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A SECOND ORDER DIFFERENTIAL INCLUSION
WITH PROXIMAL NORMAL CONE IN BANACH SPACES

FATINE ALIOUANE — DALILA AzZAM-LAOUIR

ABSTRACT. In the present paper we mainly consider the second order evo-
lution inclusion with proximal normal cone:

—i(t) € Ng(py(®(t) + F(t,z(t),(t), ae.
() i(t) € K(1),
z(0) = zo, (0) = uo,

where t € I = [0,T], F is a separable reflexive Banach space, K(t) a ball
compact and r-prox-regular subset of E, Ng ) (-) the proximal normal
cone of K(t) and F an u.s.c. set-valued mapping with nonempty closed
convex values. First, we prove the existence of solutions of (x). After, we
give an other existence result of () when K (t) is replaced by K(z(t)).

1. Introduction

The existence of solutions for the sweeping processes has been introduced
and thoroughly studied in the 70’s by Moreau in [23], in the setting where all
the sets are assumed to be convex. Recently in [10], the authors proved the
existence of solutions of the perturbed sweeping process,

(1.1)  —i(t) € Ngw(z(t) + F(t,2(t)), ae t€l0,T]; x(0)=zo € K(0),

where K: [0,7] = H is a set-valued mapping which has not necessarily convex
values and F': [0,T] x H = H is an upper semicontinuous set-valued mapping
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144 F. ALIOUANE — D. AZZAM-LAOUIR

with convex compact values. Then the main concept, which appeared to get
around the convexity of the sets K (t), is the notion of “uniform prox-regularity”.
This property is very well-adapted to the resolution of (1.1).

Several papers (for example [2], [3], [4], [10], ...) have been devoted to the
study of the properties of prox-regular (or proximally smooth) sets. Using these
properties, the authors in [1], [7], [9], [13], [16], [17], [19], [20] and [26] proved
some existence results of the first and second order sweeping processes.

Note that all the results recalled in the last paragraph above have been
obtained in finite dimensional or Hilbert spaces. Newly, some extensions of
convex sweeping processes from Hilbert spaces to Banach spaces are proved in [5],
[6], [8] and [22].

Our aim in this paper is to prove, in a separable reflexive and uniformly
smooth Banach space F, the existence results for the following problem

—i(t) € Nk (&(t)) + F(t, 2(t),#(t), ae. tec(0,T],
(Pr) z(t) € K(t), for all ¢t € [0, T7,
z(0) = xo, %(0) = wo,

where K: [0,7] = E is a nonempty ball compact and r-prox-regular valued
set-valued mapping, N (-) the proximal normal cone K(t) and F': [0,T] x
FE x E = E an upper semicontinuous set-valued mapping with nonempty closed
convex values. Moreover, we extend this result to the case where the set-valued
mapping K depends on the state variable, that is, we give an existence theorem
for the problem:

—#(t) € Ni(aqy (E(t) + F(t,2(t),i(t), ae. te[0,T],
(Pr) i(t) € K(z(t)), for all t € [0, 77,
x(0) = zg, 4(0) = up.

Note that our first theorem extend to the second order the result proved in [5].

The organization of this paper is as follows. Section 2 is devoted to some
definitions and notation needed in the paper and Section 3 is reserved to the
main results.

2. Notation and preliminaries

In this section we recall the main definitions and notations used throughout
the paper.

Let (E, || - ||) be a separable Banach space, E’ its topological dual and (-, -)
their duality product. Bg(0,7) is the closed ball of E of center 0 and radius r,
B the closed unit ball and Sg is the unit sphere of E.

Let Cg([0,T]) (T > 0) be the Banach space of all continuous mappings
u: [0,T] = E, endowed with the sup-norm, and C%([0,T]) be the Banach space
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of all continuous mappings u: [0,7] — E with continuous derivative, equipped
with the norm

lullcr = mas { max Ju®)l, max ()]}

We denote by £(]0,T]) the o-algebra of Lebesgue measurable subsets of [0, T].
(LL([0,T]), |- |l1) is the Banach space of Lebesgue-Bochner integrable E-valued
mappings and (LY ([0,77]),] - |l) is the Banach space of essentially bounded
FE-valued mappings.

