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MULTIPLICITY OF SOLUTIONS
FOR SOME ELLIPTIC EQUATIONS
INVOLVING CRITICAL AND SUPERCRITICAL
SOBOLEV EXPONENTS

SHUJIE L1 — ZHAOLI LU

ABSTRACT. We study multiplicity of solutions of the following elliptic prob-
lems in which critical and supercritical Sobolev exponents are involved:

—Au = g(z,u) + Ah(z,u) in Q and u =0 on 99,
—div(|[VuP~2Vu) = g(z,u) + M\h(z,u) in Q and u =0 on 99,

where Q is a smooth bounded domain in RN, p > 1, X\ is a parameter,
and Ah(z,u) is regarded as a perturbation term of the problems. Except
oddness with respect to u in some cases, we do not assume any condi-
tion on h. For the first problem, we get a result on existence of three
nontrivial solutions for |A| small in the case where g is superlinear and
limsupyy_ o0 g(w,t)/|t|2" 1 is suitably small. We also prove that the first
problem has 2k distinct solutions for |A| small when g and h are odd and
there are k eigenvalues between lim;—.¢ g(z,t)/t and lim;|_, o g(,t)/t. For
the second problem, we prove that it has more and more distinct solutions
as A tends to 0 assuming that g and h are odd and g is superlinear and
hm|t\~>oo g(x,t)/|t|p*71 =0.
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1. Introduction

Let Q be a bounded domain in RY (N > 2) with smooth boundary 992, say,
in C?*# for some 0 < 3 < 1. We will consider in this paper the semilinear elliptic
boundary value problem

(P1), { —Au = g(z,u) + Ar(z,u) inQ,

u =20 on 0,

and the quasilinear elliptic boundary value problem

(P2)x { —Apu = g(z,u) + \h(z,u) i Q,

u=20 on 012,

where 1 < p < +o0, Ayu = div(|Vu[P~2Vu), g and h:Q x R — R are locally
Lipschitz continuous, A is a parameter and Ah(z,t) is regarded as a perturbation
term. By a solution u of (P1)y we mean a classical solution, that is, u € C%(£2)
and u satisfies (P1)) pointwise. By a solution u of (P2), we mean a weak
solution, that is, u € Wy () and u satisfies (P2), in the distribution sense. We
will see that all weak solutions of (P2)y obtained in this paper are in C%(Q)
for some 0 < a < 1.

The problem (P1), has a wide background in concrete problems from other
branches of science such as mathematical biology, chemistry and physics (see
[12], [21], [22], [24]). The problem (P2), arise also naturally in geometry and
mechanics; it has geometrical interest for p > 2 and arise in the theory of non-
Newtonian fluids both for p > 2 and 1 < p < 2 (see [11], [19], [32] and the
references cited therein).

The problem (P1), with A = 1 was studied as a perturbation problem from
symmetry in [5]-[7], [23], [39], [41]. In these papers the term h(z, ) is considered
to be a perturbation term and is assumed, as a nonlinear function of u, to be very
small compared with the term g(x,u). Under the oddness condition g(z, —t) =
—g(x,t) imposed only on g infinitely many solutions of the problem (P1), were
then proved to exist. Similar results were obtained for (P2), in [30]. In the
present paper, we consider the problems (P1), and (P2), also as perturbation
problems and from a different point of view. Without assuming any conditions
on h (except continuity and oddness in some cases) we shall prove multiplicity
results on solutions of these problems with |\| sufficiently small.

Critical and supercritical Sobolev exponents are involved in the following
sense. In our first result, g(z,t) is allowed to be a|t|*N=2)¢ for |t| large and
h(zx,t) can be any Lipschitz continuous function. In our second and third results,
h(zx,t) is only assumed to be Lipschitz continuous and odd in ¢.



MULTIPLICITY OF SOLUTIONS FOR SOME ELLIPTIC EQUATIONS 237

Denote p* = Np/(N —p) if 1 < p < N and p* = +o0 if p > N. Our first
result is about (P1),. For stating it, we formulate some conditions as below.
(g1) (P1)o has a strict sub-solution ¢ € CZ(Q2) and a strict super-solution
P € CZ(Q) with ¢ <0 < 1.
(g2) There exist constants M > 0 and p > 2 such that

0 < uG(z,t) <tg(z,t), €, |t|>M,

where G(z,t) = fotg(x, s)ds.
(83) Boo 2 limsupyy o [9(x, t)|/[t]9™" < oo uniformly in 2 € Q, where ¢ =
2* if N > 2 and ¢ is any positive number if N = 2.

Denote by Ay < Ay < A3 < ... all the eigenvalues of —A with 0-Dirichlet
boundary condition and by ey, es, ... the corresponding eigenfunctions, with the
explicit meaning that each )\; is counted as many times as its multiplicity. We
also denote Ay = —oo. Note that A\; > 0 is simple and e; does not change sign.
We assume that e; > 0in Q and ||e;|j12 = 1 for j € N. From (g2), it is easy to
see that there exists M7 > 0 such that

1 _
(1.1) Gz,t) = hot?, weQ, |t > M.
Now, we define two numbers as
1

(1.2) m; =  max {A2t2 - G(ac,t)},

TEQ,[t| <M,

1

(1.3) my = max {G(:mt) - tg(x,t)}.

z€Q,|t|<M M

It is obvious that, m; > 0, mo > 0, and

1 —
(1.4) G(z,t) > 5)\2t2 —my, r e, teR,

1 —
(1.5) G(z,t) < —tg(x,t) +me, xz€, teR.

u
Denote by S the best constant of the critical Sobolev embedding H}(Q) —
L% (). That is,

1.6 S = inf V2.
(1.6) ¢eHs<ﬂ>,n¢n2*:1” ol

It is well known that S depends on N and is independent of 2. See, for example,
[46] for discussions on such numbers. Our first main result is that

THEOREM 1.1. Suppose that (g1)—(g3) are satisfied and, in the case N > 2,

my + my 2/“\"2’5 . BNSM(2)
1 (N +2)2QR/0-2)

2-1 — -~
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Then, for any h, there exists X = A(h) > 0 such that, for all |\| < X. Problem
(P1)x has at least three classical solutions ui, us and us satisfying uyz > @,

U1$¢7U2<¢;U2%¢>U3$¢; fmduszﬁb'

In some cases, we can get additional information about the solutions. For
example, we have the following corollary from Theorem 1.1.

COROLLARY 1.2. Instead of assuming (g1), we assume that

t
lim sup M <\
t—0 t

uniformly in x € Q. Then the three solutions obtained in Theorem 1.1 are
such that uy is positive, us s negative, and us s sign-changing provided that
h(z,0) = 0.

