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GENERALIZATIONS OF KRASNOSEL’SKII’S
FIXED POINT THEOREM
IN CONES AND APPLICATIONS

SORIN BUDISAN

ABSTRACT. We give some generalizations of Krasnosel’skil’s fixed point
theorem in cones, replacing norms with functionals. We will apply these
theorems to obtain at least one positive solution for the boundary value
problems for second-order differential equations. Two positive solution re-
sults are also obtained.

1. Introduction

Richard Leggett and Lynn Williams [9] obtained some of the importants
results of the type of Krasnosel’skii’s fixed point theorem in cones. To present
a result from [9] we need to introduce two definitions:

DEFINITION 1.1 ([9]). Let (E,|| - ||) be real Banach space. A closed convex
set K C E is called a (positive) cone if the following conditions are satisfied:

(a) if x € K, then Az € K for A > 0;
(b) if z € K and if —z € K, then z = 0.
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DEFINITION 1.2 ([9]). Let K be a cone of the Banach space (E, || - ||). « is
a concave positive functional on K if a: K — [0, 00) satisfies

a(Az+ (1 —=Ny) > da(z) + (1 - Naly), 0<A<1.

We observe that if a is a concave positive functional on a cone K, a set of
the form
S(a,a,b) ={x € K :a < a(zr) and ||z|| < b}
is closed, bounded and convex in K. Let K. := {& € K : |z|| < ¢}, where
0<c<oo.

THEOREM 1.3 ([9]). Suppose A: K. — K is completely continuous and sup-
pose there exist a concave positive functional o with a(z) < |z||(z € K) and
numbers b > a > 0 (b < ¢) satisfying the following conditions:
(a) {z € S(a,a,b) : afx) > a} # ¢ and a(Ax) > a if z € S(a, a,b);
(b) Az € K. if x € S(«, a,c);
(¢) a(Az) > a for all x € S(a, a,c) with ||Ax| > b.

Then A has a fized point x in S(a,a,c).

Other authors give generalizations of Krasnosel’skii’s fixed poit theorem in
cones. For example, in [11], is given the following result:

THEOREM 1.4 ([11]). Let (X,]|-]) be a normed linear space, K1, Ko C X two
cones; K := K1x Ko; 7, R € RY with0 <r < R (r = (r1,r2), R = (R, R2) and
r < R if and only if r; < R; fori € {1,2}), and N: K, p — K, N = (N1, Ns)
a compact map. Assume that for each i € {1,2}, one of the following conditions
is satisfied in K, g, where u = (uy, us) :

(a) Ni(u) A u; if |us| = ry, and Ni(u) # w; if |u;| = Ry;
(b) N;(u) % w; if |ui| = 7i, and Ni(u) £ u; if |u;| = R;.
Then N has a fized point u in K with r; < |u;| < R; fori € {1,2}.

In [10] the following theorems are proved( (E,|-|) is a normed linear space
and || - || is an other norm on E. Also C' C E is a nonempty convex set, not
necessarily closed, with 0 ¢ C and A\C C C for all A > 0 . Suppose there exist
constants c1, ca > 0 such that ¢1]z| < [|z]] < co|z| for all z € C):

THEOREM 1.5 ([10]). Assume 0 < cap < R, ||| is increasing with respect to
C, that is ||[x+yl|| > ||z|| for all z,y € C, and the map N:{z € C: ||z|| < R} — C
is compact. In addition, assume that the following conditions are satisfied:

(a) |N(z)| < |z| for all x € C with |x| = p,

(b) ||IN(z)|| = ||z|| for all x € C with ||z|| = R.
Then N has at least two fized points x1,x2 € C with |x1| < p < |z2| and
2]l < R.
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THEOREM 1.6 ([10]). Assume 0 < 1/c1p < R, |- | is increasing with respect
to C, and the map N:{x € C: |z| < R} — C is compact. In addition, assume
that the following conditions are satisfied:

(a) IN(@)| < ||z|| for all z € C with ||z|| = p,
(b) |N(z)| > |z| for all x € C with |x| = R.
Then N has at least two fized points x1,x0 € C with ||z1|| < p < ||z2| and

In [1] the authors give an existence result based on the following properties:

PROPERTY Al ([1]). Let P be a cone in a real Banach space E and ) be
a bounded open subset of E with 0 € 2. Then a contiuous functional §5: P —
[0, 00) is said to satisfy Property Al if one of the following conditions hold:

(a) B 1is convex, 3(0) =0, f(x) # 0 if  # 0, and meilyrgaszﬂ(x) >0,
((b) B is sublinear, 3(0) =0, f(z) # 0 if = # 0, and xeglrfaﬂﬁ(x) >0,
B

c)

PrROPERTY A2 ([1]). Let P be a cone in a real Banach space E and 2 be
a bounded open subset of £ with 0 € €. Then a contiuous functional 5: P —

is concave and unbounded.

[0,00) is said to satisfy Property A2 if one of the following conditions hold:

(a) B is convex, 5(0) =0, B(z) #0if  # 0,
(b) S is sublinear, 5(0) =0, B(z) # 0 if x # 0,
(©) Bz +y) > Bx) + Bly) for all 2,y € P, G0) =0, B(z) £ 0 if = £0.

We present now the existence result.

THEOREM 1.7 ([1]). Let 1 and Qo be two bounded open sets in a Banach
space E such that 0 € Q1 and Q1 C Qs and P is a cone in E. Suppose A: PN
(Q2 — Q1) — P is completely continuous, o and v are nonnegative continuous
functionals on P, and one of the two conditions:

(a) « satisfies Property Al with a(Ax) > a(z), for all x € PN OQy, and 9
satisfies Property A2 with ¢¥(Ax) < ¢(x), for all x € PN OQs; or

(b) « satisfies Property A2 with a(Azx) < a(x), for allx € PN Oy, and ¥
satisfies Property Al with ¢(Az) > ¥(x), for all x € P N 0N,

is satisfied. Then A has at least one fized point in PN (Qy — Q).

Theorem 1.7 provide a generalization of some compression-expansion argu-
ments that have utilized the norm or functionals in obtaining the existence of at
least one fixed point.

Avery, Henderson and O’Regan proved the result above using the fixed point

index.
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In our paper we obtain the existence results on a direct way, imposing the
appropriate conditions on the functionals that appear. Moreover, we give ab-
stract results that extend and complement previous results from the literature,
such as Theorem 1.5 from [1] (At least one of our functionals does not satisfies
neither Property Al, nor Property A2).

Also, in [3] the author gives the following result:

THEOREM 1.8 ([3]). Let (X,]|-]) be a normed linear space, K C X a positive
cone, “X7” the order relation induced by K and “<” the strict order relation
induced by K. Let be K, p = {# € K : r < |z| < R}, where r,R € R,
0 <r < R. We assume that N: K, p — K is a completely continuous operator
and p,p: K — Ry. Also, assume that the following conditions are satisfied:

©(0) =0,
there exists h € K \ {0} such that ¢(Ah) >0
for all X € (0,1],

plx+y) >e@) +ey)  foralzye K\{0},

(a)

(b) Y(ax) > p(x) for all a > 1 and for all x € K with |z| = R.

