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NONLINEAR PARABOLIC BOUNDARY VALUE PROBLEMS
OF INFINITE ORDER

MoHAMED HOUSSEINE ABDOU — MOoOUSSA CHRIF — SAID EL MANOUNI

ABSTRACT. In this paper an existence result is presented for solution of
a parabolic boundary value problem under Dirichlet null boundary condi-
tions for a class of general equations of infinite order with strongly nonlinear
perturbation terms.

1. Introduction

Let Q be a bounded open set of RN, Q = [0, T] x Q be a cylinder with lateral
surface S = [0,7T] x I', where T" is the boundary of Q.

Our purpose is to study, in the cylinder @, the following strongly nonlinear
parabolic problem of Dirichlet type:

0
5+ Autglteu) = f(to),

(P) u(0,z) =0,
D¥u =0, onS forall |w|=0,1,...,

where A is a nonlinear elliptic operator of infinite order defined by

(1.1) Au = i (=1 DY(A4(t, z, D).

|a|=0
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The real functions A, (t, z,&) are required to have polynomial growth in £, for
all multi-indices « and ¢ is a nonlinear term which has to fulfil a sign condition.

In the case of infinite order, Dubinskii [7] has proved, under some growth
and certain monotonicity conditions, the existence of solutions for the Dirich-
let problem associated with the equation Au = f in some general functional
Sobolev spaces of infinite order W§*°(aq, po ), with variable exponents p,,, where
« is a multi-indice. The same author has investigated the existence result for
parabolic elliptic problems governed by operators of infinite orders. In fact, also
in [7], Dubinskii has proved by considering, further, the monotonicity of the op-
erator A that the problem 2% + Au = f has a solution in LP(0,T, W§°(aa,p)),
p > 1, in the dual case. Our purpose in this paper is to prove the existence
of solutions for strongly parabolic nonlinear equations of infinite order related
to the problem %—7; + Au+ g(t,z,u) = f. More precisely, we will assume more
less restrictions on the operator A (no monotonicity condition) and deal with
a different approach by involving a truncation of the perturbations g. Next,
we use the monotonicity of a part of the approximate operator which contains
a linear term of higher order of derivation that satisfies the monotonicity con-
dition and prove the existence of solutions in the framework of function spaces
LP(0,T,W§°(aa,p)), p > 1.

Let us mention that an interesting result concerning the stationary counter-
part of the problem (P) has been proved in [2].

2. Preliminaries

Let © be a bounded domain in RY, a, > 0, p > 1 are real numbers for all
multi-indices a, and || - ||, is the usual Lebesgue norm in the space LP(2). The
Sobolev space of infinite order is the functional space defined by

W(aq,p)(Q) = {u e C(Q) : Ju|b, = Z aa||D°‘u||§ < oo}
|a|=0

Here
oled
(8.131)0‘1 . (8$N)()‘N '

We denote by C5°(£2) the space of all functions with compact support in  with

D =

continuous derivatives of arbitrary order.

Since we shall deal with the Dirichlet problem, we will use the functional
space W§° (aq, p)() defined by

W (a0, p)(Q) = {u € CR(Q) : ull%, = Y aalDull? < oo}.
|a|=0
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In contrast with the finite order Sobolev space, the very first question, which
arises in the study of W (a,, p)(£2), is the question of their nontriviality (or non-
emptiness), i.e. the question of the existence of a function u such that ||u||. < co.

DEFINITION 2.1 ([7]). The space W§°(aq,p)(£2) is called nontrivial space if
it contains at least one function which not identically equal to zero, i.e. there is
a function u € C§° () such that ||ulje < o0.

