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THE NUMBERS OF PERIODIC ORBITS
HIDDEN AT FIXED POINTS OF n-DIMENSIONAL
HOLOMORPHIC MAPPINGS (II)

GUANG YUAN ZHANG

ABSTRACT. Let A™ be the ball |z| < 1 in the complex vector space C", let
f:A™ — C™ be a holomorphic mapping and let M be a positive integer.
Assume that the origin 0 = (0,. .. ,0) is an isolated fixed point of both f and
the M-th iteration f™ of f. Then the (local) Dold index Pys(f,0) at the
origin is well defined, which can be interpreted to be the number of periodic
points of period M of f hidden at the origin: any holomorphic mapping
f1: A™ — C™ sufficiently close to f has exactly Pys(f,0) distinct periodic
points of period M near the origin, provided that all the fixed points of flM
near the origin are simple. Therefore, the number Oy (f,0) = Py (f,0)/M
can be understood to be the number of periodic orbits of period M hidden
at the fixed point.

According to Shub-Sullivan [18] and Chow—Mallet-Paret—Yorke [2], a
necessary condition so that there exists at least one periodic orbit of period
M hidden at the fixed point, say, Oar(f,0) > 1, is that the linear part of f
at the origin has a periodic point of period M. It is proved by the author
in [21] that the converse holds true.

In this paper, we continue to study the number Oy (f,0). We will give
a sufficient condition such that Opr(f,0) > 2, in the case that all eigenval-
ues of Df(0) are primitive mq-th, ..., mp-th roots of unity, respectively,
and my,...,my are distinct primes with M = mj ... mn.
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1. Introduction

Let C™ be the complex vector space of dimension n with the Euclidean norm,
let U be an open subset of C" and let g: U — C™ be a holomorphic mapping.

If p € U is an isolated zero of g, say, there exists a ball B centered at p with
B C U such that p is the unique solution of the equation g(z) = 0 (0 = (0,... ,0)
is the origin) in B, then we can define the zero order of g at p by

mo(p) = #(g7" (v) N B) = #{x € B;g(x) = v},

where v is a regular value of g such that |v| is small enough and # denotes the
cardinality. m,(p) is a well defined integer (see [14] or [19] for the details).

If ¢ € U is an isolated fixed point of g, then ¢ is an isolated zero of the
mapping id — g: U — C™, which puts each « € U into = — g(z) € C", and then
the fized point index pgy(q) of g at g is defined to be the zero order of id — g at ¢:

tg(q) = Tia—g(q) = Tg—ia(q)-

The zero order defined here is the (local) topological degree, and the fixed
point index defined here is the (local) Lefschetz fixed point index, if g is regarded
as a continuous mapping of real variables (see the appendix of [21] for the details).

If g is a fixed point of g such that id — g is regular at g, say, the Jacobian
matrix Dg(q) of g at ¢ has no eigenvalue 1, ¢ is called a simple fixed point of g.
By Lemma 2.1, a fixed point of a holomorphic mapping has index 1 if and only
if it is simple.

We denote by O(C™,0,0) the space of all germs of holomorphic mappings f
between two neighbourhoods of the origin 0 = (0, ... ,0) in C" such that

(o) =o.

Then, for each f € O(C™,0,0), 0 is a fixed point of f and for each m € N
(the set of positive integers), the m-th iteration f™ of f is well defined in a
neighbourhood of 0, which is defined as

fr=hfr=Ffofo . fm=fofm,

inductively.

Let f € O(C™,0,0) and assume that the origin 0 = (0, ... ,0) is an isolated
fixed point of both f and the M-th iteration f™ of f. Then for each factor m
of M, the origin is again an isolated fixed point of f™ and the fixed point index
pgm(0) of f™ at the origin is well defined, and so is the (local) Dold index (see
[5]) at the origin:

(1.1) Pu(f,0)= > (=% pper (0),

TCP(M)
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where P(M) is the set of all primes dividing M, the sum extends over all subsets
7 of P(M), #7 is the cardinal number of 7 and M : 7 = M([],., k). Note
that the sum includes the term i a (0) which corresponds to the empty subset
7=0. If M =12 =223, for example, then P(M) = {2,3}, and

Pia(f,0) = pp12(0) — ppa(0) — puy6(0) + puy2(0).

The formula (1.1) is known as the Mobius inversion formula (see [11] and [21]
for more interpretations of the formulae of type (1.1)).