REMARK 1.3. In Theorem 1.1, we do not need any assumption except Lip-
schitz continuity of h(x,t), so critical Sobolev exponent may be involved if A # 0.
This is also the case even if A = 0 since o, may be positive (see Example 1.4
below). The existence of a positive solution and a negative solution was obtained
by Ambrosetti and Rabinowitz [3] with a Mountain Pass argument (see also [40]).
The existence of a third nontrivial solution was first proved by Wang [44]. Later,
many authors proved that the third nontrivial solution is a sign-changing one
(see, for example, [8], [9], [16], [21], [22], [33], [34], [37]). We should emphasize
that the nonlinearities in those papers were always assumed to be subcritical.
Even in the special case A = 0, Theorem 1.1 generalizes the results mentioned
above. But Theorem 1.1 says much more.

The following two examples shows that the critical Sobolev exponent is in-
volved even in the case A = 0.
ExAMPLE 1.4. Consider
atNF2/(N=2) | o 4 for t > 0,
g(z.1) = { o t|Y V=2t 4 p|t|P2=1t  for t < 0,
where a; > 0,7; > 0and 1 < p; < (N +2)/(N —2) (i =1,2). It is easy to see

that, for all p1, pa, 71, 72, there exists a number @ = @(p1, p2, 71, v2, NV, ) > 0
such that if max{a;, @} < @ then all conditions in Theorem 1.1 are satisfied by

g(z,t).
ExaMPLE 1.5. Consider
o(at) = { ay t N2/ (N=2) [1n(2 4 ) + 4, tP for ¢t > 0,
’ o[t N =2t/ In(2 + [t]) + va|t|P2~ 1t for t < 0.

In this case, for all @; > 0,v; >0and 1 < p, < (N+2)/(N—-2) (i =1,2), g(z, )
satisfies the conditions in Theorem 1.1.
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Next, we consider Problem (P1), in the case where g(x,t) is asymptotically
linear at ¢ = 0 and ¢ = oco. The following conditions will be used.
(g4) lim¢_g g(z,t)/t = ap and limp o g(,t)/t = oo uniformly in z € Q,
where oy and o, are real numbers.
(g5) g(x,—t) = —g(z,t) for all z € Q and t € R.
(h) h(xz,—t) = —h(z,t) for all x € Q and t € R.

Our second result reads as follows.

THEOREM 1.6. Assume (g4) and (gs).

(a) If A < ag < >\¢+1 < )\1;4_2 <...< /\i+1€ < O < >\i+k+17 fOT’ some
i € NU{0} and k € N then, for any h satisfying (h), there exists
A = A(h) > 0 such that, for |\| < X, (P1)y possesses at least k pairs of
distinct classical solutions with positive energy.

) If Ai < ao < Ait1 < Nig2 < o0 < Ak < a9 < Aigke1, for some
i € NU{0} and k € N then, for any h satisfying (h), there exists
A = A(h) > 0 such that, for |A\| <X, (P1)y possesses at least k pairs of
distinct classical solutions with negative energy.

REMARK 1.7. In the case A = 0, results in Theorem 1.6 are well known and
was proved with index theory (see e.g. [3], [18], [20], [40]). Since h can be any Lip-
schitz continuous function satisfying (h), lim; o h(z,t)/t and limy . h(z,t)/t
may not exist. But when |A| is small enough, |A\h(z,t)/t| is very small in a suit-
ably large interval of ¢ and this is sufficient for (P1), to have k pairs of distinct
classical solutions. Therefore, Theorem 1.6 shows that, in the case A = 0, the
assumption (g4) is stronger than what needed to guarantee existence of k pairs
of distinct classical solutions of (P1)g. Conditions may be imposed on g only for
t in a suitably large interval.

Our third result is about (P2), in which ¢ and h are odd in u and g is
superlinear. To state such a result, we need the following assumptions.

(g6) There exist constants M > 0 and p > p such that
0 < uG(z,t) < tg(z,t), =€t > M.

(g7) limpy o g(, t)/[t]9=t = 0 uniformly in z € Q, where ¢ = p* if 1 <p <
N and ¢ is any positive number if p > N.

THEOREM 1.8. Suppose that (g5)—(g7) are satisfied. Then, for any h satis-
fying (h) and any j € N, there exists \; = X;j(h) > 0 such that, when |\| < \;,
Problem (P2)y possesses at least j pairs of solutions with positive energy. More-

over, these solutions are in C1*(Q) for some 0 < a < 1.

It is easy to see that, in the case 1 < p < N, g(z,t) = aft|?” ~2t/In(2+ |t]) +
y[t|772t with o > 0, v > 0 and p < ¢ < p* satisfies (g5)—(g7). In Theorem 1.8,
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the only assumption imposed on h is the oddness in ¢, so, for example, h(z,t) =

£2n=16""+1 with n and m being positive integers is a legitimate function.

REMARK 1.9. Theorem 1.8 implies that, in the case A\ = 0, there exist
infinitely many solutions of (P2)g if (g5)—(g7) are satisfied. In the case p = 2,
under (g5)—(gs) and a condition stronger than (g7) (with p = 2), existence of
infinitely many solutions of (P1)y was first proved in [3] (see also [40]).

REMARK 1.10. In arecent paper [17], Chabrowski and Yang studied problem
(P1)y with Q = RY, g(2,u) = Q(z)|u|?"! —u and h(x,u) = R(x)|u|""'u, where
2 <qg< (N+2)/(N—-2) <rand N > 3. They proved existence of one
positive solution and variant multiplicity results when A > 0 is small. They used
truncation argument and their argument depends on the special feature of both
the subcritical and the supercritical terms. We will also use truncation argument
to get the results in the present paper. Our results exhibit such a phenomenon
that for any function h, the number of solutions of (P1), and (P2), is closer and
closer to that of (P1)y and (P2)g as A goes to 0, respectively.

REMARK 1.11. In the case where g is sublinear and odd, (P1); and (P2);
were studied by Wang [45] where h is also a perturbation term with respect to
g. Under suitable conditions on g and h, he proved that (P1); and (P2); have
infinitely many solutions with negative energy and converging to 0. In [45], some
other kinds of sublinear problems were also studied.

In order to give further information on the comparison between Theorem 1.8
and known results in the literature, we state the following two corollaries as very
special cases of Theorem 1.8.

COROLLARY 1.12. Assume that p < g < p* and r > p. Then for any j € N,
there exists Xj > 0 such that, when A\ > Xj, the problem

—Apu = Aul"2u+ |ul""%u  in Q,
(P3) { p |ul |ul

u=0 on 082,

possesses at least j pairs of solutions with positive energy.

REMARK 1.13. Problems like (P3)} have been studied by many authors.