<@(Nz) iflzl=r,
Y(x) > Y(Nzx) if [z] = R.

Then N has a fized point in K, g.

For other generalizations of Krasnosel’skii’s fixed point theorem in cones see
the papers [2] , [8] and [12].

For applications of Krasnosel’skii’s fixed point theorem in cones, the reader
may see the papers [4]-[6] and [13].

In our paper we are concerned to use conditions of type

p(u) > p(Nu) if p(u) =,

instead of condition |u| > |Nu| if |u| = r, that is assumed in Krasnosel’skii’s
fixed point theorem.

2. The main results

In this section we will assume throughout that (X, |- ) is a normed linear
space, K C X is a positive cone, “=<” is the order relation induced by K , ”<”
the strict order relation induced by K and Ry := [0, 00), R% := (0, c0).
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THEOREM 2.1. Let K, p = {z € K : r < ¢(x) < R} be nonempty, where
R e Ry, r <R and p,9: K — Ry continuous functionals. Assume that
N:K, r — K is a completely continuous operator with N (K, r) relatively com-
pact, p(0) =0 and ¢ is strictly increasing with respect to order relation induced
by K (in the sense that x,y € K with x < y implies p(z) < p(y)). Also, let
0 10) := {x € K : ¢(z) = 0} and assume that the following conditions are
satisfied:

(
(f) ¢(x) < o(Nz) if p(x) =7 and P(z) = Y(Nz) if ¥(x) > R.
Then N has a fized point u*in K, g.

PROOF. Let h € K\ ¢71(0) and Ni: K — K be defined as

y if p(u) =0,

Ni(u) = <1_<p(7”w>h+w(rwN(¢(2)“) if 0 < g(u) <,
M if 1 < p(u) <R,
Y <%j“) u) if o(u) > R.

Since N is completely continuous and ¢ is continuous, (a)—(c), (e) and (f) imply
that N; is completely continuous ((b) and (e) imply that

lim Ny(u) = lim (1—“’(“)>h+ lim WN( - u)zh:Nl(v),

p(u)—0 @(u)—0 r p(u)—0 T cp(u)

where ¢(u) — 0 if and only if u — v € ¢ 1(0) since ¢ is continuous). We
have that N1(K) C conv({h} U N(K, r)). Since N(K, gr) is relatively compact
it follows that conv({h} U N(K, gr)) is relatively compact by Mazur’s lemma.
So N1(K) is a relatively compact set. From our hypothesis we have that K
is a convex and closed set and since Ni(K) C K is relatively compact, from
Schauder’ s theorem it follows that there exists uv* € K with Nj(u*) = u*. We
have to consider three cases.

Case 1. Suppose that o(u*) = 0. We have u* = Ny(u*) = h, so p(h) =0,
h € ¢~1(0), a contradiction with h € K \ ¢~1(0).
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Case 2. Suppose that 0 < ¢(u*) < r. We obtain

(1 _ <p(:*)>th w(;t*) N((p(z*) u) o

r r r
() = e
(@(u*) ) p(u*) p(u*)
Let A = r/pu*) — 1, up := (r/p(u*))u*. Because p(u*) < r we have that
r/e(u*) > 1,50 A > 0. Also, from (b) we have

() = ey e =

50 p(ug) = r. We obtain Ah + N (ug) = ug so, ¢(ug) = (N (ug) + Ah).

Because A > 0 we have Ah > 0 and N(ug) + Ah > N(ug). Since ¢ is
strictly increasing we obtain @(N(ug) + Ah) > ©(N(ug)), so p(ug) > (N (ug))
for ¢(ug) = r, a contradiction with (f).

Case 3. Suppose that p(u*) > R. It follows that

M) =

So we obtain that £ := p(u*)/R > 1. We have

)= () e

Let

So
(2.1) N(u1) = Bus

and from (a), (c) we obtain

w(w(’% u) — ) 2 R,

so 9(u1) > R. From (d) we have
(2.2) P(Bur) = Bp(ur) > P(ur).
From (2.1) and (2.2) we obtain
P(N(u1)) > Y(ur) for ¢(ur) > R,
a contradiction with (f). So u* € K with r < ¢(u*) < R. Tt follows N (u*) = u*

with u* € K, p. O
REMARK 2.2. (a) Let |- |, || - || be two norms with |y| < |z| if y < = and
|z| < |jz|| for all x € K. Then ¢(z) := |z| and ¥(z) := ||z| are examples of

functionals that satisfy the hypothesis of Theorem 2.1.
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(b) We note that the conditions on ¢ from Theorem 2.1 generalize the con-

dition on | - | from Theorem 1.6.

THEOREM 2.3. Let K, p = {z € K : r < ¢(z) < R} be nonempty, where
iR € Ry, r < R and o,9: K — Ry continuous functionals. Assume that
N:K, r — K is a completely continuous operator with N(K, r) relatively com-
pact, (0) = 0. Let ¢~ 1(0) := {z € K : p(z) = 0} and assume that there
exists h € K \ ¢~ 1(0) such that p(Ah) > 0 for all A\ > 0. Also, assume that the

following conditions are satisfied:

(a) v > ¢ on K,

(

(@ +y) 2 ¢@)+e(y), foralz,y € K,

(ax) = ay(x) for all x € K and for all o > 0,

(e) N(o~=%(r)) bounded, where p=1(r) :={x € K : p(x) =1},
(f) o) < o(Nz) if p(x) =7 and ¢¥(z) = ¥(Nz) if (x) = R.
Then N has a fized point u* € K, g.

Proor. Let Ni: K — K,

y if o(u) =0,
Ni(u) = (1_@9»h+%ﬁoN<w@fQ if 0 < p(u) <,

v if r < p(u) <R,

N(‘PZVQ if o(u) > R.

Since ¢ is continuous and N is completely continuous, from (a), (b), (e) we
obtain that N7 is completely continuous. Using the same arguments like in
Theorem 2.1, by Schauder’s theorem we have that there exists u* € K so that
N;(u*) = u*.'We have to analyze three cases.

Case 1. If p(u*) = 0, we have u* = Ny(u*) = h, so p(h) = 0, h € ¢=1(0),
a contradiction with h € K \ ¢~1(0).

Case 2. If 0 < p(u*) < r. We have

(1_ w(:*)>h+ @(Z:t*)N< r u) )

p(u*)
(w&ﬂ‘”>h+N(w&ﬂ“Q::¢&ﬂ“f
Let -
ug :<P(U*)u* and A —(p( *)— >0




30 S. BUDISAN

Also ug = Ah + N(uyg), so

(2:3) p(uo) = ¢(Ah + N(ug)).
From (c) we obtain that
(2.4) (A + N(uo)) = (Ah) + (N (uo)) > o(N(uo)).

From (2.3) and (2.4) we have thaty(ug) > ¢(N(ug)) for ¢(ug) = r, a contradic-
tion with (f).

