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Paraproducts with flag singularities

I. A case study

Camil Muscalu

Abstract

In this paper we prove LP estimates for a tri-linear operator, whose
symbol is given by the product of two standard symbols, satisfying the
well known Marcinkiewicz-Hérmander-Mihlin condition. Our main
result contains in particular the classical Coifman-Meyer theorem.
This tri-linear operator is the simplest example of a large class of
multi-linear operators, which we called paraproducts with flag singu-
larities.

1. Introduction

The purpose of the present article is to start a systematic study of the LP
boundedness properties of a new class of multi-linear operators which we
named paraproducts with flag singularities.

For any d > 1 let us denote by M(R?) the set of all bounded symbols
m € L®(R?), smooth away from the origin and satisfying the Marcinkiewicz-
Hormander-Mihlin condition®

" 1
(1.1) 10°m(§)| S W

for every ¢ € R?\ {0} and sufficiently many multi-indices . We say that
such a symbol m is trivial if and only if m(£) = 1 for every & € R%
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LA < B simply means that there exists a universal constant C' > 1 so that A < CB.
We will also sometime use the notation A ~ B to denote the statement that A < B and
B < A
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If n > 1is a fixed integer, we also denote by Mg,,(R™) the set of all
symbols m given by arbitrary products of the form

(1.2) m(§) := H ms(&s)
SC{1,....,n}
where mg € M(R(5)) the vector £g € R(9) is defined by &g 1= (&)ies,
while £ € R” is the vector & := (&) ;.
Every symbol m € Mg,,(R") defines an n-linear operator T, by the
formula

(13)  Talfr-oos fu)2) = / Cm()fi(&) - fa(€a)etm O dg

where f1,..., f, are Schwartz functions on the real line R.

In the particular case when all the factors (ms)scq,..ny in (1.2) are triv-
ial the expression T, (f1,..., fa)(x) becomes the product of our functions
fi(z) - fu(z) and as a consequence, Holder inequalities imply the fact that
T,, maps LP' x --- X LP» — [P boundedly as long as 1 < py,...,p, < o0,
Ipr+ -+ 1/p, = 1/pand 0 < p < oco. Similar estimates hold in the
situation when all the factors (mg)sc,..ny in (1.2) are trivial except for the
one corresponding to the set {1,...,n}. This deep and important fact is
a classical result in harmonic analysis known as the Coifman-Meyer theo-
rem [1, 2, 3]. Clearly, the same conclusion is also true if we assume that the
only non-trivial symbols are those corresponding to mutually disjoint sub-
sets of {1,...,n}, because this case can be factored out as a combination of
the previous two.

It is therefore natural to ask the following question.

Question 1.1 Is it true that T,, maps LP* X --- X LP» — LP boundedly as
long as1 <py,...,pn <00, 1/p1+---+1/p,=1/p and 0 < p < oo for any
m GMﬂag(Rn) ¢

The main goal of the present paper, is to give an affirmative answer to the
above question, in the simplest case which goes beyond the Coifman-Meyer
theorem. We will consider the case of a tri-linear operator whose non-trivial
factors in (1.2) are those corresponding to the subsets {1,2} and {2, 3}.

More specifically, let a,be M(RR?) and denote by T,; the operator given by
(14) Tab(f17f27f3)(x)
= / al&r, &b, &) f1(€0) fal2) o ()P e A,

R3
Our main theorem is the following.
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Theorem 1.2 The operator Ty, previously defined maps LP* X LP>x [P3 — [P
as long as 1 < py,p2,ps < 00, 1/pr+1/pa+1/p3=1/p and 0 < p < c0.

Moreover, we will show that in this particular case there are also some
L>-estimates available (in general, one cannot hope for any of them, as one
can easily see by taking all the factors in (1.2) to be trivial, except for the
ones corresponding to subsets which have cardinality 1). We believe however
that the answer to our Question 1.1 is affirmative in general, and that the
LP-estimates described above are satisfied by the operators T, in (1.3) for
all the symbols m €M g,y (R™). We intend to address this general situation
in a separate, future paper.

To motivate the introduction of these paraproducts with flag singularities,
we should mention that some particular examples appeared implicitly in con-
nection with the so-called bi-est and multi-est operators studied in [7, 8, 13].

The bi-estis the tri-linear operator T};_.s; defined by the following formula
(15) Tbifest(fl>f2>f3)(x)
a / F1(6) Fo(&0) fi(&a) ™ F ) 4 dpd
§1<€2<€3

and we know from [7] and [8] that it satisfies many LP-estimates of the type
described above. Its symbol x¢ <¢,<¢, can be viewed as a product of two
bi-linear Hilbert transform type symbols, namely x¢ <, and xe,<g, [4], [5].
If one replaces them both with smoother symbols in the class M(IR?), then
one obtains our tri-linear operator T, in (1.4).

As mentioned in [10], the interesting fact about such operators as T,
in (1.3), is that they have a very special multi-parameter structure which
seems to be new in harmonic analysis. This structure is specific to the
multi-linear analysis since only in this context one can construct operators
given by multi-parameter symbols which act on functions defined on the
real line.

2. Adjoint operators and interpolation

The purpose of the present section is to recall the interpolation theory
from [6], that will allow us to reduce our desired estimates in Theorem 1.2 to
some restricted weak type estimates, which are more convenient to handle.

To each generic tri-linear operator T" we associate a four-linear form A
defined by the following formula

(2.1) A(f1, fa, f3, fa) 3=4T(f17f2,f3)(x)f4(x)dx.
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There are also three adjoint operators 7%, j = 1,2,3 attached to T,
defined by duality as follows

(2.2) / T (fo for (@) fi (2 == Ao, for fo fo),
(2.3) /RT*Q(f1,f3,f4)($)f2(a?)d$ = A(f1, fo, f3, fa),
(2.4) / T (o, for £2)(@) fa(@)dz = Ao, for fi fo).