(a) For the p-Laplacian case, Garcia and Peral [30] proved that, among
other results, if 1 < p < N and p < ¢ < r = p* then there exists
Ao > 0 such that (P?;)j\r has at least one nontrivial solution for A > Ag.
Corollary 1.12 strengthens their result.

(b) In the case p = 2 and 2 < ¢ < r = 2*, it was studied by Brezis and
Nirenberg in their celebrated paper [15].

(¢) In the case p=2 and 1 < g < 2 <r < 2* such a problem was studied
by Ambrosetti, Brezis and Cerami in [2]. The results in [2] have been
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extended and generalized later in e.g. [10] and [45]. For related results,
see also [29] and [13].

(d) In the case p = 2 and max{2,2* — 1} < ¢ < r = 2* and Q being the
unit ball, existence of radially symmetric solutions of (PS):\" was studied
in [4] and the Neumann problem was studied in [1].

COROLLARY 1.14. Assume that p < g < p* and r > q. Then for any j € N,
there exists Xj > 0 such that, when A\ > Xj, the problem

{ —Apu = A(|u|92u £ [u]""?u) in Q,

P4)E
(P43 u=20 on 082,

possesses at least j pairs of solutions with positive energy.

REMARK 1.15.

(a) Problems like (P4)¥ in unbounded domains were studied in [25], [26]
where the nonlinearity was assumed to be subcritical.

(b) In Corollaries 1.12 and 1.14, r can be any large numbers. Especially,
the critical and supercritical cases r = p* and r > p* are included.

Roughly speaking, the above theorems give bifurcation phenomena for the
solutions of elliptic problems. Nevertheless, it seems that they are not obtainable
from known bifurcation theory as well as global theory for nonlinear eigenvalue
problems (cf. [38]).

2. Proof of Theorem 1.1

We will use || - ||4 to denote the norm of LI(Q) (1 < ¢ < oo) and || - |lm,q
to denote the norm of W™1(Q) (1 < ¢ < 00). We will only consider the case
N > 2.

The proof is based on a truncation argument. This technique has been
used successfully by many authors in dealing with superlinear elliptic problems
(see, for example, [27], [28], [17], [36]). Different truncation functions should be
adopted in dealing with different problems. The arguments in the papers just
mentioned above do not suffice for the present purpose. We define the truncation
functions as follows.

Let ¢, ¢, pn, M and M, be as in (g1), (g2) and (1.1). Without loss of general-
ity, we can assume that 2 < p < 2N/(N—2). Take an increasing sequence of num-
bers {t,,} such that ¢, T 0o as n — oo and t1 > max{|[¢| o). [¥lc@), M. M1}
For n € N and X\ € R, define

g(x,t) + Ah(x,t) if |t] < ty,,
gm)\(w,t) = g(zvtn)(t/tn)uil + Ah(xvtn)ﬂn(t) if ¢ > t,,
gz, —to) (—t/t )P L+ Ah(z, =t pn(—t) if t < —t,,
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where
Lty —t ift, <t<t,+1,
fin(t) = .
0 ift>t,+1.
Define Gy a(z,t) = fot gn (2, 5)ds. Then Gy z(z,t) has the expression

G(z,t) + A\H (x,t) if |t] < tn,
G(x,tn) + \H(x,tp)
Gpa(z,t) = +g(z,tn)an(t) + Ah(x, t,)by (1) ift >t,,

G(z,—tn) + A\H (z, —t,)
—g(x, —ty)an(—t) — Ah(z, =t )b (—t) if t < —t,,.

where H(z,t) = fg h(x, s) ds,
t n—1
tH —tH
- [ (2) g e
tn 128 /ﬂ%

{ (1—(+t, —t)2))2 ift, <t<t,+1,

and

bn<t>=/jun<s>ds=

n

1/2 ift>t,+1.
Take a number § > 0 such that

SN SN/ (N-2)
(N +2)2|Q[2/(N=2)"

(2.1) (m1 +mg + 20

2/(N—-2)
SEE) T ) <

Now we give some lemmas which will be used in the sequel.

LEMMA 2.1. There exists a constant C > 0 depending only on g with the
property that, for any n* € N, there exists a number \* = X*(n*,h) > 0 such

that, for alln € {1,... ,n*}, all ]\| < X*, allz €Q, and all t € R,
g (@,)] < (Boo + O)|t|NF/N=2) 4

and
|G (@, )[[H]N2 < (Bo + ) [t| N T/ IN=DEN/Z 4 0

PROOF. We only prove the second inequality since the proof for the first one

is similar. By (g3), there exists a constant Ms > 0 such that, for all z € O and

all t € R with [t| > Mo,
|9(2, )] < (Boo + 0)[t|NTD/(V=2),
Define a constant C as

Cy = max |g(z,1)[[fV2
z€Q,[t|< M2
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Then, for all z € Q and all t € R,

9@ Y2 < (B + BN 4 g
Now, we claim that, for alln € N, all z € Q and all t € R,
(2.2) |9 (2, O|[H1Y? < (Boo + S)[e NFD/N=2EN 1 0

where g,(x,t) = gno(z,t). Clearly, we need only to prove (2.2) for [t| > t,.
Without loss of generality, we can assume that ¢; > Ms. Since p— 1 < (N +
2)/(N —2), for any n € N and z € Q, if |t| > t,, then

|gn (@, )] < (Boo + )T =D ([t /£,)4 71 < (Boc + 6)]t| VDV,
Hence (2.2) is true. For any n* € N, let A* = A\*(n*, h) > 0 be small such that
(2.3) Nh(z, O[[EN? <1, e, |t] <tp-.

Then (2.2) and (2.3) together with the definition of g, x(x,t) yield, for all n €
{1,...,n*} all |\ < A allz € Q, and all t € R,

|gna (@, N2 < (Boo + 8)[t|NFNEDENE 4 Oy 41,
Letting C' = C7 + 1, we complete the proof. O

LEMMA 2.2. Letm; be defined as in (1.2). Then, for anyn* € N, there exists
a number \* = A*(n*,h) > 0 such that, for alln € {1,... ,n*}, all |\ < X*, all
x€Q, and all t € R,

1
Gu(z,t) > §A2t2 —my — 6.

PROOF. We first claim that, for alln € N, all z € Q, and all ¢t € R,
1
(2.4) G(z,t) > §A2t2 —ma,
where Gy, (z,t) = Gno(x,t). Indeed, if |t| < t,, then (1.4) yields (2.4). If t > ¢,

then, from (gz), (1.1) and the fact that ¢, > max{M, M;}, we have

Gl 1) = G, 1) + ’Zg(x,tn)«:)” _ 1)

n

U SN A 2 N B
> — > _ > - .
_G(.Z‘,tn)<tn) = 2)\2tn(tn) = 2/\2t

Similarly, we have Gy, (x,t) > \ot?/2 for t < —t,,. Therefore, 2.4 is valid. For
any n* € N, let A* = A*(n*,h) > 0 be small such that