Case 3. If p(u*) > R. We have that § := ¢(u*)/R > 1, and let uy :=
(R/p(u*))u*. We have that

o) = = (i)

so N(u1) = fu;. From (d) and (a) we obtain

(25) vl = v Fu) = o) =

B s
From (d) we have that

(2.6) P(N(ur)) = ¢(Bur) = Bip(ur) > (ur)

From (2.5) and (2.6) we obtain a contradiction with (f).
It follows that N(u*) = v* with r < p(u*) < R. O

REMARK 2.4. If X := C([0,1],Ry), I C [0,1], I # [0,1], » > O, ||z]| :=

m[ax}x(t) ={z € X :z(t) > n|z| for all ¢t € I'} then p(z) := ItI?él}lx(t) and
telo,
Y(x) = m[gui] x(t) are functionals that satisfy Theorem 2.3.

€

)

THEOREM 2.5. Let ¢,9: K — Ry be continuous functionals, ¢(0) = 0,
0 10) = {z € K : p(x) = 0} and there exists h € K \ ¢~ 1(0) such that
@(AR) > 0 for all X > 0. Also assume that ¢ > ¢ on K and let K, g := {x €
K :r < ¢(x) < ¢(x) < R} be nonempty, where r,R € RY, r < R. Assume
that N: K, rp — K is a completely continuous operator with N (K, r) relatively
compact. Also, assume that the following conditions are satisfied:

(a) p(ax) = ap(zx) for all x € K and for all o € (1, 00),

(b) v(z+y) = o)+ (), for allz,y € K,

(c) Y(azx) = ayp(x) for all z € K and for all o > 0,

(d) Re(x) > ri(z) for allx € K,

(e) N(p~1(r)) bounded, where o1 (r) :={z € K : p(x) =r},
(1) (@) < $(N) if plx) = r and P(z) > Y(N2) if B(z) =
Then N has a fized point u* € K, g.
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Proor. Let Ni: K — K,
if p(u) =0,

h
(1 - “f”)h n “"i“) N(@(u) u) if 0 < p(u) < r and P(u) < R,
N(u)

if r <op(u) <9pu) <R,
R
N if (u) > R.
(50%) .
Ny is well defined. Indeed, if 0 < ¢(u) < r and 9(u) < R, from (a) and (c), we
have that

Nl(u) =

r r r r
o( o) = et =r<v( ) = v < R
(from (d)), so (r/¢(u))u € K, r and N((r/p(uw))u) is defined.

Since ¢ is continuous and N is completely continuous, from (a) and (e),
we obtain that N7 is completely continuous (we use the same argument like in
Theorem 2.1). Using the same arguments like in Theorem 2.1, by Schauder’s
theorem we have that there exists u* € K so that Ny(u*) = u*. We have to
analyze three cases.

Case 1. If p(u*) = 0, we have u* = Ny(u*) = h, so p(h) =0, h € ¢~1(0),
a contradiction with h € K \ ¢~1(0).

Case 2. Suppose that 0 < p(u*) < r and ¢ (u*) < R. We obtain

(1 B <p(:*)>th w(:f*)N(w(Z*) u) _
(SO(;*) - 1>h+N<<p(Tu*)u*> = ﬁu

T T
ug 1= uw* and \:i=

p(u*) p(u*)

because p(u*) < r. From (a) we obtain
T T
p(ug) = sﬁ( . U*> = ——¢)=r
p(u*) p(u*)
since r/p(u*) > 1. Also, ug = A + N(ug), so using (b), we have that

¢(uo) = (A + N(ug)) > ¢(N(uo)) + p(Ah) > p(N (uo)),

Let

—-1>0,

0
p(uo) > @(N(ug)) for p(ug) =,
a contradiction with (f).

Case 3. Suppose that (u*) > R. Then
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and let 8 :=¢(u*)/R > 1. We have that

M) = (o)

Let
up = w(u*)u = ﬁu .
So
(2.7) N(u1) = pur
and from (c) we obtain
R\ __R .

From (c) we have that
(2.9) Y(Pur) = Bip(ur) > P(ur)
From (2.7)—(2.9) we obtain

P(N(ur)) > ¢(ua)  for (u) = R,

a contradiction with (f). The conclusion follows.

O

THEOREM 2.6. Let r, R be with 0 < r < R and p,¢¥: K — Ry continuous
functionals, ¥(0) = 0, ¥~ 1(0) := {z € K : ¢(z) = 0} and there exists h € K \
»=1(0) such that (Ah) > 0 for all A > 0. Also, assume that ) > ¢, Rp > 1 on

K and ¢y :=71/R, co :== R/r. We define K, g :={x € K :r <(x),

p(r) < R}

and suppose that is a nonempty set. Assume that N: K, p — K is a completely

continuous operator with N(K, r) relatively compact. Also, assume that the

following conditions are satisfied:

(a) Y(ax) = ap(x) for all z € K and for all o > 0,
(b) ¥(z+y) = ¢(x) +(y) for all z,y € K,

for all x € K, g with p(x) =1,
(8) w(z) = o(Nz) if p(x) =7 and ¢(x) < Y(Nz) if p(z) =
Then N has a fized point ug € K, g.

PROOF. Let ¢',9¢'": K — Ry be continuous functionals

¢'(u) = pleau), ¥ (u) :=(cru).

)
(¢) plaz) = ap(z) for all x € K and for all « > 0,
(d) N(p=L(r)) bounded, where y=1(r) := {z € K : ¢(x) =1},
(e) ¢ and ¢ are increasing on K,
(f) eaN(z) < N(cyz) for allz € K, g with(xz) = R and caN(z) > N(cox)
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Firstly we prove that

(2.10) W' (u) < ¢'(u),

which is, using (a), (¢) and the definitions of ¢, ¢’,

R 7
\W thh 1S ‘rue sice

ot 2 Tt = (1) v,

from our hypothesis.
Now define K| p := {z € K : ;7 < ¢'(z) < ¢'(z) < coR}. We have that
zg € K] p if and only if

arr <Y’ (xo) < ¢'(z0) < 2R,

which may be written equivalently (basing on (2.10))
ar <cav(zg) and cop(xo) < 2R,
r < (zg) and  ¢(x0) <R,
which is zg € K, g. It follows that
(2.11) Klp=K.p#®

We have that p(u) = r if and only if

So, from (g) we deduce, if ¢’'(u) = R, that

p(u) = o(Nu),  cap(u) = cap(Nu),  p(cau) = ¢(c2Nu)
and from (e) and (f) we have that ¢(coNu) > p(N(cou)) and it follows that
p(cau) 2 p(N(cau)).
Since ¢'(cau) = ca¢’(u) = c2 R if and only if ¢'(u) = R, we deduce that
p(z1) 2 @(N(z1))  if ¢'(z1) = 2R,
c2p(71) = cap(N(z1)) if ¢'(21) = 2R,
p(e2x1) = p(c2N(z1)) if ¢'(21) = 2R,

which is

(2.12) ¢'(z1) 2 ¢ (N(21)) if ¢'(z1) = 2R
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We have that ¢(u) = R if and only if

_R, gw’(u) R ) =r
So, from (g) we deduce, if v/ (u) = 7, that

Y(u) <Y(Nu),  ay(u) <ayp(Nu),  Plau) < PplaNu),
and from (e) and (£) we have that (ci Nu) < (N (equ) it follows that
Y(c1u) < Y(N(eru)).