For symmetry, we will also sometimes use the notation 7% := T.

The following definition has been introduced in [6].

Definition 2.1 Let (p1, p2, p3, pa) be a 4-tuple of real numbers so that
1 < p1,p2,p3 <00, 1/p1+1/pa+1/p3s =1/ps and 0 < ps < co. We say that
the tri-linear operator T is of restricted weak type (p1, pa, 3, Pa), if and only
if for any (E;)_, measurable subsets of the real line R with 0 < |E;| < oo
fori=1,2,3,4, there exists a subset Ej C E, with |E}| ~ |E4| so that

(2.5) )/T(f1>f2af3)($)f4($)dx S| B VP By | VP2 | Bs| VP By |V,
R

for every f; € X(E;), i =1,2,3 and f, € X (E}) where in general X (FE) de-
notes the space of all measurable functions f supported on E with || f]le < 1
and pl; is the dual index of py (note that since 1/py + 1/p), = 1, p; can be
negative if 0 <py <1 ).

As in [7, 8] let us consider now the 3-dimensional hyperspace S defined by
S = {(041704%0437044) € R4 Tyt g+ a3+ oy = 1}

Denote by P the open interior of the convex hull of the 7 extremal points
AH, Alg, Agl, AQQ, Agl, Agg and A4 in Figure 1. They all belong to S and
have the following coordinates:

A(=1,1,1,0), A1a(—1,1,0,1), Asy (1, —1,1,0), As5(0,0,0, 1),
As1(1,1,-1,0), A5(0,1,—1,1) and Ay(1,1,1,-2).

Denote also by P the open interior of the convex hull of the 5 extremal
points Asy, G1, G, G3 and A4 where GG1, G2 and G3 have the coordinates
(1,0,0,0), (0,1,0,0) and (0,0, 1,0) respectively. The following theorem will
be proved directly in the following sections.
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Figure 1: Polytope

Theorem 2.2 If a,b € M(R?) are as before then, the following statements
about the operator Ty, hold:

(a) There ezist points (1/p1,1/pe,1/ps,1/ps) € P arbitrarily close to A,
so that Ty, is of restricted weak type (p1, pa, P3, Pa)-

(b) There exist points (1/pi,1/p¥,1/pd,1/p) € P arbitrarily close to Ay

so that T is of restricted weak type (pij,péj,pgj,pij) fori=1,2,3 and
j=1,2.

If we assume the above result, our main Theorem 1.2 follows immediately
from the interpolation theory developed in [6]. As a consequence of that
theory, if (p1, pa, ps, p) are so that 1 < py,py, p3 < 00, 1/p1+1/pa+1/ps = 1/p
and 0 < p < oo then T, maps LP' x LP? x [P* — [P boundedly, as long
as the point (1/p1,1/pa, 1/ps, 1/p) belongs to P. And this is clearly true if
(p1,p2, p3, p) satisfies the hypothesis of Theorem 1.2. In fact, in this case,
the corresponding points (1/py, 1/p2, 1/ps3, 1/p) belong to P which is a subset
of P.

Moreover, since we also observe that all the points of the form (0, «, 3, 7),
(,0,5,7), (o, 8,0,7) with a, 8 > 0, « + 3+~ = 1 and (0,@,0, 5) with
07,3 >0 a+ B = 1 belong to P, we deduce that in addition 7T,, maps
L>® x [P x L1 — L', [P x L*° x L9 — L", LP x L9 x L — L" and
L x L® x L*® — L* boundedly, as long as 1 < p,q,s < o0, 0 < r < oo and
1/p+1/qg=1/r.
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The only L* estimates that do not follow from such interpolation argu-
ments are those of the form L*>° x L*° x L®* — L* and L® x L™ x L* — L?,
because points of the form (1/s,0,0,1/s") and (0,0,1/s,1/s") only belong to
the boundary of P. But this is not surprising since such estimates are false
in general, as one can easily see by taking fo = 1in (1.4).

In conclusion, to have a complete understanding of the boundedness
properties of our operator T}, it is enough to prove Theorem 2.2.

3. Discrete model operators

In this section we introduce some discrete model operators and state a gen-
eral theorem about them. Roughly speaking, this theorem says that they
satisfy the desired restricted weak type estimates in Theorem 2.2. Later on,
in Section 4, we will prove that the analysis of the operator T, can in fact
be reduced to the analysis of these discrete models. We start with some
notations.

An interval I on the real line R is called dyadic if it is of the form
I = [2Fn,2%(n + 1)] for some k,n € Z. We denote by D the set of all such
dyadic intervals. If J € D is fixed, we say that a smooth function ®; is a
bump adapted to J if and only if the following inequalities hold

1 1
(3.1) 0 (2)] < Cramry
) ist(z,J)\ &
| /| (1+—u| )

for every integer a € N and sufficiently many derivatives [ € N, where |J| is
the length of J. If ®; is a bump adapted to .J, we say that |J|~'/P®; is an
LP-normalized bump adapted to J, for 1 < p < co. We will also sometimes
use the notation Y ; for the approximate cutoff function defined by

~ dist(x, J)\ —10

(3.2) Tole) = (1+ dist(z, J) ))
/]

Definition 3.1 A sequence of L*-normalized bumps (®;)rep adapted to

dyadic intervals I € D is called a non-lacunary sequence if and only if for

each I € D there exists an interval wi(= wiy) symmetric with respect to the

origin so that supp ®; C w; and |wr| ~ [T~ .

Definition 3.2 A sequence of L*-normalized bumps (®1)rep adapted to
dyadic intervals I € D is called a lacunary sequence if and only if for
each I € D there exists an interval w;(= W\I\) so that supp ®; C wy,

|lwr| ~ [I|7' ~ dist(0,w;) and 0 ¢ 5w;.
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Let now consider Z;, J; C D two finite families of dyadic intervals. Let
also (¥} I) rez, for 7 = 1,2,3 be three sequences of L*- normalized bumps so
that (®2)sez, is non- lacunary while (®));¢7, for j # 2 are both lacunary in
the sense of the above definitions.