(2.5) N ([ H (@, 1) + [h(z, 1)) <6, = €Q, [t] < tne.
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Combining (2.4) and (2.5), we see that, for any n* € N, there exists a number
A* = X\*(n*, h) > 0 such that, for all n € {1,...,n*}, all |]\] < \*, all z € Q, and
all t € R,
1
Gmﬂaﬂzg&ﬁ—wh—& O

LEMMA 2.3. Letmso be defined as in (1.3). Then, for anyn* € N, there exists
a number \* = A*(n*,h) > 0 such that, for alln € {1,... ,n*}, all |\ < X%, all
2z €Q, and allt € R,

1
Gn)\(mat) < ;tgmk(l‘ﬂ‘;) +ma + J.

PRrROOF. We first claim that, for alln € N, all z € Q, and all ¢ € R,
1
(2.6) Gn(z,t) < ;tgn(x, t) + mo.

In fact, if |t| < ¢, then (2.6) is just from (1.5). If ¢ > ¢, then, in view of (g2)
and the fact that t,, > M, we have

Gl ) = Gl tn) + ;tng(x,tn)(<tt>ﬂ _ 1)

n

1 1 t\" 1
§ *tng SU,tn + *tng ﬂ?,tn (<) - 1) = 7tgn fE,t .
. (z,tn) m (x,1n) m (z,1)

tn

If t < —t,, we have G, (z,t) < tg,(x,t)/p in a similar way. Hence (2.6) is true.
For any n* € N, let \* = A*(n*, h) > 0 be small such that

1 _
(27)  N(H@ O 0]+ ik 0) <5, @ €D <t

Combining (2.6) and (2.7), we see that, for any n* € N, there exists a number
A* = A*(n*, h) > 0 such that, for all n € {1,... ,n*}, all |A\| < \*, all z € Q, and
all t € R,

1
Gna(z,t) < ;tgnd(z,t) + ma + 0. O

For proving Theorem 1.1, we still need to recall some notations. Denote
H = H}(Q), X = CL(Q). For ui,us € X, we denote u; < ug if uy(x) < ug(x)
for z €  and (Qu1/0v)(x) > (Quz/0v)(z) for x € OQ, where v is the outward
normal at x € 0f.

Now, we are ready to prove Theorem 1.1.

PrROOF OF THEOREM 1.1. For every n € N and A € R, consider the bound-
ary value problem

(2.8) { —Au = gp a(z,u) in €,
O)n, A

u=20 on 0},
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whose solutions correspond to critical points of

(1) = 1/ IVl — / Gur(z,u), ueH.
2 Ja 0
It is well known that, due to the definition of g, (x,t), Jp x satisfies (PS) con-
dition on H for each n € N and each A € R. Choose a number m = m(n, ) > 0
such that g, (x,t) + mt is strictly increasing in ¢ € R. Since ¢ and ¢ are
a strict sub- and a strict super-solution of (P1)g respectively, we have, by strong

maximum principle,

¢ < (=A+m) " g(+,8) +mg)
and

¥ (A +m) " g(+,¥) +my),
Then it is easy to see that there exists A = A(k) > 0 such that, for all |A| < X,

(2.9) ¢ < (=A+m) N g(+,8) + Mn(-,¢) +mg)
and
(2.10) ¢ (=A+m) N g(-,9) + AR+, ) + ma).

Since t1 > max{(|¢||c ), |¥[lc@m)}, ¢ and ¢ are a strict sub- and a strict super-
solution of (2.8), x for all n € N and all |\ < \, respectively. Taking the
following equivalent norm of H

Julf, = [ (7l + ma),
Q
we have by a direct computation
;L,A(u):ui(7A+m)71(gn,>\('7u)+mu)a u € H.

Denote

Apau= (A +m)  (gar(-,u) +mu), ueH.
Then A, » is Lipschitz continuous from H to H as well as from X to X. Let
up € X and consider the following initial value problem both in H and in X:

dt

{ du(t) —u(t) + Apu(t) fort >0,
u(0) = ug.

Let u(t,ug) (resp. u(t,ug)) be the unique solution with maximal interval of ex-
istence [0,n(ug)) (resp. [0,7(up))) in H (resp. X). By [37, Lemma 4.2], 7j(ug) =
n(uo), u(t, uo) = u(t,ug) for 0 <t < n(ug), and if limy_; (0 u(t, uo) = u* in the
H topology for some u* € K, x, the critical sets of J;, , then lim;_,, ) u(t, up)
= u* in the X topology. Define

Di={ueX|u>»¢}, Di={ueX|u<}.
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Then Dy and D5 are open convex subsets of X and
DinDy={ueX|p<u<p}#0.

As in [37], we use OxD and D to denote the boundary and the closure of D
relative to X. From (2.9), (2.10) and the increasing of the operator A, , we get
that

Ana(0xD;) C D;, i=1,2.
By the proof of [37, Theorem 4.1], there exists a path h:[0,1] — X such that

h(O) € D \DQ, h(l) € Dy \.Dl7

and

inf  J, Jna(h(t)).
ueﬁl‘?mﬁf n7>\(u) ” trél[gﬁ] n)\( ( ))

According to [37, Theorem 3.3], J,, \ has three critical points u, 1 € D1\ Do,
Upn2 € Do\ D1X and u,z3 € X \ (D1X U DyX). So, for all n € N and all
A < X, (2.8)p,» has three solutions wun x1,Un, 2 and u, y 3 satisfying w, x1 >
D, Un a1 L Vs Un a2 <Y, upr2 2 O Unx3 LU, and u, x5 2 ¢. By the proof of
[37, Theorem 3.3], upn x 1, Un a2 and uy, x 3 are minimizers of J,, » on OxCx (D1 N
DQ) Oﬁlx, 8XC’X(D1 N DQ) OEQX and 8ch(D1 N DQ) \ (Cx(Dl) U Cx(DQ)),
respectively, where C'x (D1NDs) is the set of points ug in X for which there exists
0 <t < n(ug) such that u(t,ug) € D1 N Dy. Since ¢ < 0 < @, the maximum
principle implies ¢ < 0 < 9. So,

0e DiNDy C CX(Dl ﬂDQ).

