlinear Anal. 52 (2003), 1843-1852.

X. FAN AND D. ZHAO, The quasi-minimizer of integal functionals with m(x) growth
conditions, Nonlinear Anal. 39 (2000), 807-816.



(19]

20]

(21]

(22]
23]
[24]

(25]

EXISTENCE OF SOLUTIONS FOR p(z)-LAPLACIAN PROBLEM 249

Y. HUANG, Ezistence of positive solutions for a class of the p-Laplace equations, J. Aus-
tral. Math. Soc. Sec. B 36 (1994), 249-264.

O. KOVACIK AND J. RAKOSNIK, On spaces LP(*) and W(f’p(m), Czechoslovak Math. J.
41 (1991), 592-618.

W. NI AND J. SERRIN, Ezistence and nonexistence theorems for ground states of quasi-
linear partial differential equations. The anomalous case, Accad. Naz. Lincei 77 (1986),
231-257.

M. Ruzicka, Electro-Rheological Fluids: Modeling and Mathematical Theory, Springer—
Verlag, 2000.

S. SAMKO, Conwvolution and potential type operators in Lp(x)(R"), Integral Transform.
Spec. Funct. 7 (1998), 261-284.

A. Wu, Euzistence of multiple nontrivial solutions for nonlinear p-Laplacian problems
on RN Proc. Roy. Soc. Edinburgh Sec. A 129 (1999), 855-883.

L. Yu, Nonlinear p-Laplacian problems on unbounded domains, Proc. Amer. Math. Soc.
115 (1992), 1037-1045.

Manuscript received September 14, 2006

Fu YoNcQIiaNG

Department of Mathematics
Harbin Institute of Technology
Harbin 150001, CHINA

E-mail address: colfuyq@mail.hrb.hl.cninfo.net

TMNA : VOoLUME 30 — 2007 — N° 2