We also consider (<I>f,) geq for 7 =1,2,3 three sequences of L?- normal-
ized bumps so that at least two of them are lacunary. Then, define the
discrete model operator T} by the formula

33)  Tlffof)@) =D 17 1\1/2 (F1,®1)(Br (o, f3), ®7) ]
IeT;
where
1
(34)  Bi(fa, f3)(2) := > ‘J|—1/2<f27q)}7><f37q)?7>q)?7'

JeJ;|w3|<|w?|;wd Nw?£D

If ko is a strictly positive integer, define also the operator T , by

(3.5) T ko (f15 f2, f3) (2 Z ‘[’1/2 (1,21 (Bl 1, (f2, [3), 97)®}

IeZy

where

(3.6) Bl (fa f)(a) i= S e (2 O (o, 03,

]
JET1;2%0 |wh |~ |w?|5wiNw?£D

Similarly, let us now consider two other finite families of dyadic intervals
Ty, Jo C D. As before, we also consider sequences ())rez,, (®) ez, for
j = 1,2, 3 of L?- normalized bumps, where this time we assume that (®});c7,
is non-lacunary while (CIDJI) 1e7, are both lacunary for j # 1 and at least two
of the sequences (®7)) je 7, are lacunary. Using them, we define the operator
T, by the formula

B7) Db fo)e me (B} (f1: f2). ®1){f5. ©7)®]
I€Zs

where

B3 BULRE@ = Y (e (k00

J€Tps|wi|<|w]wi nwi 0
And finally, as before, for any strictly positive integer ko define also the
operator 75 i, by

(3.9) To ko (f1, fo, f3) (2 Z U|1/2 (B 1o (f1, f2), 1) f3, D7) P}

I1€Zs
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where

(3.10)  Bi(fi. f2)(x) = ) s (1 O (o, B2,

]
JE€T2;2%0 |wd |~ |wlswd Nwlz£D

The following theorem about these operators will be proved carefully in
the forthcoming sections.

Theorem 3.3 Our previous Theorem 2.2 holds also for all the operators
Ty, Ty, T\ gy, Tok, with bounds which are independent on ky and the car-
dinalities of the sets Iy, Ty, Ji, Jo. Moreover, the subsets (E/) _1 which
appear implicitly due to Definition 2.1, can be chosen z'ndependently on the
L?-normalized families considered above.

4. Reduction to the model operators

As we promised, the aim of the present section is to show that the analysis
of our operator T,, can be indeed reduced to the analysis of the model
operators defined in the previous section. To achieve this, we will decompose
the multipliers a(&;, &) and b(&s, £3) separately and after that we will study
their interactions.

Fix M > 0 a big integer.

For j =1,2,..., M consider Schwartz functions ¥; so that supp ¥; C
2 —1,j1,9;=1on [j —1,j] and for j = =M, =M +1, ..., =1 consider
Schwartz functions ¥; so that ? supp ¥; C [, j+1] and ¥; = 1 on [j, j+1].

If X\ is a positive real number and ¥ is a Schwartz function, we denote by
DY W(z) == A"VP O (A )

the dilation operator which preserves the LP norm of ¥, for 1 < p < oc.

Define the new symbol a(&;,&;) by the formula

(41 A& = Y / DT (1) D3, (€)dN.

ma.x(|]1\ ‘]2‘) M

Clearly, by construction, @ belongs to the class M(R?). Also, things can be
arranged so that [a(&,&)| > co > 0 for every (£1,&) € R? where ¢ is a
universal constant. Roughly speaking, this a should be understood as being

2If 1 is an interval, we denote by cI(c > 0) the interval with the same center as I and
whose length is ¢ times the length of T
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essentially a decomposition of unity in frequency space into a series of smooth
functions, supported on rectangular annuli. Then, we write a(&, &) as

a(é,&) = gg%gi% LA, &) = alén, &) - a6, &)

(4.2) - 3 / a(61,6) D3 05 (&) DT, (52))dx
max (|71 [,]75]) =M
and observe that 5(51, &) has the same properties as a(;, &).

Fix now ji, 74 with max(|j}], |75]) = M and X € R. By taking advantage
of the fact that @ € M(IR?), one can write it on the support of D3y @

DQAAII . as a double Fourier series and this allows us to decompose the inner
term in (4.2) as

Y "ﬁ*/ "ﬁ*/
Z C(a)i\l/:fflvn/?( 2A/‘Ij (51) 2ming 152 /\§1> < 2>\/‘11 (52) 2miny 152 /\§2>

ny ,nLeZ
- 3 it ,2( ;3,\11;?(&))( Si/‘l’?f(@))

ny,nLeZ

where we denoted by \I/;? and \IJZQ the functions defined by

—_

‘I’Zl (&) = ‘I/’J\';(fl)@%m/l%gl
and -
/ F ol 9
W37 (6) = Wy (E)emim

and the corresponding constants C' (a)f\i,i : . satisfy the inequalities
IS RIS

; 1 1
4.3 C@if | s ,
(4.3) (a)y i |~ (1 [ [)1000 (1 4 b)) 1000

for every n},n!, € Z, uniformly in \' € R.

In particular, the symbol a(&;,&;) can be written as

a(€1,6) = / Z > clapt,, ( wag‘f(so)

maX(\hl l75])= nt nbEZ k' €L

(4.4) X ( gj,wklf;? (52)) dr
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Similarly, the symbol b(s, £3) can also be decomposed as

b(§27 53) = Z / Z Z C ?gl//’i%{// n/l/7n/2/ (Dgi//-‘.g” \Ij;? (52))

max (|57 [,175 ny nyeZ k"€l
e8] ny "
(45) X (DQk//JrN// \Il]é/ (63)) dH

.71 7.72

where as before, the constants C'(b),"},

" ll lt satisfy the inequalities

1 1
R T T (1 gy

(46) | C(b)?;//ii// n// //

for every nf,nj € Z, uniformly in k" and ".