Pas(f,0) can be interpreted to be the number of (virtual) periodic points of
period M of f hidden at the origin:

For any ball B centered at the origin, such that f™ is well defined on B and has
no fized point in B other than the origin, any holomorphic mapping g: B — C"
has exactly Py(f,0) mutually distinct periodic points of period M in B, provided
that all fized points of g™ in B are simple and that g is sufficiently close to f,
in the sense that

1f = 9llg = sup | f(z) — g()]
z€B

is small enough (see Lemma 2.4(c) and 2.5(b)).

p is called a periodic point of g of period m if g™(p) = p but ¢’(p) # p
for j = 1,... ,m — 1. When p is a periodic point of g of period m, the set
{p,9(p),d*(p),... ,g™ (p)} is called a periodic orbit of periodic m.

It is easy to see that any two periodic orbits either coincide, or do not intersect
and any periodic orbit of period M contains exactly M distinct points. On the
other hand, in the above interpretation of Py(f,0), if g is close to f enough
and g has a periodic point p of period M in B, then the whole periodic orbit
containing p is in B. Therefore, the number

Onm(f,0) = Py (f,0)/M

is an integer and can be understood to be the number of (virtual) periodic orbits
of period M hidden at the fixed point 0.

REMARK 1.1. The important local index Pps(f,0) and the global index
Prr(f) (see (2.1) in Section 2) were first introduced by Dold [5], via fixed point
indices of iterations of real mappings. Some interesting topics are related to
these indices and the Dold’s relation [5] stating that the global index P/(f) is
divided by M (the reader is referred to the references [6], [7]-[10], [12], [13], [16]
and [17]).

According to Shub—Sullivan [18] and Chow—Mallet-Paret—Yorke [2], a neces-
sary condition such that Op(f,0) # 0, say, there exists at least one periodic
orbit of period M hidden at the fixed point 0 of f, is that the linear part of f
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at the origin has a periodic point of period M (see Lemma 2.9 and its conse-
quence Lemma 2.10(a)). The term “linear part” indicates the linear mapping
C*—Cn»,

n n
l(l‘l,... ,l‘n): ( E 15T, .-, E anjx]),
Jj=1 Jj=1

) =210~ (5],

is the Jacobian matrix of f = (f1,..., fn) at the origin.

where

We have proved in [21] that the above necessary condition is sufficient. Thus,

one has

THEOREM 1.2. Let M € N, f € O(C",0,0) and assume that the origin is
an isolated fived point of fM. Then, O (f,0) # 0 if and only if the linear part
of f at 0 has a periodic point of period M .

If M > 1, then by Lemma 2.8, the linear part of f at 0 has a periodic point
of period M if and only if the following condition holds.

CoNDITION 1.3. Df(0) has eigenvalues A1, ..., s, s < n, that are primitive
may-th, ..., mg-th roots of unity, respectively, such that M 1is the least common
multiple of my,... ,ms.

Thus, if M > 1, by the above theorem, Op;(f,0) > 1 if and only if Condition
1.3 holds. This gives rise to the following problem.

PrROBLEM 1.4. Assume that Condition 1.3 holds. Under which additional
condition, one has Oy (f,0) > 27

There are two aspects to study this problem. One is to study D f(0) alone
and we have proved the following theorems.

THEOREM 1.5 ([22]). Let M > 1 be a positive integer and let A be a 2 by 2
matriz. Then the following conditions are equivalent:
(A) For any holomorphic mapping germ f € O(C?,0,0) such that D f(0) =
A and that 0 is an isolated fized point of both f and fM,

Own(f,0) > 2.

(B) The two eigenvalues A1 and Az of A are primitive mq-th and ma-th roots
of unity, respectively, and one of the following conditions holds.
(bl) my =mo = M, Ay = Ay and A is diagonalizable,
(b2) my = me = M and there exist positive integers o and 3 such that
l<a<M,1<pB<M and

C=Xy AN =X\, af>M+1.
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(b3) mq|ma, me = M, and )\gnz/ml £ A
(bd) M = [my,ms], (m1,mz) > 1 and max{my, ma} < M.

Here, [m1, mo] denotes the least common multiple and (m;, mo) denotes the
greatest common divisor, of my and mg, and m|ms means that m, divides meo.

THEOREM 1.6 ([23]). Let M > 1 be a positive integer, and let A be ann xn
matriz (n > 3) such that all eigenvalues of A are the same primitive M-th root
of unity. Then the following conditions are equivalent:

(A) For any holomorphic mapping germ f € O(C",0,0) such that Df(0) =

A and that 0 is an isolated fized point of both f and fM,

On(f,0) > 2.

