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ABSTRACT. We consider a two-component competition-diffusion system
with equal diffusion coefficients and inhomogeneous Dirichlet boundary
conditions. When the interspecific competition parameter tends to infinity,
the system solution converges to that of a free-boundary problem. If all sta-
tionary solutions of this limit problem are non-degenerate and if a certain
linear combination of the boundary data does not identically vanish, then
for sufficiently large interspecific competition, all non-negative solutions
of the competition-diffusion system converge to stationary states as time
tends to infinity. Such dynamics are much simpler than those found for the
corresponding system with either homogeneous Neumann or homogeneous
Dirichlet boundary conditions.
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1. Introduction

In this paper, we show that, under certain conditions, the competition-
diffusion system

ur =Au+ f(u) — kuv  in Q,

(1.1)
vy =Av + g(v) — akuv  in Q,

with inhomogeneous Dirichlet boundary conditions

u=mq >0 on 9N,

(1.2)
v=mo >0 on 09,

has simple long-time dynamics for large positive values of the competition pa-
rameter k. Here Q C RY is smooth and bounded, f and g are positive on
(0,1) and negative elsewhere, and « > 0. Such reaction-diffusion systems are
well-known in the modelling of competition between two species of population
densities u(x,t) and v(z,t), and we refer to the introduction of [6] for a brief re-
view. These models can be used to study the dynamics of the spatial segregation
between the competing species. The parameters k and o may be thought of as
representing the interspecific competition rate and the competitive advantage of
v over u respectively. Zero flux (that is, zero Neumann) are the most commonly
imposed boundary conditions. But when the two species have quite different pref-
erences for environmental conditions, then competition occurs mainly in a region
2 where their habitats overlap and this gives rise to boundary conditions (1.2)
on 0N [22].

More precisely, we prove that if am; — mo is not identically zero on 02 and
all stationary solutions of the limit problem

—Aw =af(a'wh) — g(—w™) = h(w) inQ,

(1.3)
w=ami; — My on 0f),

are non-degenerate (see Definition 4.1), then for k sufficiently large, all non-
negative solutions of (1.1) approach stationary states as t — oo.

Two remarks on our hypotheses and results should be made at the outset.
First, provided we suppose that am; — ms is not identically zero on 0f2, our
system (1.1) with inhomogeneous Dirichlet boundary conditions has much sim-
pler dynamics than the corresponding system with zero Dirichlet or Neumann
boundary conditions. In [14], it is observed that such systems may have solutions
that are small (O(1/k)) for all time. To ensure that for large k these solutions
converge to a stationary solution of the k—dependent system as t — oo, it is
necessary to impose a condition of there being no “circuits” of positive hetero-
clinic orbits of an associated limit system (see [14, Assumption C3] and [9]) plus
a condition on a linear limit problem ([14, Assumption C1]). No such additional
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assumptions are needed here to show simple dynamics. Compare Theorem 4.4
with [14, Theorem 5].

Second, the condition that all solutions of the stationary limit problem (1.3)
are non-degenerate does not always hold for our boundary conditions — not
even in one space dimension. This contrasts with the case of zero Neumann or
zero Dirichlet boundary conditions, in which non-degeneracy does hold in one
space-dimension — see a remark in [14, p. 472]. But some genericity results can
be shown for our inhomogeneous Dirichlet case, and we discuss these, together
with the possible failure of non-degeneracy in one dimension, in Section 6.

Our methods owe much to [14], which treats (1.1) with zero Neumann bound-
ary conditions. The idea is first to use a blow-up method to show that for each
d > 0, one of u or/and v must be small at each (z,t) € X [d, 00) for sufficiently
large k (Section 2). This results in the linear combination w = cu — v satisfying
the scalar equation

wy =Aw + h(w) + Ok(1), in Q,

(1.4)
w=am; — My on 0f),

where [|Ox(1)|2(q) — 0 as k — oo uniformly in ¢ € [0, 00). Note that here we
can only estimate the L?-norm of O(1), rather than the L>-norm, as in [14], if
the given boundary data m1, ms is not assumed to be segregated on 92. But this
L?-estimate is sufficient to study the long-time behaviour of (1.1). The Lyapunov
function for (1.4) with Ok(1) = 0 can then be used (Section 3) to show that w
must lie close to solutions of (1.3) for k, t large, under the condition that solutions
of (1.3) are isolated in L?(Q2). Section 4 then shows that if these stationary
solutions are in fact all non-degenerate, then solutions of (1.1) must approach
stationary states of (1.1) as ¢ — oo. Note that the non-degeneracy required in
Section 4 does imply the isolatedness used in Section 3, even though the function
h in (1.3) being only locally Lipschitz at its zero set means that the inverse
function theorem cannot be applied directly to the operator w — Aw + h(w)
(see, for example, Remark (b) at the end of Section 6). That there is a (locally)
unique stationary solution of (1.1) close to (a~*w™, —w™) for w a non-degenerate
solution of (1.3) is shown in Section 5 using index-theory arguments similar to
those in [11], [10]. Our inhomogeneous boundary values here necessitate careful
modification of various arguments in [14], [11], [10], particularly the blow-up
argument in Section 2, and also in the bounds and index arguments used to
prove local uniqueness in Section 5. Section 6 is devoted to non-degeneracy of
stationary solutions of (1.3), as mentioned above. We use an approach from [24],
[8] to show that all stationary solutions of the limit problem are non-degenerate
for generic boundary data by applying the version of Sard’s Theorem from [25]
to a suitable map. Our function h defined in (1.3) is locally Lipschitz but not in
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general continuously differentiable; [8] extends the work of [24] to deal with such
non-smooth functions, and we use the ideas from [8] here.

This paper follows on from the related work [6], in which a spatial segregation
limit is derived for the generalisation of (1.1) in which the diffusion coefficients
of u and v are allowed to differ. It is shown there that for each T' > 0, u and
v converge in L2(2 x (0,T)) as k — oo, where in the limit, uv = 0 almost
everywhere and w = au — v is the solution of a limiting free boundary problem.
Here, our assumption that the diffusion coefficients of u, v are in fact the same
enables us to form the equation (1.4) which plays a key rdle in the rest of our
analysis. It also allows us to establish the key estimates in Section 1 uniformly in
t, which enables us to use the Lyapunov-function argument in Section 3. (Note
that the argument in Section 1 yields estimates uniform in the unbounded time-
interval t € [4, 00) for each ¢ > 0 and we exploit this in the energy argument that
is given in Section 3. But estimates uniform on bounded time intervals would
in fact be sufficient to obtain the result in Section 3 using a slightly different
argument exploiting [18, Theorem 3.4.1] — see [14].)

2. Formulation of the problem and a key lemma

Let Q be a bounded, open, connected subset of RY with boundary 02 of class
C%# for some > 0 and Q := Q x Rt. Let k£ € N and consider the k-dependent
problem

ur = Au+ f(u) — kuw in Q,
vy = Av + g(v) — akuv in Q,

(Pr) u=mb on 90 x R,
v =mh on 90 x R,
u(z,0) = ub(x), v(x,0) = vk(x) forz e,

where it is supposed throughout that
(a) f and g are continuously differentiable functions on [0, 00) such that
f(0) =¢(0) =0 and f(s) <0, g(s) <0 for all s> 1;
(b1) m¥,mk >0 and m¥, mk € W2?(Q) where p > N;
(b2) m¥, m% are bounded in W2?(Q) independently of k;
(b3) there exist my,my € W2P(Q) such that am; — my is not identically
zero on 0f) and

mf —my and mk —my in CVN(Q)
for each X € (0, A), with A :=1— N/p (cf. [26, p. 47]);
(b4) the initial conditions uf and vf are defined by

ul(z) = mh(x), of(x) =mbi(x) forzeq.
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Some of our results will need the following stronger hypothesis on the limiting
boundary behaviour of (u,v);

(b5) let T'1,T'y be closed smooth sub-manifolds-with-boundary of 9, with
non-empty interior in 9€), and such that 92 = I'y UT's. Then m; and
mg in (b3) are such that m; = 0 on I'; where j # i.

We note the following basic consequence of (b2) and (b3).

k

i

LEMMA 2.1. Suppose Q 3 xp, — x as k — oco. Then m
k — oo forie {1,2}.

(xg) — m;i(z) as

PROOF. (b2) implies that given £ > 0, there exists ko > 0 such that [m¥(zy,)
—m;(xg)| < /2 for all k > ko. And since m; is continuous, by (b3), |m;(zx) —
m;(x)| < e/2 for all k sufficiently large. The result follows. O

By a solution of problem (Pj) we will mean a pair (u,v) such that u,v €
C(Q) N C*YQ x [tg,00)) for any to > 0. We will say that (u,v) is a solution
of problem (P r) if u,v € C(Q) N C%1(Q x [to, T)) for ty € (0,T) satisfies (Py)
with R replaced by (0,T).

We begin with some standard preliminaries on a priori bounds and global
well-posedness for the problem (Py).

LEMMA 2.2. Let M > max{1,m¥ m&} and suppose that (u*,v*) is a solu-
tion of (Pyr) for some T > 0. Then

0<uf o" <M inQx[0,T].

PRrROOF. Define £4(u) = us — Au— f(u) + kuv and L2(v) = vy — Av —g(v) +
akuv. Since £;(0) = 0, ¢ = 1,2, it follows from the maximum principle that
u®,v¥ > 0. One can then check that £;(M) > 0, i = 1,2, which completes the
proof of Lemma 2.2. O

LEMMA 2.3. There exists a unique solution (u¥,v*) of (Py) for each k € N.

PROOF. By [17, Theorems 9.15 and 9.19], there exist hi,hy € C°(Q) N
W2P(Q) such that for i € 1,2, Ah; = 0 in Q and h; = m¥ on 99 (in the sense of
trace). Defining U := u — hy, V := v — hy allows application of [21, Proposition
7.3.2] to the corresponding system for U and V with homogeneous boundary
conditions to yield the existence of a unique solution (u*,v*) of (P 7) for some
T > 0. That we can take T' = oo follows from the a priori bounds of Lemma 2.2
and the last part of [21, Proposition 7.3.2]. O

Given the solution (u*,v*) of (P}), define

(2.1) wh = au® — ¥,
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Then w* satisfies the equation

wf = Aw* +af(u?) —g(v*) in @,
(P k) wh = am¥ —m} on 90N x R,

w(z,0) = aul(z) — vk (2) for x € Q.