As a consequence, their product a(&y,&s) - b(&2, &3) becomes

a6, 6) bEn&) = Y DD DS

max |]1\ 1751)=M max(|5}],175])=M n) ,nLeZ n} nfeZ

4 Al
Jl,]g . O(b)] 3J2
k/"l‘n/,n&,né k”+:‘€” n// n/2/
0 g k”eZ

X |:( ;2,+N/ LII;? (61)) (D;zurnl qj;? (62)) :|
(47) X l(D;211+N// III;? (62)) (Dg://JrKN \Il;? (63)) :| d/q,/d,‘ﬁ',//.

Clearly, one has to have

— —_

(4.8) supp(D3y \II;ZQ) N supp( D55 \If;?) #0

otherwise, the expression in (4.7) vanishes.

Let now # be a positive integer, much bigger than log M. If ¥’ and k" are
two integers as in the sum above then, there are three possibilities: either
K > K'+# or k" > K +4 or |k’ —Ek"| < #. As a consequence, the multiplier
a(&1,&) - b(&s, &) can be decomposed accordingly as

a(&1,62) - b(&2, &3) = ma(&1, 62, &) + ma(&r, &, &3) + ms(&r, 62, &3).

Since it is not difficult to see that ms € M(R?), the desired estimates for
the tri-linear operator 7,,, follow from the classical Coifman-Meyer theorem
quoted before. It is therefore enough to concentrate our attention on the
remaining operators 7,,, and 7),,. Since their definitions are symmetric,
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we will only study the case of T,,, where the summation in (4.7) runs over
those k', k" € 7Z having the property that k' > k” +#. We then observe that
since # is big in comparison to log M, we have to have j, = —1 or j; = 1 in
order for (4.8) to hold. In particular, this implies that the intervals

/\

supp(DWH,\If )k/eZ

are all intersecting each other.

At this moment, let us also remind ourselves that in order to prove
restricted weak type estimates for 7;,,,, we would need to understand ex-
pressions of the form

/R T (o for f3) () fu()de

(4.9) -

/ (€1, €, €3) P (60 Fal62) Fo(€) Fa(a) e
E1+E€2+E3+€4=0

and as a consequence, from now on, we will think of our tri-dimensional
vectors (&1, &, &3) € R? as being part of 4-dimensional ones (&1, s, &3,&4) €
R* for which & + & + & + & = 0.

Fix now the parameters ji, 75, ji, j5, n}, ny, nf, ny, k', k", &', k" so that
k' > k" + # and look at the corresponding inner term in (4.7). It can be
rewritten as

- //\ ﬁ'\ ﬁ'\
ny
(410) \Ijk/ K ]/ (51) k/ K ]/ (52) k// K J//(SQ) k// K J// (53)
where
n n n n
\Ijk/ /7j1 .D2 k! — /\Ij -/ 9 \Ijk/ /7]-2 D2 k! — /\Ij -/ P
nf . 1 2 . 1
\Ijk,, G D Rl //\Ij i and \Ilk” WG D ol //‘11 i

Consider now Schwartz functions Wy . 5
is identically equal to 1 on the interval

]/ and \I’k// K" j 'él so that \I’k@ K/vjivjé

—2<Supp(qjk/ / ’) + Supp(\llza’i/’jé)>

—_—
. 10 . . . . .
and is supported on a <5 enlargement of it, while Wy . v ;v is identically

equal to 1 on the interval

<supp(\I’Z,, " //)+supp(k11k,, " ,,))

and is also supported on a 4 enlargement of it.
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Since & + &+ &3+ &4 = 0, one can clearly insert these two new functions
into the previous expression (4.10), which now becomes

(4.11) [\ngﬁ,’ji €V () Vi (@)}

7\ nll —_—
X W (&)W (€)W (62 + )|

The following elementary lemmas will play an important role in our further
decomposition (see also [8]).

Lemma 4.1 Let 1y, 12,03, N4, N4, M3 be Schwartz functions. Then,

T(€0) T (E2) 3 (E3) T (Ea)Ta (61 +E0) o (E2+E3) F1(61) Fo(2) Fa(E3) Fal€a) dE

&1+E&2+E3+84=0
- / [(Fuow ) (o )] s - [(fa % 12) (o % 19)) % sl

Proof We write the left hand side of the identity as

P (€n) Fa e ma(Ea)Tra (€0 + €0) o % 11(E0) F # 3 (E5) o3 (€ + E5)dE
&1+E&2+E3+84=0

- / { / m(§1)M(€4)d§1d€4] m(\)
R LJ&1+8a=A
x l/§2+53=k m(fz)M(&)d&d&} N23(—A)dA
= [ [ )T [(fe #m) o ) (~N)(-)]

= /]R [(f1 * ﬂl)(/ﬁ4\*774)] #M1a(A) - [(f2 * 772)(/f3\*773)] % 13 (—A)dA

and this, by Plancherel, is equal to the right hand side of the identity. W

Lemma 4.2 Let k € Z be a fized integer, Fy, Fs, F3 three functions in
L'NL>®(R) and @y, Oy, ®3 three L' normalized bumps adapted to the interval
0,2%]. Then,

(4.12) /R(Fl x Op)(x)(Fy % §g)(x)(F3 x ®3)(x)dx

1
1
-[ > 7L 1) 1) (P, )
0

1€D;|1|=2F

where @, ;(y) = |I|V2E(xr +t|I] —y) for j = 1,2,3 and x; is the left
hand side of the dyadic interval I.
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Proof For every j =1,2,3 write
Fy+ @;(x) = / Fi(y)®;(z — y)dy = 27**(F}, @, ;)
R

where @, ;(y) := 2¥/2®;(x — y).