We said that a mapping u: [0,7] — E is absolutely continuous if there is
a mapping v € LL([0,7]) such that

u(t) = u(0) + /Ot v(s)ds, forallte [0,T],

in this case v = % almost everywhere.
For A C E, co(A) denotes the convex hull of A and ¢6(A) its closed convex
hull. We have the following characterization.

THEOREM 2.1. Let K be a nonempty subset of E. Then,
co(K)={z e E|(2,z) <§(z',K) for all ' € E'},
where §*(x’, K) denotes the support function associated with K, i.e.

§*(2',K) = sup (', y).
yeK
It is well know that the support function of an upper semicontinuous set-
valued mapping is upper semicontinuous.
For closed subsets A and B of FE, the Hausdorff distance between A and B
is defined by
H(A, B) =sup(e(4, B),e(B, A)),

where e(A, B) = supd(a, B) stands for the excess of A over B and d(a, B) =
acA

inf ||a — x||.

reB

We recall that for a closed convex subset A of E, one has
(2.1) d(z,A) = sup ({(x',z) — 0" (2", A)).
:E’EEE/

DEFINITION 2.2. A subset A C F is said to be ball-compact if for all closed
ball B = B(x, R) of E, the set BN A is compact. Obviously, a ball-compact
subset A is closed.

DEFINITION 2.3. Let A be a closed subset of E. Then the set-valued projec-
tion operator P4 is defined by

Py(z)={y€e E|||lx—y|| =d(z,A)} foralxeckFE.
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DEFINITION 2.4. Let A be a closed subset of £ and x € A, we denote by
Na(z) the proximal normal cone of A at x, defined by

Ny(z)={veE, Is>0, x € Py(x+ sv)}.

DEFINITION 2.5. For every point « € A and r > 0, we define I'"(x, A) as the
set of good directions v to project at the scale r from x + rv to x, that is,

I"(A,z) ={v e E, v € Pa(x+r1v)}.

REMARK 2.6. For all z € A, we obviously have by definition of the proximal
normal cone

Na(z) = [JT"(4,2).

r>0

We refer to [3, Lemma 2.1] for the following geometric lemma.

LEMMA 2.7. Let E be a Banach space and K be a closed subset of E. Then
forz e A andv € I'"(A, x), we have Av € I"(A,x) for all A € (0,1). Therefore,
if we assume that E is uniformly convexr then for all A € (0,1), we have x €
Pa(x + Arv).

We now come to the main notion of prox-regularity. It was initially intro-
duced by H. Federer ([21]) in spaces of finite dimension under the name of posi-
tively reached sets. Then, it was extended in Hilbert spaces by A. Canino in [11]
and A.S. Shapiro in [25]. After, this notion was studied by F.H. Clarke, R.J. Stern
and P.R. Wolenski in [14] (see also [15]) and by R.A. Poliquin, R.T. Rockafellar
and L. Thibault in [24]. Few years later, F. Bernard, L. Thibault and N. Zlateva
have defined this notion in Banach spaces (see [2], [3] and [4]).

DEFINITION 2.8. Let A be a closed subset of E and r > 0. The set A is said
to be r-prox-regular if for all z € A and v € Na(z) \ {0}

v
B<x+r,r) NA=0.
o]
The following Proposition give some important consequences of the prox-
regularity needed in the sequel. For the proof and more details we refer the

reader to [24].

PROPOSITION 2.9. Let r € (0,400] and let A be a nonempty closed and
r-proz-reqular subset of E. Then we have the following:
(a) For allx € E with d(x, A) < r, the projection of x onto A is well-defined
and continous, that is, Ps(x) is single-valued;
(b) if u= Pa(x) then, u = Pa(u+ r(x —u)/||x — ul]).

Now we recall some useful definitions, due to the geometric theory of Banach
spaces (we refer the reader to [18] for these concepts and more details).
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DEFINITION 2.10. The Banach space (E, ||-||) is said to be uniformly smooth
if his norm is uniformly Fréchet differentiable away of 0, it means that for any
two unit vectors zp, h € E, the limit

th|| —
iy %o+ thll = [lzoll
tl0 t

exists uniformly with respect to h,zg € Sg.

As we know that the norm could be non differentiable at the origin 0, we
study the function z — ||z||? for an exponent p > 1.