Note that the explicitly k-dependent terms in (Pj) cancel on forming the equa-
tion for w”®. Together with Lemma 2.2 and (b2), this gives k-independent bounds
for w® which are crucial in the following.

Now fix > 0 and £ € (0,1/2) and define

b . di B
A" = {x € O : dist(z, 9Q) > k1/2§}'

The following lemma is crucial.

LEMMA 2.4.

(a) Let e,M,tg > 0. Then there exists kg > 0 such that if k > ko and
(uk v*) is a solution of (Px) on Q x (0,00) with 0 < uk, v* < M, then
given any x € AF and t > tg, either

(2.2) ub(z,t) <e or vf(x,t) <e.

(b) If, in addition, m¥, mk satisfy the supplementary condition (b5), then
(2.2) holds for any x € Q and t > to.

Proor. We adapt the blow-up argument used in the proof of [14, Theo-
rem 1], and will prove parts (a) and (b) in parallel. The first step is to use a
contradiction argument to obtain a limiting system for part (a) that is defined on
RY x R, and then to use a similar argument for part (b) to obtain the same lim-
iting equations but defined on either RV xR or on H x R for a half-space H. The
second step will be to show that for both possible limit problems, one component
must vanish identically, which will lead to a contradiction.

First consider part (a) and suppose, for contradiction, that there exist g9 > 0,
j-indexed sequences k; — oo, t; > to, x; € A% and solutions u¥i, v*i of (Pr;)
such that u®i(z;,t;) > o and v% (z;,t;) > &o.

Define new j-dependent variables 2/ = \/k;(z — z;),t' = k;(t — t;) and the
sets ; by o’ € Q; whenever € Q. Then for 2’ € Q; and t’ € [—k;t;,00), the
functions U*i, V*i defined by

(UM, VR (! 1) = (U, VR (Vi (@ — 25), k(= t5)) = (", 0%) (2, 1)
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satisfy
U = AUM Iy f(UF) = UR VR i x [kt 00),
VP = AVE 4k g(VR) = aUR VR in Q) x [—hjt;, o),
0 Uk = mb on 98 x [~kjt;, 00),
Vki = mbs on 98 x [—kjt;, 00),
Uk (2!, —kjt;) = ub (), for 2" € Q,
Vi (2! —k;t;) = v () for 2’ € Q;.

Note that 0 € ;, U*i(0,0) > & and V*i(0,0) > &o.

Consider what happens to the system (2.3) as j — oco. Note first that since
tj > to for each j and k; — oo, [—kjt;,00) tends to R as j — oo, in the sense
that given a compact interval I C R, there exists jo such that I C [—k;t;, 00) for
all j > jo. This will enable us to obtain limiting problems defined for all t € R,
which will be vital to conclude our contradiction argument.

Now z; € A% and 2’ = 0 when x = z;. So

dist (0, 0Q;) = k}/*dist(x;, 0Q2) > BkS — 0o as k; — co.

Thus given an arbitrary compact subset K of RN, K C Q; for j sufficiently large,
and hence given T > 0, K x [-T,T] C ; x [—k;t;,00) and is uniformly bounded
away from 0Q; x {—k;t;} for j sufficiently large. And since 0 < U%, V*i < M
for all j, it follows from the interior estimates of [20, p. 342] that U*3, V*i are
bounded independently of j in W2!(K x [-T,T]) for every p € [1,00) and
thus in C*HMIHN/2(K x [=T,T)) for every A € (0,1) (see [20, p. 5] for the
definition of the parabolic space W2''(K x [T, T}])). So there is a subsequence
of U*i, V*i that converges strongly in C1+M(+N/2(K x [T, T]) for each A €
(0,1). Thus since k;lf(Ukj),kjlg(ij) — 0 uniformly (on K x [-T,T]) as
j — oo, passing to the limit in the weak form of (2.3) yields a weak solution
U,V € C1HAO+N/2(K x [T, T]) of the system

(2.4) U =AU -UV, V,=AV —aUV.

That in fact U,V € C?tM A2 (K x [~T,T]) and is a classical solution of (2.4)
on int (K x [=T,T]) then follows immediately from [20, p. 224]. And thus by
a diagonalisation argument, a subsequence of U*/, Vi converges uniformly on
compact subsets of RV x R to a solution U,V of (2.4) with 0 < U,V < M and
U(0,0) > €0, V(0,0) > £0-

Now consider part (b), for which condition (b5) is assumed to hold. Pro-
ceeding by contradiction as for part (a), the argument above leading to the
system (2.3) follows through with the single change that now z; € € instead of
x; € A¥. This leads to there being two possible types of limit problem that
arise from letting j — oo in (2.3) in this case, depending on the behaviour of
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the sequence {z;}%2,. If dist(0,0¢2;) — oo for a subsequence as j — oo, then
exactly as above, we obtain a solution (U, V) of (2.4) on RY x R. The second
possible type of limit problem arises if {dist(0, 9¢2;)}32, is bounded. In this case,
there is a subsequence (not re-labelled) for which €, approaches a half-space H
as j — oo in the sense of the definition below. There exists a subsequence of
{z;}52, which we denote again by {z;}32, and a point z¢ such that

T; — To asj — oo.
Since by the rescaling,
(2.5) dist (0, 9Q;) = k}/*dist(x;, 99),

and since by hypothesis dist(0, 9€2;) is bounded independently of j, (2.5) implies
that zg € 0. Furthermore, it turns out that H is parallel to the tangent plane
to 0 at g. The precise sense of the convergence of the sequence {€2;}22, is as
follows.

DEFINITION 2.5. We say that §}; approaches a half-space H as j — oo if:

(a) let K C H be an arbitrary compact set contained in H; then there exists
Jjo, depending on K, such that K C §; for all j > jo;

(b) similarly let K’ C int (RY \ H) be an arbitrary compact set; then there
exists jf) depending on K’ such that K’ C RV \ Q; for all j > j{.

Note that since 0 € €, for each j, 0 € H and it follows as above that as
{k;} — oo, (U*,V*ki) converges uniformly on compact subsets of H x R to
a function pair (U, V'), which is continuous on H x R and solves (2.4) on H x R.
The limiting pair (U, V) is in fact uniformly continuous on H x [T, T for each
T > 0. This follows from the fact that for some A > 0, (U*/, V*i) is bounded in
C)")‘/z(KTj x [=T,T]) independently of j for each T' > 0, which can be proved in
the following steps:

(a) straightening the boundary of Q; locally (as done, for instance, in [17,
p. 97-98]) leads to transforming (2.3) into a more complicated system for a
transformed pair ((7’“1' , ‘N/kf) which can be shown to be bounded in the CM(*/2)-
norm of its flat domain independently of j for some A > 0 using [20, p. 204];

(b) reversing the straightening of the boundary then gives the required uni-
form Hélder bound on (U7, V*i) because the C*# norm of the function which
defines the boundary at a point of 02; is bounded from above independently of
j by the C%* norm of 9.

We now claim that U = mq(zo) and V = ma(z) on 0H x R, where mq,mo
are as in (b3). To see this, first note that by Lemma 2.1, mfj (xj) = mi(zo) >0
for i € {1,2}. Now let y € 0H. Since 2, converges to H as j — oo, there is
a sequence {s;}°2, with s; € 9Q; such that s; — y as j — co. And U*i (s, t) =
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mlfj (z; + (sj/\/kj)) — mi(zo) as j — oo, by Lemma 2.1. To see that U(y,t) =
mi(xo), fix ¥ € int H and let j; be such that for j > ji, ¥ € Q; and ||y — 5| <
2|y — y||. Then since for each t € R, {Ukj(~,t)}‘;°;1 is equicontinuous on Q;,
given £ > 0, there exists ¢ > 0, independent of j, such that

‘Uk‘7(§7t) —m) <asj + 83)’ <e ifj =7 and 2[ly —y| <9,

\/k»j

and letting j — oo gives that
Uy, t) —ma(zo)| < e if 2[ly —yl| <.

Letting y — y, it follows that U(y,t) = mi(xg), and similarly, that V(y,t) =
ma(zg), as required.

So we have a solution U, V of (2.4) on H x R with 0 < U,V < M. Moreover,
by condition (b5), at least one of U, V is identically zero on 9H. And as in the
first possible limit problem above, U(0,0) > ¢ and V' (0,0) > €.

Thus a contradiction approach to proving both parts (a) and (b) of Lemma
2.4 leads to a solution of the limit equations (2.4) on either RY x R or on H x R
for a half-space H C R™. In what follows we complete the proof by showing
that for both possible limit problems, at least one of U,V must be identically
zero, which is inconsistent with U(0,0) > ¢ and V(0,0) > &9. We focus on the
details of the case where U,V are defined on H X R; the case when U, V are
defined on RY x R is slightly simpler and is treated in [14].

Note first that U and V are constant on 0H x R. We can suppose that
H = {z : xn > 0} without loss of generality, since A is invariant under rotation
and translation of the spatial domain. Now extend  := aU -V —(aU|sug—V|om)
to a function 7 on RY x R which is odd about OH in the direction orthogonal
to OH, so that for (x,t) with zxy <0,

(2.6) n(z1,... ,an_1,2N,t) = —n(x1,... ,ZN-1,—2ZN, ).

It follows immediately from (2.4) that on {xy > 0} xR, 7 is pointwise classically
differentiable up to second order in space and first order in time and 7; = A7.
And the extension construction (2.6) gives that the same holds in {zy < 0} xR,
since 7, = An is autonomous and all spatial derivatives are of even order. Now
let ¢ € CE°(RY x R) be supported in a ball B in RY x R, and note that the
outward unit normals v, 7 to {xx > 0} x R and {zx < 0} x R respectively are
the (N + 1)-vectors v = (0,...,0,—1,0) and v = (0,...,0,1,0).
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Then for each i = 1,... , N, Green’s Theorem gives that
[, o= o, + [ e,
RN xR BN({xn>0}xR) BN({zx <0} xR)

~

- / Rests + / Aov;
BN({xn>0}xR) BN({zn=0}xR)

-/ e + v,
BN({zn<0}xR) BN({zn=0}xR)
RN xR
since ¥ = —v and so the boundary terms cancel. Thus 7 has weak first order

spatial (and likewise, first order time and second order spatial) derivatives that
equal the pointwise classical derivatives away from 0H x R. So 7 is a weak
solution of 7 = A7 on any bounded subdomain of R x R. And since 7 is
continuous on H x R (since U and V are) we have that 7 is continuous on
RM x R, and hence by [20, p. 223, Theorem 12.1], 7j is a classical solution of
M = An on RN x R. So the fact that a bounded solution of 7, = A% on
RY x R must be constant [3] implies that 7 = 7)oz = 0. Thus on H x R, either
aU —V =amq(xg), if V=0on 0H, or aU — V = —my(x¢), if U =0 on 0H.