Therefore, each of the three sets dx Cx (D1 N Do) N DX, OxCx (D1 N Dy) N DyX
and OxCx (D1 N D2)\ (Cx(D1)UCx(D3)) intersects with span{e;,es} (see [37]
for details). Then we have, for i =1,2,3,

JnA(unA,i) < sup Jn,)\(u)~

u€span{e,es}

By Lemma 2.2 for all n € {1,...,n*} and |\| < A\*, if u € span{ey, ez} then
1 1
Jn)\(u) S / (2|Vu|2 — 5)\2”2 +m1 —|—6> S (m1 +(5)|Q|
Q

So, we arrive at, for all n € {1,...,n*} and |A| < A* := min{\*(n*, h), A\(h)},
(2.11) Jn7,\(un7,\,i) < (m1 + 5)‘Q|, 1=1,2,3,

here and in the sequel, we use \* to represent variant constants depending only
on n* and h. We need to prove that each wu, »; (i = 1,2,3) is a solution of
(P1)y when n is large and X is small. For the sake of brevity, we omit the
subscript ¢ and denote uy, » ; by un x for i = 1,2,3. Now, we prove the existence
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of a constant C with the property that, for any n* € N, there exists A* > 0 such
that, for all n € {1,... ,n*} and all |A] < \*,

(2.12) [t alloe < C.

By Lemma 2.3, we see that, for all n* e N, if n € {1,... ,n*} and |A\| < \*,
1 9 1
Jn,k(un,k) Z a |vun,k| - un,/\gn,/\(xvun,)\) - (mQ + 5)|Q|
2 Ja BJa

Since up, is a solution of (2.8),,, it follows that, for all n* € N, if n €
{1,...,n*} and |A] < \*,

1 1
(213) Jn»\(un,k) > (2 — ) / |Vun7>\|2 _ (mg + 5)|Q|
K7 Ja

Combining (2.11) and (2.13), we have, for all n* € N, if n € {1,... ,n*} and
RIS

(2.14) lunllf 2 < (271 = p71) 7 Hma + mo +20)[Q.

To get a L>°(Q) bound for u, x, we use a technique from [14] (see also [28]).
Multiplying (2.8),.x with |u, x|"/?

for all n € N and all [A| < \*,

signu, » and integrating by parts, we have,

/ V]t A |V F2/42 = 7y / G (@ ) 1t |/ 2sign 2,
Q Q

where 7y = (N +2)?/(8N). According to Lemma 2.1, for any n* € N, there
exists A* > 0 such that, for all n € {1,...,n*} and all |A\| < A*,

/|V|Un’A‘(N+2)/4|2 STN(ﬁoo+5)/ ‘un,)\|4/(N_2)+(N+2)/2+C|Q|’7’N.
Q Q

Using Holder inequality, (1.6) and (2.14), we estimate as follows, for all n €
{1,...,n*} and all |A\| < A%,

/ IVt
Q

(N-2)/N
. (/ |un,>\N(N+2)/(2(N2))> +C|Q7N
Q

2/N

(N+2)/4|2 < TN(ﬂoo +5)</ |un,)\ 2N/(N2))
Q

1 4/(N—2
<7 (Boo + 0) gy lunallts 2 un A VR 5 + ClQIy

1 (my + ma + 26)|Q\ ¥V 2
SN (foc +9) GN/(N—2) ( 9-1 _ ;-1

N R 5+ ClQ 7.
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The last inequality combined with (2.1) yields, for all n € {1,... ,n*} and all
A < A%,

Poo + 0
H|Un.,/\|(N+2)/4||§,2 < m\||un7,\|(N+2)/4||i2 + CQ|7n.

This implies that a constant C7 > 0 exists with the property that, for all n* € N,
there exists A* > 0 such that, for all n € {1,... ,n*} and all |A| < \*,

un Y2412 < €,

and hence, by Sobolev inequality, |u, x|l n(v+2)/2(v—2) < C2, for some constant
C5 > 0 independent of n and A. By Lemma 2.1 again, a constant C3 > 0 exists
with the property that, for all n* € N, there exists A* > 0 such that, for all
n € {1,...,n"} and all |A] < X, [lgn (2, unn)|n/2 < Cs. According to LP
theory of linear elliptic equations, a constant Cy > 0 exists with the property
that, for all n* € N, there exists A* > 0 such that, for all n € {1,... ,n*} and
all [A| < N, [lupll2ny2 < Ca. Since W2N/2(Q) < L>(Q), a constant C>0
exists with the property that, for any n* € N, there exists A* > 0 such that
(2.12) is valid for all n € {1,... ,n*} and all |A| < A*. Since C is independent of
n* € N and A\, we can choose a number n* € N such that ¢, > C. For such an
n*, let X\ = A(h) := A\*(n*, h). Then, for all [A\| <,

Hun*)\Hoo < 6 <t
and up+ » is a solution of (P1)y. The proof is finished. O

PrROOF OF COROLLARY 1.2. Since limsup,_,,g(x,t)/t < A; uniformly in
x € Q and h(z,0) = 0, there exist § > 0 and A > 0 such that, for all z € Q,
0 < [t] <4, and |A] < A,

t= (g(z,t) + Ah(z, 1)) < A1

This implies that ¢ = —d*e; and ¥ = §*e; are a strict sub- and a strict super-
solution of (P1)y provided |A| < A, where §* > 0 is such that 6*|e; oo < 6. Let
u1, ue and ug be the three solutions obtained in Theorem 1.1. Then uy; > ¢, u; £
Y, us < Y, us F ¢, ug £ 1P, and ug # ¢. Clearly, us is a sign-changing solution.
Now we prove that u is a positive solution. Denote Q* = {z € Q | u1(z) < 0}.
If O* # () then

—Aui(z) = g(x,u1(z)) + Az, ui(z)) > Mui(z) for z € QF,
ui(x) =0 for z € 00*.

Let A7 be the first eigenvalue of

—Au=Au in Q% u=0 on dN*
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with the positive eigenfunction ej. Then A} > A;. Multiplying the last inequality
with e] and taking integral, we have

z
Q

which is a contradiction. So, u; is a positive solution. Similarly, us is a negative

uje; > )\1/ uje;,
Q

* *
1 1

solution. O

3. Proof of Theorem 1.6

In this section, we prove Theorem 1.6. The two cases (a) and (b) in Theorem
1.6 will be handled separately. Let ¥ = {A C H\{0} | A is closed and A = —A}.
We use v(A) to denote the genus of A (see [40]). We define a new kind of
truncation functions to fulfill our task. Choose a sequence of positive numbers
{tn} with the property that ¢, T +oco and define, for n € N and A € R,

g(x,t) + Ah(z,t) for |t| < t,,
gna(z,t) = ¢ gz, t) + Ah(x,t,)  fort > t,,
g(z,t) + Ah(z, —t,) for t < —t,.
LEMMA 3.1. There are constants C > 0, § > 0 and § > 0 with the property

that, for any n* € N, there exists \* = \*(n*,h) > 0 such that, for all n €
{1,...,n*}, all |\ < X%, and all z € Q,

e in case (a),

(3.1)

Aidk A Attt = A
+kr+2+k+1t‘< <+k+1+k_5 H+C teR,

gn,)\(xvt) - 2

gn,)\(xa t)
t

(32) Ai+0d < < /\i+1 — 5, 0< |t| < 3,

e and, in case (b),

(3.3)  |gan(@,t) — A?“t‘ < <A+12_A - 5) t|+C, teR,
n ,t _
(3.4) Aitk +0 < % <Aitk+1— 96, 0< ‘t| <.