Since ¢'(c1u) = e19'(u) = epr if and only if ¥/ (u) = r, we deduce that

Y(x2) <P(N(x2)) i P'(22) = ar,
cap(w2) < crp(N(zg)) if ¢ (z2) = e,
Y(er1z) < P(erN(x2)) if ¥/ (22) = e,

which is
(2.13) W (@a) < (N(za)) i 0/ (2) = car.

From (a)—(c) and the definitions of ¢’, " we deduce the following relations:

(2.14) Y (au) = arp’ (u) for all w € K and all a > 0,
(2.15) P(@+y) =Y (x)+ ¢ (y) forall z,y €K,

(2.16) o' (au) = ap’(u) for all u € K and all a > 0,
(2.17) ' (0)=0 and ¢'(Ah) >0 forall A > 0.

We have ¢’(h) # 0 if and only if ¢(h) # 0. Also, since (x) = r if and only if
Y'(x) = ¢1r, from (d) we deduce that

(2.18) N((¢')"*(cyr)) is bounded, where ()~ (c1r) := {z € K : /() = c17},
Also, since 1 > ¢, we have that coRe1t(xz) > eireap(x) which is
(2.19) (2R)Y(z) = (arr)¢ ()

From the relations (2.12)-(2.19) we deduce that ¢, ¢', K| » and N satisfy the
hypothesis of Theorem 2.5 with " instead of ¢, ¢’ instead of ¢ and K], p instead
of K, g. So, from Theorem 2.5 it follows that NV has a fixed poit ug € K;) g and
from (2.11) we obtain that uy € K, r and the proof is completed. O
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THEOREM 2.7. Let ¢,1,0: K — Ry be continuous functionals, 6(0) = 0,
§71(0) :={z € K : §(x) = 0} and there exists h € K\~ 1(0) such that p(Ah) > 0
forall X > 0. Let K, g :={xz € K : v < §(z) < R} be nonempty, where r,R €
R, r < R. Assume that N: K, p — K is a completely continuous operator
with N (K, gr) relatively compact. Also, assume that the following conditions are
satisfied:

(a) d(ax) = ad(x) for all x € K and for all o > 0,

(b) v(z+y) = o) +¢(y), for allz,y € K,

(c) Y(ax) > ay(x) for all x € K with 6(x) = R and for all a € (1,00),
(d) ¥(z) >0 for all z € K with é(x) = R,

(f) N(671(r)) bounded, where 6=1(r) :== {x € K : §(z) = },

() ol(x) < (N2) if 6(z) = r and ¥(x) > Y(Nz) if 6(z) =

Then N has a fized point u* € K, g.

Proor. Let Ni: K — K, be

L if 5(u) =
8(u) u) ~
o=t 0y 7P ) e
N(ﬁt)”) if 5(u) > R.

Since ¢: K — R is continuous functional, §(0) = 0, N is a completely continuous
operator and from (a), (e) we have that Ny is completely continuous. From our
hypothesis, using the same arguments like in Theorem 2.1, by Schauder’s theorem
we have that there exists u* € K such that Ny (u*) = u*.

We have to consider three cases.

Case 1. Suppose that é(u*) = 0. We have uv* = Ny(u*) = h, so §(h) = 0,
h € §71(0), a contradiction with h € K \ 6=1(0).

Case 2. Suppose that 0 < §(u*) < r. Then

(1 5(1;*)>h+ (Z*) N(é(l*)“*) .
(s =) ¥ (s ) = s
Let
ug = 5(2*)u*, A= 5(2*) ~1

We obtain A > 0 and

(2.20) A+ N(UO) = ug.
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From (a) we have that

r

(2.21) d(ug) = 6(5(u*) u*) — % S(u*) =1
From (2.20) and (b) we obtain
(2.22) p(uo) = p(Ah + N(uo)) = p(Ah) + ¢(N(uo)) > (N (uo))-

From (2.21) and (2.22) it follows ¢(ug) > ¢@(N(ug)) if §(ug) = 7, a contradiction
with (f).
Case 3. Suppose that 6(u*) > R. Then

Let R S(u*
up = 500 u®, 8= (;;) > 1.
We obtain that R R 5(u)
* _ * U
) = () i
S0
(2.23) N(uy) = Buy
From (a) we have that
R \_ R .
(2.24) d(uy) = 5(5<u*)u ) = mé(u )=R.
Using (c), (d), (2.23) and (2.24) we obtain that
(2.25) V(N (u1)) = (Bur) = Bo(ur) > Y(ua).
From (2.24) and (2.25) it follows (N (u1)) > 9(uy) for §(u1) = R, a contradic-
tion with (f). So v* € K, p with N(u*) = u*, the conclusion. O

THEOREM 2.8. Let ¢,1,0: K — Ry be continuous functionals, 6(0) = 0,
§710) :={z € K : 6(x) = 0} and there exists h € K\ 6-1(0) such that ¥(\h) >
0 for all x> 0. Let K, g :={x € K : v < §(x) < R} be nonempty, where r, R €
R%, r < R. Assume that N: K, r — K is a completely continuous operator
with N (K, gr) relatively compact. Also, assume that the following conditions are
satisfied:

(a) d(ax) = ad(x) for all x € K and for all o > 0,
(b) Y(z+y) = ¥(x) +¢(y), for all z,y € K,

(c) z/;(fm) = gw(x) forallz € K,

(d) ¢(z) >0 for all x € K with 6(z) = R,
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R") R
(e) plaz) > ap(x) for all x € K with §(z) = R
and for all o € (1,00),
(f) N(671(R)) bounded, where 6-(R) := {z € K : §(x) = R},
() w(x) = o(Nz) if 6(z) = r and (z) < p(Nz) if 6(z) = R.
Then N has a fized point ug € K, g.

g0<rx) . p(x) forallz e K,

PrOOF. Let be N*: K, r — K be defined as
R+ ! R+
N* = -1 N -1 .
=y ) (5 1))

A= (JZJL)T - 1>1'

N*(u) = /\N(iu)

If 6(u) = r we obtain A = r/R and using (a) we have that

Also, let be

So we have that

(2.26) 56 u> _ ié(u) _R

From (2.26) and (g) we deduce that

o) so(o(2) (i)

and from (c) we have that

1 1,
L) < S w8 W),

(2.27) () < GON*(w) i 6(u) = .

If §(u) = R we have that A = R/r and using (a) we have that

(2.28) 5(/1\ u> = ié(u) =r

From (2.28) and (g) we deduce that

()=o) (i)

and from (e) we have that

37
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(2.29) o(u) > p(N*(uw)) if §(u) = R.