It turns out that the answer of this question depends not only on the given
parameters a, and p of the spaces W (aqn,p)(€2), but also on the domain €.
The dual space of W§°(aq,p)(Q2) is defined as follows

W (a0 ) () {f F= S D o P = S anllfall <oo},
|ae|=0 |a|=0

where f, € LP'(Q) for all multi-indices o and p’ is the conjugate of p, i.e.
p' =p/(p—1) (for more details about these spaces, see [7] and [8]).
By the definition, the duality of W~>°(a,p’)(Q) and W§°(as,p)(Q) is given

by the relation
=Y a | 1at@prag

|a|=0
which, as it is not difficult to verify, is correct.
Let us denote by LP(0,T, W§°(aq,p)) the space of functions wu(t,z) which

has finite norm
T 1/p
o= ([ e ar)
0

and are equal to zero together with all derivatives D“u on the lateral surface S.

[[u

In other word one has

LP(O,T,Wmaa,p)){u(t,x [l =3 an / | D]l dt < oo,

|ee|=0

D¥u|s =0, |w] :0,1,...}.

Further, let L?' (0, T,W~*(aq,p")) be the dual space of LP(0,T, W§°(au,p)),
that is, the space of generalized functions f(¢,x) having a form

oo

flta) =" (~1)*lagD* fo(t, ),

lov|=0

where fo(t,z) € L (Q) and

Zaa/ [ fo(t, )17 dt < oo.

|e|=0
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The value of f(t,z) € LP (0, T, W~"°(aq,p')) on an element v(t, z) € L?(0, T,
W5°(aq,p)) is defined by the formula

T ) T
/ (f,v)dt = Z aa/ fal(t,z)D%(t, x) dx dt,
0 =0 0o Ja
which, as easy to see, is correct.

Sobolev spaces of infinite order have extensive applications to the theory of
partial differential equations and, among their number, in mathematical physics.
The basis of these applications is the non-formal algebra of differential operators
of infinite orders as the operators, acting in the corresponding Sobolev spaces
of infinite order. This makes it possible, by considering % as a parameter, to
solve a partial equation as ordinary differential equation, to which are adjoined
the initial or boundary conditions.

More explicitly, we cite the following examples of operators of infinite order
which are closely inspired from the ones used in Dubinskif [7].

EXAMPLE 2.2. Let us consider the operator
Au = [cos D]u(z), xRN, N >2.

Formally we have

Au(z) = i ﬂDQ”u(x).
= 2n!
The functional space corresponding to the Dirichlet type problem, is the Sobolev
space of infinite order W°(1/(2n!),2)(RY), which is nontrivial.
Consequently, if f € W=°°(1/(2n!),2)(RY), then there exists a weak solution

u € WE°(1/(2n!),2)(RY) for the problem

) 1)

Z( )DQ"u:f, x e RN,
2n/!

n=0

Moreover, for any f € L?(0,T, W~=>°(1/(2n!),2)(RY)), the parabolic problem

ou - (_1)71 2n N
E#—Z ol D"y =f, xeR",

n=

has a solution u € L2(0, T, W§°(1/(2n!),2)(RY)), in the variational sense.

EXAMPLE 2.3. In the half plane RT = {t > 0, 2 € R} we consider the heat
equation

ou  0%u

under the initial condition

(2.2) u(0,2) = ().
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5.2+ We have

Putting p =
u(t,z) = ePc(x),

where ¢(z) is an arbitrary function. From the condition (2.2) it follows that

c(x) = p(z) and consequently, the desired solution has the form

2
(2.3) u(t, ) = 57 ().
For any ¢t > 0 the operator
2 e tn 82"

2.4 e =N 9

(2.4) € ngo n! dx2n’
is an elliptic differential operator of infinite order. It is obvious that the formula
(2.4) is correct in L*(R) for any p(z) € W, where

o0

tn
W= {p € CR®): 3 D™l < oo

n=0 "
The nontriviality of the functional space W follows from Theorem 2.1, Chap-
ter Iin [7].

3. Main result

In this section we formulate and prove the main result. Let A be the nonlinear
operator of infinite order defined in (1.1) satisfying:

(A1) An(t,z,&,) is a Carathéodory function for all o, |y| < |af.

