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ON CURVED SQUEEZING AND CONLEY INDEX

KRzyszTOF P. RYBAKOWSKI

Dedicated to Professor Lech Gérniewicz on the occasion of his 70-th birthday

ABSTRACT. We consider reaction-diffusion equations on a family of do-
mains depending on a parameter € > 0. As ¢ — 0, the domains degenerate
to a lower dimensional manifold. Using some abstract results introduced
in the recent paper [2] we show that there is a limit equation as ¢ — 0 and
obtain various convergence and admissibility results for the corresponding
semiflows. As a consequence, we also establish singular Conley index and
homology index continuation results. Under an additional dissipativeness
assumption, we also prove existence and upper-semicontinuity of global at-
tractors. The results of this paper extend and refine earlier results of [1]
and [7].

1. Introduction

Let M be a smooth k-dimensional submanifold of R¢. There is a so called
normal neighbourhood U of M and for every e € ]0, 1] there is a transformation
I.:U — U which squeezes U by the factor € orthogonally towards M. Given
a smooth bounded domain Q with C1Q C U let Q. = T[] be the squeezed
domain. Given a function G: R — R satisfying appropriate regularity and growth
assumptions to be specified later, we consider, for each e € ]0, 1], the semilinear
parabolic Neumann boundary value problem

u =Au+Gu), t>0, 7€,
0, u=0, t>0, T€dN..

e
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Here, A is the Laplace operator in the z-variable and v, is the outer normal
vector field on 9€2.. If B, is the linear operator generated on L?(f).) by the
bilinear form

G H' () x HY(Q.) — R, (’d,’ﬁ)n—>/ Vi - Vo dz
QE

and G is the Nemitski operator of G, then equation (E) can be written abstractly

as the semilinear evolution equation
(F.) i=-B.i+G@)

generating a local semiflow on the space H'(Q.). As ¢ — 07T, the domains
degenerate to M. The natural question arises if the family (ﬁs) has some limit
equation and a corresponding limit local semiflow. This problem was considered
in [7], where some previous results from [6] were generalized from the special
flat squeezing case to general curved squeezed domains. The idea is to perform
the change of variables & = u o I'. in order to transform (F.) to the equivalent

problem
(Fe) i=—A.u+ Gu)

with Acu = B.(uoT's1) oI, generating a local semiflow 7. on the fixed space
HY(Q). Tt turns out that the family (F.) has a limit equation

(Fo) i =—Agu+ G(u)

generating a local semiflow 79 on a closed subspace HL(Q) of H'()). Some
singular linear and nonlinear convergence results together with existence and
upper semicontinuity results for attractors are established in [7], extending pre-
vious results from [6]. In the paper [1] a singular Conley continuation result for
the family (7c).c[o,1) in the flat squeezing case is proved. The essential growth
assumption in all these papers is

|G'(w)| < C(lul® +1), weR
for £ > 3 where § < 2/(¢ — 2). For the important case ¢ = 3, this means that
|G’ (u)] < C(Jul* +1), ueR.

The purpose of this paper is to extend these result to functions G of higher
growth. In fact, we essentially assume, for £ = 3, that

|G/ (w)| < C(Jul® +1), uweR

where 8 < 4. We will then verify the abstract conditions (Spec), (Comp) and
(Conv) introduced in the recent paper [2]. The results of [2] then imply several
singular linear and nonlinear convergence theorems for the corresponding local

semiflows with the resulting singular Conley index and homology index braid
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continuation principles. We also prove (under some additional dissipativeness
hypothesis) existence and upper semicontinuity of attractors. The results of this
paper extend and refine results from [1] and [7].

2. Preliminaries

In this paper all linear spaces are over the reals.

Let H be a vector space and V be a linear subspace of H. Let a:V xV — R
be a bilinear form on V and b: H x H — R be a bilinear form on H. If A € R,
u € V' \ {0} satisfy

a(u,v) = Ab(u,v) foralveV

then we say that A is an eigenvalue of the pair (a,b) and u is an eigenvector of
the pair (a,b), corresponding to A. The dimension of the span of all eigenvectors
of (a,b) corresponding to A is called the multiplicity of \. If each eigenvalue has
finite multiplicity and there is a nondecreasing sequence (A, ),en which contains
exactly the eigenvalues of (a,b) and the number of occurrences of each eigen-
value in this sequence is equal to its multiplicity, then this sequence is uniquely
determined and is called the repeated sequence of the eigenvalues of (a,b).

Given a and b as above define R = R(a,b) to be the set of all pairs (u,w) €
V x H such that a(u,v) = b(w,v) for all v € V. We call R the operator relation
generated by the pair (a,b). If R is the graph of a mapping B: D(B) — H, then
this map is called the operator generated by the pair (a,b).

It follows from the definition that B (if it exists) is linear and (A, u) is
an eigenvalue-eigenvector pair of (a,b) if and only if (A, u) is an eigenvalue-
eigenvector pair of B.

Let us also note that the condition for the existence of a repeated sequence
of eigenvalues as given in [6] and [7] is insufficient. This, however, is completely
irrelevant for the validity of the results contained in those papers.

The following proposition is well-known:

ProproSITION 2.1. Let V', H be two infinite dimensional Hilbert spaces. Sup-
pose V. C H with compact inclusion, and V is dense in H. Let b= (-, -) be the
inner product of H and || - || and | - | denote the Fuclidean norms of V. and H.
Let a:V xV — R be a symmetric bilinear form on V. Assume that there are
constants d, C, a € R, a > 0, such that, for allu, v eV,

la(u, v)| < Cllull[v],
a(u,u) > aljul]* — dful*.
Then the operator relation generated by (a,b) is the graph of a linear selfad-

joint operator B on (H,b) with compact resolvent. Moreover, each eigenvalue of
(a,b) (equivalently, of B) has finite multiplicity and the repeated sequence (Ap)n
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of eigenvalues of (a,b) exists. Furthermore, there exists a b-orthonormal and
b-complete sequence (wy)y, in V such that, for each n € N, w, is an eigenvector
of (a,b) corresponding to X. Finally, if d =0, then B is positive, D(B'/?) =V
and

a(u,v) = b(BY?u, BY?v), w,veV.

Suppose (H, (-, -}) is an infinite dimensional Hilbert space and let A: D(A)
C H — H be a (densely defined) selfadjoint operator on (H, (-, -)p) such that,
for some \ € |0, 00|, the operator A = A + \Idy is positive with A= H — H
compact. Using the notation of [2] the linear space Hg = Hz(A) = D(AP/?),
B € [0, 00[ is a Hilbert space under the scalar product

(u,v) g, = (AB/QU,A’G/%)H, u,v € Hg.