Consider the case when ol — V = —ma(z0) on H x R (a similar argument
applies if aU — V = amq(x¢)). Then U satisfies

Uy =AU —U(aU + ma(zp)) on H xR,

(2.7)
U=0 on O0H x R.

We will show that U = 0. Note that, unlike in the homogeneous Neumann
boundary condition case considered in [14], here it is necessary to consider (2.7)
on H x R rather than on RY x R because our extended function 7 is odd rather
than even.

Since 0 < U < M and U is constant on OH x R, well-known local esti-
mates [20] imply that U is bounded in C2+}1+(V/2) yniformly in H x R for each
A € (0,1). Define 2(t) = sup, .z U(x,t). To see that z is Lipschitz and thus
differentiable almost everywhere ([16, p. 81]), take s,t € R and let a, € H be
such that U(ay,t) > 2(t) — 1/n. Then

z(t)—z(s) < U(an,t)—i-l—suEU(a:,s) < U(an,t)—U(an,s)—i—% < M\t—s|+%
S
for some M > 0, since U is bounded in C%! uniformly in H x R. Similarly,
z(s) — z(t) < M|t — s].
Now fix € R. Because U > 0on H xR, U = 0 on 0H xR and U is uniformly
continuous on H x {t}, U(-,) either attains its supremum over € H at some
T € int H or there exists a sequence x,, with dist(x,,0H) > & > 0 for every n
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and U(xn,t) — sup,.gU(z,t) as n — oo. Suppose that U(-,?) attains its
supremum at T € int H. It follows from the definition of z that for A > 0,

R (z(t) — 2(t—h)) < W HU(Z,T) — U(T, T — h)).
Hence, since AU(Z,t) < 0 and mg(z9) > 0,

limsup 2L 2E 1)
h—0+ h
If sup, .77 U(z,?) is not attained, let x,, be such that U(z,,t) — sup, 5 U(z,?)
asn — 00. Now the local estimates [20] clearly imply that a subsequence of U( - +
Ty, - ) converges uniformly on compact sets of either RN xR if dist(x,,, 0H) — oo,
or else H x R for some (possibly different) half-space H, to a solution U of (2.7).
Note that in both cases, 0 belongs to the interior of the domain of U , that

U(0,7) = lim U(an,?) =supUl(z,i) =: 2(I)

and also that
(7(0,%) = sup [7(3:,%).
x

Next define (t) = sup, U(z,t),t € R. Then since U satisfies (2.7) and U(-,¥)
attains its supremum in the interior of the domain of U, the argument given
above in the analysis of z applies to z to give
ZE)—zZ{E—h _

limsup ) =zt h) < —az(t)%

h—0+ h
Now, we have immediately that 2(f) = U(0,%) = z(Z). And for t € R, 3(t) < z(t),
since if Z(t) > z(t) for some ¢, then sup,, U(x,t) > sup, U(z,t), so there exists T
with U(Z,t) > sup, U(z,t), and since U(Z + zp,t) — U(Z,t), there exists ng for
which U(Z + 2, t) > sup, U(x,t), which is impossible. So

t)—z(t—h Z(t) —Z(t—h e
limsup ) ==t h) < limsup A=zt h) < —azZ(1)? < —az()?
h—0+ h h—0+ h

It follows that for every t € R, limsup,,_ o+ ((2(f) — 2( — h))/h) < —az(f)?, and
hence on the set of full measure on which z is differentiable,

(2.8) 2 < —az(t)?.

If there exists ¢t with z(¢) > 0, then z(s) > z(t) > 0 for all s < ¢, since (2.8)
implies that z is non-increasing. So since z(s) < M, 2/z(t)? < 2/z(s)? < 2/M?
for s < t. Thus /2% € L'(to,t), to < t. So (2.8) can be integrated to obtain
that for any to <t € R, 1/z(t) > a(t — tg) + 1/2(tg) and so

(2.9) 2(t) <ttt —to) "t
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Since to € R was arbitrary, we can let t¢ — —oco in (2.9) to find that z(¢t) = 0
for every t € R. Hence U = 0.

If aU =V = ami(xp), a similar argument involving substitution for U in
the V' equation implies that V' = 0. g

Recall the definition of w* from (2.1). Lemma 2.4 yields the following con-
vergence result, which gives the convergence properties that will be used in
subsequent sections to analyse the long-time behaviour of solutions of problem
(Pg) for large k.

LEMMA 2.6.
(a) If (uF,v*) is a solution of (Py) with 0 < u¥ vk < M, then for each
to > 0,
210 sp{I)" = aut e+ () e} =0 ek o
and
(2.11) wf = Aw® + h(w®) + R(u”, v*)
where
(2.12) h(w) == af(a” w™) - g(-w"),
and
(2.13) sup HR(uk,Uk)”L?(Q) —0 ask— oo.

t>to
(b) If, in addition, m¥, mk satisfy the supplementary condition (b5), then
(2.10) and (2.13) hold with the norm || - |[z2(q) replaced by the norm
I Lo (@) -
(Here wt := max{w, 0}, w™ := min{w, 0} and thus w = wt +w™.)
Proor. Fix tg > 0 and let € > 0. Lemma 2.4 implies that there exists kg

such that for each k > ko, x € A¥ and t > tg, either au®(x,t) < e or v¥(x,t) <e.
Suppose first that au”(z,t) > ¢ and v* < e. Then since w* = au* — v* >0,

(w*)* = wF and (W)~ = 0. So |(WF)* — au®| = |[v*| < e and |(wF)™ + oF| =
|v¥| < e. Similarly, if cu®(x,t) < e and v*(z,t) > ¢, then w* <0, (w*)* = 0 and
(w*)~ = w*. And hence |(w*)* —au®| = |au*| < ¢ and |(w*) " +0*| = |auF| < e.

Finally, if au®(x,t) < ¢ and v¥(z,t) < ¢, then |(w®)* — auf| < |wF|+|au®| < 3¢
and |(w®)~ +vF| < 3e.

Lemma 2.4 ensures that one of these three possibilities must arise for each
(z,t) € A* x [tg,00) where k > kq. So for such (z,t) and k,

(2.14) (W) T (2,t) — au®(z,t)| < 3¢ and  |(wF)"(x,t) + 0" (z,1)| < 3,
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and hence for R:R x R — R defined by
R(u*, %) == af(u*) — g(v*) — af (™ (w*)*) + g(—(w*)7),
we have
(2.15) |R(u*, ") < aKj|u® — a7 (") T + K, |o* 4+ (w*) 7| < 3(K; + K,)e,

where Ky, K, are the Lipschitz constants of f, g respectively restricted to the
interval [—-M —1, M +1]. And since 0 < u*,v¥ < M and the measure |2\ A*| — 0
as k — oo, it follows that

/ |(w™) T — auf? 4 |(w*)” + %% -0 and / |R(u*,v")|?> — 0
O\AF O\Ak

as k — oo uniformly in ¢ > t5. Since |Q| < oo, this, together with (2.14) and
(2.15) establishes (2.10) and (2.13).

If, in addition, condition (b5) holds, then it follows from Lemma 2.4 that the
above argument holds with A* replaced by  throughout, from which the last
statement of Lemma 2.6 is immediate. O

REMARK 2.7. We conclude this opening section by noting a relation with
a special case of [6]. In [6], a spatial segregation limit is derived for the general-
isation of problem (Pj) in which the diffusion coefficients of u and v are allowed
to differ. It is shown that u* — u and v* — v in L?(Q x (0,7)) for every T' > 0,
where uv = 0 almost everywhere in Q x (0,7) and w = au — v is the unique
weak solution of a limiting free boundary problem (see [6, Section 3] for details).

Now if the diffusion coefficients are in fact the same, then for each 0 < tq < T,

wh = ou® —v* - w in CH’\/’(H)‘/)Q(Q X [to, T]) for all X" € (0, ).

3. Long-time behaviour (1):
closeness to stationary solutions of the limit problem

In this section we will show that for sufficiently large k, solutions of (Py) are
close to stationary solutions of a certain limit problem for sufficiently large time.
The appropriate notion of limit-problem stationary solutions is as follows.
Recall the definition of h from Lemma 2.6 and note from (b3) that mi,mg €

W?2P(Q). We will say that w € W2P(Q) is a solution of (S) if
Aw+h(w) =0 in Q,
w=am, —mo on 0f2,

(S)

which immediately implies that w € C?(K) for all compact sets K C Q and
that w € C1*(Q). Note that the results in this and the following section hold
whether or not the supplementary condition (b5) holds.
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We first collect some standard regularity, boundedness and compactness re-
sults for solutions (u*,v*) of (Py) and w” that will be useful in this and the

following sections.

LEMMA 3.1. Let (u¥,v*) be the solution of (Py) for some k € N.
(a) uk,(z,t), vE,(z,t) ewist for each (z,t) € Q x (0,00), and there exists
A > 0 such that, for each t >0, uf(-,t),vF(-,t) € CL Q);
(b) for each ty > 0, there exists My (dependent on k) such that, for each
t> t07

[ (- O)llwz s 107 ) [wzn ) < My,
and there exists M (independent of k) such that, for each t > tg,
[w* (-, ) lwew(o) < M,

(note that since p > N, these estimates clearly also hold with W?P(Q)
replaced by C** () for some A > 0);

(c) given to > 0, there exist compact subsets Ay, ), C W2P(2) x W22(Q)
(dependent on k) and Ay, C W2P(Q) (independent of k) such that, for
all t > tg,

(uk,vk)(',t)GLoyk and wk(~,t)€Ato;

(d) the w—limit set (omega-limit set) T of (uk,vk) in W2P(Q) x W2P(Q) is
non-empty, compact, invariant, connected, and dist((u*,v¥)(-,t),T) —
0 as t — oo, where dist is measured in the W2P(Q) x W2P(Q) norm

and, as usual,

I = {(u,v) € W3P(Q) x W?P(Q) : there ewist t,, — o0
such that |[u® (-, t,) — ullwza @) + 0" (- tn) — vllwes) — 0}

PrROOF. We use the semiflow framework of [18, Chapter 3] in the space
X = LP(R) x LP(Q) with the domain WP (Q) x WP (Q) for the system with
homogeneous boundary conditions discussed in the proof of Lemma 2.3 (respec-
tively X = LP(Q), domain WO2 P(Q), for the corresponding homogeneous equation
for the linear combination w*).