(Ag) For almost every (t,z) € Q, all m € N*, all &, 14, |7| < |@| and some
constant ¢y > 0, we assume that

m m
Z Aa(taxafw)na <c¢p Z aa|€a|p_1|77a|7
|a|=0 |a|=0

where p > 1, a, > 0 are reals numbers for all multi-indices a.
(A3) There exist constants ¢; > 0, ¢z > 0 such that

Z Aa(t,l‘,fv)ﬁa > Z aa‘§a|p — C2,

lee|=0 lee|=0

for all m € N*, for all &,, &q; |y] < |af.
(A4) The space W§°(aq,p)(€2) is nontrivial.

As regard to the nonlinear term g, we assume that g satisfies the following
natural growth on |u| and the classical sign condition:

(G) ¢:Q x R — R is a Carathéodory function satisfying
lg(t,z,8) < [s["~" +1,  g(t,z,5)s >0

for almost every (t,z) € @ and all s € R.
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THEOREM 3.1. Under assumptions (Ay)—(As) and (G), for any f € L?' (0, T,
W= (aq4,p)), there exists u € LP(0,T, W§°(au,p)) such that

T oo T
ou
—,v )y dt + E aa/ /Aa t,x, D"u)D% dx dt
/o <6t > aso  Jo Ja ( )

+/OT/Qg(t,x,u)vda:dt:/OT<f,U>dta

PROOF. Set, for almost every (¢,z) € Q, gi(t,x,u) = Trg(t, z,u), where T}
is the usual truncation given by

Jor all v € LP(0, T, W§°(aa, p)).

n i n| <k,
Ton =14 &
o i ) > k,
7]

and let the operator of order 2k + 2 defined by

k
Agergu= D (=) eaD*u+ Y (=1)*D*(Au(t, 2, D).
la|=k+1 |a|=0
Note that ¢, are constants small enough such that they fulfil the conditions of
the following lemma introduced in [7]. In fact, such a condition imposed on each
¢ 18 required to ensure the non-triviality of the space W§°(cq, 2).

LEMMA 3.2 (cf. [7]). For any nontrivial space W§°(aq,pa), there exists
a nontrivial space W§°(cq, 2) such that W (aa, pa) C WE°(Cq, 2).

The operator Agiyo is clearly monotone since the term of higher order of
derivation is linear and satisfies the monotonicity condition (see [2] and [7]).
Moreover, as in [15], thanks to the truncation T} and from assumptions (A;)-
(As), we deduce that the operator Agkio + gi is bounded, coercive and pseudo-
monotone. Then, it is well known (see J.L. Lions [14]), that there exists uy €
LP(0, T, Wy ?(Q)) such that

ou
{ J + A2k+2uk +.gk(t7x7uk‘,) = fk(t,l‘),

(Pr) ot
ug(0,2) =0
where .
folt,a) = 37 (~D)lla, Do £t ),
|a|=0

with f, € L' (Q) for all |a| < k. In the variational formulation, we get

T/ oy T T T
/ <,v> dt+/ (Aogoug, v) dt+/ /gk(t,x,uk)vdxdt:/ (fr,v)dt,
0 ot 0 0o Jo 0

for any v € LP(0, T, WET1(Q)).
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Let us choose v = uy as a test function. Using the sign condition, one has
the estimates

T k T
(3.1) Z ca/o | D*ug |3 dt + Z aa/o [ D%ug b dt < ca,

|a|=k+1 |a|=0
and
(3.2) / gx (L, 2, ug)ug da dt < co.
Q
In the sequel ¢, c3, ... designate arbitrary constants not depending on k.

From the first equality in (Pj) and estimates (3.1) and (3.2), we remark that
% € L7 (0,7, Wy "1 ().