As a consequence, the left hand side of (4.12) becomes

273]{/2 /<F1a (I)x,1><F2> ®172><F3’ (I)x73>d.’ﬂ
R

_ o—3k/2 Z /(Fl, Dy 1) (Fo, @op2) (F3, Py 3)da

1eD;| =271

2k
- 2_3k/2 Z / <F17 cI):v1+z,1><F27 cI):v1+z,2><F37 q):cl-l—z,?))dz‘
0

1€D;|1|=2F

If we now change the variables by writing z = t|I|, then this expression
becomes precisely the right hand side of (4.12). |

As a consequence, we have the following corollary.

Corollary 4.3 Let k', k" € 7 be as before, Wy, Uy, Wiy be three L' normal-
ized bumps adapted to the interval [0, 2_1‘“'/] and Wy, W3, Wog be three bumps
adapted to the interval [0,2*"]. Then,

/ T, (60W5(6)W5 (6) W3 (64) s (Er+€4)
E1+8&2+E3+84=0 - N R R R
X W3 (§a+E3)f1(61)f2(E2) f3(€3) fa(€a)dE
1 ~
(4.13) :/ Z (f1, i 1) (B (fo, f3), Vi 1a) (fa, Orpa)dt’
0

IeD;|I|=2—+
where By (fa, f3) is given by
1 e
By (fo, f3)(x) = / > e W) (fs, W s)W o s (x)dt”
0 7
JED;|J|=2-F

while

‘I’I,t/,m(?/) = 11\1/211114(3/ — Ty — t’\[!)

and

‘I’J,t",z?)(y) = |J\l/2\1123(y —xy —t"J]).
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Proof By using the first Lemma 4.1, the left hand side of (4.13) is equal to

/R ((Fox 00 (fo o W0)] 5 Wra() [(fo 5 Do) (fs 5 )] # Wy ()
= /]R [(f1* W) (fax Wy)] x Wiy(x) Fos(x)de
= [ (s W)@ x )@) (P B ),

where @14 is the reflection of W4 defined by @14(3;) = Uyy(—y) and Fys is
given by
Fos(w) = [(fo * Wa)(f3 % W3)] x Was().

By using the second Lemma 4.2, this can be further decomposed as

1
[ e s Vit
0

IeD;|1|=2—F

On the other hand, since (Fbs, \T/Lt/,lzl) can also be written as

AF23($)$I,t/,14($)dx = / [(fz * ‘Pz)(fzs * ‘1’3)] * ‘1’23($)$I,t/,14($)d1’

R

= /]R(f2 * Wo) () (fs ‘1/3)($)($1,ﬂ,14 % W) (2)da,

we can apply again Lemma 4.1 and this will lead us to the desired expression.
|

Clearly, modulo the two averages over parameters ¢',t” € [0, 1], the dis-
cretized expressions in Corollary 4.3 are similar to the ones that appeared
in the definition of the model operators 7} and T y, in Section 3 (one has to
consider the 4- linear form associated to them to have a perfect similarity).
Consequently, we would like to apply this corollary to the expressions ob-
tained after combining (4.11) with (4.9). We observe however that the for-
mulas in (4.11) are not precisely of the required form (we would need to have

instead of the factor ‘IIZ//Q,;«J,J; (&) a similar one but depending on &; +¢4) and
so they need to be “fixed”.

Before doing this, let us first make another reduction. Write the opera-
tor 1,,, as

(1) Th= Y DO DD DI 52

max(|j],|75))=M max(|57],]75 ) =M n},ny€Z n ,nf €
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where T{ ’]7/ are given by the corresponding symbols in (4.7) with the ex-
pressions in (4.7) being replaced by their new formulas in (4.11) and where
the summation over k', k” € 7Z satisfies the constraint & > k" + #.

We are going to prove explicitly that for each j := (71, 7%) and G =
(77, 75) the operator TL .= 773" satisfies the required estimates. It will
also be clear from our proof that the same arguments give

/ ll

7 ]

’ 77

n/ n//

< ]-_' ]-_) HTJT;J?I
LPLxLP2 xLP3—Lp (14 [n/])20 (1 + |n/|)10

LPLxIP2XLP3—LP

and this would be enough to prove our desired estimates for 7;,,, due to the
big decay in (4.3).

We now come back to the operator 7' 797 Tts symbol is given by an
infinite sum of expressions of the form (see (4.11) and (4.14))

(415) | Ty (60) W (€2 i iy (60)|

|:‘1/k// ", //(52)‘1/k// k! Jé/ (53)@]{// //7]117]51(52 —+ 53)] ,

where we suppressed the indices nf,nj, n{,nj, since they are all equal to
ZEro NOw.

Fix then M € [100,200] an integer and write the function \Ifk/ 1y (€2) as
a Taylor series as follows

M—-1 \Il/n’]/ Q) + ~RJ\~C[,€/]'/(€>€)
Ty g0(62) = > (&) Al 2)51 ShR ()M
o ! M!
M-1 _e M
D ]

where RQNCI W is the usual Mth rest in the Taylor expansion.

Inserting this into (4.15) we rewrite (4.15) as

(4.16) <£)l [ml (51)‘1’1« w50 (§1 + 54)‘1’m,j§ (54)}
X (W5 (62) W .16 Wi 5.5 (62 + )|

2]€" M
+ <—) mE,l_{,f;,j_"’,]ﬂwJ(glv 52753754)7
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where the functions

qjk’fe Jhl (61 + 64)7 \Ilk”,f-c”,jg,l (63) and k 7 / (61) SZ) §3a 64)

have the obvious definitions, so that the two expressions in (4.15) and (4.16)
to be consistent.