(B) A has at least two distinct nontrivial invariant space.

In this paper, we study the above problem in another aspect, to consider the
higher order terms, in the case that the mapping f is given by

flz1, ... yzn) = (21, Ao, ..., Adny) + o(|z]),

where, x = (21,...,%,), A1,...,A\, are primitive mq-th, ..., m,-th roots of
unity, respectively, and mq, ... ,m, are distinct primes. Then, O, . m, (f,0) >
1 if 0 is an isolated fixed point of f™1>»"n by Theorem 1.2.

By the theory of normal forms (see Corollary 3.2 in Section 3), there exists
a local biholomorphic transform h € O(C",0,0) in the form of

h(yla s 7yn) = (yla v ayn) + 0(|y|)a
where y = (y1,...,Yn), such that

g(y) =h~"o foh(y)

can be expressed as

n
Ay + 1 Z ayy;" + hy
i=1

n
AnYn + Yn Z amy:m + hy

i=1
where, aj; are complex numbers and each h; is a polynomial in yi™, ... ym»
without constant and linear terms, that is, in a neighbourhood of the origin, h;
has a power series expansion in the form of

N

(1.2) S @) @)

i1+t =2
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for some positive integer N. We will call the matrix A, (f) = (a;;) the first
resonant matriz of f determined by h at 0. By Lemma 2.11, for any positive
integer M, O (f,0) = Opn(g,0).

Now, we can state our main result.

THEOREM 1.7. Let mq,... ,m, be distinct primes and let f € O(C",0,0).
Assume that the origin is an isolated fized point of both f and fM and that
Df(0) = (A1,...,An) is diagonal, where A1,..., N\, are primitive mq-th, ...,
My -th roots of unity. Then

(1.3) Oy ..mn, (f,0) > 2

if one of the first resonant matrices An(f) of f at 0 is singular, say,

(1.4) det A (f) =0.
Here and throughout this paper, when we use the vector notation (A1, ..., \p)
to denote a square matrix, it denotes the n x n diagonal matrix with Ay, ..., A,

down its main diagonal. But when there is no extra explanation, the notation
(A,..., An) always denotes a vector.

Sections 2—4 are arranged for proving the main theorem, and the proof will
be completed in Section 5.

ExaMpPLE 1.8. For one variable holomorphic functions, it is relatively easy
to understand the number Oy (f,0) and Theorem 1.7.

We first introduce an iteration formula of one variable functions. Let M € N,
let

F(2) = A+ o(2)

be a germ of holomorphic function at the origin and assume that A = f/(0) is
a primitive M-th root of unity. Then it is well known (see [15]) that either (i)
fM(z) = 2, or (ii) there exist an o € N and a constant a # 0 such that

fM(Z) — Z+aZaM+1 —|—O(ZQM+1).

In the later case (ii), we show that Oy (f,0) = .
In fact, in case (ii), we have s (0) = oM 41 and iy (0) = 1 for any j € N
with j # 0 (mod M). Thus, (1.1) becomes

Par(£,0) = ppar 0) 4 3 (1) pugar (0)
"

@+ Y (F
TCP(M)
T#D
#P(M)

=g (0)+ Y (-1

k=1

(#P,EM)) — g (0) — 1,
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and then one has u
«
Oum(f,0)= SYa

On the other hand, in case (ii), by Corollary 3.2, there exists a holomorphic

= Q.

function h(z) = z + o(z) defined in a neighbourhood of the origin such that
g(z) =h7 o foh(z) = Az + ApzMT 4 o(zMTY),
where Aj, is a constant, and then, it is easy to see that
GM(2) = 2+ MANM=LMAL | (M1,

and, repeating the above argument, we have that Op(g,0) > 1, and Ops(g,0) >
1 if and only if A = 0. Thus by Lemma 2.11, Op(f,0) = Opr(g,0) > 1 if and
only if Ay, = 0. So, in the case n = 1, we have already proved Theorem 1.7, and
moreover, we see that the sufficient condition in Theorem 1.7 is also necessary,
namely, (1.3) implies (1.4).