PROOF. We give the proof only in case (a) since it is similar in case (b).
Take a § > 0 such that

Atk + 20 < o < Aitk4+1 — 20 and N, +20<ap< Aig1 — 24.
By (g4), there exist C; > 0 and § > 0 such that, for all z € Q and all t € R,

itk + Nitht1 t’ < (Ai+k+1 — Xitk

t _
9(z,1) 2 2

—5)|t|+01
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and that, for all # € Q and all 0 < |¢| < 6,
Ai +26 < g(x,t)/t < )\i+1 — 2.

For any n* € N, choose \* = A\*(n*, h) > 0 small enough such that

N h(z,t)] <1, z€Q, [t| <ty-,
Nt h(z, t)] <6, x€Q, 0<|t] <6.

Let C' = C1 + 1. Then the result follows easily from the definition of g, . O

PrROOF OF THEOREM 1.6. For any n € N and A € R, consider

) CAu=gua(ew) 0,
A u=20 on 09,

and the associated functional J,, . Let us begin with case (a). For n* € N, let
A* = X*(n*,h) > 0 be as in Lemma 3.1. From (3.1) and (3.2), it is well known
that (see, for example, [18, Theorem 4.3]), for n € {1,... ,n*} and |A] < A*,
(3.5)5,x has at least k pairs of classical solutions

(3.6) Tup a1, TUR A2, -, Tl Ak

with positive critical values. This fact can also be seen with the following stan-
dard argument. For n € N, denote E,, = {ey,... ,e,} and by E;- the orthogonal
complement of E,,. By (3.1), J, satisfies (PS) condition and there exists R > 0
such that

Jaa(u) <0, u€ Eipg, [lull12 = R.
By (3.2), there exist a > 0 and r > 0 such that

Joa(w) > a, uweEE Jullie=r
Denote D = {u € E;y. | |Jull12 < R} and S = {u € E* | ||ul1,2 = r}. Define
®={heC(D,H)|hisodd and h(u) = u for u € D}
and
L, ={h(D\Y)|he®, Y, v(Y)<i+tk—j}, j=i+1,...,i+k

If BeT; for some i+ 1<j<i+kthen BNS # 0 (see [40, Proposition 9.23]).
Define

¢ = Blglij ri?ea%(Jn)A(u), j=i+1,...,i+k.

Then
O0<a<c+r <ciga < ... <cipp < +00.
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So, Ju.a has at least 2k critical points denoted as in (3.6) such that (see [40,
Proposition 9.30])

Jn’)\(iun)\,j) = Cipj > 0, 7=1,... k.

Forn € {1,...,n*}, |\| < A", and j € {1,... ,k}, we denote u, » = uy,»,; and
Aivk = (Nivk + Nitre1)/2 and we have

Un = (—A = Nigk) " (Gnn (T, Un\) — Nigpktin ),
which together with (3.1) implies that

lunallz <H(=A = Netr) "Ml 22@),p2@) [|9nA (T wnx) — Nidrtinall2

2 Nigha1 — Ntk ) 1/2
< — & MJun 2 + C|QIM2].
| (2 il + €192

Here we have used the fact that [|(—A — X)) "l zz2(9),020) = 2/(Nigrs1 —
Aitk)- Then, for any n* € N, there exists A* > 0 such that, foralln € {1,... ,n*}
and all |A| < A*,
Jumallz < C5~1QU2,

which combined with (3.1) implies ||gn x(x, un,2)|2 < Cy for some constant Cq >
0 independent of n and A. Hence |[up |22 < Cy for some constant Cy > 0
independent of n and A. Then we can use the argument as in the proof of
Theorem 1.1 to get the result.

In case (b), (3.3) and (3.4) implies that for n € {1,... ,n*} and |\ < A*,
(3.5)n,x has at least k pairs of classical solutions

! ! !/
(3.7) :I:U"I'L,)\,l7 :I:un,)\727 ey :l:un7/\’k

with negative critical values. This fact can be quoted from, for example, [18,
Theorem 4.1]. Or, one may have it from the following standard argument. Note
that (3.3) implies J,  satisfies the (PS) condition and is bounded on Ej- from
below, while (3.4) implies existence of @3 > 0 and r; > 0 such that

Jpa(u) < —oq,  u € Eiyy, |Julli2 =71.

Define

= inf sup J, x(u j=i+1,...,i+k.
7T AemA(A)2) nen na(W), g T

Since AN E; # ) for any A € ¥ with y(A) > i+ 1 (see [40]), we have

—00 < ier};flJn’,\(u)gcgﬂ§c§+2§...§cg+k§—a1<0.
ue ks

Therefore, J,, » has at least 2k critical points denoted as in (3.7) such that (see
[40, Proposition 8.5])

Jn,A(iu:L/\,j) = C;+j < 07 j = 1, A ,k‘.
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Then the same argument as in case (a) leads to the result. 0

4. Proof of Theorem 1.8

Take an increasing sequence {t,} such that t; > M and t,, — oo as n — oo.
Define gy, » as in Section 2. But in the present case p is taken from (gg), in which
one may assume that p < p < p* without loss of generality.

LEMMA 4.1. Let g be as in (g7).

(a) There exists a constant C > 0 depending only on g with the property
that, for any n* € N, there exists a number \* = A*(n*,h) > 0 such
that, for alln € {1,... ,n*}, all |\| <\, allz € Q, and all t € R,

|gna (@, )] < C(|t117" +1).

(b) Let § > 0 be any positive number. There exists a constant C(§) > 0
depending only on g and & with the property that, for any n* € N, there
exists a number \* = X*(n*,h) > 0 such that, for alln € {1,... ,n*},
all (N < X\*, allz € Q, and all t € R,

|gna (@, OIEINFE < 0|7 + O(9).

The proof of Lemma 4.1 is similar to that of Lemma 2.1 and therefore is
omitted. Note that Lemma 2.3 is also valid and it will be used in the sequel, and
the number ¢ > 0 in Lemma 2.3 can be any fixed number in the present case.

LEMMA 4.2. There are two constants C; > 0 and Cy > 0 depending only on g
with the property that, for any n* € N, there exists a number \* = \*(n*,h) >0
such that, for allm € {1,... ,n*}, all ]\ < \*, all z € Q, and all t € R,

Gn)\(l‘,t) 2 Cl‘tw — 02.