In addition, for any v € L?(0,T, W§°(aq,p)), the following equality is valid

(3.3) /0 '

<a“’€,v>‘dtscg1+@2+@3,

ot
where
k T T

Q=X au [ [luDeltzdr,  Qa= [ [ lonttzm)eldoat

amo  Jo Ja 0Jo

T k T

Q=Y ca/ / | Dy ||Dv| dw dt + > aa/ / |D®uy [P~ D] du dt.

laj=k+1 YO /€ la|=0 0 JQ

Regarding the quantity @)1, one has

i /T Y
(S Inpa)(
1 |ar]=0 0 :

and so

(3.4) Q1 < csvllp.oe-

Concerning Q5. we have

k T 1/p
> o [ ID%lgar)
0

|| =0
< (0 (N [0l pyocs

T

@ S/ /(|“k‘p71|vl+|vl)dxdt
0 Q
T

T 1/p
</ ||uk||§;1||v||pdt+c4< / ||v||,’§dt>
T 1/p T 1/p T 1/p
g( / ||uk||gdt) ( / ||v||zdt) +C4( / ||v||§;dt)
0 0 0

< (e2 + ca)[[vllp,00,
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where ¢y is the constant of the estimate (3.1). Then one gets

(3.5) Q2 < ¢ [Vlpce-

Moreover, for the last term @3, one has Q3 = J; + Ja, where

T
Ji = Z ca/o/(z\DaukHDadedt

|a|=k+1
T 1/2 T 1/2
(X wf wrwiga) (X [ 10vga)
|| =k+1 0 lo|=k+1 0
< (02)1/2”U P;00)
k T
Jo = Z aa/ /\Dauk\p*1|Dav|dxdt
o]0 o Ja
k T 1/p’ k T 1/p
< ( Z aa/ ||Dauk||£dt> ( Z aa/ | D] dt)
0 0

ler|=0

< ()7 [0]lp,oe-

ler|=0

Then one deduces that

(3.6) Q3 < cs|v]lp, oo-

Combining (3.3)—(3.6), it follows that

T
8uk
3.7 / <,v>‘dt§c V| p,00-
(37) (G #loll

This implies that
H 8uk

at ||,

(3.8)

S Cs,
—o0

i.e. the derivatives % form a bounded set in the space LP’ (0, T,W~=>(aq,p"))-
Now, estimates (3.1) and (3.8) permit us to apply the well known lemma of
compactness (see J.L. Lions [13]).
Let By, B and B; be Banach spaces. Let us set

Y ={u:ueLl0,T,B,), ue LP(0,T,B1)}
where pg > 1, p1 > 1 are reals numbers.

LEMMA 3.3 (cf. [7]). Let the imbeddings By C B C By hold; moreover, let
the imbedding By C B be compact. Then'Y C LP°(0,T, B) and this imbedding is
compact.
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In order to apply this lemma, define

S

By = WS (4,,p) = {u(m) 3 aallDoul < oo},

|a|=0
B=W5(aa,p), Bi=W ®(aa,p); po=p, p1=0,

where S > 0 is arbitrary and p’ = p/(p — 1).

Then in view of estimates (3.1) and (3.8), we deduce that the family uy of
solutions of problems (P}) is compact in the space LP(0,T, W*(aq,p)), (where S
is arbitrary). Consequently, by similar argument as in the elliptic case (using the
diagonal process), see [2] or [7], one gets that the sequence uy converges strongly
together with all derivatives D¥uy, to a function u € LP(0, T, W§®(aq, p)) in the

space LP(Q).
Let now m > 0 fixed, E a measurable subset of () and £ > 0, we have

/ gr(t, z,up) de dt
E

1
< / gr(t, z,ug) de dt + — 9k (t, @, up )ug do dt
En{jux|<m} M J B {jux|>m}

1
< / (Jur|P~ + 1) da dt + —/ i (t, z, ug)ug de dt
BEn{lux|<m} mJq
c
<(ImPP~t + DI+ =,
m

where ¢y is the constant of (3.2) which is independent of k.