Since N*(u) = AN (u)), from (2.27), (2.29) and (f) we deduce that N* satisfies
the conditions (e)—(f) from Theorem 2.7. Also, the conditions (a)—(e) imply that
©, ¥ and ¢ satisfy the conditions the conditions (a)—(d) and (f) from Theorem 2.7,
with ¢ and 1) changing their places. So, we may apply Theorem 2.7 and we obtain
that there exists u* € K, g such that N*(u*) = u*, so

1 1 R+r -t
N(=u")|==u" h = -1 .
(Au) /\u, where A\ ((5(u*) )
'_l . R+r_1 N
ug 1= /\u = 75@*) u*.

(2.30) N(uo) = uo

Let be

We have that

and from (a) we obtain

5(ug) = 5((?(:*3" _ 1>u) - (?’(:; _ 1) S(u*) = R+ 1 — §(u”)

and, since r < 0(u*) < R, we obtain that

(2.31) r < d(up) < R.

From (2.30) and (2.31) the conclusion follows. O

REMARK 2.9. Notice that function ¢ from Theorem 2.5 does not satisfies
neither Property Al, nor Property A2. Also, ¢ from Theorem 2.6 does not
satisfies neither Property A1, nor Property A2. Thus our theorems clearly extend
Theorem 1.7.

3. Applications

In this section we will give some applications of the theorems from previous
section. We are concerned with the existence of at least one positive solution for
the second order boundary value problem,

3.1) u”(t) + f(t,u(t))

—0, 0<t<1,
(3.2) u(0) = u(1) =0,

where f:[0,1] x R, — [0,00) is continuous. We look for solutions v € C?[0, 1]
of (3.1) with (3.2) which are both nonnegative and concave on [0,1]. We will
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apply theorems from previous section to a completely continuous operator whose
kernel G(t,s) is the Green’s function for

(3.3) u' =0,
satisfying (3.2). We have that

t(l—s) if0<t<s<1,
G(t,s) =

(3.4)
s(1—t) if0<s<t<l.

G(t, s) has the following properties, which are necessary to our results:

G(t,s) < G(s,s), if0<ts<1,

1 1 3
< if 0 < <1, - <t< -,
(3.5) G( s) < G(t,s) if0<s< 1 t 7
/ 3/4 (s.5) 11
G(s,s)d G(s,8)ds =
1/4 96
Let be
13
I:= |:474:|7
(3.6)

1
K = {u € Cl0,1]:w>0on [0,1], u(t) > Z||u|| for all t € I},

0,0 K — Ry, o(u) :=mingeru(t), ¢(u):=max.p,ju(t) = |ul.
This technique with min and max functionals is also used in [1] and many other
papers.
It is obviously that K is a cone. Also, u € K is a solution of (3.1) with (3.2)
if and only if

(3.7) u(t)z/o G(t,s)f(s,u(s))ds.

Firstly, we will impose conditions on f which ensure the existence of at least one
positive solution of (3.1) with (3.2) by applying Theorem 2.5.

THEOREM 3.1. Let be the positive numbers M,r and R such that 0 < r < R,

r < M/35, 64r/11 < R and define f1:[0,1] x K — [0,00), fi1(s,z) = f(s,z(s)).
Also, suppose f1 satisfies the following conditions:

(a) fi(s,z) < M for all s € [0,1], for all z € K with o(x) =

(b) fi(s,x) > 384r/11 for all s € I, for all x € K with go(x)

(¢) fi(s,x) <6R for all s €0,1], for all x € K with ¥ (z) =

Then (3.1) with (3.2) has a solution u* such that

R

r< min u*(t) < max u*(t) <R.
te[1/4,3/4] t€[0,1]
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PRrROOF. Let be K, g := {u € K : r < p(u) < ¥(u) < R}. Define the
completely continuous operator N by

t):/o G(t,s)f(s,u(s))ds.

Basing on (3.7), we seek a fixed poit of N and we show that N satisfies the
conditions of the Theorem 2.5. For u € K we have, using (3.5), that, for t € I,

1

1
>
; tme[éa,xl] G(t,s)f(s,u(s))ds

! 1
wax [ Gt f (s u)ds = {IN L

so N(u) € K. Tt follows that N:K,r — K is well defined and completely
continuous.

For u € K, g we have that ¢(u) = ||u]| < R, so K, g is bounded, so it follows
that N (K, r) is relatively compact, since N is completely continuous.

From (3.6) we deduce that (for |ju|| > 0)

P
~—>- onK
(0

and from our hypothesis we have that r/R < 1/4, so

%2% on K, Rp>ryY on K,
so ¢ and 1) satisfy the conditions (a)—(d) from Theorem 2.5. Also, the condition
(a) of our hypothesis implies that NV satisfies the conditions (e) of Theorem 2.5.
From (b) and (3.5) we deduce, for p(u) = r, that
1

(3.8) @(Nu) = mln/ G(t,s)f(s,u(s))ds > ; min G(t, s) f(s,u(s)) ds

tel tel

13 384 <96 8/4 >
>— G(s,s)—rds=|— G(s,s)ds |r =r = p(u).
i), 09 o, 0 (w)

From (c) and (3.5) we deduce, for ¢(u) = R, that

1

(3.9) ¥(Nu)= max / G(t,8)f(s,u(s))ds < max G(t,s)f(s,u(s))ds

te[0,1] o0 t€[0,1]

s€[0,1]

/Gss max f(s,u(s ))ds:GR/O G(s,s)ds = R = ¢(u).

Now (3.8) and (3.9) imply the condition (f) from Theorem 2.5. So we may apply
Theorem 2.5 and the conclusion follows. O
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ExAMPLE 3.2. Function

s+1 z+2
f(sﬂ'r):

s+2.ac+3

is an example of function that satisfies Theorem 3.1. Indeed,

/
x+p q—Dp
= >0 for g>p,
(93+(J) (x +q)? i=r

so f(-, -) is increasing in both of its variables. It is obvious that f(s,x) < 1, for
all s € [0,1] and all = € [0, 00), which implies (a).

For p(x) = Se1§1x(s) =r, since f is increasing, we obtain that

(3.10) f(s,z(s)) > f(s,r) forallsel.

We are looking for r > 0 such that

384
(3.11) f(s,r) > " for all s € I.
Since L1
ST frallsel,
s+2 72
(3.11) is satisfied if we find r > 0 such that
r+2 1 _ 385 )
=>—r=35 70 209r —2 <0.
r3 27 10 rAEr s

We have that A = 2092 + 560 = 44241 and 715 = (—209 + vA)/140, s0 0 <
r < max{ry,re}. For r := 0.0095, (3.11) is satisfied and from (3.10) we obtain
condition (b) from Theorem 3.1.

For ¢(z) = max x(s) = R, since f is increasing, we obtain that

s€f0,1
(3.12) f(s,z(s)) < f(s,R), forallsel0,1].
We are looking for R > 64r/11 such that
(3.13) f(s,R) <6R, forall se]|0,1].

and since Zi% < 1 for all s € [0,1], (3.13) is satisfied if we find R > %r such
that

2
BY2 _6p  0<6R2+1TR—2.
R+3

We have that A’ = 172 +48 and Ry = (—17+V/A’)/12, so R > max{R;, Ra}.
For R > 0.12, (3.13) is satisfied and from (3.12) we obtain condition (c) from
Theorem 3.1.