Part (a) follows from [18, Theorem 3.5.2] and the fact that given 8 < 1 suf-
ficiently close to 1, the fractional power space X? C C1*(Q) for some A > 0.
That for such a A > 0 |lu¥(- D@y ok (- ;t)llc1x @) are bounded indepen-
dently of t > to for each fixed k, and [lwy (-, t)||o1,x (g is bounded independently
of t >ty and k € N, follow from [18, Theorem 3.5.2] and Lemma 2.2 (note that
Lemma 2.2 and the remark following (P,x) give the independence of k of the
bound on |lwf (- Dlleragy)-
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Part (b) then follows using Lemma 2.2 again, together with [17, Lemma 9.17].

For Part (c), note from the bounds on uf, vF, wF just observed, together
with Part (b) and condition (a) on f and g, that given ¢ty > 0, there are compact
subsets A; , C LP(Q) x L”() (dependent on k) and A} C LP(f) (independent
of k) such that for all ¢ > ¢, uf(-,t), vF(-,t), (f(u*) — kubv®)(- 1), (g(vF) —
akukoR) (- t) € K;Ok and wf(-,t) € A ; that A}, can be chosen so that we also
have (af(u*) — g(v*))(-,t) € A}, follows using (2.11)—(2.13) from Lemma 2.6,
in addition to Part (b) and condition (a). Thus Au®(-,t), Avk(-,t) € /~\20k and
Awf(-,t) € A}, and Part (c) follows since A maps W22 () bijectively to LP(Q2).

Part (d) is then immediate from (c) and [18, Theorem 4.3.3]. O

The main result of this section is the following.

THEOREM 3.2. Suppose that solutions of (S) are isolated in L*(Q). Then
given € > 0 and M > 0, there exists ko such that for k > ko and (u¥,v*) the
solution of (Py,) with 0 < u*,v* < M, there exists a solution W of (S) such that

(3.1) law® (-, 8) = @™ ()llz2g) + 07 8) + @7 ()l 20y < &
for all t sufficiently large (where how large t needs to be depends on k).

Proor. First some preliminary remarks.

(a) We will show that there exists a solution w of (S) such that w* = auf —v*
is close to w in L2(Q) for large time. (3.1) will follow from this together with
(2.10) from Lemma 2.6.

(b) Denote the set of all solutions of (S) by S. Then § is a compact subset
of L*(Q) since S is bounded in W12(Q) and thus any sequence in S has a sub-
sequence that converges weakly in W12(Q2) and L?(9Q), and strongly in L?(£2),
to a limit w which is a solution of the weak form of (S), and hence, by regularity,
of (S). Hence S is a finite set, by the assumption that the solutions of (S) are

isolated in L%(£2). In the rest of the proof, let
S={w':1<i<r reN}L

(c) It follows from Lemma 3.1 (c) that for each to > 0, w®(-,t) lies in
compact subsets of W12(Q) and C(Q) independently of k and of ¢ > ¢,. Since
a continuous bijection on a compact set is a homeomorphism, this implies that
the L>-, L%~ and W12-norms generate equivalent metrics on the set {w®(-,t) :
keNandt>tg}.

(d) Fix n > 0 and ¢y > 0. Then there exist 6 > 0 and k¢ such that if for
k> ko and t > g,

(3.2) |wh(-,t) —W'||p2q) > forevery 1 <i<r
= [|Awk (-, 1) + h(w" (1))l L2 () = 6.
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For if not, there exist sequences k; and t; > to such that k; — oo as j — oo,
w, (-, tk,) € W2P(Q), wi, = amlfj —mgj on 99, |Jwg, (+,tr,) =W || 12(0) = 7 for
each 1 <4 <r and |[Awg, (-, tk;) + h(wk, (-, tx;)) | 2(0) — 0 as kj — oco. Then,
by Lemma 3.1(c), there exists w € W'2(Q) such that a subsequence wy;, — w
in both WH2(Q) and L2?(09). Hence, using (b3) and regularity theory, w is
a solution of (S). But this contradicts that ||wg, (-, tk,) — W[ 12() > n for each
1 <i<r,and (3.2) follows.

Our approach, which follows closely that in [14], is to show that the natural
energy for the limit problem evaluated at w®(-,t) decreases at a certain rate
when w¥( -, t) lies outside L2-neighbourhoods of the elements of S. Choose and
fix tg > 0. For w € WH2(Q) N L>°(Q), define an energy

S(w):/Q%WwF—H(w)dz

where H is a primitive of h. Note first that, by Lemma 3.1(b), w¥(-,) lies in
bounded sets in W12(Q) and L>(12) independently of k and ¢ > ¢, and hence
E(wk(-,t)) is bounded independently of k and of ¢t > .

Now fix € > 0. By Lemma 2.6,

(3.4) w = Aw” + h(w®) + R(uF,v%), (2,t) € Q x (0, 00),

where sup, -z, ||R(Uk,vk>||L2(Q) — 0 as k — oo for each o > 0. And, by Lemma
3.1(a), w” is sufficiently smooth that for ¢ > to, £(w*(-,t)) is differentiable with
respect to t, and

(3.5) %5(1&( 1) = /QVwk(x,t)gtik(a:,t) — h(w”(z,t)wk (x,t) de
= /(—Awk — h(w™)wl dx + Vwrwl dx
Q 0

= /(—Awk—h(wk))wfdm
Q

W [ (Aut 4 )@t ht) + Rt o)
Q

< — | AwF + h(wF)| L2 (| AwF + h(wF)|| 120
- ||R<uk( ’ 7t)a Uk( ’ at))HL?(Q))

where || R(u”,v")| 120 — 0 as k — oo uniformly for ¢ € [tg, 00).

So, if t > to and ||w*(-,t) — W'||[2(q) > €/4 for every i € {1,...,r}, then
this together with (3.2) with n = /4 gives the existence of §; > 0 and kg € N
(larger than above if necessary) such that

(3.6) %S(wk( 1) < =6, forall k> ko, t > tg,
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since there exists § > 0 such that |Aw* + h(w")|/12(q) > 0 and then ko can
be chosen so that [[Aw® + h(w*)||p2) — [[R(W*(-,t), v (-, 8))||lr2) > 6/2 for
k> ko

Denote by Br(w) the ball in L?(Q), centre w, radius R. We would like
to show that there exists 3 > 0 such that for k sufficiently large, &(w"(-,t))
is a decreasing function of ¢ outside U!_;Bs.(w"') and the drop in £(wk(-,t))
when w*(-,t) moves from inside Bg.(w") at some t to the boundary of B.(w")
(at some later time t) is larger than the possible range of &(w"(-,t)) when
|[wh(-,t) — @W'||r2@) < Be. This implies that if w”(-,¢) moves from inside
Bs. (w') to 0B.(w'), then wk(-,t) cannot re-enter Bs.(w') at any later time.
Recall remark (c) and note that it follows that &(wk(-,t)) is close to &(w")
when w¥(-,t) is close to w' in L?(2) because £(-) is continuous as a function
of we Wh2(Q) n{w € L>(Q) : |w]| L) < M}.

To prove this, we first show that there exists T' > 0 such that if ¢ > t; and
wk(-,t) € B.yy(w') and wh(-,t +1t) ¢ B-(w'), t > 0, then ¢ > T. To see this,
recall from Lemma 3.1(b) that w*( -, ¢) lies in a bounded set in W?22(Q) for all k
and all ¢ > tg, so there exists M; > 0 such that [|Aw® (-, )+ h(w*(-,1))| r2(0) <
M, for all such &£ and ¢. And

to

wh(z,t)) — wh(z, 1) = /t2 wh(z,t) dt = / (Aw"(x,t) + h(w" (z, 1)) dt,

tl tl

0
ta
/ |wk (x,t1) — w*(x,t2)|? da < (ty — tl)/ / (Aw* + h(w"))? dt dz
Q QJu

— (ty— tl)/f </Q(Awk + h(wk))2dx> dt < M2(ty — 11)?.

Hence to — t; > [[w*(-,t1) — w*(-,t2)||p2() /M1, from which the existence of
T =T. = (3¢)/(4M;) follows.

Now this together with (3.6) implies that in going from B, /4(w") to B (w"),
E(wk(-,t)) drops by at least T.6;. And we can choose 8 > 0 (< (1/4)) so that
for t > t,

B7) A0~ T < B > E@HC 1) - E@)] < ST.b1

Now we can apply (3.2) with = fe together with (3.5) to obtain k > ko
and & > 0 such that for ¢t > ¢,

~ d
E>k = %E(wk(-,t)) < =0y
when [[w*(-,t) — W' 2() > Be for each i € {1,...,r}. Thus for k > k,

E(wk(-,t)) decreases when wk(-,t) lies in B.(w') \ Bs.(w"), for some i, and the

drop is at least T.01 as w*(-,t) moves from inside Bg.(w") to OB(w'), since
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B < 1/4. Tt follows using (3.7) that if w* leaves Bgs.(w') and moves out to
OB.(w"), it cannot re-enter Bg. (') at a later time.

Now if w¥(-,t) & U;_, Bge(w") for all ¢ sufficiently large, then &(w*(-,t))
would decrease at at least rate —do for all large time, which would contradict
the fact that £(w¥(-,t)) is bounded below independently of ¢ > ¢,. Hence there
is a sequence of times ¢, — oo for which w”(-,t,) € U;_, Bs-(w"), and since
there are a finite number of W', there exists ip and a subsequence (t,, )3°_; of
(tn)22; such that w”(-,t,, ) € Bge(w™). But if wk(-,t) left B.(w") for some
t > t,,, it would not be able to re-enter Bs.(w™). So w*(-,t) € B.(w™) for all
t sufficiently large. O

4. Long-time behaviour (2):
convergence to stationary solutions of (Py)

Note first that here all solutions of (S) are not identically equal to zero, since
it is supposed in (b3) that ami — ms is not identically zero on 9. Now observe
that (as in [11], [14]), it follows from [4] that such solutions w of (S) only take
the value zero on a set of measure zero. Hence h/(w(z)) exists for almost every
x € Q. This enables us to make the following definition.

DEFINITION 4.1. A solution w € W2P(Q) of (S) is said to be non-degenerate
if the only solution w € WP (Q) of the linearised equation

Aw+ B (w)w =0 ae. in Q,

(4.1)
w =0 on 01,

is identically equal to zero.

