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EXISTENCE OF MINIMIZER OF SOME FUNCTIONALS
INVOLVING HARDY-TYPE INEQUALITIES

PAUL SINTZOFF

(Submitted by M. Willem)

ABSTRACT. We study a class of p-laplacian-type problems with various
unbounded weights and a forcing term on open subsets of RY or on the
positive real axis. To prove the existence of solution, we use variational
methods involving concentration-compactness technique and Hardy-type
inequalities.

1. Introduction

This paper is devoted to the existence of solution of the problem
ulP~2u x
—Apu — )\7| | = —f( ) in Q,
[P p
(1.1) u=0 in 09,
lim wu(z)=0.
|| —o0
This is a p-laplacian-like equation with an unbounded potential and a forcing
term. We will study the corresponding energy functional to obtain a solution

of (1.1). The classical minimization method cannot be used here because the

Juf?

EO

Lagrangian
L(z,u,Vu) = |Vul|P — A
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is, in general, not bounded from below and {2 is, in general, unbounded. To over-
come this difficulty, we use a concentration-compactness argument (see Lions [5])
or more precisely the decomposition technique (see Smets [10] or Willem [11]).
Contrary to the usual case, we consider here a free minimization problem. An-
other key ingredient to prove the result is the Hardy inequality (see e.g. [4], [12]).
Let us remark that a lack of compactness is due to the invariance by dilation of
the quotient
Jon [VulP dz
e (Julp /12l?) da”

The idea of the proof is to consider a minimizing sequence (u,) weakly con-

verging to u and {2, a region of the space designed to control the lack of compact-
ness, i.e. the components of  included in the union of B(0,1/R) and B¢(0, R).
We decompose the functional in two components

J(un) :/ L(a:,un,Vun)dx—l—/ L(z, up, Vuy,) dz
Q\QR Qr
and we take the limit of each part

lim lim L(z,upn, Vuy,) dz > J(u),

R—oo n T Ja\Qg

lim lim L(z,up, Vuy,) dz > 0.

R—oon—oo o R
These inequalities are obtained using a decomposition lemma. We deduce from
this that w is a minimizer of the functional.

Problem (1.1) for bounded domains was studied by Garcia and Peral in
[3]. They proved the existence of a minimizer using an Hardy-type inequality,
Ekeland principle and a convergence theorem. An improvement obtained here is
the validity of the result for unbounded domains ).

Moreover, our method is applicable for a large class of problems, provided
the existence of an adapted Hardy-type inequality. As Secchi, Smets and Willem
proved a cylindrical Hardy inequality in [9], we can study the corresponding
equation involving the operator

. ([ |Vu|P~2Vu |u|P~2u
‘d”< e ) " Ayl

where z = (y,z) € RF x RV=F, This is done in Section 3. The particular case
k = N, corresponding to a radial singularity, is also considered.

In Section 4, we use the same technique to study a corresponding ordinary
differential equation using the one dimensional Hardy inequality.

As Marcus, Mizel and Pinchover [6], Colin [2] and Chabrowski and Willem [1]
developped an inequality on exterior domains with a singularity located on the



MINIMIZER OF FUNCTIONALS INVOLVING HARDY-TYPE INEQUALITIES 107

boundary, we can also obtain the existence of solution of associated problems.
This is done in Section 5.

The author thanks Professor Michel Willem for leading him to this class
of problems and for all his suggestions and encouragements. The author also
thanks Professor Christophe Troestler for comments on Section 3.

REMARK 1.1. After the completion of this work, we received a manuscript by
X. Zhong [13] and B. Pellacci sended us [7] and [8], papers concerning the study
of problem (1.1). In [13] the case of a bounded (2 is treated by an elementary
argument. In [7] and [8] the classical concentration-compactness principle from
[5] is used.

2. The p-laplacian case

To obtain solutions of problem (1.1), we study the associated energy func-

tional )
J(u) ::/ |Vul? dz — )\/ de— (f,u)
Q a lzlP
defined on Dy (1), the closure of D(Q) with respect to the norm ||Vu|, and

where (2 is a smooth open subset of RY with compact boundary, 0 ¢ 9 and

(2.1) if0¢ Qthenl <p#Nandif0€ Qthenl<p <N,
fe (D (@),
We consider inf J := infue’Dé’p(Q) J(u).
The aim of this section is to prove the following result.

THEOREM 2.1. Assume that (2.1) is satisfied. If A < A, := |(N —p)/p|?,
then inf J is achieved and problem (1.1) has a solution.

We first recall the classical Hardy inequality (see e.g. [4,12]).