For 8 € ]0,00], let H_ = Hj be the dual of Hg. It follows that H_s is a Hilbert
space under the dual scalar product

(w,v)g_, = (Fﬁ_lv,Fﬁ_leB, u,v € H_g,

where Fjg: Hg — H_g, u+ (-,u)n,, is the Fréchet-Riesz isomorphism.
For § € [0,00[ define the map ¢g: H = Hy — H_p by ¥3(u) = y, where
y: Hg — R is defined by

y(v) = (v,u)g, v € Hp.

g is an injection (which we call the canonical embedding) so that we can (and
will) identify elements w € H with ¢g(u) € H_,. We thus consider H as a linear
subspace of H_g.

Fix an « € [0,00[. Let A= A, Hy , — H_, be the unique continuous
extension of ¢, 0 A: Hy — H_,. Then Aisa densely defined positive selfadjoint
operator on the Hilbert space H_, with A“H - H compact. Moreover,
for every 8 € R, the Hilbert space Hﬂ(g) is isometrically isomorphic to the
Hilbert space Hg_o(A). Define A=A- Mdy_:He_o — H_,. Then A
is a densely defined selfadjoint operator on the Hilbert space H_,. Moreover,
A: Hy_ . — H_, is the unique continuous extension of 1, o A: Hy, — H_,.

Now suppose that « € [0,1] and let g: H; — H_,, be a locally Lipschitzian

map. Then g can be regarded as a locally Lipschitzian map from Hjio(A) to
Hy(A), so that we may consider the abstract semilinear parabolic equation

(2.1) i = —Au+ g(u)

generating a local semiflow on H;. By the definition of solution given in [5] and
equivalent to the definition of solution of the corresponding integral equation,
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we see that a function u: [0, tg[ — Hy, where ¢y € ]0,00], is a solution of (2.1) iff
u is a solution of

(2.2) W= —Au+ M+ g(u)).

Now let (H, (-, - )m) be another Hilbert space and R: H — H be a bijective linear
isometry. Let R': H' — H’ be the dual map. Define the map A: R[D(A)] — H
by
ARu=RAu, wue€D(A).

Then A is a densely defined selfadjoint operator on the Hilbert space H such
that A = A + Adg is positive with A™':H — H compact. Let Hy = Hs(A),
B € R, be the corresponding scale of Hilbert spaces. For 3 € [0, 00| let ¢ 5 H=
H, — H_4 be the corresponding canonical embedding.

Let A = ga:ﬂ%a — H__ be the unique continuous extension of v, o
A:H, — H__. Again A is a densely defined positive selfadjoint operator
on the Hilbert space H_, with Eil:ﬂ — H compact. Define A = A —
Ady_ :H, , — H_,. Then again A is a densely defined selfadjoint oper-

ator on the Hilbert space H_,.

It is easily seen that for each 8 € [0, o[ the map R induces, by restriction, an
isometry Rg from Hg onto H s and so the dual map R_g := Rj; is an isometry
from H_; onto H_g. Since, as is immediately seen, 15 = R_g o %ﬂ o Rg, it
follows that

A= R_, ogoRg_a.
Define the function g: H; — H_, by

g=R_oo0goR;.

We call g the R-conjugate of g. It follows that a function w:[0,to[ — Hi, where
to € ]0, 0] is a solution of equation (2.1) if and only if the function u = Row is
a solution of the equation

(2:3) = ~Au+ glu).

3. The abstract conditions (Spec) and (Comp).

In this section we will introduce the operators A. mentioned above and
prove some abstract results about them. In particular, we prove the abstract
conditions (Spec) and (Comp) introduced in [2]. As a consequence, we obtain,
in Conclusion 3.13, two singular convergence theorems for the corresponding
families of linear semigroups.

We assume the reader’s familiarity with the abstract part of [2] and with the
paper [7]. However, for the reader’s convenience we collect (with different nota-

tion) some relevant technical material from [7] and correct some inaccuracies of
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that paper. In particular, we give a correct definition of a normal neighbourhood
and prove its existence.

We assume throughout that ¢, k and r are positive integers with r > 2, £ > 2
and k < . By || - || we denote the Euclidean norm in R*.

Let M C R be k-dimensional submanifold of R* of class C". For p € M we
denote by T, M the tangent space to M at the point p. We will identify T, M
in the usual way with a subspace of RY.

DEFINITION 3.1. An open set U in R is called a normal neighbouurhood
(or normal strip) of M if there is a map ¢:U — M of class C" "1, called an
orthogonal projection of U onto M and a continuous function §: M — ]0, co],
called the thickness of U such that:

(a) whenever z € U and p € M then ¢(z) = p if and only if the vector z —p
is orthogonal to T, M (in RY) and ||z — p|| < &(p);
(b) ex+ (1 —¢)p(xz) €U for all x € U and all € € [0,1].

EXAMPLES.

(a) (Flat squeezing case) Let M = RF x {0} C RY, U = R, ¢:R¥ = R¥ x
R=F — M, (z1,22) — (21,0), § = co. With this choice of ¢ and §, the set U is
a normal neighbourhood of M.

(b) Let S*~! ¢ R’ be the ¢ — 1-dimensional unit sphere, U be the set of all
z € Rf with 0 < ||z|| < 2, ¢:U — M, x+— x/||z|| and § = 1. With this choice of
¢ and 6, the set U is a normal neighbourhood of M.

We will show later that normal neighbourhoods always exist.

REMARK 3.2. In the definition of a normal neighbourhood given in [7] the
function & was erroneously omitted. This does not affect the validity of the
results of that paper, which hold true under the present, correct Definition 3.1.
On the other hand, normal neighbourhoods in the sense of [7] might not exist.
This is e.g. the case for M = S~!: for z € R*\ {0} and p € M, the vector z —p
is orthogonal to T,,(M) if and only if p = z/||z|| or p = —x/||z||, so there is no
map ¢ from a neighbourhood U of M to M such that, for each x € U and each
p € M, ¢(x) = p if and only if x — p is orthogonal to T},(M).

In the sequel we consider a fixed normal neighbourhood U of M with orthog-
onal projection ¢:U — M.

For € € [0, 1] define the curved squeezing transformation

(3.1) FoU - R zcex+ (1—e)p(x) = d(x) +e(z — p(x)).
The following important properties follow from Definition 3.1:

PROPOSITION 3.3. Let U be a normal neighbourhood of M. Then
(a) ¢(U) =M and ¢(x) = z if and only if x € M;
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(b) Do(x)v =0 for all x € U and all vectors v orthogonal to T, M, where
pi=o(x).

PROOF. Part (a) is obvious. If z € U and p = ¢(x), then x — p is orthogonal
to T,M and ||z — p|| < 6(p). Therefore, for all ¢t € R with |¢| sufficiently small,
x+tvel, |(z+tv) —p|| <dp) and (z +tv) —p = (v — p) + tv is orthogonal
to Tp,M. Thus ¢(z +tv) = p for all || small enough. In particular, D¢(z)r = 0.
This proves part (b). O

PROPOSITION 3.4. If M as above, then there exists a normal neighbourhood
of M in the sense of Definition 3.1.