LEMMA 4.2. Suppose that a solution w of (S) is non-degenerate. Then given
M > 0, there exist £,kg > 0 such that for each k > ko, a solution (u* ,v*) of
(Py) that is defined for allt € R and 0 < u¥ v* < M and satisfies

[wh () — @2y <& forallt €R,

must have u¥ and vF identically zero on Q2 x R. (Note that for this lemma we do
not assume that u*(-,0),v8(-,0) are given by (b4).)

PROOF. Our proof follows that in [14, Theorem 3] which establishes the
corresponding result with zero Neumann boundary conditions. Much of the
argument is un-changed and we give an outline here, giving most detail in a blow-
up argument where the main differences with [14] lie.

Suppose that the result is false for some M > 0. Then there exist sequences
kj — o0, €; — 0 and solutions (u¥7,v*7) of (P,) that are defined for all ¢ € R,
0<ubi vk < M,

||wk'7(',t)_@|‘L2(Q) S&j forallt e R
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for the solution w of (S) but (uf’ , Ufj) is not identically zero on Q2 x R.

First consider (Pj) for fixed k. Let (u*,v*) be a solution defined for all
t € R with 0 < v*,v* < M and (uf,v}) not identically zero (so (uk,v*) is
a non-stationary solution of (Py)).

Now since 0 < w* v < M for all t € R, standard parabolic estimates
[20] yield that (uf,vF) is uniformly bounded on 2 x R. (Note that this bound
depends, in the first instance, on k.) Since (u*,v*) is non-stationary, at least

one of uf, vF is non-trivial. We introduce the norm
1, DI = sup(Bll 2 (s,041)) + [l 22 @0 541)
S
which is finite for functions h,l € L>(2 x R), in particular, for (uf,v}).
Now note that since f, g are assumed to be continuously differentiable, boot-

strapping and differentiation gives that (uF,vF) is a solution of the linear system

he = Ah 4 (f'(u¥) — ko®)h — ku*l,  (2,t) € Q x R,

4.2
(42) I = Al + (¢ (vF) — aku®)l — akofh, (z,t) € QxR

with the boundary condition

(h,l)(z,t) =0 for (x,t) € N xR

since (u®, v*) satisfies time-independent Dirichlet boundary conditions (by (b3)).

Since (uf,vF) is not identically zero, we can multiply (uf,vF) by a constant to

obtain a solution of (4.2), called (h¥,I¥), say, that satisfies
(4.3) I(R*, )" = 1.

Now a Kato-inequality argument gives that h* and I* are bounded in L> (€ x
R) independently of k; since the proof is identical to that in [14] modulo replacing
the zero Neumann boundary conditions for (h¥,1¥) in [14] by zero Dirichlet
conditions here, we omit the details.

We now use a blow-up argument to deduce that one of h*s and I¥i is uniformly
small away from the set where w = 0 if j is large. More precisely, given a compact
subset A of (int Q) \ {z : w(x) = 0} and an ¢ > 0, we prove that there exists
jo > 0 such that

(4.4) |h¥i(z,t)| < eo or |IF (x,t)] < e if (z,t) € A x R and j > jo.

Suppose that (4.4) is false. Then there exist 2; € A and t; € R such that
|h¥i(z4,t;)] > eo and |I%i (z;,t;)| > eo for a sequence of j's tending to infinity
(not re-labelled). Without loss, we can assume, by a shift in time, that t; = 0
for every j (note that the u* and v*s in (4.2) must also be shifted in time). Now
thanks to the uniform-in-k bounds on h*i,[* obtained above, we can rescale
and blow-up (4.2) much as in the proof of Lemma 2.4. Note that since z; €
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A and A is compactly contained in (int Q) \ {z : @w(z) = 0}, any limit point
of the x; cannot lie on 09, and hence rescaling always yields a limit system
defined on RY x R (rather than H x R for a half-space H C R"). Note also
that since w"s(-,t) lies in a compact subset of C(Q) independently of j and t
(since w"i(-,t) lies in a bounded set in C7(Q) for some v > 0, independent
of j,t), the fact that sup,ep [|[w" (-,t) — W||r2(q) — 0 as j — oo implies that
supyep |w* (-, t) — W||peo(q) — 0 as j — oo. This is because given a compact
subset of L>°(Q2), the L>°- and L?-norms generate equivalent metrics on this set
due to the fact that a continuous bijection on a compact set is a homeomorphism.
Moreover, since A CC €2, it follows as in the proof of Lemma 2.6(a) that

lav™ (- 8) = (W) * () oo R 00y — O

4.5
) [V (1) + (w"

<7

— 0,

)7( ’ at) ||L°C(1~\><[T,oo))

as j — oo for each fixed T € R and A a compact subset of . So taking A
with A cC A CC €, we have the existence of jy such that («'/\/kj) +x; € A
for j > jo for all 2’ € K C RN compact (where jy is independent of z’ for
a given K'), and hence the uniform convergence in (4.5) gives the existence of
T € A such that

( T, ’“") () ( v t') 7 (7)

V" xj,— | — —w (T), au" xi,— | — w0 (T),
ki Tk N

for a subsequence as j — oo, uniformly in (2/,¢') € K x [-T,T] for every T > 0

and K C RY compact. We thus obtain an L>-solution (h,l) on RV x R of

hi = Ah+ @~ (Z)h — o @t (@), 1y = Al — @ (T)l + aw™ (T)h,

such that |[2(0,0)| > o and |1(0,0)| > «o.

Now note that since T € A and A is compactly contained in Q°\ {z : w(z) =
0}, exactly one of wt(Z) and w™ (Z) is non-zero. Suppose W' (Z) # 0. Then
wT(T) > 0 and

(4.6) I, =Al— @t (@) for all (z,t) € RN x R.

If sup(w,t)eRNxRRx,t) = Sup(m’t)eRNXR{_F[/(fL‘7t)} = 0, then I(x,t) = 0 for all
(2, ), which contradicts |1(0,0)| > £¢ > 0. Otherwise, cither SUDP (1) RN xR ()

> 0 or sup(, yern xri—1(z,t)} > 0; in the latter case, replace [ by —I (which

still satisfies (4.6) and | —1(0,0)| > 0. Now as in the proof of Lemma 2.4, define

2(t) = sup I(z,1).
z€RN

Arguing as in the proof of Lemma 2.4 then gives that

(4.7) t) < —wt(F)z(t) ae teER.
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Now since sup, ;) ern xr [(2,1) > 0, there exists t with z(t) > 0, so z(s) > z(t) >
0 for all s < ¢, since (4.7) implies that z is non-increasing when it is non-negative.
Hence for any tg <t € R,

(4.8) 2(t) < z(to) exp(—w " (T)(t — to)),

and so since ty < ¢ was arbitrary, we can let ¢ — —oo in (4.8) to find that
z(t) < 0, which contradicts the above. Similarly, if w™(Z) # 0, the equation for
I yields a contradiction. Hence the claim (4.4) is true.

It remains to establish that @w*i := ah®s — % is uniformly small on Q x R if
j is large. The argument given for the corresponding result in [14, Theorem 3]
applies almost un-changed and we omit the details. Note that the requirement
that @ be a non-degenerate solution of (S) is needed here. The idea is that via
a contradiction argument, a non-trivial bounded solution of the linearisation of
the parabolic equation satisfied by the limit @ as k; — oo of @" is obtained.
Since this solution is non-trivial, there exists a time ¢ such that @(-,) # 0, and
by the non-degeneracy assumption, there must be a non-zero real eigenvalue A
of the linearisation of (S) such that the L2-inner product of @( -, ) with a corre-
sponding eigenfunction ¢ is non-zero. But then z(t) := (@( -,t), ®) can be shown
to satisfy Z = Az, and thus cannot be bounded, which is a contradiction. Note
that having w satisfy zero Dirichlet rather than zero Neumann conditions causes
no difficulties, and that the fact that

o (-, 8) = & | (ax )y — O and 0% (-, 8) + @ || (ax-z,17) — O

as j — oo for each T' > 0 and each A CC 2, is enough to pass to the limit in the
various weak forms of equations obtained by multiplying by smooth functions of
compact support in  x R (see [14, Theorem 3]).

To conclude, suppose that A is a compact subset of Q\ {x : w(x) = 0}. Since
whi = ahki — [k converges uniformly to zero on Q x R and since, by (4.4), given
€ > 0 there exists jo such that j > jo implies |h*i (x,t)| < € or |I¥i (z,t)| < ¢ for
each € A,t € R (by the blow-up argument above), it follows that /%5 and h*s
each converge uniformly to zero on A x R as j — oo. Hence given & > 0, there
exists 3, independent of ¢, such that for all j > 37

/ M <es / M) < Bt (I e gm0\ AL
QX [T (A X [FTH1]

Now [|A*¥7]| s (axr) is bounded independently of j and |2\ A| can be made arbi-
trarily small by a suitable choice of A, since {w(z) = 0} and 92 each have zero
n-dimensional measure. So there exists 3 such that for all t € R, j > } implies
that ||hkj||L2(Q><[t7t+1]) < 1/8. A similar estimate for ||lkj||L2(Q><[t7t+1]) can be
established, giving a contradiction with the normalisation (4.3) for ||(h*s,1%7)]|".
The result follows. O
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THEOREM 4.3. Suppose that a solution w of (S) is non-degenerate. Then
given M > 0, there exist £, kg > 0 such that if k > ko and the solution (u¥,v*)
of (Py) satisfies 0 < uF,v* < M and

(4.9) [wh (-, t) — w2 <€

for all t sufficiently large, then there exists a non-negative stationary solution
(uk,vk) of (Py) such that uF(-,t) — uk(-) and v¥(-,t) — v*(-) in W2P(Q)
and in CYN (Q) for all X' € (0,\) as t — oo.

PROOF. Let €, ko be as in Lemma 4.2, and for (fixed) k > ko, let (u®, o)
satisfy the hypotheses above (that such (u”,v*) exist if there are non-degenerate
solutions of (S) follows from Theorem 3.2). Let I' denote the w-limit set of
(uk vf) in W2P(Q) x W2P(€). Recall Lemma 3.1(d) and note that the fact that
T is invariant implies that it consists of the union of trajectories of (P ) that are
defined for all ¢ € R. Now it follows from (4.9) that each (v,,7,) € T satisfies
loyy =70 — W|L2() < €. And by the characterisation of the omega-limit set,
given (7,,7») € I, there exists a solution (n,,7,) of (Py), defined for all t € R,
such that

(a) (mu(-,t),nu(-,t)) €T for every t € R, and

(b) (Fusw) = (- 7%\)7 Mo 7%\)) for some ¢ € R.
So n := any — 1, satisfies ||[n(-,t) — w||r2q) < € for all t € R, and thus it
follows from Lemma 4.2 that (n,,7,) must be independent of time; that is,
(Fus Vo) = (Mu(-,t),mu(-,t)) for all ¢ € R and is a stationary solution of (Py).
Hence T' consists entirely of stationary solutions of (Pj) (and, since I' is non-
empty by Lemma 3.1, such solutions must exist).