EXAMPLE 1.9. Let f € O(C?,0,0) be given by

f(@,y) = Quz + o(x), Aay + 0(y)),

such that A; is a primitive mi-th root of unity, Ao is a primitive msy-th root of
unity, m1 and mg are distinct primes, and 0 is an isolated fixed point of f™1™2,
Then there exist nonzero constants a, b, and positive integers o and 3 such that

T+ ax®™ (1 + 0(1)) >

I )t = < P y(1+ o(1))

£ ()T = < AT?z(140(1)) > ’

y+by "t (1 + o(1))
and "
(g )T = T + amox 1+1 (1+o0(1)) .
y + bmxPm2 (1 + o(1))
Thus, by Cronin Theorem introduced in Section 4 we have

(1.5) fpma (0) = Tfmi_id = @My + 1,
(1.6) prpmz (0) = mpma_ia = Bmag + 1,
(17) /Lfm1MQ (0) = melmz,id = (am1 + ].) (5m2 + ].)

On the other hand, it is easy to see that
(1.8) wyp(0) =1.
Thus, by (1.1), (1.5) and (1.8) we have

Pml(f’o) = Hfma (0) _:u’f(o) = amzq,
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by (1.1), (1.6) and (1.8) we have
Py (f,0) = gz (0) = p (0) = By,
and by (1.5)—(1.8) and (1.1) we have
Pavsns (£,0) = i (0) = fims (0) — pigms (0) + 1 = .

Hence, we have

Oml(fao) =q, 0m2(f70) = ﬁvomlmz(fao) = af,

and

(1-9) Omnnz(fv 0) = Om, (fv O)Omz(fv O)-

By this example, one may guess that there is a relation between the numbers
Om, (£,0), O, (f,0) and Onyym, (f,0) similar to the above equality (1.9). But
see the next example.

EXAMPLE 1.10. Let k > 1 be any given positive integer and f € O(C?,0,0)

be given by
- gt 2R g g3
(f(z,y)" = 627ri/3y + xzy + y3k+1 :

We show that Ox(f,0) = O3(f,0) =k, but Og(f,0) = 1.
After a careful computation, we have

T — x2k:+1 o _ 9 3 o
(L10) (Plaa)” = (TTH L) e,

—2(1 4 o(1)) ) |

(1.11)  (F(z,y)T = (y + 3e2m/3329(1 + 0(1)) + 3e*m/343k+1(1 4 (1))

and

(fS(@.y) = (w + xm(x,y))

Y+ yha(z,y)
with

hi(z,y) = =62 (1 + o(1)) = 6y°(1 + o(1)),
ha(z,y) = 667222 (1 + o(1)) + 6¢*™ /24> (1 + o(1)).
By (1.10) and Cronin theorem, we have
py2(0) = mp2_5a(0) = 2k + 1.
Similarly, by (1.11) and Cronin theorem, we have
s (0) = mpo_1a(0) = Bk + 1.
On the other hand, pf(0) = 1. Therefore, by the formula (1.1), we have
Py(f,0) = ps2(0) =1 =2k and Ps3(f,0) = pyss(0) — 1 = 3k;
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and then, we have
O2(f,0) = P(f,0)/2=k and Os(f,0) = P3(f,0)/3=k.

Next, we show that Og(f,0) = 1. It is clear that z176(0) equals the zero order
of the mapping
fO —id: (2, y) = (zha (2, y), yha(z,y)),
and by Lemma 2.12, the zero order of f® —id at 0 is the sum of the zero orders
of the four mappings putting (z,y) into (z,y), (z,ha(z,v)), (h1(z,y),y) and
(h1(z,y), ha(x,y)), which are 1, 3k, 2k and 6, respectively, by Cronin Theorem.
Thus p176(0) = 5k 4 7, and then, by the formula (1.1), we have

PG(f,O) :/JfG(O) —/J,fz(O) —Mf3(0)+1 :5k+7—2k— 1 —3k—1+1,
and then Ps(f,0) =6, and Og(f,0) = 1.

REMARK 1.11. By Theorem 1.2, the numbers Op,,, ..., Om,, Oy, o)
have the relation that

Oty 21 i Oy > 1,...,0,, >1,

where [my, ... ,m,] denotes the least common multiple.

2. Some basic results of fixed point indices and zero indices

In this section we introduce some results for later use. Most of them are
known.

Let U be an open and bounded subset of C* and let f:U — C™ be a holo-
morphic mapping. If f has no fixed point on the boundary OU, then the fixed
point set Fix(f) of f is a compact analytic subset of U, and then it is finite (see
[3]); and therefore, we can define the global fixed point index L(f) of f as:

L(f)= > wusp),
peFix(f)
which is just the number of all fixed points of f, counting indices. L(f) is, in
fact, the Lefschetz fixed point index of f (see the appendix section in [21] for the
details).
For each m € N, the m-th iteration f™ of f is understood to be defined on

m—1
K, (f)= ﬂ fRO)={zcU;ff(z)eUforall k=1,... ,m— 1},
k=0

which is the largest set where f™ is well defined. Since U is bounded, K,,(f) is
a compact subset of U. Here, f° = id.