ProprosITION 2.11. Let E be a uniformly smooth Banach space and p €
(1,00) be an exponent. The function x + ||z||P is C* over the whole space E.

DEFINITION 2.12. For E a uniformly smooth Banach space and p € (1, c0),

we denote
1

p

DEFINITION 2.13. Let I be an interval of R. A separable reflexive uniformly

Jp() := ~ (V|- |")(x) € E".

smooth Banach space E is said to be “I-smoothly weakly compact” for an ex-
ponent p € (1,00) if for all bounded sequence (z,,), of L (I), we can extract
a subsequence (y,), weakly converging to a point y € L (I) such that for all
z € L¥(I) and ¢ € L (1),

lim [ (Jp(2(8) +yn (1)) = Jp(yn(t)), yn(8))H(t) dt

n—oo I
= /I<Jp(2(t) +y(1) = Jp(y(t), y(t)o(t) dt.

REMARK 2.14. It is easy to check that the notion of “I-smoothly weakly
compactness” does not depend on the time-interval I.

PRrROPOSITION 2.15. All separable Hilbert space H is I-smoothly weakly com-
pact for p = 2.

The following proposition describes a useful property of weak continuity of
the projection operator. For the proof we refer the reader to [5].

PROPOSITION 2.16. Let (E,|| - ||) be a separable, reflexive and uniformly
smooth Banach space. Let Cp,C: I = E be set-valued mappings taking nonempty
closed values and satisfying

supH(Cr(t),C(t)) — 0.

tel n—0o0

We assume that for an exponent p € [2,00) and a bounded sequence (vy)n
of LF(I), we can extract a subsequence (Vy(n))n weakly converging to a point
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v € LY (1) such that for all z € L (I) and ¢ € Li(1),

lim sup / (Jp(2(8) + Vk(n) (8)) = Tp(Vk(n) (1)) Ok () 6 (2) dt

n—oo JJI
= /I<Jp(z(t) +u(t) — Jp(v(t)), v(t))o(t) dt.

Then the projection Pc(.y is weakly continuous in LY (I) (relatively to the direc-
tions given by the sequence (vy,)y) in the following sense: for all r > 0 and for
any bounded sequence (uy,)n of LE(I) satisfying

Up = U in LY (1),

un(t) € Po, ) (un(t) +roa(t))) ae tel,

one has u(t) € Powy(u(t) +rv(t)) for almost every t € I.

3. Main results
Now, we are able to prove our main existence theorems.

THEOREM 3.1. Let I = [0,T] (T > 0) and E be a separable, reflexive, uni-
formly smooth Banach space, which is I-smoothly weakly compact for an exponent
pE[2,00). Let F: I x E x E = E be an upper semicontinuous set-valued map-
ping with nonempty closed conver values. We assume that there exists a constant
m > 0 such that

(3.1) F(t,z,u) CmBg, forall (t,z,u) €I x E x E.

Let r > 0 and K: [0,T] = FE be a set-valued mapping taking nonempty ball-
compact and r-prox-reqular values. We assume that K(-) moves in a Lipschitz
way, that is, there exists a constant k > 0 such that for all s,t € I,

(3.2) HIK (1), K(s)) < klt — s|.

Then for all xg € E and ug € K(0), the differential inclusion

u(0) = wo,
(Pr) x(t) = xo + /0 u(s) ds forallt eI,
u(t) € K(t) foralltel,

—u(t) € Ny (u(t)) + F(t,z(t),u(t)) ae tel,
has Lipschitz solutions u,z: I — E. Moreover, we have ||u(t)|] < 2m + k for
almost every t € 1. In other words, the differential inclusion

—i(t) € Ny (£(t)) + F(t,z(t),2(t)) ae tel,
(Pr) i(t) € K(t) forallt €1,

x(0) = zg, 4(0) = g,
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has at least a Lipschitz solution z(-) € Ck(I).