Since dist((u*,v*)(-,t),T) — 0 as t — oo, by Lemma 3.1(d), it remains to
show that for k sufficiently large, the elements of I' are isolated in W?2P(£2) x
W2P(Q). Consider F: W2P(Q) x W2P(Q) — LP(Q) x LP(Q) defined by

Flu,v) = { Au+ f(u) — kuv,

Av + g(v) — akuv.
Then F € CL(W?2P(Q) x W2P(Q), LP(Q) x LP(Q2)) since W2P(Q) — C%NQ)
for some A > 0. Moreover, an argument the same as part of the proof of [11,
Theorem 1.2] gives that for k sufficiently large, the Fréchet derivative F’(u*,v*)
at a solution (u*,v*) of F(u,v) = 0 is injective on W2P(Q) x W2P(Q). That
F’(u*,v*) is also surjective and has bounded inverse follows from the Fredholm
Alternative. The isolatedness of elements of I" is then a consequence of the

Inverse Function Theorem (see [2, Theorem 1.2], for example) and the result
follows. O

We conclude with a result on simple dynamics for (P) and some remarks.
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THEOREM 4.4. Suppose that all the solutions of (S) are non-degenerate.
Then there exists kg > 0 such that if k > kg, there exists a non-negative station-
ary solution (J,;j\’;) of (Py) such that u*(-,t) — v:’;( ) and vF (-, t) — ;’;( -) in
W2P(Q) and in CYN () for all X' € (0,)\) ast — co. Note that ko is dependent
on the boundary data m¥|sq, m5|sq but is independent of the choice of initial
data for (Py).

PRrROOF. Note first that there exists M > 0 such that for any k¥ and any
initial data (uf,vf) for (Py) satisfying (uf,vE) = (mk, m&) on 0Q where m¥, m%
satisfy (b1)-(b3), there exists T (dependent on k and (uf,vf)) such that 0 <
uF(-,t),v*(-,t) < M for all + > T. This follows from the fact that z(t) :=
sup, g u*(z,t) (similarly, sup, g v*(z,t)) decreases at a certain rate for ¢ for
which z(t) > sup; seaim¥(x), m5(x),2} =: M; indeed one can check that
zt < f(2) so that z lies below the solution of the ordinary differential equation
Ui = f(U) together with the same initial condition sup, g uo(x). Thus 2(f) < M
for some #; then, since z(t) is decreasing whenever z(t) > sup, .y seaimi(z),
mb5(z),1}, z(t) cannot increase above M for any ¢ > .

The result now follows immediately from Theorem 3.2 and Theorem 4.3
applied with this value of M. O

5. On the local existence and uniqueness of stationary solutions
of (Pj) close to a non-degenerate solution of (S) for large k

We first prove the following result on the existence (and total degree) of
positive stationary solutions of (Py) near (a~twg, —wy ) in LP(Q) x LP(Q). Note
that we assume here that the boundary conditions m¥, m% are in fact independent
of k and write m¥ = my, m§ = mo.

THEOREM 5.1. Suppose wq is an isolated (in LP(Y)) solution of (S) which
changes sign and has non-zero inder. Suppose further that the boundary con-
ditions m¥,m% in (Py) are independent of k. Then there exist ko and §; > 0
such that for k > ko, (Px) has a positive stationary solution (u,v) in the ;-
neighbourhood in LP(Q) x LP(Q) of (o ‘wd, —wy ). Here p is as in condition
(bl) and by the index of wg we mean the fized point index

indexK (BQ ; ’wo) ;

where K = {w € CY(Q) : w = am; — mg on 9N} and Baw is the unique
solution y of
—Ay=af(atwt) —g(—w™) inQ,
- y=af(a " w?) —g(-u)
Yy =ami — ma on BQ

(Note that we use the notation B here for ease of reference with [10].)
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PRrROOF. This is an analogue of [10, Theorem 3.3], which establishes a similar
result for a system with homogeneous Dirichlet boundary conditions. Some key
parts of the proof differ from that of [10, Theorem 3.3] and so we include a proof
here, giving most detail where the differences lie. Consider the homotopy

—Au=tf(u) + (1 —t)f((u—a o)) —kuv inQ,
(5.2) —Av =tg(v) + (1 —t)g((v — au)’) —akuv  in Q,
. u=mq on 01,
v =my on 02,
where ¢ € [0, 1].

We first note that positive solutions (u,v) are bounded in L% () inde-
pendently of ¢ € [0,1] and k. Indeed, it follows from (a) that there exists
¢ > 0, independent of (u,v), k and ¢, such that —Au < ¢, —Av < ¢. Now
let y1,y2 € W2P(Q) be such that —Ay; = ¢ in Q and y; = m; on 99, (i = 1,2).
Then the maximum principle gives that v < y;, v < ys. Since u,v > 0, it follows
that there exists a constant My > 0 such that for any non-negative solution
(u,v) of (5.2),

(5.3) 0<u<M, 0<v< M,

Now, as in [10, Theorem 3.3], let fi(u,v,t) and f2(u,v,t) denote the right-
hand-sides of the equations for u and v respectively in (5.2), and define up; =
min{u, M}, vay = min{v, M'}. Next define

filu,v,8) = fi(ungg+1,V0041,t), @ =1,2.
By the choice of My in (5.3), the modified problem
—Au = fl(u,v,t) in Q,
(5.4) —Av = fg(u,v,t) in Q,

u=my on 09},

v =Mmo on 0f,

has the same non-negative solution set as (5.2). Indeed every nonnegative solu-
tion pair (u,v) of (5.4) is such that u,v < My so that (u,v) satisfies (5.2).

Now choose § > 0 small enough that wg is the only solution of (S) in the
d—neighbourhood Nj(wp) of wg in LP(€2). Then choose §; > 0 so that
(5.5) (u,v) € ONs, (a *wf, —wy ) implies that

uZz0, v£0and au —v € Ns(wop).

ONs, (e~ twy , —wy ) denotes the boundary of the d;-neighbourhood Nj, (o~ 1wy,
—wy ) of (e twg, —wy ) in LP(Q) x LP(Q).

Next we prove the following result.
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LEMMA 5.2. For the above choice of 61, there exists ko such that (5.4) has no

non-negative solution (u,v) with (u,v) € ONs, (a " wd, —wy) for any t € [0,1]

and k > k.

PROOF. Because of our boundary conditions, more care is needed here than
in the corresponding proof in [10, Lemma 3.1]. Suppose, for contradiction, that
there are k, — oo, t, € [0,1] such that (5.4) has a non-negative solution
(Un,vy) € ONs, (o twd, —wy). Then by (5.3), (un,v,) is a solution of (5.2)
for k = k,, t =t,. Setting w, = au, — v, gives

(56> — Awy, = a(tnf(un) + (1 - tn)f((“‘n - a_lvn)+))
—tng(vn) = (1 = t2)g((vn — aun)™) =: by,

say, and b, is bounded in L () independently of n, again using (5.3). Now
let ¢ € W2P(Q) be such that Ay = 0 in Q and ¥ = am; — ms on 052, and set
Wy, = wy, — . Then —AW,, = b, and there is a constant K > 0 such that

/\vwn\“‘ = —/ WnAW,L:/Wnbn < K.
Q Q Q

Hence w,, is bounded in W2(Q) and thus, taking a subsequence if necessary,
there exists w € WH2(2) such that

(5.7) w, = 7w in WH3(Q) and L*09), and w, — w e L*(Q).

We now adapt an idea from [6]. Let ¢ € W,*(Q) satisfy —A¢ = A¢ in €,
¢ =0 on 9Q with A > 0 and ¢ > 0 in Q. Then multiplication of (5.2) by u,¢,
integration by parts and the fact that w,,v, > 0 give

(5.8) /Q Viun P dic < /Q {tn f(tm)) + (1= ) f (i — 0™ 0) ) i

+ %uiAq’) dx — /89 %ui% ds,
and hence there exists K1 > 0, independent of n, such that
(5.9) /Q |V, |>¢dx < K.
Similarly, there exists Ko, K3 > 0 such that
(5.10) /Q |V, |2¢de < Ko,
and
(5.11) kn /Q Upvpddr < K3.

(See [6] for details of similar arguments for the parabolic system (Py).) It follows
from (5.9), (5.10) and (5.3) that {u,}5;, {v,}5°; are each bounded in W1:2(Q")
and hence relatively compact in L?(Q) for each Q' cC Q. Using (5.3) again, it
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follows that there are subsequences of uy,, v, (not relabelled) and w,7 € L>(Q)
such that

(5.12) Up, = U, v, — U in LP(Q) and a.e. in Q,
and by (5.11),
(5.13) =0 a.e. in Q,

which, together with (5.7), gives that & = a~'w" and ¥ = —w~. Note that
(5.12) also gives that (u,v) € ONg, (a~twd, —wy).

Now take a subsequence if necessary to ensure ¢, — t € [0, 1]. It follows from
(5.6), (5.7) and (5.12) that for ¢ € C§°(Q),

/ VuVedr
Q

= /Q{Oé(ff(a_lﬁr) + (1 =D f(e™wh) ~tg(-w") = (1 - Dg(-w )} da.

Thus w is a solution of (S). By (5.5), (5.7) and (5.12), W = au — v € Ns(wo),

1

and thus W = wy, so U = a~'w] and ¥ = —wy . This contradicts that (u,v) €

ONs, (o twd, —wy ), and completes the proof of Lemma 5.2. O

Next we return to the proof of Theorem 5.1. Now given k > kg, choose
My, > 0 sufficiently large that

(5.14) fi(u,v,t) + Myu > 0, E(u,v,t) + Mpv >0

for any u,v > 0 and ¢t € [0,1], and also
(5.15) ﬁf( )+ M, >0 éf( )+ M, >0
. ou 1\u, v, k ) v 2\u, v, k

for 0 < u,v < My and ¢ € [0,1] (note that f;(u,v,t), fo(u, v, t) are differentiable
at such u,v). Define

(5.16) Ay = Ay LP(Q) x LP(Q) — LP(Q2) x LP(Q)
by Ai(u,v) = (y, 2), where
(=A + M)y = f1(u,v,t) + Myu in Q,

(A + M)z = fo(u,v,t) + Myv  in €,

(5.17)
Yy =mq on 0f),

Z=mo on 0f).