So f satisfies Theorem 3.1, for r := 0.0095 and R := 0.12.

Now we give an application of Theorem 2.7.
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THEOREM 3.3. Let be the positive numbers M, r and R such that0 <r < R,
0 < M, r < M/35 and define f1:]0,1] x K — [0,00), f1(s,z) = f(s,z(s)).
Suppose f1 satisfies the following conditions:
(a) fi(s,z) < M for all s €[0,1], for all x € K with é(x) =,
(b) fi(s,x) > 384r/11 for all s € 1, for all x € K with 6(x) =,
(¢) fi(s,z) < 6R for all s € [0,1], for all x € K with §(x) = R, where
o(x) := (p(x) +(x))/2.
1)

Then (3.1) with (3.2) has a solution u* such that
1mﬁiln , u*(t) + max u*(t)
(3.14) < te[1/4,3/4] 5 te[0,1] <R
and
(3.15) r < max u*(t) <4R and "< min u (t) <R
t€[0,1] 4 T te[1/4,3/4)

PROOF. Let K, p := {z € K : r < §(xr) < R}. Define the completely
continuous operator N by

£ = /O G(t, 5) (s, u(s)) ds.

From (a) it follows the condition (e) from Theorem 2.7. From ¢, ¢ and §
definitions we deduce the conditions (a)—(d) from Theorem 2.7.
If © € K, p we have that §(z) < R, so min x(f) < R (on the contrary,

te[1/4,3/4]
we obtain max x(¢t) > min x(¢t) > Rand min x(t) + max z(t) > 2R,
te[0,1] te[1/4,3/4] te[1/4,3/4] te(0,1]

d(z) > R, a contradiction). From (3.6) we obtain ||z|/4 < R, so ||z|| < 4R
and K, g is bounded. It follows that N (K, gr) is relatively compact, since N is
completely continuous.

If 6(u) = r we have ¢(u) < r (on the contrary, we obtain ¢(u):= [{r/li%/qu(t)
te[1/4,
> r, 80 max u(t) > min w(f) > r and min u(t) + max u(t) > 2r,
t€[0,1] te[1/4,3/4] te[1/4,3/4] t€[0,1]

0(u) > r, a contradiction) and from (b) we obtain that

Nu) = G(t, d
¢(Nu) te[{l}igM/ s)f(s,u(s))ds
> [ Gt ) sl ds > 1 [ G rds = > ptu)
min s s> = 5,8)—rds=r u
— Jo tenjazsa % ~ 4 Ji 1 = PR,
SO
(3.16) o(u) < e(Nu) if §(u) =

If 6(u) = R we have ¥(u) > R (on the contrary, we obtain ¢ (u) := m[(;a)i] u(t) <
teo,
R, so min u(t) < max u(t) < Rand min wu(t)+ max u(t) < 2R,
te(1/4,3/4] t€[k0,1] te(1/4,3/4] t€[0,1]
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d(u) < R, a contradiction) and from (c) we obtain that

1 1
PY(Nu) = max]/o G(t,s)f(s,u(s))ds < max G(t,s)f(s,u(s))ds

te0,1 o t€[0,1]

< /0 G(s,s) max_ f(s,u(s))ds= GR/O G(s,s)ds = R < (u),

s€[0,1]

(3.17) Y(u) > P(Nu) if 6(u) = R.

From (3.16) and (3.17) we deduce that N, ¢, ¢ and ¢ satisfy (a)—(f) from The-
orem 2.7. So it follows that there exists u* € K, p with N(u*) = u*
For u* € K, r we obtain that

u-.

2r < min u*(t) + max u*(t) < 2R.
te(1/4,3/4] t€[0,1]

Since

2 min v (t) < min  u*(t) + max u*(t) <2 max u*(t)

te[1/4,3/4] T t€[1/4,3/4] tef0,1] te(0,1]
and )
- (1) < i (¢
LS iy
we obtain that
"< min w (t) <R and r < max u*(t) < 4R.
4 T te[1/4,3/4] te[0,1]

The conclusion follows. (]

EXAMPLE 3.4. f(s,z):= (s+1)/(x + 1) is an example of funtion that satis-
fies the hypothesis of Theorem 3.3. Indeed, f(s, ) is decreasing and f(s,z) < 2
for all s € [0,1] and for all > 0, so it follows the condition (a) from Theorem 3.3.

If §(x) = r it follows that

1
floll < mina) v i max o) < ar
and since f(s, -) is decreasing it follows that
s+1 1
1 > 4r) = >
(3.18) Flssals) 2 fs,4r) = 220>

for all s € [0,1] and for all > 0. We search for > 0 such that

1 384
1 — > i > 14072 -1
(3.19) 4r+1_35r> 117’, 0 > 1407“ + 357 ,

which is true for r € (0, (v/1785 — 35)/280]. So, from (3.18) and (3.19), it follows
that

4
(3.20) f(s,z(s)) > %r for all s € [0,1] and for all > 0,
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If 6(z) = R we choose R > 0 such that

2 < 6R, <R.

— Wl

Since f(s,z) <2 for all s € [0,1] and for all z > 0, we obtain that

(3.21) f(s,z(s)) <6R for all s € [0,1] and for all > 0.

From (3.20) and (3.21) we obtain (b) and (c¢) from Theorem 3.3. So r =
(V1785 —35)/280, R =1/3 and f(s,x) := (s+1)/(xz + 1) satisfy Theorem 3.3,
so (3.1) with (3.2) has a solution u* with

1 * t * t
N R R !
280 - 2 -3
and
V1785 — 35 V1785 — 35

Wl =

4
< max u*(t) < 3 and

< n u'(t) <
280 t€[0,1]

< mi
1120 te[1/4,3/4]
Let be ¢1,%1: K — Ry be defined as follows:

Yi(u) = minu(t),  pi(u) = e u(t) = [|ul].

Now we give an application of Theorem 2.8.

THEOREM 3.5. Let r and R be positive numbers such that 0 < r < R and
define f1:[0,1] x K — [0,00), fi(s,z) = f(s,z(s)). Suppose fi satisfies the
following conditions:

(a) fi(s,z) <6r for all s € [0,1], for all x € K with §(z) =,

(b) fi(s,x) > 384R/11 for all s € I, for all x € K with é(x) = R,
where §(z) := (p1(x) +¢¥1(x))/2. Then (3.1) with (3.2) has a solution u* such
that

min  w*(t) + max u*(t)
< te[1/4,3/4] te[0,1]

(3.22) < 5 <R

and

(3.23) r < max u*(t) <4R and < min w()<R
t€[0,1] 4 T te[1/4,3/4]

PrROOF. Let K, p := {z € K : r < §(xr) < R}. Define the completely
continuous operator N by

N)(t) = /O G(t, 5) (5, u(s)) ds.

The definitions of ¢1, 11 and § imply conditions (a)—(f) from Theorem 2.8.
If 6(u) = R we obtain 9 (u) <R (in the contrary we have i (u) > (u)>R
and 0(u) > R, a contradiction), so [|ul|[/4 < ¢1(u) < R. That is ||Ju]| =
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rr1[6a>§}u(t) < 4R and f(s,u(s)) is bounded since f(s, -) is continuous. It fol-
telo,

lows that N(u) is bounded. Hence condition (g) from Theorem 2.8 is satisfied.
Using the same arguments like in Theorem 3.3 we obtain that N (K, g) is
relatively compact.