In particular, using (4.14) and (4.16) one can decompose 1’ 73" accord-
ingly as

/ //

Tﬁ _TJ’J”+ZTJ,J +TJJ

. . 57T
Since we are in the case when k&' > k" + #, we can decompose 777" even
further as

(e 9]

o S S e S e T

=1 ko=# ko=#

For a fixed ky > # we observe that the multiplier corresponding to the op-
erator TXN/k which we denote by m 7 57, (&1, &2, &3) satisfies the estimates

»RO

= 1
le' ko |
‘8 m]T;,j7’,]/\\4/,]€0 (g)‘ S (2 0)‘ — ’6“04

for sufficiently many multi-indices o and as a consequence the classical
Coifman-Meyer theorem (see for instance its new proof in [11]) provides
the required estimates for 7= 7 Jk with a bound not bigger than C'2'%0_ which
is acceptable due to the blg decay 1n (4 17). It is therefore enough to un-
derstand the operators T] 7 and lekfj for i =1,...,M — 1 and kg > 4.
But their multipliers have the correct form now and to them we can apply
the discretization procedure provided by Corollary 4.3. And this will reduce
them to the model operators T} and 7}, defined in Section 3. 3 Using now
Theorem 3.3 and tacking advantage of the uniformity properties described
there, the estimates for 777" follow immediately.

In conclusion, it is indeed sufficient to prove our estimates for these model
operators.

3The lacunarity and non-lacunarity assumptions are also satisfied, as one can easily
check.
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5. LV*-sizes and L!**-energies

We can now start the proof of Theorem 3.3. It is of course enough to treat
the operators 717 and T}y, only, since the case of T, and Thy, is similar.
We denote by Ay and Ay, the 4-linear forms associated with the operators
Ty and T ,. As in [8], since the I- spatial intervals are narrower than their
corresponding J- spatial intervals, it will be convenient to change the order
of summation in (3.3) and rewrite the form A, as

(51) Al(f17f27f37f4 Z ‘J|1/2 aJ aJ)aS)
Jen
where
2 = <f27q)L17>7

a = (f5,0%)

and

1
=( X a e ehel el).

TeTh;w3Nwi#0;|w | <|w?]

Similarly, we rewrite the form A, 4, as

(52) Al,ko(f17f27f3af4 Z ’J‘l/Q aJ aJ)aff])co
Jeg
where
1
k= > e (e O, €95, @)

T€T1 ;w3 Nw?£0;250 |w | ~|w?|

We know from the definition of 77 and T}, in Section 3 that the family
(®%); may be non-lacunary while (®%); for i # 2 are both lacunary. On the
other hand we also know that there exists a unique 7 = 1,2, 3 which we fix
from now on, so that the corresponding family (q)f,) 7 is non-lacunary while
(®%); for i # j are both lacunary.

The standard way to estimate the forms A; and Ay, is to do so by
introducing some sizes and energies which in our case are going to be more
abstract variants of similar quantities considered in [11].

The following definition contains those expressions which will be useful
when estimating the form A;.
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Definition 5.1 Let J be a finite family of dyadic intervals and i = 1,2, 3.
For 1 = 7 we define

and for i # j we define

() 1
size] ~((a ‘= sup —
,j(( J )J) ey ‘J|

; 1/2
Z ’@52\2 (

)
JeTJ'CT

energyg’j((ag))ﬁ ;= sup sup 2”( Z ]J\)
neZ D JeD

1,00

Stmilarly, for i = 7 we define

where D ranges over those collections of disjoint dyadic intervals J having
the property that

‘J|1/2 Z 2

and finally, for i # j we define

energyg’j((ag))ﬁ ;= sup sup 2"( Z ]J\)

neZ D JeD

where this time D ranges over those collections of disjoint dyadic intervals J
having the property that

i 1/2
a1
> 7 X (2)

J'eJ;J'CJ

> 2",

1
]

The next definition will be useful when estimating the form A, j,.

1,00

Definition 5.2 Let J be a finite family of dyadic intervals and ko > #.
For 3 =3 we define

j (3) |a5731)c |
L~ . RO
51203 0,7 (A, ) 1) = ey |72

and for j # 3 we define

1/2
od (3) . 1 |a573’),k0|2
sizey o 7 (@) k) s) == sup — Z 17 X ()

J'eg;J'CJ

1,00
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Similarly, for j = 3 we define

energy’ ., ;((a),),) = supsup2( 37 17])

neZ D JeD

where D ranges over those collections of disjoint dyadic intervals J having
the property that

and finally, for 7 # 3 we define

energyh i, (a5, )s) = supsup2°(3_ 1)
" JeD

where this time D ranges over those collections of disjoint dyadic intervals J
having the property that

) 1/2
‘&J’ o
2,

J'eg;J'CJ

1

> 9",
/]

1,00

The following John-Nirenberg type inequality holds in this context, see [6].

Lemma 5.3 Let J be a finite family of dyadic intervals as before. Then,
fori = j one has

(S wir)”

size! ((a(i))J) sup
BVASSY/ |J‘1/2 =

and similarly, if 7 # 3 one also has

3 1/2
SIZGS ko j((a/ffl)ﬂo)J) Sup ‘J|1/2 ( Z ‘ J’ ko ) :

JICJ

The following lemma, which has been proven in [6], will also be very
useful.

Lemma 5.4 Let J be as before and © # j. Then, for every J € J one has
the inequality

H (Z <f,<§;,,>2le(m)>1/2

JiJ'CJ

S 1T

1,00

for every positive integer N, with the implicit constants depending on it.
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The following general inequality will play a fundamental role in our fur-
ther estimates. It is an abstract variant of the corresponding Proposition 3.6
n [11].