Now, let us introduce the global Dold index. Let M € N and assume that
M has no fixed point on the boundary OU. Then, for each factor m of M, f™
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again has no fixed point on OU, and then the fixed point set Fix(f™) of f™ is
a compact subset of U. Thus, there exists an open subset V;, of U such that
Fix(f™) C V;n C Vy, C U and f™ is well defined on V,,, and thus L(f™) is
well defined and we write L(f™) = L(f™|g7), where f™[— is the restriction of
f™ to V,,. In this way, we can define the global Dold index (see [5]) as (1.1):

(2.1) Pu(f)= > (—D#L(fM7).

TCP(M)

Let m € N. Tt is clear that, for any compact subset K of U with |Jj~, fI(K)
C U, there is a neighbourhood V' C U of K, such that for any holomorphic
mapping g: U — C" sufficiently close to f, the iterations ¢/,j = 1,... ,m, are
well defined on V' and

max [g(x) — f(z)] — 0 = max max|¢’(z) — f/(z)| — 0.
zeU 1<j<m 2V

We shall use these facts frequently and tacitly.

LEMMA 2.1 ([14]). Let f € O(C™,0,0) and assume that the origin is an
isolated fized point. Then pug(0) > 1, and the equality holds if and only if 1 is
not an eigenvalue of D f(0).

We denote by A™ a ball in C" centered at the origin.

LEMMA 2.2 ([14]). (a) Let f: A" — C™ be a holomorphic mapping such that
f has no fized point on the boundary OA™. Then there exists a 6 > 0 such

that any holomorphic mapping g: A — C™ with max g(x) — f(z)] <6 has

TEA™
nitely man zed points in An and satisfies
Y Y p

Lig)= Y p)= > nsp) =L

peFix(g) peFix(f)

(b) In particular, if O is the unique fived point of f in A™, then for any
g9(x) — f(x)] <0,

holomorphic mapping g : A" — C™ with max

rEA™

pr0) = > pglp),

peFix(g)

and if in addition all fized points of g are simple, then
15 (0) = #Fix(g) = #{y € A" g(y) = y}.

This result is another version of Rouché Theorem which is stated as follows
(see [14]).
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THEOREM 2.3 (Rouché Theorem). Let f: A" — C™ be a holomorphic map-
ping such that f has no zero on OA™, Then there exists a 6 > 0 such that any
g(x)— f(x)| < d has the same
number of zeros in A" as f, counting zero orders, say,

Y m@) =) mle).

f(@)=0 g(x)=0

holomorphic mapping g: A" — C™ with maxX,ecgan

LEMMA 2.4 ([21]). Let M be a positive integer, let U be a bounded open
subset of C", let f:U — C™ be a holomorphic mapping and assume that f* has
no fized point on OU. Then:

(a) There exists an open subset V' of U, such that f™ is well defined on
V, has no fized point outside V', and has only finitely many fized points
n V.

(b) For any holomorphic mapping g : U — C™ sufficiently close to f, g™
is well defined on V., has no fived point outside V and has only finitely
many fized points in V; and furthermore,

L(g™) = L(fM),  Pu(g) = Pul(f)-

(¢) In particular, if pg € U is the unique fized point of both f and fM in U,
then for any holomorphic mapping g:U — C™ sufficiently close to f,

L(g™) = L(f™) = pp(po),  Pr(9) = Pu(f) = Par(f.po).

LEMMA 2.5. Let M be a positive integer and let f: Am — C™ be a holomor-
phic mapping such that f™ has no fized point on OA™ and each fized point of
M is simple. Then, Fix(fM) is finite, and

(a) L(fM) = #Fix(fM) = 3, 0 P (f);
(b) Py (f)/M is the number of distinct periodic orbits of f of period M.

PRrROOF. This is proved in [6] (see [21] for a very simple proof). O

A fixed point p of f is called hyperbolic if D f(p) has no eigenvalue of modu-
lus 1. If p is a hyperbolic fixed point of f, then it is a hyperbolic fixed point of
all iterations f7,j € N. A hyperbolic fixed point is a simple fixed point, and so
it has index 1 by Lemma 2.1.