LEMMA 2.2. Assume that (2.1) is satisfied. If u € DyP(Q), then
P
» Jul? dz < / |VulP de.
o lzlP Q
This inequality implies that the functional J is continuous, G-differentiable
and coercive if A < A,. The key ingredient proving Theorem 2.1 is the following

lemma quantifying the loss of compactness.
LEMMA 2.3. Let (u,) C DyP(Q) be such that u, — u in DyP(Q). We define
Qrp:={z€Q:|z| <R or|z| >R},

fo == lim lim [Vu,|? d,
R—oon—oo Jo
R
. I u p
vy := lim lim [n] dx,

R—o00 n—oo Qr |[I;|P
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then we have

_ P P
(2.2) lim [un] dx = / Jul® dz + vy,
n—o Jo |z[P a lzfP
(2.3) lim [ |Vu,|Pds > / |Vul? dz + o,
n—oo Jq Q
(24) Ap 40 S Ho-
PRrROOF. We have, for every R > 0,
_ P P o p
lim [un| dr = lim [un dr + lim [un| dz,
n—oo Jo |z[P n—oo Jora, |T[P n—oo Jo. |z|P

p _ p
:/ i e lim/ [unl® o
o\Qg TP n—o0 Jo. |z[P

(©), by Rellich’s theorem. So, taking the limit as R — oo, we

p

as up, — uin Ly,

obtain (2.2).

We have
lim [ |Vu,|?dr > lim |V, [P de + lim / [V, |P dz.
n—oo Ja n—oo JOQ\Qr n—oe JOgr

Hence, as the mapping v +— fQ\QR |Vu|P dx is convex, we get

lim [ |Vu,|Pdz > / |VulP dz 4+ lim / |Vu,|? d.
n—oo [o O\Qr n—oo Jor
Taking the limit as R — oo, we obtain (2.3) by Levi’s theorem.

Now we introduce the truncation ¢p € C*°(RY) with ¥z (x) = 0if z € Q\Qg,
Yr(z) = 1if £ € Qpyy and 0 < ¢ < 1. For each v € DyP(Q), Lemma 2.2
implies that
[ rv[?

- de/Q\V(va)|pdx.

(2.5) A
Q

On the other hand, using the fact that for each £ > 0, there exists a constant
¢(e,p) > 0 such that

(2.6) lla + 0" — a"| < elal” + c(e,p) [b]",

it is easy to verify that

po = lim lim |V (up, — u)|P de,
R—o00 n—0o0 Qn
_ —ulP
g = lim lim [ =l dx.



MINIMIZER OF FUNCTIONALS INVOLVING HARDY-TYPE INEQUALITIES 109

Using the truncation g, this implies that

po = hm lim |V( — u)|PYh du,

R—o00 n—o0

(2.7) v = lim Tim / Jun = ulP¥g

R—oon—oo ‘Jj |p
Using once again (2.6) and the compactness of the embedding Dy (Q) C LP()
for bounded domains, we get

(2.8) to = hm lim |V(( —uw)R)|P dx.

— 00 N—00

Now, putting together (2.5), (2.7) and (2.8) we obtain (2.4), and the lemma is
proved. O

PROPOSITION 2.4. Under assumption (2.1) and if A < Xy, the functionnal
J is weakly lower semi-continuous.

PROOF. Let (u,) be such that u, — u in DyP(Q). Going if necessary to
a subsequence, we can assume that J(u,) is convergent. So, we have by the
preceding lemma

lim J(un) = Tm [ [VanPde— A T [ 228 gp — (f ),
= 5 Ja 5 Jo Tal?
> J(u) + po — Avo,
= J(u) + (Ap = Mro,
> J(u),
concluding the proof. O

Theorem 2.1 is an obvious consequence of Proposition 2.4. Moreover, the
proof of Proposition 2.4 shows that pg = vy = 0, so the minimizing sequence
(up) is strongly convergent up to a subsequence.

REMARK 2.5. In the linear case p = 2, the strict convexity of the functional
ensure the uniqueness of solution. If p # 2, the uniqueness is in general not true.
A counter-example is given by Garcia and Peral [3] for p > 2 and by Zhong [13]
for1<p<2.

3. Cylindrical weight-case
In this section, we study

YO (AT i T O T CO
[yl jyltervr = p 7

(3.1) u =0 on 01,

lim wu(z) =0,

|z]— o0
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where z = (y,2) € RF x RV=*_ We introduce the corresponding functional

[Vul? / |ul?
J(u) = dr — A | ———=dx — (f,u),
N Y AT TR

defined on Diii (), which is the closure of D(2) with respect to the norm

|vu|p 1/p
Jull = ([ T o
o |yl

and
(3.2) 1<p<oo,
(3.3) a >0,

(a+1p <k,
f € (@R
For simplicity we assume that 2 is either B(0, R) or the complement of the

corresponding closed ball. The Hardy-type inequality associated to this problem
is due to Secchi, Smets and Willem [9].