Then A; is completely continuous (that is, A; is continuous and compact) and
maps the natural positive cone P in LP(Q) x LP() into itself. Moreover, by
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Lemma 5.2 and the homotopy invariance of the degree (see, for example, [1,
p. 201)), for k > ko,

(5.18) degp(I — Ag, P N Ny, (oflwa', —wy ),0)
=degp(I — A1, PN Ns, (a_lwg, —wyg ),0).

Note that (u,v) = Ao(u,v) if and only if (u,v) solves (5.4) with ¢ = 0, and by
(5.3), such (u,v) satisfies

—Au=f((u—a'v)") —kuv inQ,

—Av=g((v—au)") —akuv inQ,
510 gl(w — au)")
U =mq on 012,
v =My on 0.

As in [10, Theorem 3.3, we will show that for k sufficiently large, (5.19) has
a unique non-negative solution in Ng, (™ twg, —wy ). Note first that if (u,v) €
Ns, (o= twd, —wy) is a non-negative solution of (5.19), then Wy := aqu — v is
a solution of (S). And hence Wy = wq, by the choice of §;. It follows that
au — v = wg, and, since u, v > 0, that

u > a_lwar.

Now observe that for any k£ > 0, the equation

(5.20) —Au = fla " wd) — ku(au —wp) inQ, w=m; ondQ,

has a unique solution u* satisfying u* > a~lwd. Indeed, a twy is a lower

solution of (5.20). This is because Kato’s inequality (see, for example, [19], [13])
gives that in the sense of distributions,

(5.21) —A(Jwg|) < — sign(wg) Awyg
=sign (wo)(af (™ wg) — g(—wy))
=af(alwf) + g(-wy),

since wy satisfies (S). Then because |wo| +wo = 2wy, adding (5.21) and (S) gives
that in the sense of distributions,

~Ala M) < fla M) = fla ) - ki (ala ) - wo),

1 1

and thus since a~twy = my1 — a " tmse < my on 99 and hence o~ war < my
on 09, it follows that a~lwg is a lower solution of (5.20). And any large pos-
itive constant is an upper solution of (5.20), so there exists a solution u* >
a~lwg . Uniqueness follows from the fact that the right-hand-side of (5.20) is
non-increasing in v when u > oflwg' . (Note that this argument differs from
that used in [10, Theorem 3.3] since here u = 0 is no longer necessarily a lower

solution if amy — mq is large on 0X.)
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Next, we prove that u* — a~lwf in LP(Q) as k — oo. This argument is
the same as that in [10, Theorem 3.3]; we give it here for completeness. Note
that u* > oflwo+ and u*(au® — wp) > 0. This second inequality gives that u*:
is an upper solution of (5.20) if k; < k and hence u** > u* if k; < k. Now let
limy oo u¥(2) = 7(x), x € Q. Then for any ¢ € C5°(1),

/Quk(auk—wo)d):k1(/QukA¢—|—/Qf(alw(T)¢) -0

as k — oo, and hence

/ u(aw — wy)p =0 for all ¢ € C;°(Q).
Q

1

So u(a —wp) = 0. Hence & = a~twy , since we know @ > a~tw . Now let v* =

au® —wg. Then (u,v) = (uk,v*) solves (5.19) and (u¥,v*) — (@ lwy, —wy) in
LP(Q) x LP(Q) as k — oo. Thus (u*,v*) is a non-negative solution of (5.19) in
Ns, (e twg, —wy) when k is sufficiently large.

Conversely, if (u,v) € Ns, (@ 1wy, —wy ) is a non-negative solution of (5.19),
then Wy = au — v solves (S) and Wy € Ns(wg) so Wy = wy. Thus

~Au = fla " wg) — ku(au —wp) in Q, w=my ondQ,

and hence v = u* and v = au — wy = v*.

Thus for k sufficiently large, (u*,v*) is the unique non-negative solution of
(5.19) in N, (o~ twg, —wg ). So there exists ki > ko such that for k > kq,

(5.22) degp(I — Ao, PN N3, (o twd, —wy ),0) = indexp(Ag, (u*,v")).
Let

(5.23) C = {(u,v) € C*(Q) x C*(Q) :

w,v > 0in Q and u = my, v =mz on IN}.

Since Ag maps P into C, it follows from two applications of the commutativity
of the fixed point index ([15, p. 214], [23]) that

(5.24) indexp(Ag, (u*,v")) = indexc (Ao, (uf,v*))
= indexg (Ao, (uF — 1, 0" — hy)),

where C = {(%,7) € CLQ) x CLQ) : i+hy >0, T+hy > 0}, hy, i = 1,2 satisfy
Ah; =0in Q and h; = m; on 99, and for (u,v) € C§(Q) x C}(Q),
(5.25)  Ao(u,0) = (=A + M) " (f1(@ + hy, T + hs,0)

+ My, fo(@ + h1, ¥ + ha, 0) + MyD)

where the inverse (—A + Mj)~! is taken under zero Dirichlet boundary condi-

tions.
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Now the strong maximum principle gives that v* > 0, v* > 0 in Q, and
that the outward normal derivative (9u*(v*))/0r) < 0 at a point on 99 where
uF(v*) =0, and hence (u* — hy,vF — hy) € int C. So

indexé(%, (uf — hy,o% — hy)) = index i @) x o1 (@) (E), (uF — hy,v* — hy)).

(Note that our inhomogeneous boundary conditions necessitate a slightly differ-
ent argument here from that in [10, Theorem 3.3].)

We now use the homeomorphism h(u,v) = (u, au —v) in C}(Q) x C3(Q), as
in [10, Theorem 3.3]. Note that h=! = h, and that for (a,w) € C}(Q) x CL(Q),

(W Aoh) (@, @) = h™ ' Ao (@, ati — @) = h™ (= A + M) ™!

( fla= Y (@T+ahy—h2)T)—k(T+h1) (a(@+hi)—(T+ohs —ha))+ M@ )
g((f(zﬁJrahlfhg))’)7ak(ﬁ+h1)(oz(17+h1)7(u’;+ah17h2))+Mk(aifﬁ)

_ —1 ( fla ™ (@+ahi—h2)T)—k(TU+h1)(a(T+h1)—(D+ahi —h2))+Mid
= (A M) (e oty ™).

So the commutativity of the fixed point index and the product formula give that
(5.26)  indexcy g o o (Ao, (uF = b, 0" — ho))
= indexcé@)(§27 wo — ahy + ha) indexcé(ﬁ)(f?, ub — h1)
where
(5.27) By = (—A + M) M(af (o Y@ + ahy — hy))
— g(—(w + ahy — he) ™) + M)
and
B = (=A+ My) " (f(a  'wi) = k(@ + ha) (0@ + hy) — wo) + M)
for (u,w) € CZ(Q) x CL(Q). Hence, by (5.24) and (5.26),
(5.28) indexp (Ao, (u*,v")) = indexx (Ba, wp) indeXCé@)(E, uf — hy)

where Bs, K are as defined in the statement of the theorem.

It remains to show that index . (5)(§, uF — hy) = 1. First note that o~ twg
and ug (the solution of (5.20) with & = 0) are lower and upper solutions for
(5.20) respectively (neither of which are solutions). Just as in the system (5.17)
we add to both sides of (5.20) a term of the form Mu with M}, large enough so

that B maps the set
C*={ueC;Q):atwf —h <u<wug—h}

into itself (in fact, into int C*, by the strong maximum principle). Also, by the
uniqueness for (5.20) discussed above, uf — hy is the only solution of & = B
in C*. Also, B(C*) is a bounded set in C}(Q); choose a large ball By in C}()
such that E(C*) C Bgr. Let S = C* N Bg. Then S is a bounded convex set
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in C}(Q) and B maps S into itself. Moreover, B has a unique fixed point in
int S. Thus

(5.29) index s ) (B, u* — hi) = deg( — B, int §,0) = 1.

It follows from (5.18), (5.22), (5.28), (5.29) and the hypotheses of Theorem 5.1
that

(5.30) degp(I — Ay, PN N5, (o twg, —wy ), 0) = index g Bz, wo) # 0,
from which the result follows by the existence property of degree. O

THEOREM 5.3. Suppose wq is a non-degenerate solution of (S). Then there
exists ko > 0 such that for any k > ko, (Py) has a unique positive stationary
solution (u,v) near (o~ twg, —wy ) in LP() x LP(Q).

PrROOF. We mimic the proof of [11, Theorem 1.2] which treats the cor-
responding problem with homogeneous rather than inhomogeneous Dirichlet
boundary conditions. That in turn draws on [10, Theorem 3.3], of which our
analogue is Theorem 5.1 above.

First, it follows exactly as in the proof of [11, Theorem 1.2] that if §; > 0
is sufficiently small, then for large enough k, the linearisation of the stationary

system
—Au=f(u) —kuww inQ,
—Av =g(v) — akuv in Q,
Px(S
Px(5)) u=mq on 0,
VvV =Mmgy on 01,

is invertible at positive solutions (u*,v*) € Nj, (o~ wg, —wy ) (note that p > N,
from (b1)).