PROOF. From (gg), we see that, for all z € Q, and all |t| > M,

d (G(m,t)){ >0 ift>M,

dt

[t~ <0 ift<—M.
Define ( ) o )
. (G, M) G(z,—M
C: = I;lelg{ Mr T M }
and

Cy= max {Ci[t|" —G(z,t)}.
z€Q,|t|<M

It follows that, for all x € Q and all t € R,

G(x,t) > C1|t|* — C4.



MULTIPLICITY OF SOLUTIONS FOR SOME ELLIPTIC EQUATIONS 253

Note that t; > M. Forany n € N, 2z € Q, and t € R, if t > t,, then (gg) yields

Gl t) = G(a, ) + itng(a:, £) ((;)ﬂ _ 1)

n

t\" t\"
scma)(L) > cur(L) - o

If t < —t,, we get G,(x,t) > C1]t|* in the same way. Therefore, for all n € N,
all z € Q, and all ¢t € R,

Gn(z,t) > Ci|t|" — C.
For any n* € N, take a number A* = A\*(n*, h) > 0 small enough such that
N(H (z,t)| + [h(z, t)]) <1, z€Q, |t] <ty
Then we get the result letting Co = C4 + 1. O

In view of the argument of [40, Proposition 9.23|, we have the next lemma.

LEMMA 4.3. Let E be a Banach space, V an k dimenstonal subspace of E,
and 0 < 11 <1y < +00. Denote T = {u € E | ||ul| =r1} and D = {u € V|
|ul| < ro}. If h e C(D,E), h is odd, h(u) =u foru e dD, k> j, Y € X, and
YY) < k—j, then

YDA\Y)NT) = j.

Denote M = {u € Wy?9Q) | |lull, = 1}. Define I(u) = ||Vull? for u €
WyP(Q) and

AL = inf sup I(u), k=1,2,....
ACM y(A)2k yec A

The following lemma is taken from [42, Theorem 4.4] and can be proved with
the argument of [40, Proposition 9.33].

LEMMA 4.4. A\, — 00 as k — o0.

Now we recall some important facts (the following two lemmas) about regu-
larity of the solutions of p-Laplacian equations. The proofs of these two lemmas
are included only for reasons of completeness and convenience.

LEMMA 4.5. Assume f:Q xR — R is continuous and there exist C > 0 and
1 <r <p*—1 such that, for allx € Q and t € R, |f(z,t)| < C(1 + [¢|"). If
u € WyP(Q) is a weak solution of

—Apu = f(z,u) inQ, u=0 on 09,

then u € L1(Q) for all ¢ > 1.
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PrOOF. The result for p > N is trivial. Now, we assume 1 < p < N. Let
s > 0. Multiplying the equation with |u|*u and taking integral, we have

s/ — \STP s
AR el RIS

So, there exists a constant C' = C(p, s) > 0 such that

[ Vo <c [ e
Q Q
By Sobolev inequality,

+s 1
SullullZ vy < Cllullitst + €,

where
Sy = inf ||V¢||£.
PEW, P (), [l =1
From the last inequality, we see that if u € L™ *T1(Q) for some s > 1 then
u € LNPFT)/(N=p)(Q). Denote sg = p* — (r+1) > 0. Since u € LP" (Q), we have
u € L9 (), where
Np+so) . P
@1 =—>—"=p + —50.
' N—p P
Since u € L% (), we have u € L% () where

N p* p* 2
G2 = p+aq —(r+1 =p*+50+(> 50-

Continuing this procedure of iteration, we have u € L () for all n € N where

= p* + So Z <p> .
iz NP
Therefore, v € L9(2) for all ¢ > 1. O

LEMMA 4.6. Assume there exists ¢ > N such that g € LY/P(Q). If u €
WyP(Q) is a weak solution of

-Ayu=g inQ, u=0 on 0,
then u € L () and there exists a constant C = C(p,q, N, Q) > 0 such that

1 1
lulloo < Cllglly/ Y.

PROOF. The result for p > N is trivial. We only consider 1 < p < N since
it is similar for p = N. The proof is very similar to that of [31, Theorem 8.15],
so we will be sketchy and indicate the differences. Denote k = || g||;§pp Y. For
B8 >1and M > k, define

{zﬁ—kﬁ for k<z< M,

H(z) =
(=) BMP=Y(z — M)+ MP — kP for z > M.
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Denote w = u™ + k and define
v=Gw) = / |H'(s)|? ds.
k
Using v as a testing function, we obtain
/ VU2V - VG (w) = / 4G (w),
Q Q
which implies
[ vE@P < [ o6 w) < k0 [ jglurla @),
Q Q Q

By Sobolev inequality and Holder inequality,

Sl H@)IZ- < [wH @)1, )
Letting M — oo, we obtain
S3/7lw” =Kl < Bl

where 7 = gp/(q — p). So,
SYP|w|f,. < Sp/PEPIQIMPT + Bllw].
Since k < w, we obtain

lwligxa < (CHY P wllsg,

255

where C = |Q|}/P"~1/7 4 Sp_l/p and x = N(q —p)/q(N —p) > 1. Since § > 1 is
arbitrary, we have w € L" for all r > 1. Taking 8 = x™ (m =0,1,...) in the

last inequality, we come to

oo

e < [T @™ " wlg = Cllwllg,

where C' = C(p, q, N, Q). Letting n — oo, we arrive at
[w]loe < Cllwllg.

So,
1 1)
[t oo < CCllullp- + llgll) ),

But from the equation, the Sobolev inequahty and Holder inequality yield

Hqu/(q p)Hqu/p

Then we have

1 1
[t oo < Cllglly/ =Y.

Similarly,

1 1)
lu™[loe < Cllgll2/FD.

Combining the last two inequalities gives the result.
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ProoOF OoF THEOREM 1.6. For every n € N and A € R, consider the bound-
ary value problem

(4.1) { —Apu = gpa(z,u) in £,
L)n A

u=20 on 02,

whose solutions correspond to critical points of

Ipa(u) = 1/ |Vu\p—/Gn’>\(m,u), ueWOLp(Q).
P Ja Q

In view of the definition of g, x(x,t), (g5) and (h), we see that J,, » is an even
functional. J, x satisfies (PS) condition on Wol’p(Q) for each n € N and each
A € R since, in the definition of g, x, p < p < p*.

At the present stage, we fix n € N and A € R. We prove that J, » has
infinitely many critical points. Take a sequence of vectors {e;}3° C Wy*(Q)
such that the vectors are linearly independent and |le]|1, = 1. Denote Ej, =
span{es,... ,ex} (k=1,2,...). For any k, in view of the definition of g, » and
the fact that u > p, there exists Ry > 1 such that

Joa(u) <0, u€ By, ||ull1,p > Rg.