PROOF. Step 1. Let ng € N* such that

(3.3) Lmsw < .
no

Consider the partition {t,0,In:}, 0 < i < n of the time-interval I = [0, T
defined by Ip,; = (¢n,i,tng1) for 0 < i <n—1,¢,; =ih for 0 <i <n and
h = T/n. For every n > ng we define the following approximating mappings on
each interval I, ; as follows (this approximation is inspired from [5])

t
un(t) = Un,q + (h - 7/) (un,iJrl - un,i);

(3.4) Ty (t) = w0 + /0 Uy (s) ds,
Tn,i = mn(tn,i>7
K (t) = K(tn,iv1),

and since F' has nonempty values, we choose a point,

(35) Zn,i S F(tn,iaxn,iaumi)

and we define the mapping z, from I to E by z,(t) = z,, for all t € I,, ;, where
Up,0 = U0} Tn,0 = To, and for all 0 < ¢ < n — 1 the point u, ;41 is given by

(3.6) Up i+l = PK(tn,Hl)(un,i = hzyi).

This operation is allowed since the constants m and k satisfy relation (3.3), K
satisfies (3.2) and the sets K (t) are assumed to be r-prox-regulars. Indeed, we
have u, o € K(tn,0) and then

A(uno = hen0, K (tn1)) < dtno = D0, K (tn0)) + H(E (tn1), K (tn,0))
< ||Un,0 - h2n70 — un,O” + k|tn,1 _ tn,0|
=h(||zn0ll + k) < h(m+k) < g <r

By Proposition 2.9, we have that Pk (s, ,)(un,0 — hzn) is a nonempty single-
valued set. Then we define the point u, 1 € K(¢,.1), by

Unp,1 = PK(tnyl)(un,O - th,O)-

Similarly, we can define, by induction, all the points (u,;), 0 <i <n.
Observe that relation (3.6) and Proposition 2.9 give

uni_hzni_uniJrl
3.7 Upit1 = P, . Up jr1 + 7T : 2 :
B i = Prte (s )

that is,
Un,i — th,i — Un,i+1

wn,i = hzni — n,ita]

€ FT(K(tn7i+1), un,i_H).



150 F. ALIOUANE — D. AZZAM-LAOUIR

On the other hand, we have by (3.4), for all t € I, ; = (tn.i, tn,it1]

)
t
Up, + ( ) Up a+1 un,i)a

and for all t € I), ;_1 = (tn,i—1,tn,i]

t
un( = Un,i— 1+ ( Z_l ) Un,i_un,i71)~
Then
tn )
Un(tn 7 un i—1 + h Z - ]- (Un,i - un,ifl)
=Un,i—1 +(Z Z+1)(Unz un,i—l) = Un,i,
and

. thi .
lm  wp(t) = up,; + (m — z) (Unit1 — Unyi) = Un -

t—> 1t h
Consequently, for each n > ng, the mapping u,, is continuous and z,, € CL(I).

Step 2. We look for a differential inclusion satisfied by the mapping w,,. For
almost every ¢ € I, ;, we have by (3.4)

. 1
un(t) = E(un,iJrl — Un,i + hzn,z) — Zn,i-

We set .
An(t) = un(t) + Zn(t) = E(un,iJrl — Upi + hzn,z)
We claim that —A,, (t) € T/ (MFR) (K, (t), 1y 41)NB(0, (m+k)), which is equiva-

lent to

r
A, <(m+k) and uni+1 € P (0| tnivc1 — ———AL(1) ).
(B < (m+ k) 01 € Py (11 = e A0

First, we check that A, (t) is a bounded vector. Using the construction of the

points uy, ;41 (see relation (3.6)) and the fact that w,; € K(t,,), we have for

almost every t € I, ;

1
1800 = | ncs1 = s+

= 1P (tn,it1) (Unyi — h2n i) = (Uni — hzn )|

d(’un [ hzn,i; K(tn,i+1))

IN

(d(un,i - th)i, K(tn,l)) + H(K(tn,i-f-l)? K(tnﬂ)))

IN

(ltn,i = hzni = unll + kltniv1 — tnl)

IA
S e ey

(h(m + k) = m + k.
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That is, for almost every ¢t € I, ;,
(3.8) AL @) < (m + k).

Then, by considering the vector v = w, ; — hz,;, since K has r-prox-regular
values, the relation (3.7) gives

).