LEMMA 2.6 ([23]). Let M be a positive integer, let U be a bounded open
subset of C*, let f:U — C™ be a holomorphic mapping, and assume that f™ has
no fized point on OU. Then Py (f) > 0. In particular, if p € U is an isolated
fized point of both f and fM, then Py(f,p) > 0.
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LEMMA 2.7 ([23]). Let k and M be positive integers and let f € O(C™,0,0).
Assume that 0 is an isolated fized point of both f and fM, and there exists a
sequence of holomorphic mappings f; € O(C™,0,0), uniformly converging to f
in a neighbourhood of 0, such that Oy (f;,0) > k. Then Oum(f,0) > k.

LEMMA 2.8. Let L: C™ — C™ be a linear mapping and let M > 1 be a positive
integer. Then L has a periodic point of period M if and only if L has eigenvalues
Al .-+ 5 A, 8 < n, that are primitive mq-th,. .. ,mg-th roots of unity, respectively,
such that M is the least common multiple of mq, ... ,ms.

This is a basic knowledge of elementary linear algebra. The following result
is due to Shub and Sullivan.

LEMMA 2.9 ([18]). Let m > 1 be a positive integer and let f € O(C™,0,0).
Assume that the origin is an isolated fixed point of f and that, for each eigenvalue
X of Df(0), either A =1 or ™ # 1. Then the origin is still an isolated fized
point of f™ and

t5(0) = pgm (0).
LEMMA 2.10. Let f € O(C",0,0) and let
M = {m € N the linear part of f at 0 has periodic points of period m}.

Then,
a) For each m € N\ My such that 0 is an isolated fized point of f™,
f

Pm(f,O):O,

(b) For each positive integer M such that 0 is an isolated fived point of f™,

pps(0) = > Pu(f,0).

meMy
m|M

PRrROOF. (a)and (b) are essentially proved in [2] (see [21] for a simple proof).0]

LEMMA 2.11. Let k be a positive integer, let f and h be germs in O(C™,0,0)
such that 0 is an isolated fived point of both f and f* and det Dh(0) # 0, and
let g=ho foh™'. Then 0 is still an isolated fized point of both g and g*,

:U/fk(o)::ug’”<0) and Pk(f70>:Pk(g70)
Therefore,
Ok(f7 O) = Ok(g70)

PrOOF. The first equality is well known. The second and the last follow
from the first equality and the definition of Dold’s indices. O
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LEMMA 2.12 ([14]). Let hy and ha be germs in O(C™,0,0). If0 is an isolated
zero of both hy and hg, then the zero order of hy o he at 0 equals the product of
the zero orders of h1 and hy at 0, say, Th,oh,(0) = mh, (0)7h,(0).

3. Normal forms and iteration formulae

The following lemma is known as a basic result in the theory of normal forms
(see [1, p. 84-85]).

LEMMA 3.1. Let f € O(C™,0,0) and assume that Df(0) = (A1,...,\n) s
a diagonal matriz. Then for any positive integer r, there exists a biholomorphic
coordinate transform in the form of

(Y1, yn) = H(z1,... ,xp) = (z1,... ,x,) + higher terms

in a neighbourhood of the origin such that each component g; of g = (g1,--- ,9n)
= H ' o foH has a power series expansion

T
gi(z1,... ,zn) = Njz; + Z c{lu_inx? ...z + higher terms, j =1,... ,n,
i Hedin=2
in a neighbourhood of the origin, where the sum extends over all n-tuples (i1, . .. ,

in) of nonnegative integers with
2<ir . din<r and M= A1 N
COROLLARY 3.2. Let f € O(C™,0,0). If all eigenvalues Ay, ... , A\, of Df(0)
are primitive mq-th,... ,my-th roots of unity, respectively, and my,... ,m, are

distinct primes, then for any positive integer N, there exists a biholomorphic
coordinate transform in the form of

(ylv"~ ayn) :h(I'L... 7:17,”)

in a neighbouhood of the origin such that g =h=to foh = (g1,...,9n) has the

form
Gi (@1, my) = Ny Faphy(a ) oz Y), G=1,... 0,
where each hj is a polynomial in "', ... ,x'™ without constant term.

This corollary follows from the previous lemma. See [21] for a simple proof.