Set Dy = {u € Ei | ||ul

1,p < Ry} and define

G = {h € C(Dy, WyP(Q)) | his odd and h(u) = uw on dDy}, k=1,2,...,
Dj = {h(De\Y) |he Gy, k=], Y €%, and 4(Y) < k — j},

and

Cnoi = Inf max J, »(u i=1,2,....
wrs = ol maxTua(), j =12

Clearly, each ¢y ; is finite and

Cn,\, 1 < Cn,\,2 <...< Cn,\,j <....

We assert that there exists jo € N such that for any n* € N, there exists
A* = X (n*) > 0 such that if n € {1,...,n*} and |A| < A\* then ¢, 5 j, > 1/2p.
For proving this, we only consider 1 < p < N since it is similar for p > N.
For any B € I'j, by Lemma 4.3, we see that v(BN7T) > j, where T' = {u €
Wy () | Jlullip = 1}. Define g: BNT — M as g(u) = u/||ull,. Then, since
BNT is compact, g is continuous. So, y(¢g(BNT)) > j and, by the definition
of A;, there exists v; € g(BNT) such that I(v;) > A;. Let u; € BN T be such

that g(u;) = v;. Then
1:/ \Vuj|p2)\]/ |Uj|p.
Q Q

By (gs5), (h), (g7) and the definition of g, », there is a constant ¢ > 0 depending
only on g with the property that, for any n* € N, there exists a number \* =
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A*(n*,h) > 0 such that, for all n € {1,... ,n*}, all [\] < \*, all € Q, and all
teR,
ct? for |t| <1,

c|tlP + (SE P Jap)[tP” for [t > 1.

Gpa(z,t) < {

So, if p < 2, then

1 Sp*/p * 3 Cc
Jm)\u-zf—c/ uiP — =2 /u-pz———.
() = 2 —e | Nul" === | lu N
If p > 2, then
1 SP*/P . 3 1 2/p 1
Ina(u; zf—c/ u? + |u,P) — =2 /u'p 2—61(<> —|—>.
(w) = 5 =e | (w4 lul") === | T 1 y y

By Lemma 4.4 there exists jo such that for any n* € N, if n € {1,... ,n*}
and |A| < A* then J,, x(uj,) > 1/2p, which implies, since B € T';, is arbitrary,
Cnorjo = 1/2p. According to [40, Propositions 9.30 and 9.33], forn € {1,... ,n*}
and |A| < A*, J,,.» has an unbounded sequence of solutions

Ttn X jor TUn A jo+1s - - - > Eln X jotjy -
corresponding to an unbounded sequence of positive critical values
CnMjor Crodjot1s - -+ » Cod jodgs -« - -
By Lemma 4.2, we have, for n € {1,... ,n*} and || < \*,
Jaa(u) < J*(w), ue€W,P(Q),
where
T () = %/ VP — 01/ ulf + o0, e WP Q).
Therefore, for n € {1,..? st A < /\2, and j > jo,

Tna(Ung) = enpg < €5 = inf maxJ"(u).
J

Since uy, » ; are solutions of (4.1),, x, by Lemma 2.3 we see that and j > jo,

)/ Vnasl? = (ms + 5)|9.
Q

for n € {1,...,n*}, |A] < X*. Combining the last two inequalities, we obtain,
forn e {1,...,n*}, |A| < A%, and j > jo,

1 1
J,,\u,,\x2<—
nA (Un,x,5) P

(4.2) lun gl p < (71 =171 7Heg + (ma + )|,

If p > N then W, ?(Q) — L>®(Q). So, for any j > jo there is a constant C; >0
with the property that, for any n* € N, if n € {1,... ,n*} and |A\| < A* then

(4.3) l[wn, x5

|<>o SCJ"
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We assert that (4.3) is also valid in the case 1 < p < N. Multiplying (4.1),,x
with |up xj|Nun,x; and taking integral, by Lemma 4.1(b), we have, for n €
{17‘ . ,'I’L*}, ‘)‘| < A*a andj > j07

/ 19 (fan 5[V P p )P < 8 / g [P N + C(8).
Q Q

By Lemma 4.5, u, »; € L4(2) for any ¢ > 1 and therefore |un7>\’j|N/pun,>\7j €
I/VO1 P9Q). Using (4.2), Sobolev inequality and Holder inequality, we have

L o\P/P
Sp(/gun7/\7j|(N+p)p /p)

A\ e +N)/p7 § (1—a)(p"+N)p/((N+p)p™)
<4 </|un,x,j p ) (/|un,,\,j|p (N+p)/p> +C(6)
Q Q

X (I=a)(P"+N)p/(N+p)p*)
< 50}(/ ‘un,)\,j|p (N+p)/p)
Q

where Cj’- depends only on j and 0 < a < 1 satisfies

o (1-a)p 1

p* (N+pp* p+N
It is easy to see that (1 — a)(p* + N) = N + p. Then, choosing § = §(j) small
enough, we have, for n € {1,... ,n*}, |A| < A*, and j > jo,

+ C(9),

Hun,k,j H(N+p)p* /p = CJ/'/’

for some constant C} depending only on j. By Lemma 4.1(a), a direct compu-
tation shows that, there exists a constant /" depending only on j such that, for
ne{l,...,n"} [\l < A" and j > jo,

gn2(Un ) (N 4p) 70 < CF

Then Lemma 4.6 implies, for n € {1,... ,n*}, [\| < X*, and j > jo, (4.3) is valid.
If p = N, then we obtain (4.3) in a similar way by [31, Theorem 7.15]. For any
Jj € N, choose n* = n*(j) > 0 such that t,,- > max{C},,Cj,+1,-..,Cjy+j—1}-
Denote \; = A*(n*, h). If |\| < A; then, for k = jo,... ,jo +7 — 1,

||un*,/\,k||oo S Ck S tn*

Hence, (P2)y has at least j pairs of solutions up« x jo+k, £ = 0,...,5 — 1.
According to [11], [35], [43], these solutions are in C1:*(Q2) for some 0 < o < 1.0

PROOF OF COROLLARY 1.10. Let v = A/ Py, Then (P3)f is trans-
formed to
—Apv = ]2 £ ATP/ @) y" =2y in Q,
{ v=20 on 0f.
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Then one get the result easily from Theorem 1.6. O

PROOF OF COROLLARY 1.14. Let v = A/(4=P)y, Then (P4)F is converted

to
—Apv = |v]?7 % £ A= (r=0/(a=P)|y|"=2y in Q,
v=20 on 0f).
The result comes also from Theorem 1.6 easily. O
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