Proposition 5.5 Let J be as before and kg > #. Then,

3

(53) A for fon f2)] S [ (sizel 5 ((a5) )% (energy? £ ((a)1))"

i=1

for any 0 < 01,605,035 < 1 such that 01 4+ 05 + 05 = 1, with the implicit
constants depending on 0; fori=1,2,3. Similarly, one also has

(54) ’Al,ko(fla f2> f3a f4)‘

. ] 1 — 2 _ . 1 3 _
< (size] ,((a')) )% (size), , ((a$) 7)) % (sized 5 ((a') 1)) 7%
x (energy] ;((a}),))" (energy), ;((a$)))" (energy} ,, ((a5)1))%,
for any 01,05, 05 exactly as before.

The proof of this Proposition will be presented later on. In the meantime
we will take advantage of it. In order to make it effective we would need to
further estimate all these sizes and energies in terms of certain norms involv-
ing our functions fi, fa, f3, f4. The following lemma is an easy consequence
of the previous definitions and of Lemma 5.4 (see [6]).

Lemma 5.6 Let E C R be a set of finite measure, i # 3 and fi1 € X(F).
Then,

sizef < sup — /
7 (( seq ||

for every integer N, with the implicit constants depending on it.
Similarly, one also has

Lemma 5.7 With the same notations as in the previous lemma, we also
have

energy? ,((a),) < |EJ.

Proof Let n € Z and D be so that the suppremum in Definition 5.2 is
attained. We also assume that i # j (the case ¢ = j is in fact easier and is
left to the reader).
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Then, since the intervals J € D are all disjoint, we can estimate the left
hand side of our inequality by
2

() =2 2w, -
e ‘75“2”(@)”2

JeD J'eJ;J'CJ

S Z <ﬁ/’fi+1\>?de>XJ
JeD

1 -
S| [ xetsdon
JeD

where M is the Hardy-Littlewood maximal function and we also used Lem-
ma 5.6. |

1,00

XJ

1,00

1,00

1,00

< [mow)| s 12

1,00

We will also need

Lemma 5.8 Let Ey, Ey C R be sets of finite measure, f3 € X(E3) and
f1 € X(Ey4). Then,

. 1 3 3
size) 7 ((a$))), sized , 7((a5).)

0
1 ~N
S| sup / sup / X dx |
(JEJ |‘]‘ E1 ) (JEJ ‘J| Ey ! )

for any 0 < 0 < 1 and for every positive integer N, with the implicit con-
stants depending on them.

Similarly, we also have

Lemma 5.9 With the same notations as in Lemma 5.8, we have

energy} 7 ((a5”)s), enereyyy, 7((a5”)s)
1 1-0, 1 1-0,
< (s [ @) (s [ W) s,
rez, ] Jg, rer, || Jg,
for any 0 < 6,05 < 1 with 601 + 05 = 1 and for every integer N, with the

implicit constants depending on them.

The proofs of these two lemmas will be presented later on. In the mean-
time, we will take advantage of them, in order to complete the proof of our
Theorem 3.3.
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6. Estimates for T} and T} ;, near Ay

In this section we start the proof of Theorem 3.3. Clearly, due to symmetry
considerations, it is enough to analyze the case of 17 and 77 y,, the case of
T, and 75, being similar.

Let now (p1,p2,ps,ps) be so that (1/p1,1/p2,1/ps,1/ps) € D and is
arbitrarily close to A4 which has coordinates (1,1,1,—2). Let also E;, Es,
E3, E, C R be measurable sets of finite measure. By scaling invariance, we
can also assume that |E,| = 1. Our goal is to construct a subset Ej C Ey
with |E}| ~ 1 and so that

(6]‘) |A1(f17f27f37f4)|7 |A1,k0(f17f27f37f4)‘ SJ |E1‘1/P1‘E2‘1/P2‘E3|1/P3
for every f; € X(E;), i = 1,2,3 and f, € X(FE}). As in [11] define first the

exceptional set €2 by
3
._ XE;
?=U {MQEJ-!) g C}

=1

and observe that || < 1/2 if C is a big enough constant. Then, set E} :=
E4\ © which clearly has the property that |Ej| ~ 1.

Now, we decompose the sets J; and Z; as

J=J 7 7= J ¢

d>0 d'>0

where J¢ is the set of all intervals J € J; with the property that

dist(J, QC)) d
ALV S
( /]

and If' is the set of all intervals I € 7; with the property that

diSt([, QC)) d/
1+ ———] ~2%.
( /1]

From the definition of €2 we have
1 -
(6.2) —/ Xsdr < 29 B
| /g,

for j = 1,2,3 and since obviously the left hand side of (6.2) is also smaller
than 1, it follows that

1 ~ o «
m/E de$§2 d|Ej|
J

forevery 0 < a<1andj=1,2,3.



PARAPRODUCTS WITH FLAG SINGULARITIES I. A CASE STUDY 727

Similarly, we also have that

1 [ o
m /E Tide < 2%\,
J

forevery 0 < g <1landj=1,23.
On the other hand, since £} C Q° we also know that

1 . 1 - ,
m//xf]vdeJZ_Nd and m//xﬁvdeJZ_Nd
4 4

for any integer N > 0. Using now our previous lemmas together with all
these observations, we obtain the estimates

. j 1 o o

size] o((a))s) S 2702 B,

.4 2 o

size o((a5)) S 27| By,
. g 3 . 3 - Q1N 1—0 foy—
s1ze;’j{i((af]))J), s1ze§7k0jfi((a((j~7,)€0)J) < (21| By | )10 (2N

and similarly,
j 1
energy] Li((a))s) < |Bal,

j 2
energy) La((a})s) < |Bsl,

energy} (o)) enerayl (0,0 £ @) @) |
whenever 0 < aj,ag,a3,0 < 1,0 < 6 < 1 and 0 < 6,0, < 1 with
0, + 0, = 1.
By using now Proposition 5.5 we deduce that for any 0 < 61,6,,03 < 1
with 01 + 05 4+ 03 = 1, one can estimate the left hand side of (6.1) by
(2da2 ‘E2|a2)1_91 (2da3‘E3|a3)1_92[(2d|E1‘)1_9(2_Nd)9]1_93
X | Ea|" | Bs| 2 [(27 | B )% (27N ) 0 | By 1)

_ ’E]"(l*@)(l*@g)#»@g . ’EQ’Q2(1791)+91 . ’Eg’a3(1792)+92 . 27’U,d X 2*Ud/

where u, v are both positive numbers depending on all these parameters and
also on N.