LEMMA 3.1. Assume that (3.2)—(3.4) are satisfied. If u € Di;i(Q), then

k— (c;+ 1)19)”_

|ul? |VulP
o lyllatr == Jo |ylor

The aim of this section is to prove the following result.

Akap dx, where Aiqp := (

THEOREM 3.2. Assume that (3.2)—(3.4) are satisfied. If A < Agqp, then inf J
on Di,Z(Q) is achieved and problem (3.1) has a solution.

Lemma 3.1 implies that the functional J is continuous, G-differentiable and
coercive if A < Agap. Let (u,) C DEP(Q) a minimizing sequence for J, i.c.

J(up) —inf J:= inf J(u) asn— oo.
u€DL? (Q)

The goal is to prove that this sequence (u,) contains a subsequence converging
to a minimizer of J. As J is coercive, (u,) is bounded so we can assume that
Uy — u in D;’i (€2). Our first result is the following compactness lemma.

LEMMA 3.3. Assume that (3.2)—(3.4) are satisfied. If u, — u in Di:i(g);
then un/ly|® — u/|y|* in LP(A.) where A = {z = (y,2) € Q : 1/c <
ly| and |z| < ¢} for every ¢ > 1.

PROOF. The result is clear as A. is bounded and as the weight |y|~¢ is

bounded on the set considered. O

We can now obtain the following decomposition lemma.
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LEMMA 3.4. Let (uy,) C Dii(Q) be such that u, — wu in Dii(ﬂ) We define
Qr = QN ((B¥(0,R™Y) x RYN=*) U (RN \ BN (0, R))),

po = lim lim
R—00 n—00 Qr |y|ap

9

vg:= lim lim _—
0 R— 00 n—o0 Qg |y\(a+1)p ’

then we have

|un|? _ |ul?
(35) nILI& o W dﬂf = o W dCE + Vo,
p p
(3.6) lim / [Vin| dx 2/ [Vl dz + o,
n—oo o |y|*P o lylo?
(3.7) Akap Vo < fho-

PROOF. As u, — uin L} (£2), we have for every R > 0,
. CualP |un [P — |un|P
nhjgo/ ol 7 = e [yl o ap lyllerr o

|ul? — |un|?
= ————dx + lim ———dux.
/Q\QR |y|(a+Dp n—oo Jo |y|latDp

So, taking the limit as R — oo, we obtain (3.5).

We have
. V. |P V. |P . V., |P
lim /‘ Un| dr > lim [Vt dx + lim/ [Vt dz,
n—oo Jo  |y|*P noooJo\ar Y|P n—oo Jo. |yl

VulP — Vi, |P
2/ | 1:| dx + lim/ | u:| dx,
o\Qn V1P n—oo Jo. |y|*P

as the mapping v — fQ\QR(|Vv|p/|y\ap) dz is convex. Taking now the limit as
R — o0, we obtain (3.6).

To prove inequality (3.7) we begin finding new formulations for po and vyp.
Using inequality (2.6), we obtain :

_ \Vi P
o = lim lim [V = w) dz,
R—o00 n—00 Qr |y‘ap
_ —ulP
v = lim lim de.

R—o00 n—o00 Qr |y|(a+1)p

We introduce the truncation g € C®(RY) with ¢g(z) = 0if z € Q\ Qg,
Yr(x)=1if x € Qpyq1 and 0 < i < 1. With this truncation, we get

— )P
wo = lim lim/|vun w[P¥h dx,

R—o00 n—o0 ‘ylap

vo = lim lim wd
R—oon—oo [ |y|(a+1)P
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Using Lemma 3.3 and (2.6) once again we obtain

F — p
po = lim lim / IV ((un — u)¥r)| d.
Q |y|o®

R=00 n—00

Applying Lemma 3.1 to (u,, —u)®r and taking the limits we get inequality (3.7).0

This decomposition lemma implies the weak lower semi-continuity of J, lead-
ing to Theorem 3.2 as in Section 2.

REMARK 3.5. When k = N, the singularity in (3.1) is radial, i.e. the problem

e (FEE) i+ £

|x|ap B |x|(a+1)p D
u=20 on 0f),

is

in €,

lim wu(z) =0.

|z]— o0
By Theorem 3.2, there exist a solution in the closure of Di’;\,(Q) when a > 0,
1<p<N/(a+1), A < Angp and [ € (Diﬁ’v(ﬂ))’ Moreover, the proof works
for every regular domain Q such that 0 ¢ 9.