The next step is to show that for each such k, the value of indexp (A; x, (u¥v¥))
at any positive solution (u*,v*) of (Px(S)) in Nj, (e twy, —wy) is the same,
where P is (as above) the natural positive cone in LP(2) x LP(Q) and A; j is
defined in (5.16) (using (5.14) and (5.15)) in the proof of Theorem 5.1. This,
together with Theorem 5.1, will give the existence of a unique positive solution
of (Px(S)) in Ns, (e twg, —wy ), since Theorem 5.1 gives the existence of such
solutions, and the proof of Theorem 5.1 gives that if 4; > 0 is sufficiently small,
then for large enough k,

(5.31) degp(I — A1, PN N(;l(oflw('}', —wy ),0) = index (B2, wp),

(see (5.30)). Note that index (B, wp) is +1 or —1 since wy is a non-degenerate
fixed point of By (B is defined in (5.1) and in (5.27)). Now for (u*, v¥) as above,
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it follows from the commutativity of the fixed point index that just as in (5.24),
indexp(A; 1, (u¥,v¥)) = indexc (A g, (u®,v*))

for positive solutions of (P (S)) where C' is as defined in (5.23). And note (as
in [11]), that in C, small neighbourhoods of solutions are uniformly close, and
hence the truncations in the definition of A, j do not affect A; j near fixed points.
Thus we can delete the truncations and work with the map Eug defined to be
A k|c without the truncations. As in [11], the reason for doing this is that A\l,k
is differentiable. Now (see also (5.24) and (5.25))

indexc(//l\lyk, (u*,v*)) :index(j(le\l’k, (u* — hy, 0% — b))
= indeXCé(ﬁ)XCé(ﬁ) (A\l,ka (Uk - hl, ’Uk - hg))
—
:indexcé(ﬁ)xCol(ﬁ)(Alvk (uk _ h17vk _ hz),O)

=indexcr ) cp @) (A 5 (u*,0"7),0)

where ~ has an analogous effect to that in (5.25). Further, it follows from the
proof of Theorem 5.1 that the system

—Au=f((u—atv)") —kuv inQ,

—Av=g((v—au)) —akuwv in Q,
s gl(v — au)*)
U =1mq on 01,
v =My on 012,

has a unique solution (i, D) such that (@, ) — (o twi, —wy) in LP(Q) x
LP(£2). Note that solutions of (5.32) are fixed points of the operator Ag j from
the proof of Theorem 5.1. And it follows as in the proof of [11, Theorem 1.2
that there exists §; > 0 such that if k is sufficiently large, then I — ﬁgyk(ﬂk,ﬁk)
is invertible and for (u®,v*) € N5, (™ twi, —wy ) N C,
indexcl(ﬁ)xcl(ﬁ)(& k(" 0"),0) = indexcl(ﬁ)xcl(ﬁ)(f% k(@ 7%),0)
0 0 ’ 0 0 ’

since the linearisations 2’1,1@72{),1{ act in the space C}(Q) x C}(Q2), with homo-
geneous Dirichlet boundary conditions, as in [11]. Since we prove that Problem
(5.19) has a unique solution and since the indices of non-degenerate fixed points
of nonlinear maps are equal to those of the corresponding linearised maps, it
follows that solutions (u*, v¥) of (Px(S)) in N5, (o~ twg, —wy ) all have the same
index v, where v = £1. Now let N/ be the number of stationary solutions of
problem (Pj). We deduce from (5.31) that N x v = indexk (Bs,wp) = £1, which
in turn implies that A" = 1. O
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6. On the non-degeneracy condition

Here we discuss the key non-degeneracy condition (4.1). Consider solutions
w € W2P(Q) of the stationary limit problem (S). Note first that, in contrast
to the case when w satisfies homogeneous Neumann boundary conditions (see
a remark in [14, p. 472]), (4.1) no longer always holds in one space dimension.
To see this, let Q be an interval, say = (0,1). If m; = mo = 0 on 99, it
follows from, for example, [27], that there may be many solutions of (S). Now
suppose that (am; — m3)(0) > 1 and (amy —mg)(1) < —1. Then a solution w
of (S) must be decreasing in z € (0,1). This is because the form of h (see (2.12)
and (a)) forbids a local maximum (resp. minimum) of w(z) at zg if w(xg) > 1
(resp. < —1) and the fact that (S) has only even order derivatives together with
uniqueness for initial-value problems gives that w must be symmetric about any
critical point. Now define 7, (z) = w’(z)? + H(w(x)), where H is a primitive of
h, and note that ,, is independent of x for a given w. Hence if w, @ are two
solutions of (S) with w(0) = @w(0) = (ami —mg)(0) > 1 and |w'(0)] > |@'(0)],
then |w'(z)| > |@'(x)| at any = at which w(z) = @W(x). Soif (am; —m2)(1) < —1,
this, together with the fact that w,w are both decreasing, yields that w = w,
and thus (S) has at most one solution in this case. This shows that (4.1) cannot
hold for every my,ms > 0, because if it did, the number of solutions of (S)
would be preserved as mq, my varied, by the inverse function theorem applied to
a suitable projection (in fact, to the mapping my|z-1(p) defined in the proof of
Theorem 6.1).

However, it is possible to prove some results on non-degeneracy holding for
all solutions of (S) for a generic set of boundary data. We use ideas from [24]
and [8]. [24] prove that if h € C! and h(0) = 0 then for generic ¢, the equation
Aw + h(w) = 0in Q, w = ¢ on 99, has only non-degenerate solutions. [8]
extends their main ideas to h with possible discontinuities in A’ in the context of
generic domain (rather than boundary data) dependence. Note that h defined
in (2.12) is locally Lipschitz but is not in general C*.

THEOREM 6.1.

(a) There is a dense subset A of {y € W2P(Q) : Ay =0 in Q} such that if
¢ € A and non-negative my, my € W2P(Q) are such that am; —mz = ¢
on 09, then every solution of (S) is non-degenerate.

(b) Suppose that 9 = T'y U Ty, where T'; is closed in 0, i = 1,2. Fiz
Y € W2P(Q) such that ¥|r, > 0, Y|r, = 0 and Ay = 0 in 2, and
suppose that my = ¢ on 9Q. Then there is a dense subset B of {y €
W2P(Q) : ylr, = 0, ylr, > 0, Ay = 0 in Q} such that if $ € B and
ma = ¢ on N, then every solution of (S) is non-degenerate.
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PROOF. The overall structure of the proofs is similar to that of [8, Theo-
rem 1] and [24, Theorem 3.1] and we give sketches here. The idea is to apply
the version of Sard’s theorem from [25] to a suitable map. First consider (a) and
define

X=U=WJ"0Q), Y={yecW?>(Q): Ay =0in Q},
V =Y\ {0}, Z =1F(Q),

(we import the notation for spaces from [8], [24] for ease of reference). Define
F:UxV — Zby

F(u,v) = Au+h(u+v), (u,v)eUxV.

Note first that u+ v is not identically zero for any (u,v) € U x V. This, together
with [4], gives that for any solution (u,v) of F(u,v) = 0, u 4+ v only takes the
value zero on a set of measure zero. It follows, arguing as in [10, p. 468-469] and
[7, p. 248], that F is strictly differentiable at (u,v) whenever F(u,v) = 0 (see [5,
p. 48] for the definition of strictly differentiable). This is the key property that
allows h to be only locally Lipschitz — see [8].

Next note two technical properties of F. Firstly, F(-,v):u — F(u,v) is
Fredholm of index zero. The mapping v +— Awu is an isomorphism from X
onto Z, and u +— h'(u® + v°)u is a linear compact operator from X into Z for
each (u°,0v°) € U x V (note that u® + v° # 0 a.e. so h/(u’,v°) makes sense,
and that h/(u® + v°%) € L>(Q), by (a) and (2.12)). Secondly, F is proper, in
the sense that the set of u € U such that F(u,v) = 0 with v belonging to
a compact set in Y is relatively compact in Y. This is because if v,, — v in
W2P(Q) and F(up,v,) = 0, then since {u, + v,}32; is bounded in W?2?(Q),
{un}2°; is bounded in W?2P?(€2) and has a subsequence u,, — u in C(2) (since
p > N/2). Since h is continuous, it follows that h(u,, +v,, ) converges in LP(Q),
so {A(up 4+ v,) 152, is relatively compact in LP(£2), and thus {u, + v, }22;, and
so {u, }22,, is relatively compact in W2P ().

We also need to check that zero is a regular value of F. As in [8], [24], it
suffices to show that if F(u°,v°) = 0 and u € U = WP () satisfies Au+h/(u +
v)u = 0 a.e. with

/h’(u0+v0)yudat20 for all y €Y,

Q

then v = 0. But
/h’(uo—i—vo)yudx:—/yAudx:—/ y%ds forally e Y
Q Q aa " Ov

implies that Ou/dv = 0 on 9. Since u = 0 on I, as u € VVOQ”’(Q)7 it follows as
discussed in [8, p. 144] that u = 0 in €, as required.
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Now the strict differentiability of F' and zero being a regular value give that
F~1(0) is a C'-manifold (see [8, Lemma 1]). Also, my|p-1(0): F~1(0) — Y is

a C'-Fredholm map of index zero, v°

is a regular value of 7y |p-1(g) if and only
if 0 is a regular value of F'(-,v°), and Tv|F-1(0) is proper (see [24, part (i) of the
proof of Theorem 1.2 and the Appendix]). Here 7y denotes the usual projection
of U x V onto the second factor and note that 0 being a regular value of F(-,v°)
says precisely that every solution of (S) equal to v on 9§ is non-degenerate.
The result follows by applying the version of Sard’s theorem in [25] to 7y |g-1(g).
(See [8, p. 144] for more detail on these concluding arguments.)

For part (b), set

X =U=W}"*Q), Y ={weW??(Q):wlp, =0, Aw =0inQ},
V={weY: :w|p, >0}, Z=LP(Q),

and define F:U xV — Z by
F(u,v) =Au+h(u+v+v), (u,v)elUxV.

Most of the properties noted for (a) follow in the same way here. To see that
zero is a regular value of F, note that if F(u?,v°) =0,u € U = Wog’p(Q) satisfies
Au+ 1 (u® + 0% +)u =0 a.e. and

/ R (u® + 0 +p)yu de =0 for all y €Y,
Q

then
ou

(6.1) / B (u® +0° + ¢)yudr = —/ y—dS=0 foralyey,
Q Ts aV

which yields that du/dv = 0 on T'y. This is enough to deduce that u =0 in Q -
again, see [8, p. 144]. The remainder of the proof is the same as for (a). O

REMARKS 6.2. (a) Note that if N = 1, the boundary data is necessarily
constant on each component of 9. In particular, (b) implies that if @ = (0,1)
and we fix m1(0) > 0, my1(1) = 0 and m2(0) = 0, then there is a dense set
of positive constant values for mso(1) for which every solution of (S) is non-
degenerate. When N > 1 and 0,1 are replaced by I'y, I's, respectively, our
method does not give a corresponding result for boundary data constant on each
of the components I'y, T's of 0€ since in that case we can no longer deduce from
(6.1) that du/0v =0 on T's.

(b) Application of the inverse function theorem to my| -1y at a non-degene-
rate solution u®+v° of (S) yields isolatedness in W2?(£2) of solutions of (S) equal
to v° on 99, from which isolatedness in L?(Q) follows (because solutions of (S)

0

belong to a bounded set in L>() for a given v°, so non-isolatedness in L?(£2)

would imply non-isolatedness in LP(2), and since solutions of (S) satisfy (S) and
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h is locally Lipschitz, non-isolatedness in L?(€2) would imply non-isolatedness in

w2r(Q)).
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