PROOF. Define, as usual, the normal bundle N (M) as the subset of R x R*
consisting of all the ordered pairs (p,w) where p € M and w is orthogonal (in
RY) to T,(M). N(M) is a C"~'-submanifold of R¢ x R’. Let S:R’ x Rf — R*
be the map (p,w) — p + w. This is a C°°-map so its restriction S = §‘N(M)
to N(M) is a C"~t-map. For a € ]0,00[ and p € M let B,(p) be the set of all
(¢, w) € N(M) such that ||¢ — p|| < o and |Jw| < a. Clearly,

(3.2) Ba(p') C Bayp—p|(p), p,0' € M.

For each p € M the tangent map T(; 0)S: T(p,0)N(M) — T,R* ~ R’ is an
isomorphism. Thus there is an a = a(p) > 0 such that Sg () is a cr—1-
diffeomorphism onto its image, this image being open in Rf. We define g(p) to
be the supremum of all numbers p > 0 such that S[B,(p)] is open in R and
S|, (p) is a C"~'diffeomorphism of B,(p) onto S[B,(p)]. Thus 5(p) €10, 00] is

defined. If §(p) = oo then, by (3.2), 6(p’) = oo for every p’ € M. Thus either
d(p) = o0, so § is continuous or else d(p) < oo for every p € M. We also have

(3.3) p<s@)+ I —pl, p,p €M, pel0,ip).

In fact, this is clear if p < ||p’ — p||. If p > ||’ — p||, then, by (3.2),

B, p—p(P') C By(p), pp' €M

so p— |lp’ = p|| < &(p'). This proves (3.3) and thus

d(p) <o)+l —pll, p,p e M.

By exchanging p with p’ we finally obtain

6(p) =@ <llp— ¢, pp €M.

In particular, 5 again is continuous. Let § = 5/2 Let V be the set of all
(p,w) € N(M) with ||w|| < §(p). Continuity of ¢ implies that V is open in
N(M). Since, by construction, S is a local diffeomorphism on V', it follows that
U = S[V] is open in R’. We claim that S|y is injective. In fact, let (p,w) and
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(p',w’) € V be such that p+w = p’ + w’. We may assume that §(p') < §(p). It

follows that ||p" — p|| < ||w| + ||w'|| < §(p). It follows that there is a p € ]0,0(p)|
such that (p,w), (p/,w’) € B,(p). Since S|, () is injective, (p,w) = (p’,w’). It
follows that S;y:V — U is a Cr~l-diffeomorphism. Let ¢:U — M be the map
m1 0 (Sjy)~!, where m1: N(M) — M is the projection onto the first component.
It follows that ¢ is a C"~!-map. It is immediate that the set &/ and the functions
¢ and ¢ satisfy the conditions of Definition 3.1. O

For x € U we denote by Q(x):R* — R’ the orthogonal projection of Rf =
T,R" onto T, M, where p := ¢(z). Let P(x) = I — Q(x). Note that P(z) is the
orthogonal projection of R? = T;,R* onto the orthogonal complement of T}, M in
T,Rf = R,

The following properties are an immediate consequence of the definition:

PROPOSITION 3.5. The map [0,1] x U — RY, (¢,z) — T.(x), is continuous.
Let £ €]0,1] be arbitrary. Then

(a) Tl ={y U | oy)+ (1/e)(y — dy)) €U}, T[U] is open in R and
I.:U — T U] is a diffeomorphism of class C"~' with
I (y) = o(y) + (1/e)(y — o)), y € TeU);
(b) G(T-()) = B(x) forz €U,
THEOREM 3.6. ([7]) Forx € U and € € [0, 1] define
@) e~ (=R/2|det DT (z)| ife >0,
() =
| det(Do(2)|T,,,m)|  otherwise.

Then
Je(x) >0 foralle €0,1] and x € U.

Moreover, the function [0,1] x U — R, (e,z) — J-(z), is continuous. For every
e € [0,1] and for every x € U there exists a linear map S:(x):R* — R’ such
that, for e €10,1],
DI (Te(x)) = Se(x) + (1/e)P(x) for all z € U.
Accordingly,
(DT YT (2)T = S.(2)T + (1/e)P(z)  for allz € U.

The following properties are satisfied:
(a) the maps [0,1] x U — L(R*,RY),

(e,x) — S.(z) and (e,x)— S.(z)T

are continuous;
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(b) for every e € [0,1], for every x € U and for every v orthogonal to
To(myM
S.(z)v = S.(z)Tv =0;

(c) for every e € [0,1] and for every x € U the maps
Se(@) |1,y m: ToyM = TypyM,  Se(@) |1, m Ty(ayM — Ty(ayM
are well-defined and bijective. Furthermore,
(S0(@)|7y 0 M) ™" = D)7, M
and

(SO('Z‘)T|T¢(I)M)_1 = D¢(x)T|T¢(I)M'

Finally, o:U4 — M is an open map.

Note that the maps Se, € € [0,1] in Theorem 3.6 are uniquely determined.

Let Q be an arbitrary nonempty bounded domain in R with Lipschitz bound-
ary and such that C1Q C U.

For ¢ € ]0,1], define the curved squeezed domain Q. := T'[Q]. For € € ]0,1]
define the following bilinear forms:

e H'(Q.) x HY(Q.) — R, (ﬂ,%)H/ V() - Vo(z) d;
Qe

de: HY Q) x HY(Q.) —» R, (U,0) — e~ E7F)/2 /Q 5 Vii(z) - V() da;

as HY(Q) x H(Q) = R,  (u,v) — /Q Jo(2)(S-(2)TVu(x), S (2)T V() da
% [ L@)(P@)Vu(), P)Vo()) da:

be: L2(Q.) x L*(Q.) = R,  (0,7) — /Q u(z)v(z) da.

B L2(00) x LA(QL) — R, (@, 0) s e=(E=F)/2 / i(2)3(z) dx.
Qe

For € € [0, 1] define the bilinear form

be: L2(Q) x L2(Q) = R,  (u,v) — /Q Je(z)u(x)v(x) de.
We have
(3.4) e (uyu) + be(u,u) = ulfn .y, €€]0,1], ue H (D).

Let € € ]0,1] be arbitrary. Then Proposition 2.1 and (3.4) imply that the pair

(@, b.) generates a densely defined selfadjoint operator B, in (L?(€2.), b.), which
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we interpret, as usual, as the operator —A on (). with Neumann boundary
condition on 89.. Since d. = e~ E=%)/2g,_ and b, = e~ “~5)/2p,, we see that

(3.5)  the pair (ae, 55) generates B, and both B, and B. := B. +Id2q,)
are densely defined selfadjoint operators in (L?(Q.),b.) with B. po-
sitive and B 1: L2(Q.) — L?(€2.) compact.