If §(u) = r we have that o;(u) = m[ami]u(t) > r (on the contrary, we
te(o,

obtain y1(u) = minu(t) < @1(u) < 7, (1) + 1 ()2 < 7, 50 8(u) < 7.
a contradiction). We deduce, using (a), that
1

v1(Nu) = rnax]/0 G(t,s)f(s,u(s))ds < max G(t,s)f(s,u(s))ds

tel0,1 o0 t€[0,1]

1 1
< /0 G(s,s) max f(s,u(s))ds < 61"/0 G(s,8)ds =1 < ¢1(u),

s€[0,1]

SO

(3.24) p1(u) > o1 (Nu) if 6(u) =r.

—

f §(u) = R we have that 1 (u) := 1}161}1 u(t) < R (on the contrary, we obtain

e1(u) > P1(u) > R, (p1(u) +¢1(u))/2 > R, so 6(u) > R, a contradiction).
Using (3.5) and (b), we deduce that

1

1 (Nu) = min/0 G(t,s)f(s,u(s))ds > [ minG(t,s)f(s,u(s))ds

tel 0 tel
1 [3/4
1 .
= / | Closshmin J(s,u(s)ds
1 384 _ [3/4
2. =R>
T R » G(s,8)ds = R > 1 (u),
SO
(3.25) Y1(u) < Y1(Nu) if 6(u) = R.

From (3.24) and (3.25) we obtain (h) from Theorem 2.8. So we may apply
Theorem 2.8 and there exists u* € K, g such that N(u*) = u*.
For u* € K, r we obtain that

2r < min u*(t) + max u*(¢f) < 2R

T te[1/4,3/4] te[0,1]
and since
2 min uw(t) < min  w*(t) + max u*(¢t) <2 max u*(t)
te[1/4,3/4] te[1/4,3/4] t€[0,1] t€[0,1]
and
1

- max v*(t) < min u(¢
4 tefo,1] te[1/4,3/4]
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we obtain that

r < min u*(t) <R and r < max u*(t) <4R.
4 T te[1/4,3/4] t€[0,1]

The conclusion follows. O

REMARK 3.6. In Theorems 3.3 and 3.4 (the relations (3.15) and (3.23)) we
obtain similar localization results with the results from [1]. In this paper the
authors obtain the following localization result (see Theorem 4.1):

(3.26) r < max u*(t) and min  u*(t) <R
teo,1] te[1/2,3/4]

Now we give an other application of Theorem 2.8, where f(-,-) may be
unbounded. In our proof we use here, for the first time in literature, a functional
0 that gives a similar result like in (3.26).

THEOREM 3.7. Let be the positive numbers r and R such that 0 < 16r < R
and suppose [ satisfies the following conditions:

(a) f(s,z) <6r for all s € [0,1], for all z € [0,167],
(b) f(s,x) > 6144R/11 for all s € I, for all x € [R,16R).

Then (3.1) with (3.2) has a solution ug with

r< min wuy<4R and r < max ug < 16R.
te[1/4,3/4] te[0,1]

PRrROOF. Let be K, g := {z € K : r < §(x) < R}. Define the completely
continuous operator N by

Let 0: K — Ry,
2
(min u(t))
§(u) = ﬁu((t) if w is not identically zero,
t€(0,1]
0 ifu=0.

Since it is obviously that

2

(min u(t))

~ € <minu(t) if uis not identically zero,
m[gui] u((t) tel

telo,

0<



GENERALIZATIONS OF KRASNOSEL’SKII’'S FIXED POINT THEOREM 47

it follows that 6(u) — 0 if w — 0, so ¢ is a continuous functional. Also, if u is
not identically zero (on the contrary it is obviously), we have that

(spontt)”_ (pput)” (ipucd)

Oau) = max ou(t) o max u(t)  max u(t) = ad(u)
te[0,1] te0,1] t€(0,1]
for all a > 0,
d(au) =6(0) =0 = ad(u), for o = 0.

So ¢ satisfies the hypothesis of Theorem 2.8.
If u € K, r we obtain

2
< i < < i i <
0(u) <R, (r?el;lu(t)) < Rtren[aa’)ﬁ u((t) < 4R min u(t), min u(t) < 4R,

and since [Ju||/4 < Itnl}n u(t), we obtain |Ju|| < 16R, so K, g is bounded. It follows
€
that N (K, r) is relatively compact since N is completely continuous.

2
For §(u) = r we have that (mi}lu(t)) = r||lu|| and since I%li}lu(t) > ||ull/4
te €

we obtain
Jull®
(3.27) rlall = Sl < 167
Also we have that
2
. i = > i 1 >r.
(3.28) (minu() =rlul > rminu(t),  minu) >

From (3.27) and (a) we deduce that
f(s,u(s)) <6r forallsel0,1],

so from (3.5), above relation and (3.28) it follows

©1(Nu) = max/o G(t,s)f(s,u(s))dsg/o G(s,8)f(s,u(s))ds

te[0,1]
1
< 67“/ G(s,8)ds =r <minu(t) < ||ul] = ¢1(u),
o tel
0
(3.29) p1(u) > o1(Nu) if 6(u) =1
For §(u) = R we have that, similarly with the relations (3.27) and (3.28), that
R <minu(t) < |lul| < 16R,
tel

S0

(3.30) u(s) € [R,16R] for all s € I.
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It follows, from (b), that
144
f(s,u(s)) > GTR forall s € I,

so from (3.5), above relation and (3.30) we deduce, for ¢ € I, that

P1(Nu) = min/0 G(t,s)f(s,u(s))ds > /0 %G(s,s)rgleu}lf(s,u(s)) ds

tel
K| 6144 _
> A/4 ZG(S’ S)T Rds =16R > u(t) > rtnel}lu(t) =y (u),
SO
(3:31) Y1(Nu) > ¢ (u) if 6(u) = R.

Since 6(u) = R implies that |Ju| < 16R and f(-, ) is continuous, it is obviously
that f(s,u(s)) and N(u(t)) are bounded for é(u) = R.

It follows (g) from Theorem 2.8. Also, (3.29), (3.31) imply that ¢; and ¢
satisfy (h) from Theorem 2.8 (with ¢; instead of ¢ and with ; instead of ).
Also, since 0(u) = R implies (3.30), it follows that ¢ (u) := max u(t) >R >0

€[0,1]
which is (d) from Theorem 2.8.
Applying Theorem 2.8 we obtain that (3.1) with (3.2) has a solution g so
that r < §(up) < R, so

2
(3.32) rlluoll < (minuo(t))” < Rlfuo|
and since
(333 lluoll < minuo(®) < fuoll, 15[l < (minuo(t))” < fuol?
. 2ol < mitvug(t) < fluoll, 76 luoll” < { minuo < luoll%,

from (3.32) and (3.33) we deduce that

1

Tglluoll® < Rlluoll,  Jluol| <16R and  rluo|| < [juol®, 7 < fuoll.
So
(3.34) r < |lug|| < 16R.
Also, from (3.32) and (3.33) it follows that

2
i < < i < < i
rainuo(t) < rluoll < (minus(t))” < Rljuoll < 4Rminuo(t).