4. One dimensional case

Here we study the one dimensional problem

Hp—2,,/\"' p—2
(Gl N R

ap - rla+1)p

(4.1) u(0) =0,
lim wu(z) =0.

r——+00

To obtain solutions of problem (4.1), we consider the associated energy functional

= I
J(u) ._/0 o d:c—/\/o —aamy 4= (Fu)

defined on DLP(R*), which is the closure of D(RT) with respect to the norm
ul| = (f5~ (/P /zoP) dx)'/?, where

(4.2) 1<p<oo,
a >0,
(4.4) 1< (a+1)p,

f € (D7 (RY)).

We will consider

infJ:= inf  J(u).
weDLP(RT)

The aim of this section is to prove the following result.
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THEOREM 4.1. Assume that (4.2)-(4.4) are satisfied. If A < Agp == (((a +
1)p —1)/p)?, then inf J is achieved and problem (4.1) admits a solution.

In order to prove this theorem, we recall the classical Hardy inequality (see
e.g. [4], [12]).

LEMMA 4.2. Assume that (4.2)—(4.4) are satisfied. If u € DLP(RY), then

o0 o0 !
|ul? '[P
/\ap/0 —(@+Dr dr < M=n dx.

This inequality implies that the functional J is continuous, G-differentiable

and coercive if A < Agp. Let (u,) C DIP(RT) a minimizing sequence for J, i.e.
J(uy,) = inf J asn — oo.
The following lemma is used in the proof of Lemma 4.4.

LEMMA 4.3. Assume that (4.2)—(4.4) are satisfied. If u, — u in DLP(RT),
then uy, /% — u/x® in LP([1/c, c]) for every ¢ > 1.

PROOF. The result is clear as ~% is bounded on the interval considered. [J
The following decomposition lemma is proved as before.

LEMMA 4.3. Let (u,) C DLYP(RY) be such that u, — u in DLP(RT). We

define
Qg = (O7R71) U (R,OO),

o = lim lim
R—o00 n—o00 Qn Trap

lim lim
R—oon—oo Jo xlat+1l)p ’

o0 ‘ p o0 p
- Un| |u
nlggo 0 1‘(‘1+1)p dz = /0 l‘(a+1)P dz + Y0,

. (oo} ! |p oo !\p
lim deZ/ [v] dx + o,
n—oo Jg xrap 0 xrap

14

then we have

)\ap vy < Ho-
Theorem 4.1 follows as Theorem 3.2.
5. Exterior domain-case

In this section, we study the problem
[ulP"?u | f(z)

—Aju = —— inQ
pU=A 3@y + » in Q,
(5.1) u=20 on 01},
lim wu(z) =0,

|z|— 00
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where 2 is an exterior domain, i.e. an open subset of RY with a compact bound-
ary of class C? and without bounded component and §(z) denote the function

§(z) = dist(z, 0Q).

We also suppose that N > 2, 1 < p # N and f € (Dl’p(Q))’. To obtain a
solution of problem (5.1) we introduce the associated functional

/|Vu|pdx— /’5‘ dx — (f,u)

defined on Dé’p (). Here we use the Hardy’s inequality for exterior domains
(see [1]).

LEMMA 5.1. Let N > 2, p>1 and p # N, then there exists Anp > 0 such
that for every u € Dy (),

p
u
)\N/‘
PQ&

The main result of this section is the following theorem.

dmg/ |VulP de.
Q

THEOREM 5.2. Let N > 2, and 1 < p # N. If X < Anp, then inf J on
DyP(Q) is achieved and problem (5.1) has a solution.

As the proof of this theorem is very similar to the proofs of Theorems 2.1,
3.2 and 4.1, we only sketch the main ideas.

As in Sections 2—4 the Hardy inequality implies that the functional J is
continuous, G-differentiable and coercive if A < Anp. So, let (u,) C DLP(Q) a
minimizing sequence for J. We can assume that u,, — u in Dé’p (©2). Working
as before we obtain the following decomposition lemma.

LEMMA 5.3. Let N >2,1<p# N and (u,) C Dy*(Q) such that u, — u
in DYP (). We define

Qp:={zeQ:dx) <R " orlz| >R},

fo = lim lim |Vu,|? de,
R—o00 n—o0 Qn

p

dzr

Unp

Vo := lim lim
R—oon—oo Jo
R

P
hm/‘ :/‘E‘ dx + vy,
n—oo Q 5

lim |Vun\pdx>/ |VulP dz + po,
Q

n—oo

)

then we have

ANp Vo < lo-
To prove Theorem 5.1 it suffices to adapt the proof of Theorem 2.1.

REMARK 5.4. The same result is valid for bounded C? domains for any p > 1.
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