Let a € ]0, 1] and 94: HO( .) = L*(Q) — H_,(B:) be the canonical embedding
and B.: Hy_o(B.) — H_o(B.) be the unique continuous extension of 9, o B..
Then, for u € D(B.) = H2(B:) and v € H1(B.),

B.u(v) = Yo (Beu)(v) = b (Beu,v) = G (u,v).
Thus a simple density and continuity argument shows that
(3.6) B.u(v) = d.(u,v), u€ Hy o(B.), ve Hi(B.).
Note that, by Theorem 3.6 there are constants C, ¢ € |0, co[ such that
(3.7) cbe(u,u) < |u\%2(m < Cb(u,u), fore€0,1] and u € L*(Q).
Let us now define the space
HYXQ):={uec HY(Q)| P(z)Vu(r) =0 ae.}.
Note that
(3.8)  HL(Q) is a closed linear subspace of the Hilbert space H'((2).
We have the following
PROPOSITION 3.7. ([7]) The space HL(Q) is infinite dimensional.

Now define the “limit” bilinear form
ap: HX(Q) x HX(Q) = R,  (u,v) / Jo(x)(So(x) T Vu(z), So(z) Vu(x)) da.
Q

Finally, let L2(9) be the closure of H:(€) in L?(Q2). Note that
(3.9)  L2(Q) is a closed linear subspace of the Hilbert space L?(2).
For ¢ €]0,1] and u, v € L%() set
(u,v)e 1= be(u,v).
For € €]0,1] and u, v € H*(Q) set

{u,v))e = ac(u,v) + b (u,v).
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By (3.7), (-, - ) (resp. (-, - ))c) is a scalar product on L?*(Q) (resp. H'(f2)). Let
| - |c (vesp. || - ||-) be the Euclidean norm on L?(f2) (resp. H'(£2)) induced by
(-, )e (resp. (-, - )e). Furthermore, for u, v € L%(Q) set

(u,v)o := bo(u,v).
Finally, for u, v € H(Q) set
{u, v)o := ao(u,v) + bo(u,v).

Again by (3.7), (-, - )o (resp. (-, - o) is a scalar product on L2(Q) (resp. H1(Q)).

Let |- |o (resp. || - [lo) be the Euclidean norm on L2(€2) (resp. H1(Q)) induced
by (-, -)o (resp. (-, -))o)-

PROPOSITION 3.8 ([7]). The following statements hold:

(a) For every § €]0,1] there exists an g € ]0,1] such that

(3.10) (1 = 8)bo(u,u) < be(u,u) < (14 0)bg(u,u)
for all u € L*(Q) and € €10,], and
(3.11) (1 =&)ap(u,u) < ac(u,u) < (14 0)ag(u,u)

for alluw € HX(Q) and € €]0,2].
(b) Whenever u and v € L*(Q), then

(3.12) be(u,v) — bo(u,v) ase — 0.
(c) There is a constant C € ]1,00[ such that
[ulle < Clluflo and [lullo < Clullc

for all w € HX(Q) and all € €]0,1].
(d)
(3.13) as(u,u) — ag(u,u) ase— 0,

for all w € HL ().
(e) There exists a vy € |0, 00[ such that

(3.14) Yulgiq) < |lulle  for alle €]0,1] and u € H' ().
By (3.7) the norms | - |-, € € [0, 1], are all equivalent to the usual norm on

L?(€), with equivalence constants independent of €. Writing H® = L2(2) for
£€]0,1] and H® = L%(Q) we thus see, using Proposition 3.7, that

(3.15) fore €[0,1], (HS, (-, -):) is an infinite-dimensional Hilbert space.

By (3.14) and a trivial estimate the norm || - |- is, for each € € ]0, 1], equivalent
to the usual norm | - \H1(Q), one of the constants depending on ¢ this time. It
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follows that, for e € ]0,1], (H*(Q2), (-, - ))e) is a Hilbert space which is densely
and compactly embedded in (H®, (-, -)c).

Now let (ug)r in HX(Q) be a || - [lo-Cauchy sequence. By Proposition 3.8
part (c) we have that, for any given ¢ € |0, 1], (ug)g is a || - ||-Cauchy sequence
and consequently also a | - [1(q)-Cauchy sequence. Thus, for some v € H' (),
the sequence (uy); converges to u in the |- [g1()-norm. Hence u € H}(Q) as
H(9) is closed in H'(Q) in the | - |51 (g)-norm. It follows that (uy)s converges
to u in the | - |.-norm and thus, since uj, —u € H}(Q2) for k € N, (uy), converges
to u in the | - |o-norm. It follows that (H1(Q),{(, -)o) is a Hilbert space. By
definition, H1(§) is dense in (H?, (-, -)o).

Now let (ug)x in HL(Q) be || - ||o-bounded. By Proposition 3.8 part (c) we
have that, for any given € € ]0,1], (ux)x is || - ||-bounded and so | - [g1(q)-
bounded. Thus, for some u € L?(€2), a subsequence of (uy), again denoted by
(ug)r, converges to u in the |- |r2(g)-norm. Hence u € LZ(2). From (3.7) we
obtain that (u) converges to u in (H?, (-, -)o).

Altogether we obtain, using Proposition 3.7, that

(3.16)  fore € [0,1], (HY(Q),{(-, - )<) is an infinite dimensional Hilbert space
which is densely and compactly embedded in (H®, (-, -).).

Now, using Proposition 3.8, part (e) and then part (a), we obtain the estimates

(3.17)  ac(u,u) > 72|u\%11(9) — |ul?, £€]0,1], ue H(Q),
(3.18)  ap(u,u) > (1+ 5)_172|u|§{1(9) —|ulz, £€]0,1], uc HXQ).

Proposition 2.1 implies that, for € € [0, 1], the pair (ae, (-, - )c) generates a den-
sely defined selfadjoint operator A, on (H®, (-, -).) with compact resolvent.
Moreover, there exists the repeated sequence (i ;); of eigenvalues of A.. For
each € € ]0,1] we also choose a corresponding (H®, (-, -).)-orthonormal and
complete sequence (w, ;); of eigenfunctions.

THEOREM 3.9 ([7]). The following properties hold:

(a) For everyj € N, u. ; — po; ase — 0.

(b) Let (en)n be an arbitrary sequence in |0, 1] converging to 0. Then there
is a subsequence of (en)n, again denoted by (ep,)n, and there exists an
(H, (-, -)o)-orthonormal and complete sequence (wq ;); of eigenvectors
of (ao, (-, -)o) corresponding to (po,;); such that, for every j,

||w5n;j — Wo,jlle, — 0 asn — oo.

Now define, for e € [0,1], A. = A, + I., where I, is the identity operator
on He. Then A, is the operator generated by the pair (((-, - De, (-, - )e)-
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By Proposition 2.1,

(3.19)  A.:D(A.) = D(A.) C H® — HE¢ is a densely defined positive selfad-
joint operator in (H®, (-, -)ye) with A.=': H® — H® compact. For
a € R write HE := Hy(AL) = D(Ai/z). In particular, H5 = H®.
We have Hf = H'(Q) if e > 0 and H{ = H!(Q) if ¢ = 0. Finally,
{u,v))e = (A;/Zu,A;/Qwa for u, v € Hf.