Observe, that by the relation (3.8), we have || Pk, )(v) — v|l/(h(m +k)) < 1.
Then, applying Lemma 2.7 to the relation (3.9), with A = || Pk, ) (v) — v/
(h(m+k)), we get

Py y(v) —v
(3.9) Un, i+l = PKn(t)(PKn(t) (v) o (t)(

e WANT 7
HPKn(t) v) — |

r |1 Px, 1) (v) — vl Pr,)(v) —v
n,t =P P N 3 g
Un,itl Kn(t)( Kn (V) = 3 (m+k)  |Px,@() =l

=iy ( Py (0) = - (Preo(0) =)

=Pk, @) <PKn,(t) (v) — (771:—k)A"(t)>’

that is, —A,,(t) € T/ "+ (K, (), up.i11), or equivalently

-
(3.10) Un,it1 € P, (0)(Un,iy1 — ( Ap(t)) ae. onIp,.

m+ k)

Step 3. Existence of limit mappings. First, we will to prove the convergence
of the sequence (u,(-)) € Cg(I). By the relation (3.8), we have for almost every
tel,

[t ()| < [|tin (8) + 20 ()] + |20 (D] = [|An (D) + |20 ()] < 2m + &,
ie.
(3.11) ([ (t) || < 2m + k.
This shows that (@,(-)) is uniformly bounded by (2m + k). So (un(-)) is a
bounded sequence of Cg(I) since for every t € I

t
(3.12) [[un ()] < [luoll +/0 [an(s)llds < |Juoll +T(2m + k) := M.

Now, we will show that (u,(-)) is relatively compact. Obviously, (u,(-)) is
equicontinuous. Let us prove that for every fixed ¢, the sequence (uy (t))n>n,is
relatively compact. For each ¢ and for ¢ € I,, ;, using the relation (3.8) and the
fact that u, ; € K(t,,;), we have

d(un(t), K(t)) < d(un(t), K(tn:)) + H(K (tn,:), K(t))
<Jtn () = wp il + k|t = tnil

+ k[t —

t .
Unp,; + (h — Z) (Unit1 — Un) — Un;
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tnitl .
< H (TL;; — Z) (Unit1 — Ung)

= |lun,it1 — unill + kh

+ kltn,it1 — tnil

= ||tn,it1 — Un,i + hzy i — hzn || + kh
= ||hA,(t) — hzp il + kb < h||AL ()] + hm + kR
T
<h(m+k)+hm+kh =2h(m+k)=2—(m+ k).
n
Then, for each n > ng there is y, () € K(t) such that
T T T
A (1), K (1)) < (1) — (D)) < 20(m+ K) + —(m -+ K) = 3 (m + k).
Set e, (t) = un(t) — yn(t), and observe that
T
llen ()] <3 E(m—k k) and w,(t) —en(t) € K(t).
Using this last inequality and the relation (3.12) we get for each n > ny,

r T
0

that is, (u,(t) — en(t)) € K(t) N B(0, M'), or equivalently
(3.13) un (t) € K(t) NB(0, M') + ({0} U {en(t)/k > no}) := K(2).

Remark that the set K (t) is compact since K (t) is ball-compact and nhﬁngo en(t)=0.
Consequently (uy,(t))n>n, is relatively compact. By Ascoli-Arzela’s Theorem,
the sequence (un( - ))n>n, is relatively compact in Cg(I), by extracting a subse-
quence still denoted (u,(-)) we may suppose the uniform convergence of (uy(-))
to some mapping u(-) € Cg(I). Obviously u(0) = ug, u(-) is a Lipschitz map-
ping and for all t € T

(3.14) u(t) € K(t)

since K (t) is closed.

Now, we will to prove the convergence of (z,(-)) in Cg(I). For all t,s € I

¢ t
Ty + / Un(T)dT — 29 — / Up(7) dT
0 0

[ (t) — zn(s)]| <

t
< / () dr < M]t — 5.
0
That is, (z,(-)) is equicontinuous. Furthermore, for all ¢ € I,

lzn(®)] = $o+/0 Un(s)ds

On the other hand, as

t
< [|oll +/ [un(s)ll ds < |[zoll + MT.
0

rult) =20+ | uns) ds,
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by the relation (3.13), we get

2 (t) € 20 +/0 (R (s)) ds = T(t),

which is a compact set since for all ¢ € I,co(K(t)) is a convex compact set
(see [12] for more details). Therefore, (z,,(-))n>n, is relatively compact. Then
we can apply Ascoli-Arzela’s Theorem to conclude the existence of a subse-
quence, still denoted (z,(-)), which converges uniformly on I to some mapping
() € Cg(I). Obviously z(0) = x9 and z(-) is a Lipschitz mapping with
ratio M.