SO
(3.35) r < minug(t) < 4R.

tel

From (3.34) and (3.35) the conclusion follows. O
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ExXAMPLE 3.8. An example of unbounded function that satisfies the condi-

tons of Theorem 3.7 is
s+1 4,
z°.

s+2

f(s,2) =
Indeed, for = € [0, 16r] we have that

f(s,x) < (167r)* < 6r for r < i

- 128"
Also, for z € [R,16R] and s € I := [1/4,3/4] we obtain that
: +1
4 6144
f(s,z) > 4 R>2"R
1 11
1 +2

wich is true for R > 1006. So for r < 3/128 and R > 1006, f(s,x) satisfies the
conditions of Theorem 3.7.

As an application of Theorem 3.7 we give the following multiplicity result.

COROLLARY 3.9. Suppose that there exist positive numbers ry, 2, R1 and
Ry such that 0 < 16r; < Ry < 1175/1024, 1613 < Ro and f satisfies the following
conditions:

(a) f(s,x) < 6ry for all s €[0,1], for all x € [0,16r],
(b) f(s,z) > 6144R,/11 for all s € I, for all x € [R1,16R;],
(¢) f(s,x) <6ry for all s €[0,1], for all x € [0, 16r2],
(d) f(s,x) > 6144R5/11 for all s € I, for all x € [R2,16Ry],
Then (3.1) with (3.2) has at least two solutions u; and ug with
ry < min  u; < 4Ry, r1 < max u; < 16Ry,
te[1/4,3/4] tel0,1]
ro < min  uy < 4Ry, ro < max us < 16Rs.
te[1/4,3/4] te[0,1]

ExXAMPLE 3.10. An example of function f that satisfies the conditions from
Corollary 3.9 is

611 exp(z — 1671) if x € [0, 16r1],
6144
a(x — Ry) exp(z — 1611) + TRl exp(x — Ry)

ifx e (167‘1, Rl),

144
67 Ry exp(:r - Rl) ifxe [Rl, 16]‘21}7

fs,x) = :
607“2 exp(z — 16r2) + d(x — 1673) if x € (16Ry, 1673],

6144
—— Roexp(x — Rp) + p(x — Rg) exp(z — 1673)
ifx e (16T2, RQ),

6144
7R2€XP(IE*R2) if € [Ry, 00),
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where, beside the conditions from Corollary 3.9, r; and R; satisfy the conditions

Ry —16r <1,
1024 .. .
11 Ry exp(16ry — Ry) < 1o (it is posible for Ry small enough),

ro and Ry satisfying the conditions from Corollary 3.9. Also,
o= 6’1"1 — (6144/].1)R1 exp(167"1 — Rl)
T 167“1 — R1 ’

1024 R
1>c¢> ——"Lexp(16ry — Ry),
11 )

. 6crg — (6144/11) Ry exp(16r2 — Ro)

16’!‘2 — R2 ’
doe (6144/11)R; exp(15R;) — 6erg exp(16 Ry — 16r2)
o 16R1 — 1672 '

The values of the constants a, ¢, p, d assure us that f is continuous.
Finally we give an application of Theorem 2.6.

THEOREM 3.11. Let r, R be positive numbers with R > 4r > 0 and ¢ :=

r/R, ca := R/r. Suppose that ¢,9: K — [0,00), p(x) := (1/4) tm[goia:(t) =
€10,

lz]| /4, ¥ (x) = rtnelym(t) and K, g :={z € K :r <¢(z),¢(z) < R}, f(s,z) =
g(s)h(xz) where g:[0,1] — [0,00), h:[0,00) — [0,00) are continuous. Define
hi1:[0,1] x K — [0,00), hi(s,z) = h(z(s)). Also assume that the following
conditions are satisfied:

(a) hi(s,c1z) > crhi(s,x) for all s € [0,1] and all x € K with ¢(z) = R,

hi(s,cox) < cohi(s,x) for all s € [0,1] and all x € K with p(x) =7,

(b) f(s,x) < 24r for all s € [0,1] and all x € [0, 47],

(¢) f(s,x) > 384R/11 for all s € I and all x > R.
Then (3.1) with (3.2) has a solution ug with r < Itnl}l uo(t) < |luoll < 4R.

€

PROOF. Define the completely continuous operator N: K, p — K by

N(u)(t) = /0 G(t, 5)f(s, uls)) ds.

It is obviously that ¢ and 1 are continuous, there exists h € K \ ¢~ 1{0} such
that ¢¥(Ah) > 0 for all A > 0 and ¢ > ¢ (from (3.6)). Also, ¢ and 9 satisfy the
conditions (a)—(c) and (e) from Theorem 2.6.

If uw € K, g we obtain that ¢(u) := (1/4) tm[éa)lc] u(t) < R, so |lul]| = tm[aa)f] u(t)
€, €lo,

< 4R, so K, r is bounded. It follows that N (K, r) is relatively compact, since
N is completely continuous.

From #(u) = r we obtain |lul|/4 < 7, ||u]| < 4r and f(s, -) is bounded. It
follows that N is bounded and (d) from Theorem 2.6 is satisfied.
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From our hyphotesis and (a) it follows (f) from Theorem 2.6. From (3.6) and
our hyphotesis R > 4r we have, for all u € K, that

R

(3.36) Ro(u) = 7 trél[gu)i] u(t) > rtren[éaf] u(t) > TItIIEI}l u(t) = rip(u).
If p(u) = r we obtain |Ju|| = 47, so u(s) < 4r for all s € [0,1]. From our

hyphothesis (b) we have that

@(Nu):fmax/ G(t, s)f(s,u(s))ds

4 tefo,1]
<1 / Gs,5) max. (s, u(s)) ds < % [ Glssyds = = o),
SO
(3.37) p(u) > p(Nu) if p(u) =

If ¢(u) = R we have that u(s) > R for all s € I. From our hyphothesis (c) and
from (3.5) we have that

mm/Gts s,u(s)) ds

tel

3/4 4 96R [3/4
>/ -G(s, s)mlnf(s u(s))ds > — G(s,s)ds = R = ¢(u),
1/4 4 sel ].]. 1/4

SO

(3.38) Y(u) < YP(Nu) if (u) =

From (3.36)—(3.38) it follows that we are in the conditions of Theorem 2.6. So
(3.1) with (3.2) has a solution up with

1
r< 1%161}1 up(t) and 1 tIEH[EOlJ,}](-] up(t) <R

and the conclusion follows. O

REMARK 3.12. Comparing the condition (b) from Theorem 3.11 with the
following condition:
f(z) <8 forall z €[0,r]

(the condition (b) from Theorem 4.1 from [1]), we note that Theorem 3.11 ex-
tends Theorem 4.1 (from [1]).
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