=

We also have that the sequence (\c;);, with A ; = pe ; + 1 for each j € N is
the repeated sequence of eigenvalues of the operator A, with (w. ;); as a cor-
responding sequence of eigenfunctions. Using (3.19) and Theorem 3.9 we thus
obtain that

(3.20)  whenever (g,), is a sequence in ]0, 1] with £, — 0 then A, ; — Xo;
as n — oo, for all 7 € N. Moreover, there is a sequence (ng); in N
with ny — oo as k — oo and there is an H%-orthonormal sequence
of eigenfunctions (wo ;); of Ay corresponding to (Ao ;); such that

[we,, j — Wo,j e = 0as k — oo, for all j € N.

H

We also claim that

(3.21)  Under the notation of (3.20), (u,w., ;)
.
for all u € HY and all j € N.

eny (u,wo ;)0 as k — oo,

Indeed,
0t e, = (0,00l = | [ (0, = T
Q
< e, — Jolo=(o) - [ulzz) - (|we,, j — wojlz2(Q) + [wo,jlr2(0))
+ [JolL=(q) - [ulr2() « [we,,, j — wo,j]L2(0)-
By (3.7),

|we,,, j = wo,jl72(0) <Clwe,, j —woj,we,, j—Wo,)e,
< Cwe,, j — wo,j, We,, j = Wo5)e,,

=Clwe,, j — wo)j|H1€nk —0 ask — .

Since |Je,, — Jo|z (@) — 0 as k — oo, the claim follows.
The statements (3.15), (3.19), (3.8), (3.9), (3.20), (3.21) and Proposition 3.8
now imply the following result.

PROPOSITION 3.10. The family (H®,(-, - )u<, Ac)eelo,1] satisfies hypothesis
[2, (Spec)].
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Now we claim that

(3.22)  whenever (g,), is a sequence in ]0,1] with €, — 0 and (&,)n is
a sequence with &, € Hi" for every n € N and sup,,ey [§n|gen < 00,
then there exist a v € HY and a sequence (ny); in N with nj — oo
as k — oo such that |£,, — v|gen, — 0 k — oc.

Indeed, by Proposition 3.8 part (e) the sequence (&,), is bounded in H(().
Thus there are a v € H'(Q) and a sequence (ng)r in N with ny — oo as
k — oo such that (&, )x converges weakly in H'(Q) and strongly in L?(Q) to
v. In view of (3.7) we only need to prove that v € H!(Q). Now the operator
V:HY(Q) — L?(Q) is linear and (strongly) continuous, so V is weakly continu-
ous. In particular,

3.23 Vén, )k converges weakly in L2(Q, Rf) to Vu.
k

Since the map P:U — L(R*,RY) is of class C"~!, it is bounded on €, so for
each u € L2(), RY), the function P(-)u, z +— P(z)u(z), lies in L?(Q, R?). Thus
by (3.23)

/ (P(2)Vén, (2), u())ge d = / (Ve (2), P(2)u(z))ge da
Q Q

— [ (Vou(z), P(x)u(z))ge dx = / (P(x)Vu(z),u(z))pe dz,

k—oo 9] Q
S0
(3.24)  (P(-)V&,, ), converges weakly in L2(Q, RY) to P(-)Vu.
Now for each n € N

1

7 [ (P@)VE(w), P)VE))ss do < [6nlhen < Sup el oo

Therefore, since €, — 0 for n — oo and inf,eninf,eq Je, () > 0, we conclude
that (P(-)V&,), converges strongly in L?(Q,R) to 0, so

(3.25)  (P(-)V&,)n converges weakly in L2(€2,R) to 0.

From (3.24) and (3.25) we conclude that P(-)Vv = 0 almost everywhere so
v € HX(Q). The claim is proved. This proves the following result.

PROPOSITION 3.11. The family (H®, (-, - )u<, Ac)ee[o,1] satisfies assumption
2, (Comp)].

Let us now relate the operators A. and B., to each other.
It is clear that, for € €]0, 1], the assignment

ur—uol,
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restricts to linear isomorphisms L?(Q.) — L*(Q) and H'(Q.) — H (). Using
the change-of-variables formula and Theorem 3.6 we see that, for € € |0, 1],

(3.26) as(uolg,vol:) = ac(u,v)
for all u,v € H*(€.). Moreover,
(3.27) be(uol.,vol.) = b.(u,v)

for all u,v € L?(€2.).
Using formulas (3.26) and (3.27) we obtain the following

PROPOSITION 3.12. The (linear) operators B, (resp. A.) defined by (ae,be)
(resp. (ac,be)) satisfy the following properties:

(a) we D(B,) if and only if uo e € D(A,);

(b) Ac(uol.) = (B.u)ol. forue D(B,).

Given € € [0,1] and « € ]0,1] let ¢, = 95: H; — HE_ be the canonical
embedding and A.: H5_, — H¢ , be the unique continuous extension of 1, 0 A..
We set A, = EE —Idp- . Proceding as in the proof of formula (3.6) we see that

(3.28) Aw) = ac(w,v), we H5_ ,, veH].
Using Proposition 3.10 we now obtain the following

CONCLUSION 3.13. The linear singular convergence results [2, Theorems 4.6
and 4.7] hold in the present case.

4. Nonlinear semiflows on squeezed domains

In this section, we consider semilinear parabolic equations on the curved
squeezed domains 2.. We first transform these equations to equivalent equa-
tions on the fixed domain 2 generating a family 7., € € [0, 1], of local semiflows.
Then, under appropriate hypotheses on the nonlinearities we establish the va-
lidity of the abstract condition (Conv) introduced in [2]. As a consequence we
obtain various convergence and compactness results for the family =, ¢ € [0, 1]
with the resulting singular Conley index and homology index braid continuation
principles.

As usual, set

20
— if £ >
2% = { (-2 we23,
an arbitrary p* € |2,00[ if £=2.
For 6 € [0,1] let

1 1\ "
Peo) = <92§3 +(1 —9)2) .
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Let g € J(1 — (1/2*))~1,2*[ be arbitrary. Then there is an « € ]0,1[ such that
p=q/(qg—1) <P

By interpolation theory, given an e € ]0,1] there is a continuous embedding
from H,(B.) to L?(€).) (with embedding constant depending on € and «). Let
Z.: HY(Q.) — L(£2.) be a locally Lipschitzian map.