Observe that for all t € I,

(3.15) z(t) = lim z,(t) = zo +/0 lim wu,(s)ds = zo +/O u(s)ds

n—oo n—oo

using Lebesgue’s theorem since (u,(-)) is equibounded (relation (3.12)), hence,
#(-) = u(-) almost everywhere.
Finally, let us prove the convergence of the sequences (z,(-)) and (4, (-)).
First, set for every t € I, ;, 0,(t) = tpnit1, 6n(t) =t 4, and observe that

. _ — : _ < 3 . — L) = 1 _—=
3 10n(8) =81 = 10 (F = ) < i Unirr =) = i, 5 =0

that is, lim ¢,(¢) = ¢t. By the same calculus we have lim 6,,(¢) = ¢. Then, for
n— oo n— o0
all t € 1,

i [z, (6, (8)) = 2(®)]| < lim (|20 (00 (8)) = 2n (O + [[2n(t) = 2(0)])

n—oo n— o0

i (M]3, (8) — 1] + [[2(£) — 2(1)]) = 0.

IN

This shows that li_>m |2n (0,(¢)) — 2(t)|| = 0.

Similarly, we have, for all t € I,

i [ (8a(8)) — u(t)| < Tim (Jun (80 (1)) — un(8)] + lun (6) = u()])
< T (2 + B)[6a(t) — ] + [[un(t) — u(D)]),

n— oo
that is, ILm lten (0,(8)) — u(t)]] = 0.
The 7(zzorfflergence of the sequences (2, (05, (- )))n and (u,(0,(+)))n to z(-) and
u( ) respectively, is also obtained.
Now, by relation (3.5) and the construction of w,, x, and z,, we have for all
tel,

(3.16) zn(t) € F(0n(t), n(0n (1)), un(0n(t)))-

Since F' satisfies the relation (3.1), we deduce that (z,(-)), is a bounded se-
quence in LY (), then we can extract a subsequence, still denoted (z,(-)) con-
verging o(LY,LL,) to some mapping z(-) in LY (1) = (LL,(I)) since E is
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reflexive, i.e. for all ¢(-) € Lk, (1), we have

(3.17) lim (z,,(-),¢(+)) = (2(+),¢(+))-

n—oo

As L, (I) € Lk, (I), by the relation (3.17) we deduce that for all {(-) € L, (I),
Tim (za(-). () = (). €0

that is, (2,,(-)) converges o(LL, L) to 2(-) in L (1), so Mazur’s Lemma en-
sures that for almost every t € I, there exists a sequence (£,(-)) (where &,(-)
is a convex combination of {zx(-), k > n}) which converges to z(-) in LL(I).
We can extract from the sequence (&, (-)) a subsequence which converges almost
everywhere to z(-). Then,
2(t) € {&ut), neNy=[){&1)}, ae tel,
neN
and so,
2(t) € [ @fa(t), k=n}, ae tel
neN
Set A, = {zx(t), k > n}. Then, by Theorem 2.1, we obtain for all 2’ € F’,

(2, 2(t)) <" (2, Ay) for alln € N

= sup(a’, zx(t)) for all m € N,
k>n
that is,
(2, 2(t)) < inf sup(z’, 2(t)) = limsup(z’, 2, (t)).

neN k>n n—oo
From the relation (3.16), we get
(2',2(t)) < limsup 6" (', F(0n (), 2 (00 (1)), tn(9n(1))))-
n—oo

We define for all ' € E’ the mapping
hy: [0,T] x Ex E — R, (t,m,u) = hy (t,x,u) = 6 (2', F(t, 2, u))
which is upper semicontinuous since F' is upper semicontinuous, and hence

lim sup hor (t, x,u) < hgr(to, o, ug).