LeEmMA 3.3 ([21]). Let f € O(C™,0,0) be a holomorphic mapping given by

n
fj(mh s Tp) = AjTj + T Zaﬂ‘r:m +xipj + 0(|x|m1...mn)7j =1...,n,
i=1
where A1, ..., Ay are primitive mq-th,... ,m,-th Toots of unity, respectively, my,

., my, are mutually distinct primes and each p; is a polynomial in 7", ...  zp™
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without constant terms and linear terms. Then the k-th iteration f* = (fl(k), cey

flk)) of [ is given by

S
k - i k
fJ( )(xl, e Ty) = A;-CZE]' + k)\g? Yo, Zajim;n‘ + 17]‘175' )4 o(|z|™r"m),
i=1
for 1 < j <mn, where each pgk) is a polynomial in x**, ...,z without constant
terms and linear terms.
(k)

Recall that the condition about p; and p;” means that p; and p

(k

)
; have

power series expansions of the form (1.2).

4. Cronin Theorem and a consequence

THEOREM 4.1 (Cronin, [4]). Let P = (P1,...,P,) € O(C",0,0) be given by

o
Pj($17.-.,$n): ijk(l'l;"',wn)a j:l)...7n,

k:m]-
where each Pj, is a homogeneous polynomial of degree k in x1,... ,x,. If 0 is
an isolated solution of the system of the n equations

(4.1) Pjm;(x1,...,2,) =0, j=1,...,n,

then 0 is an isolated zero of the mapping P with zero order wp(0) = mq ... my,.
If 0 is an isolated zero of P but is not an isolated solution of the system (4.1),
then

mp(0) > my...my,.

To apply this theorem, we first prove a lemma.

LEMMA 4.2. Let M and k; be positive integers, j = 1,...,n. Then 0 =

(0,...,0) is an isolated solution of the system
(4.2) zfj Zaj,-zzM =0, 1<j<n,
i=1

if and only if all principal submatrices of (a;;) are nonsingular (1), where each

aj; 15 a complex number and z1,... ,z, are unknowns.

PROOF. It is clear that 0 is not an isolated solution of (4.2) if and only if
there exist a positive integer k¥ < n and a permutation {i1,... ,i,} of {1,... ,n}
such that 0 is not an isolated solution of the system

aillzi’\/[—i—...—i—aimz% =0, l=1,...,k,
zi, =0, Il=k+1,...,n,

(1) For the n x n matrix A = (a;), a k x k matrix B = (bst) = (aj, j,) is called a principal
submatrix of A if it is obtained from A by deleting some n — k rows and deleting the same
columns of A, say, i1 = j1,... ,ix = Jk-



THE NUMBERS OF PERIODIC ORBITS HIDDEN AT FIXED POINTS 79
which is equivalent to the system

M M _ _
am-lzil +...+amkzik —O, l—]., ,k,

zi, =0, I=k+1,...,n.

It is also clear that the previous system has no isolated solution at 0 if and only
if the system
M—i—...—|—ailik2%:0, lzl,...,]{},

Qi34 244
has no isolated solution at 0, which is equivalent to the condition that the prin-

cipal submatrix

Ajq4q N Ay g,
Agpiq ‘e (L7
of (a;;) is singular. This completes the proof. O

We now apply Cronin theorem to a special case.
ProprosITION 4.3. Let my,... ,m, be positive integers and let

ri(an!™ + ...+ amz)™ +p1)
P, ooy Zn) = | oo + o(Jx| ™)
Tp(ap1 7™ + .o F A + py)
be a holomorphic mapping defined in a neighbourhood the origin of C", where
each pj is a polynomial in z7**,...  x'", without constant and linear terms. If

n

the origin is an isolated zero of P, then
7Tp(0) > (m1 +1)...(mn+1),

and the equality holds if and only if all principal submatrices of (a;;) are non-

singular.
PrOOF. Let H:C" — C™ be the mapping
(X1, xp) = (z{w/ml, M may

where M = mj ... m,. Then, in the new coordinates (z1,... ,2,) the mapping
PoH = (q,...,gn) has the form

n
gi(z1,... ,2n) = Z;ij ZajizZM + higher terms, 1< j<mn,
i=1
If 0 is an isolated zero of P, then by Cronin theorem, 0 is an isolated zero of
P o H with zero order

Tpor (0) > ﬁ (;‘nl +M> =Mt ﬁu +my),

j=1 J j=1
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and by Lemma 4.2 the equality holds if and only if all principal submatrices of
(aj;) are nonsingular. On the other hand, the zero order of H at 0 is 7 (0) =
M™/(my...my) = M™ L. Thus by Lemma 2.12,

~ 7mror(0) _ T- _
mp(0) = T (0) > j];[l(l +my),

and the equality holds if and only if all principal submatrices of (a;;) are non-
singular. This completes the proof. O

PROPOSITION 4.4. Let f € O(C™,0,0) be given by

n
Filwr,eoyen) = Ny +a ) agia™ +apy +olz™ ), j=1,. m,
i=1

where A\1,..., N\, are primitive mq-th,... ,muy-th roots of unity, respectively,
ma,...,my, are distinct primes and each p; is a polynomial in x"*,... z}™
without constant and linear terms. Then, for any t-tuple (i1,... ,i;) of positive
integers with 1 < i1 < ... < 1y < n, if all the principal submatrices of the prin-
cipal submatriz (a;.;,)ixt are nonsingular, then 0 is an isolated fized point of
[ gnd the following two formulae hold.