ExXAMPLE 4.1. Let (.: Q2. x R — R, (z,s) — (. (x,s), be a function such
that

(a) there is a null set N, in Q. with (.(z, -) € C*(R,R) for all z € Q. \ N.;
(b) for all s € R, ((-,s) and 0s(.( -, s) are measurable on ;
Moreover, with
2%q 2%
= ) ﬁ =—-1
2" —q q
there is a constant C. € ]0, 00[ and functions @. € L"() and b. € L9(£2.) such
that

r

10:C.(x,5)| < Ce(ac(x) + |s|%), for (z,5) € (2 \ N.) x R,
¢ (2,0)] < be(z), for z € Q. \ N,
For v € HY(Q.) and 2 € Q. set Z.(u)(x) = (.(x,u(r)). Then, by stan-

dard results (cf. the proof of [3, Theorem 2.6]), Z.(u) € L(€.) and the map
Z.: HY(Q:) — L9(£2.) is Lipschitzian on bounded subsets of H!(2.).

Consider the equation
(4.1) i =—-B.u+ Z.(u).

Intuitively, if ¢y € ]0,00] and u: [0, o] — H'(€), we say that u is a ‘solution’
of (4.1) if and only if (a) u is continuous into H*(€2.) and (b) w4, is differen-
tiable into L?(Q.) and for every t € ]0,o[ and every h € H'(f2.)

(4.2) /Qu(t)(x)h(ac)d:v:7/Q Vu(t)(x)Vh(x)der/Q Ze(u(t))(x)h(z) d.

Since H'(Q)) = Hy(B.) C H,(DB.), the integrals in (4.2) make sense.

Now (4.2) is clearly equivalent to
o (i(t), h) = —a. (u(t), h) + e~ E=P)/2 / Z.(u(t))(2)h(z) dz.
Qe
Define the map g.: H'(Q.) — H_,(B.) by
ge(u)(h) = E_(L]_k)/Q/Q Ze(u(t))(x)h(x) dz, uwe HY(Q), h € Hy(B.).

We see that g. is defined and locally Lipschitzian.
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Thus by formula (3.6) and the density of H*(Q.) in H,(B:) we see that u is
a ‘solution’ of (4.1) if and only if (a) u is continuous into H*(€2) and (b) wjg 4,
is differentiable into L?(£2.) and for every ¢ € ]0, to[

a(t) = =Beu(t) + ge (u(t)).
Thus u is a “solution” of (4.1) iff u is a solution of
(4.3) i =—B.u+ g (u).
Here we have used the smoothing property of solutions of (4.3), cf. [4]. Define
R = RE:1%(Q.) — L*(Q) by u — uoT.. Formula (3.27) implies that R is

a linear isometry from (L?(9.),b.) onto (L?(2),b.). By the definition of J. and
the change-of-variables formula we have

geau<h>=:e-“-M/2/Q Z.(u)(@)h(z) da

€

= /QJ€(x)ZE(u)(FE(x))h(FE(x)) de, we€ HY (), h € Hy(B.).
Thus the R-conjugate of g. is the map g : HY(Q) — H_,(A.) given by
g, (w)(h) = /Q Je(2)Ze(wo T (Ce(2))h(z) d, ue HY(Q), h € Ha(A.).

Thus, dropping the underscores and using the results of Section 2 (cf. (2.3)
and (2.2)) we see that the local semiflow 7. generated on H'(Q.) by equa-
tion (4.3) is conjugated, via R(®), to the local semiflow on the fixed space H'(£2)
generated by equation

(4.4) o= —Acu+ f(u),

where /ng is defined after the statement of Proposition 3.12 and the map f.: H =
HY(Q) — HE, is given by

—

(4.5) ﬂ@@=/k@@@+%wﬂfwwWMM%

Q

u € HYQ), h € H_,. Therefore, from now on, we will analyze, for ¢ € ]0,1],
equation (4.4) on the fixed domain € in place of the original equation (4.3) on
the variable curved squeezed domain Q..

We will now provide a condition ensuring that the family of equations (4.4)
has a limit equation as e — 0.

PROPOSITION 4.2. Fore € [0,1], let ®.: HY(Q) — L() be a map satisfying
the following assumptions:

(a) For all M € [0,00[ there is an L = Lys € [0, 00 such that

| D (u) — (I)E(’U)|Lq(g) < Llu — U|H1(Q)
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for alle € [0,1] and all u, v € H'(Q) with |u|g(q), [v]m) < M.
(b) For every u € HX(Q),

|®(u) — Po(u)|pag) — 0 ase — 0%,
Fore €0,1] and u € H§ define, for h € HE,

fo(u)(h) = /Q J.(2)®. (u)(2)h(x) dz.

Then f.(u) € HE, and the family (f:)-cjo,1) of maps satisfies condition [2,
(Conv)].

PROOF. By the definition of the bilinear forms a. and b, for every ¢ € [0, 1]
there are continuous embeddings from H§ to H(2) = L?(2) and from Hf to
H'(Q) with embedding constants independent of € € [0,1]. Thus by interpola-
tion theory (cf. [10]) for every 6 € [0,1] and every ¢ € [0, 1] there is a continuous
embedding from Hj to H?(Q2) with embedding constant C ¢ € ]0, 0] indepen-
dent of ¢ € [0,1]. Furthermore, there is a continuous embedding from H ()
into LP®) () with embedding constant Cs g € |0, 00[. Moreover, there is a con-
tinuous embedding from LP® () to LP() with embedding constant C3. Fi-
nally, Cy = sup(, ycoxo,1] |Je ()| < oo. It follows that f.(u)(h) is defined and
|fe(u)(h)| < C1,0C2,6C3Cs|Pc(u)|La(y|h|mz, s0 f- maps Hf into H® . Thus [2,
(Conv), part (a)] is satisfied.

Let M € [0, 00 be arbitrary and L = Ly be as in assumption (a). If e € [0,1]
and u, v € Hf with |u|ge, [v]gs < M/Cy 1 then u, v € H'(Q) with |u[g1(q),
|’U|H1(Q) < M so

|fe(u) = fe()|m= < C1,002,0C3C[Pc(u) — @c(v)|La(a)
< 01,0C2,0C3Cs Llu — v|g1(q) < C1,6C2,aC3CLLCY 1|u — v|g:.

This together with assumption (a) implies [2, (Conv), part (c)]. If u € HY then,
for all € € [0, 1]

|fe(u)|m= < C1,002,0C5C]Pc(u)|La().-

This together with assumption (b) easily implies [2, (Conv), part (d)].
Now let w € HY be arbitrary and (g,,),, be a sequence in ]0,1] with &,, — 0.
Let ¢ € ]0, oo[ be arbitrary. We will show that

(4.6) lim e~ fo, (w) — e~ fo(w)|gzn =0,

n—oo

proving [2, (Conv), part (b)].