For |E| sufficiently small and co/m < £/2, we obtain

/ gr(t,x,up) dedt < e.
E
Using Vitali’s theorem we get

(3.9) gr(z,t,uy) — gz, t,u) in LY(Q).

On the other hand, in view of Fatou’s lemma and (3.2), we obtain

/ g(x,t,u)uds < lim gk (z, t,up)ug ds < ca,
Q

k—+oco Q

this implies that
(3.10) gz, t,u)u € LYQ).

Now, we shall prove that

T

T
lim [ (Ao o (up), v) dt = / (A(u), v) dt
k——+oo 0 0
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for all v € LP(0,T,W§°(aq,p)). Indeed, let ko be a fixed number sufficiently
large and let v € LP(0,T, W§°(aq,p)). Set

T
/ (A(w) — Aspsa(ug),v) dt = I + I + I,
0

where
ko T
L= / (Aa(t,z, D) — Aq(t,@, Duy,), D) dt,
la|=0"0
e e} T
R
o] =ko+1 0
k T
13 = - Z / <Aa<t7 Z, D’yuk)a Daﬂ) - Z Ca <Dau’ Dav> dt’
la|=ko+1 0 |a|=k+1
or in another form,
k+1 T
13 == Z / <Aa(t7an’yuk7)’Da’U> dt’
o =ko+1 70

with An(t,2,&y) = cala and c¢q > 0 for || = k + 1, (cq are constants given in
Lemma 3.2).

The aim is to prove that I, Is and I3 tend to 0. Indeed, on one hand, since
A(t, z, &) is of Carathéodory type, then I; — 0, and the term I is the remainder
of a convergence series, hence I3 — 0. On the other hand, for all € > 0, there
holds k(g) > 0 (see [5, p. 56]) such that

k+1

T
> / (Aa(t,%DVuk),D%}dt‘
0

la|=ko+1

< X /0|<Aa(t>$7D7uk),D“v>|dt

k+1 T
<cp Z aa/ /\Dauk\p_1|D°‘v|dxdt
la|=ko+1 70 €
k+1 T
<co 3 aa [ 1Dl D% de
la|=ko+1 0
k+1 k+1

T T
<eco Y aa/o IDug||D dt + cok(e) aa/o D |7 dt

|a|=ko+1 || =ko+1

) T
<ecpen + cok(e) Z aa/ ”Dasz dt,
lal=ko+1 0
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where ¢y is the constant given in the estimate (3.1). Moreover, the term
o0 T

> ao [ Dol

lal=ko+1 70

is the remainder of a convergent series, therefore I3 — 0 holds. Finally, we
conclude that

(3.11) /(J<A2k+2(uk)7v>dt—>/0 (A(u), v) dt

for all v € LP(0, T, W§°(aq,p)). Moreover, it is clear that

/0T<fk,v> at — /OT<f7v> dat

as k — +o00. Consequently, by passing to the limit in (Pg), we obtain

/OT<?;:,v>dt+/oT<A(U)7U>dt—l—/@g(t,x,u)vdwdt:/OT<f7U>dt7

for all v € LP(0,T, W§°(aq,p)). This archived the proof. O

4. Example

The following example of an operator of infinite order is closely related to
the one used in [8].
Let us consider the operator:

Au= Y (=1)*D(aq|Dul[P">D*v)
|a|=0

where a, > 0 is a sequence of numbers, p > 1 is a number such that the
space W (aq,p)(R?) is not trivial (for example, if aq, = [(2a)!]7?, p > 1 and
dim © = 1), then the conditions (A1)—(Aj3) are satisfied. As regards to a function
g that satisfies the condition (G), let us consider

g(t,x,s) = s|s|"h(x), withr >0,

where h € LY(Q), h(z) > 0, almost everywhere. Consequently, for the described
the nonlinear term g, the existence result of such a problem of type (P) follows
immediately from Theorem 3.1.
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