Hopmig iy (0) = (mil + ].) . (mit + 1),

P’mil---mit (f, 0) = mil e mit.

ProoF. This is proved in [21] in a more general version (see Section 3
in [21]). O

5. Proof of the main theorem

We first state a property of matrices.

LEMMA 5.1. Let A be an n X n matriz. If det A = 0, then there exists a
sequence of matrices Ay converges to A such that, for each k, det A = 0 but all
s X s submatrices of Ay with s < n are nonsingular.

PrOOF. This follows from the fact that any square matrix can be arbitrarily
approximated by nonsingular matrix and any sufficiently small perturbation does
not change the nonsingularity of a nonsingular matrix. We omit the standard
argument. O

PRrROOF OF THEOREM 1.7. Assume that there is a local biholomorphic trans-
form

= h(y) =y +o(ly]),
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where y = (y1,... ,Yn), such that the first resonant matrix A (f) of f at 0 is
not invertible, say, the mapping g =h™'o foh = (g1,... ,g,) has the form

n
(B gi=Ny+y > auy™ +ypy +o(ly™ ™), 1<) <n,

i=1
with
(5.2) det Ay (f) = det(a;;) =0,
where each p; is a polynomial in yi™,...,yn'", without constant and linear
terms.

By (5.2) and Lemma 5.1, there exists a sequence Ay, = (ag, ;) of nxXn matrices
converging to A, as k — oo, such that for each k, all proper square submatrices
of Ay are invertible but det A, = 0. We then consider the holomorphic mapping

9k = (k1 --- »gkn) given by

n
ki = Njyi 95 D ak gyl +ypy +olly™), 1<) <,
i=1
which is obtained from g = (g1,...,9n) by just replacing the numbers a;; in
(5.1) by the numbers ag, j;. Then the mappings g converges to g uniformly in a
neighbourhood of the origin and by Lemma 3.3, for M = m; ... m,, the M-th

iteration gM = (g,(cjlm, - 7g,(cjg)) of gi has the form
M _ m; M 1My -
(5:3) gy =5+ MA Ny Y a4 py ollym ), 1< <,
i=1
where each pE-M) is a polynomial in y7™, ...y, without constant and linear
terms. By (5.3) and Proposition 4.3, we have
(5.4) piga (0) = mgar _1q(0) > (m1 +1) ... (my +1).

On the other hand, by Proposition 4.4, for any ¢-tuple (i1, ... ,i;) with 1 <
i1 <...<1is <n,t<n, we have

(5.5) Pon,, i, G, 0) = my <,
But by Lemmas 2.8 and 2.10,
pgp (0) =" Pu(ge,0),
m|my...my

and then, by (5.4) and the hypothesis that my,... ,m,, are distinct primes, we
have

[L@I&l (O) = Pml___mn (Ek, 0) + Z Pmil...mit (gkvo) + Pl(gk,o)

1<i1<...<i: <
1<t<n

>(my+1)...(mp+ 1),
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and then, considering that P;(gx,0) = ug,(0) =1, by (5.5) we have

Py, (G5,0) > (ma + 1) (mp +1) = > Paymy, (G0,0) + 1
1<ir<...<ir<n
1<t<n
=mi+1)...(m,+1) — Z My ..My, +1=mq ..M.
1<ir <. <ip <n
1<t<n

Thus, O (gk,0) > 1. But Opr(gk, 0) is an integer, we have
Om(gx,0) > 2.

and thus, by Lemma 2.7,
OM (gu 0) 2 27
and then by Lemma 2.11 we have

On(f,0) > 2. O

6. An open problem

PROBLEM 6.1. Is the sufficient condition in Theorem 1.7 necessary? In other
words, does (1.3) imply (1.4)?

If the answer is affirmative, then one can easily see that the nonsingularity
of the first resonant matrix A (f) is independent of the transform h.
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