CURVED SQUEEZING AND CONLEY INDEX 225

To this end, we will use [2, Theorem 4.6], which holds in the present case in
view of Conclusion 3.13, and so we have to verify the assumptions of that result.
For n € N set u,, = f., (w) and define v,, € HE", by

vn(h) = / Jo. (2)®o(w)(2)h(z) dz, h e HE.
Q
Finally, set u = fop(w). Then

[un — Unlgen < C1,aC2,0C3Cs|®., (W) — Po(w)|La(q)-

Notice that, by assumption (b), the right hand side of this estimate goes to zero
as n — oo. Thus [2, Theorem 4.6, assumption (a)] is satisfied.

Let C5 € ]0,00[ be a bound for the embedding H'(Q) — H*(Q). Then, for
every j € N,

|[vn (We,, 5) — w(wo ;)| <|Je,
+ [Je,, — Jol Lo ()| Po(w)|La(a)[wo, | Lr ()
< Ca|®o(w)]1a(0)C5C1,1C2,0 Cs|we,, j — wo j|gen

Lo ()| Po(w)|La()|We, j — wo,j|Lr ()

+ |Je, = JolLee (@) [Po(w)|La()|wo 5 Lr ()

Hence |v,(we, ;) — u(wo ;)] — 0 as n — oo. Thus [2, Theorem 4.6, assump-
tion (b)] is satisfied.
Now, for all n € N,

|U”|HT& < 017a02700304|(b0(’1,U)|Lq(Q).

Thus [2, Theorem 4.6, assumption (c)] is satisfied. Now (4.6) follows from [2,
Theorem 4.6]. O

From now on we assume the following hypothesis:

HyYPOTHESIS 4.3. Fore € [0,1], p: Q2 X R — R is a function such that

(a) there is a null set N in Q with ¢.(z, -) € CY(R,R) for allz € Q\ N;
(b) for all s € R, @.(-,s) and Ospc(-,s) are measurable on Q;

Moreover, with
2% 2%
= 1 ) ﬁ =—-1
2" —q q
there is a constant C € |0, 00[ and functions a € L"(Q) and b € LI(Q) such that
for all e € 0,1]

r

052 (2, 5)] <Cla(a) +[s7),  for (z,5) € (A\ N) xR,
lpe(z,0)] <b(), forx e Q\ N,
lpe(z,5) = po(z,8)| — 0, for (z,s) € (Q\ N) x R.
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REMARK. By redefining ¢. to be = 0 on N x R, we may and will assume
that N = 0.

For e € [0,1], u € HY(Q) and z € Q define

O (u)(2) = @ (z, u(@)).

Again the arguments from the proof of [3, Theorem 2.6] imply that ®.(u) €
L%(Q) and that the family ®., ¢ € [0, 1], satisfies the assumptions of Proposi-
tion 4.2. Therefore, trivially, the family ®.(u), € € [0, 1], also satisfies the as-
sumptions of Proposition 4.2, where, for ¢ € [0,1], the map ®.: H(Q) — L(Q)
is given by
D.(u) =u+ d(u), uwe HY(Q).

We let the map f., ¢ € [0,1] be defined as in Proposition 4.2 with this choice of
.. It follows that the family f., ¢ € [0, 1], satisfies condition [2, (Conv)]. Let
me be the local semiflow on Hf generated by the equation

(4.7) i =—Acu+ fo(u).
REMARK. For € € ]0,1] define the function {.: Q2. x R — R by

Ce(x’ S) = @E(Fgl(‘r)’ S)'

Then (. satisfies the assumptions of Example 4.1. Let Z. be defined as in that
example. Then

Z(uo T2 (Iu(2) = B(u)(x), ue H'(Q), 2 €0
so fe is as in (4.5).
We now obtain the following

CONCLUSION 4.4. For the above family we, € € [0,1], the following results
hold: the convergence results [2, Theorems 5.4, 5.5, 5.7 and Corollary 5.6], the
admissibility results [2, Theorems 6.1, 6.2 and Corollary 6.3], the Conley index
continuation principle [2, Theorem 7.3] and the homology braid continuation
principle [2, Theorem 7.5].

To conclude this section let us note the following results which we will use
in Section 5.

PROPOSITION 4.5. For e € [0,1] define the function F.: Q) x R — R by

t
Fg(x,t):/ ve(zy8)dx, x€Q, teR.
0
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For v € L¥*(Q) and x € Q deﬁne F( )(z) = Fe(z,u(x)). Then ﬁ( ) €
L?9/27+9(Q) and the map E. is continuously differentiable from L2’ (Q) to
L?9/27+9)(Q). Moreover,

Dﬁg(u)(v)(x) = e (z,u(z))v(z), u,veLl? (Q), ze.

PROOF. By hypothesis 4.3, integrating and using Young’s inequality, we

obtain
[pe(a )] < ba) + Cala)lt] + 5 141 < clo) + TP
ie.
(4.8) |pe(,t)] < e(x) + C't)* 2 €Q, teR
where
1
c(x) = b(x) + C(B/(B+1))a(x)PTV/B e, and C’:O;.
B+1
Using the same arguments with (4.8) we get
(4.9) |F.(z,t)| < d(z) +C"|t|P*? 2eQ, teR
where
BA1 ) B+2)/(B+1) v (1 c+1
d(z) = ﬁ-i-?() , z€Q, and C"= ﬁ+2+ G+DB+2)

Since r3/(8+1) = q, we have ¢ € L(€2). Now an application of [3, Theorem 2.6
shows that FL is a Cl-map from LI(3T1(Q) to LIB+TD/(B+2)(Q). Since q(B+ 1) =
2* and ¢(B8+1)/(8 4+ 2) = 2*q/(2* + q), the assertion follows.

O

COROLLARY 4.6. For ¢ € [0,1] the function V.: Hf — R given by
Ve(w) = (1/Dac(w )~ [ L@)F(o (o) o ue H,
Q

is defined, continuously differentiable and for each M € [0, 00|

(4.10) sup  sup |Ve(u)| < 0.
e€[0,1] flulle<M

Moreowver,

(4.11) DV, (u)(v) = ac(u,v) — /Q Jo(x) e (z, u(x))v(z) de, u,v € Hj.

Whenever I C R is an open interval and u:I — Hf is a solution of the local
semiflow ., then wu is differentiable into Hf with derivative @. The function
V. o u is differentiable and

(Veou)(t) = —|u(t)]?, tel.
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PROOF. By our assumption on g we have 2*q/(2* 4+ ¢) > 1 so we have a con-
tinuous inclusion from L? 9/ +9)(Q) to L'(), with embedding constant C.
We also have a continuous inclusion from Hf to L? () with embedding con-
stant C7,1 (independent of € € [0, 1]). Finally, the integral is a linear continuous
map from L!(Q) to R with embedding constant 1. Now Proposition 4.5 together
with the fact that a. is bilinear and bounded from H{ x H{ to R imply that V;
is defined, continuously differentiable, and that formula (4.11) holds.

Formula (4.9) implies

(4.12) Va(w)l < (1/2) |ull2 + Cald] 110y + CaC" CoCF £ [|ull 242,

e € [0,1], uw € Hf, with Cy := sup(, .)cax[o,1] |Je(#)]. Formula (4.12) in turn
implies (4.10).