(t,z,u)—(to,z0,u0)

Hence, since li_>m on(t) = t, li_>m X (0,(t)) = 2(t) and li_>m Un (0,(t)) = u(t), we

conclude that,

lim sup 0 (2, F(6(£), 20 (00 (1)), un (0 (1)) < 8 (&, F(t, 2(t), u(£)))

n— oo

S0,
(@', 2(t)) < 6 (2!, F(t,z(t),u(t))), forallz’ € FE’,
and then,

sup (o, 2(1)) = 8"(a', F(t, 2(t), u(t))) < 0.
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Since F' has closed convex values, by the relation (2.1), we get
d(z(t), F(t,z(t),u(t))) <O0.

This shows that

(3.18) z(t) € F(t,z(t),u(t)), ae tel.

On the other hand, we see by the relation (3.11), that (u,(-))n is bounded in
L$(I), up to a subsequence, we may suppose that (4, (-)), weakly* converges in
LS9 (I) to some mapping w( - ) and that w(-) = a(-). Indeed, for all y € L%, (I),

Jim (a (<), y(+) = (w(-),y(+)),

i.e.
t

t
i [ (i (5),5)) ds = [ {w(s). () s
in particular for y(-) = 1j0.4( - )e;, with ¢ € I, 1jg 4 the characteristic function of
the interval [0, ], and (e;) a sequence of the space E’ which separates the points

of E (such a sequence exists since F is separable), then we obtain

¢ ¢
< lim / Un(S) ds,ej> = </ w(s)ds,ej>, for all j,

which ensures,
t

t
lim Un(s)ds = / w(s) ds.
n—oo 0 0
As (un(+)) is a sequence of absolutely continuous mappings, we have the follow-
ing equality
t t

lim (un(t) — u,(0)) = lim Un(s)ds = / w(s) ds,
0

then .
u(t) = u(0) —|—/ w(s) ds,
0

so u( ) is absolutely continuous, and hence w(-) = @(-).
Observe again, that for all t € T

(3.19) H(Kn (1), K(t)) = H(K(0n (1)), K(t)) < k|n(t) —t] = 0.
Let us prove now that for almost every ¢t € T
—it) = =(t) € I7/UR(E (1), u(t)),
or equivalently
u(t) € Prey(u(t) = (g (0l0) + 2(2)).

Set " =r/(m + k). We have A, (t) = 4, (t) + 2,(t) and by the arguments given
above we know that (A,(-)), weakly*-converges in L (I) to @(-) + 2(-) :=
A(-). Supplying the property “I-smoothly weakly compact” supposed on the
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space E to the sequence (7'A,(-)), we obtain for all y € L% (/) and all ¢ €
Ly (1),

lim [ (T (y(t) — 1" An(t)) = Jp (=1 An(t)), An(t)) 6(t) dt

n— oo I

= /<Jp(y(t) —1'A(t)) = Jp(=r" A1), A(E) o(t) dt.

1

By (3.10) we know that for almost every t € T

un(en(t)) € PKn(t)(“n(en(t)) - r/An@))a

and since the sequence (u, (0, ()))n strongly converges in L% (I) to u(-), using
the relation (3.19), we conclude by Proposition 2.16, that for almost every ¢t € T

u(t) € Preyy (u(t) — 1" A(2)),
that is, —A(t) € Ng)(u(t)) (see Definition 2.5 and Remark 2.6), or equivalently,
—u(t) — z2(t) € Ny (u(t)), ae tel,
and, by (3.18), we get
—u(t) € N (u(t)) + F(t,z(t),u(t)), ae tel.
Finally, by the relation (3.14) and (3.15) we conclude that
—i(t) € Ny ((t)) + F(t,2(t),2(t)), ae. tel,
x(t) € K(t), forallt e,
z(0) = zp; (0) = wo,

that is, our problem (Pr) has at least a Lipschitz solution x € CL(I). Further-

more,

2@ <2m+k, ae tel.

The proof of our theorem is then complete. O

Remark that in Theorem 3.1, the set-valued mapping K depends on the
time. In the following, we extend this result to the case where K depends on the
state variable z, that is, our aim is to give an existence result for the following
differential inclusion

71.‘(t) S NK(I(t))('T(t)) + F(t, x(t),i'(t)) a.e. tel,
(Pr) i(t) € K(x(t)) for all t € 1,
z(0) = zg, #(0) = up.

THEOREM 3.2. Let I = [0,T] (T > 0) and E be a separable, reflexive, uni-
formly smooth Banach space, which is I-smoothly weakly compact for an exponent
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pE[2,00). Let F: I x Ex E = E be an upper semicontinuous set-valued map-
ping with nonempty closed conver values. We assume that there exists a constant
m > 0 such that

(3.20) F(t,z,u) C mBg, forall (t,z,u) €I x E x E.

Letr >0 and K: E = E be a set-valued mapping taking nonempty and r-prox-
regular values. We assume that K(-) satisfies the following assumptions:

(a) K(-) moves in a Lipschitz way, that is, there exists a constant k > 0
such that for all y,z € F,

H(K (y), K(2)) < klly — z];
(b) there is a constant | > 0 and a ball-compact set L C E such that
K(y)C L CIBg, forally€E.

Then for all zg € E and ug € K(xq), the differential inclusion (P'r) has at least
a Lipschitz solution z(-) € CL(I).

PRrROOF (sketch). The proof is essentially the same as for Theorem 3.1. Fix
ng € N* such that

(3.21) z(m +3kl) <
no

N3

The first step consists in defining the approximating mappings as in (3.4) and
(3.5) by setting for every n > ng and for each t € I, ;

t .
un(t) = Un,; + (h - Z) (un,z’—i-l - un,i)a

Zn(t) = o —|—/0 un(s)ds,

Tn,i = Tn (tn,i)v

(3.22)

Zn,i € F(tn,iaxmiaun,i)v
K, (t) = K(zn,),

where u, 0 = ug; Tn,0 = To and for all 0 < i < n — 1 the point uy, ;41 is given by
(3.23) Un,it1 = Pr(e, ) (Uni — hzn,i).

First, observe that this last relation implies that u, ;+1 € K(z,;) and then by
using the hypothesis (b), we obtain for all 0 <i <n

tn,i
<[ o)l ds

tn,i—l

1’ 8 .
o R R GEE)) [
tn,i—1

tn,i tn,i—1
|Zn,: — Tniz1| = H / Un(s)ds — / un(8)ds
0 0
tn,i
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tn,z s )
< [ (il 5 = 6= 0l + sl )

tn,i—l

tn,i
= /
t

n,i—1

(l + <tr;L,z _ (’L — 1)) (2[)) ds = 3l|tn,i _ tn,i—1| — 3h.

Let us prove now that the relation (3.23) is well defined. Indeed, since uy €
K(zg), we have

r
d(un,O - hzn,Oa K(xn,O)) S Hun,O - hzn,O - un,OH S hm S 5 <r

using the relation (3.21). Then we set u, 1 = P (z,, o)(Un,0—h2n,0) which implies
that w, 1 € K(x,,0). Consequently, using (3.21) a second time, we can write
d(tn,1 — hzp 1, K(2n,1)) <d(un,1 — hzn1, K(200)) + HE (20,1), K(20,0))

S ||un,1 - hzn,l - un,l” + kan,l - xn,OH

T
<hm+k3Ih < —(m+3kl) < = <.
no 2

Then, we set un, 2 = P (q,, ,)(Un,1—hzn,1). Similarly, we can define, by induction,
all the points (u,;), 0 < i <n.
The second step of the proof still holds with the following estimate

ALt <m+3Kkl, ae. tel,,
and
Ay (t) € TSR (4), 1541)

or equivalently,

r
Un,i+1 € Px, 1) <Un,z‘+1 - (m+3kl)An(t)>

In step 3, for proving that for every fixed t the sequence (uy(t))n>n, 1S
relatively compact, we consider for each ¢ and all ¢t € I, ;

d(un(t), Kn(t)) t), K(2n,i))
t), K(wn,i-1)) + HK(Tni), K(Tn,i-1))
<un(t) - un,i” + kan,i - xn’ile

d(un(
(

t .
Unpi + (h - l) (Unit1 — Unyi) — Uni|| + kllTni — Tnio1]]

T T
<h||AL ()] + hm + 3khl < QE(m + 3kl) < zn—(m + 3kl),
0
and since K,,(t) C L, we conclude that, for each n > ny,

d(un (), L) < 2 = (m + 3k1).

no
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Then (u,(t))n>n, is relatively compact since L is ball-compact. We complete

the proof of our theorem as for Theorem 3.1. (]
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