Now the smoothing property for solutions of (4.7) implies that w is differen-
tiable into Hj.

‘We also have
be(a(t),v) = —A(u(t)(v) + f-(u(®))(v), tel, veH:

where A. is defined after the statement of Proposition 3.12. Using (3.28) we
thus obtain, for t € I,

(Ve o u)'(t) = DVz(u(t)) (a(t)) = ac(u(t), u(t)) — / Je (@)@ (2, u(t) (x))u(t) (2) do

Q

The corollary is proved. O

5. Global attractors

In this section we will prove that, under a dissipativeness condition on the
family (¢c)eeo,1], for each e € [0,1] the local semiflow 7. is actually a global
semiflow and it has a global attractor A.. We will also show that the family
of these attractors is upper-semicontinuous at ¢ = 0. These results extend the
corresponding results from [6] and [7].

Assume the following

HYPOTHESIS 5.1. There is an n € ]0,1[ and for every ¢ € [0,1] there is
a positive function p. € LPT2(Q) such that M = SUDP.[0,1] |He|Lo+2(q) < 00 and
for every e € [0, 1]

ez, )/t < —m, x€Q, |t| > p(z).
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REMARK 5.2. Hypothesis 5.1 is satisfied if the following uniform dissipative-
ness condition holds:

limsup  sup  ¢(z,t)/t <O0.
[t|—o0 (e,2)€[0,1] X2

In this case pe can be chosen to be a constant function independent of € € [0, 1].
Hypothesis 5.1 together with (4.8) implies that,

pe(z, )t < —nt?, e €[0,1], z€Q, [t| > pe(x)
and

B+1 1
pe(x, )t < (c(x) + C'[t] )]t < 713 c(a)PHR/EHD 4 erC/ |t]°+2

e (¢ e,

t2 B+2
€[0,1], z € Q, || < pe(z). Thus

(51)  ela,t)t < —nt* + 512 () 2P0 <5+2 + O’) pe(2) 72,

(e,z,t) € [0,1] x Q x R. Consequently,

62 L@ = [ T u@)u) ds < nluf + €, ue B
Q

where
. 1
C = Cyld C')CyMPT? < .
4] |L1(Q)+<ﬁ+2+ > 4 00
Moreover, by a simple integration
1 1

FE(x7t) S Ff(xaus(x)) - §nt2 + 5’[7/,65(3,‘)2, S [07 1} , T E Qa t> /J/E(x)

and

1 1
F.(z,t) < F.(x, —pe(x)) — 577152 + inug(x)Z, e€[0,1], x €Q, t < —p(x).

Since pe ()% < (2/(8 + 2))pe(x)?+2 + B/(B + 2), it follows from (4.9) that
1 " ng
Fo(z,t) < —=nt? +2 20" 4 B2y 7
(x,t) < 27775 + d(:r:)+(C +ﬂ+2)'u6 +2(,6+2)’
(e,z,t) €0,1] x @ x R, so that

(5.3) /J ))d:c<—f77|u|5 +C, (e,2,t)€[0,1] x QxR
where
C=20,d| 20" + o2+ o) <
4 |L(Q)+( 5+2) +2(ﬁ+2) 4N (Q) < o0

with A(2) denoting the measure of €.
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LEMMA 5.3. Ife € [0,1] and u is an equilibrium of 7., then ||u||?> < C/n.

PROOF. By our assumption « € D(A.) = H__, and —A.u + f-(u) = 0.
It follows that A.(u)(u) = fo(u)(u), so in view of (3.28) and (5.2), ac(u,u) =
fe(u)(w) < —nlul2 + C so [|ull2 = ac(u, ) + [ul < C/n. O

LEMMA 5.4. If & € [0,1] and u € Hf, then |[u]? < (2/n)(Ve(u) + C) and
lulle < K (Va(u) + 1), where K = max(1/n, (2 +1)/2).

PROOF. Indeed, by (5.3), Vz(u) > (1/2)ac(u,u) + (n/2)|ul? — é’, so |jul|? <
(2/1)(Ve(u) + C). Since 2||ul|. < ||ul|? + 1, the result follows. O

For € € [0, 1] let A, be the union of all full bounded orbits of 7. Corollary 4.6
and Lemmas 5.3 and 5.4 show that all assumptions of [6, Theorem 5.6] are
satisfied. Using that theorem we thus obtain

THEOREM 5.5. For every e € [0,1], 7. is a global semiflow and A. is a global
attractor of ..

LEMMA 5.6. Let My = supy,2<(¢/y) Ve(v). Then My € [0, 00[ and

sup sup ||ul|? < 2(]\41 Jré) =: M.
e€[0,1] u€A. n

PROOF. M; < oo by (4.10). If ¢ € [0,1] and u € A., then there is a full
solution 0: R — A. of m. with (0) = u. o[R] lies in a compact set so its a- and
w-limit sets are nonempty. Since 7. is gradient-like with respect to V., we have
that V.(o(t)) < V(v) for each t € R and all v € a(0), and a(o) consists only of
equilibria of m.. Thus, by Lemma 5.3, V. (u) < SUP |y |2< (¢ /n) Ve(v) = M, thus
ull2 < (2/n)(M; + C) by Lemma 5.4. O

THEOREM 5.7. The family (Ac)eeo,1] is upper semicontinuous at € = 0 with
respect to the family || - || of norms i.e.

EEI(I)I+ wsgi ulgni) lw—ulle =0.

PROOF. For every ¢ € ]0,1] let Q.: Hf — Hf be the (-, -)).-orthogonal
projection of Hf onto its closed subspace H!(Q) = HY. Let C be as in Proposi-
tion 3.8, part (c). Define Ny to be the set of all u € HY with ||ul|2 < C?M; + 1.
For ¢ € ]0,1] define N. to be the set of all u € Hf with Q.u € Ny and
[(Idge —Q<)ul|2 < My + 1. For e € [0,1] let K. be the largest m.-invariant
set included in N.. Since N. is bounded, K. C A. by the definition of A..
We prove the reverse inclusion. Let u € A, be arbitrary and o:R — A, be
a full solution of 7. with ¢(0) = u. Let ¢ € R be arbitrary. If ¢ = 0, then
lo®|2 < My < C?My + 1, so o(t) € Ng = N. If € > 0, then ||Q.0(t)||2 <
C2lQa(t)2 < C?llo(®)l2 < C*My < C2M; + 1 and ||(Idg; —Q:)o(t)[2 <
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lo@®)]|2 < My < My + 1, so again o(t) € N.. It follows that u € K. which
proves that K. = A.. The above estimates also prove that N. is an isolating
neighbourhood of K, ¢ € [0, 1].

Now the statement of this theorem follows by an application of [2, Theo-

rem 7.3], which holds in view of Conclusion 4.4. O
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