Now, if one takes #; very close to 0 and «s, a3 very close to 1, one
can then define 1/p; := (1 — 0)(1 — 63) + 63, 1/ps := as(1 — 61) + 61 and
1/ps := as(1 — B2) + 02 and they can be chosen as close as we want to the
point (1,1,1).

In the end, one can sum over d,d" > 0 if our constant N is big enough.

A similar argument proves the desired estimates for Ty and Tj, near
the pOiIltS A11 and Alg.
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7. Estimates for T1*3 and Tl*"‘,io near Asz; and Ass

The proof uses similar ideas as in the argument in the previous section.

Let (p1,p2,p3,pa) so that (1/p1,1/p2, 1/ps,1/ps) € D and is arbitrarily
close to either A3y or Ass. Consider Ey, E», F3, E4 C R measurable sets of
finite measure and assume as before that |E5| = 1. Our task is to construct
a subset E} C Ey with |Ej| ~ 1 so that

(7]‘) |A1(f17f27f37f4)|7 |A1,k0(f17f27f37f4)‘ SJ |E1‘1/P1‘E2‘1/P2‘E4|1/P4
for every f; € X(E;), 1 =1,2,4 and f3 € X(FE}).

Define the exceptional set

o) o) - o) -

and then set E} := F3 \ Q for a sufficiently large constant C' > 0.

With the same notations as in Section 6, we obtain the estimates (this

time there is no need to decompose Z; as there)
. 1
sized o ((a))5) S 2| B2,

size} sa((a5)) S 27N,

. i 3 . j 3 o « — feY o
size] 7o((a5)s), size] , oa((a5,)s) S (270 [ Eyf*) =0 (2% | Byl )

and similarly,

energyijfl((&(Jl))J) S By,

energy;Jfl((af,z))J) S,

energy) . ((a5),), energy), . ((a%),)s) S |E1|™ Ex|

whenever 0 < aq, a0, 04 < 1,0< 60 < 1 and0§51,52 < 1 with 51—1—52:1.

Then, by applying Proposition 5.5 we obtain the following estimates for
the left hand side of (7.1)

(202 Byfo2) =0 (27N (2] Bu)) (20 )] Bl (| B )
— ‘Ely(lfe)(1793)+5193 . ’EQ’a2(1791)+91 . ’E4’9(1793)+§203 . 9—ud

where again u is a positive number depending on all these parameters.
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Then, we define 1/p; := (1—60)(1—03)+6105, 1/py := ay(1—0;)+6; and
1/ps = 0(1 —03) + 6265 and since (1—0)(1—03)+0,05+0(1—05) + 0205 = 1,
one can easily check that p, can be chosen very close to 1 (by choosing as
close to 1) and the pair (1/p1, 1/p4) very close either to (0, 1) or (1,0) which
is what we wanted. And in the end we sum over d > 0 since u remains
positive if we chose N big enough.

A similar argument proves the required estimates for the operators T}
and T} io near A, and Aogs.

8. Proof of Proposition 5.5

This section is devoted to the proof of Proposition 5.5. As we pointed
out earlier, this proposition is a more abstract version of the correspond-
ing Proposition 3.6 in [11]. Its proof is similar and we include it here for
completeness and also for the reader’s convenience.

Proposition 8.1 Let J be a finite family of dyadic intervals, J' a subset
of J,1=1,2,3, ng € Z and assume that

sizeij/((af]i))‘]) < 2_”Oenergyij((a‘(j~i))t]).

Then, there exists a decomposition J' = J" U JT" such that
(8.1) sizeij//((a((]i)){]) < 2_"0_1energyij((a‘(j~i)){])

and so that J" can be written as a disjoint union of subsets T € T such that
for every T € 'T there exists a dyadic interval Jp € J having the property
that every J € T satisfies J C Jr and also such that

(8.2) > r| S 2.

TeT

Proof Case 1: i = j. First, chose an interval J € J' having the property
that |J| is as big as possible and so that

ja?|
]

Then, collect all the intervals J' € J’ with J' C J into a set called T.
After this, define Jr := J and look at the remaining intervals in J'\ T and
repeat the procedure. Since there are finitely many such dyadic intervals,
the procedure ends after finitely many steps producing the subsets T € T.
Define J"” := UperT and J” := J \ J". Now clearly, by construction, the
inequality (8.1) is satisfied and it only remains to check (8.2).

(8.3) > 2_”°_lenergygvj((a((]i))(]).
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Since the intervals (Jr)reT are all disjoint by construction, we deduce
from (8.3) and Definition 5.2 that

2 energy! ((a) )Y |J2]) S energyl ((a}))))
TeT

which is equivalent to our desired estimate (8.2).

Case 2: i # j. The procedure of selecting the intervals is very similar.
The only difference is that this time, we pick intervals J € J’ so that |J| is
again as big as possible, but having the property that

1 |af]i) 2 1/2 . . 0)
’ —no— J 1
m Z |J,| XJ (‘T) >27 energyi,ﬂ((aj )J)
J'eg;J'CJ 1,00
After this the argument is identical to the one we described before. |

Similarly, we also have

Proposition 8.2 Using the same notations as in the previous Proposition 8.1,
assume that

. ] 3 —n 1 3
size) . 5 ((a5))s) < 27energy} . ,((a)),).

Then, there exists a decomposition J' = J" U JT" as before, such that

. 3 —no— ] 3
(8.4) size) .. so((a})),) < 270 energy), ((a),)

and so that J" can be written as a disjoint union of subsets T € T such that
for every T € 'T there exists a dyadic interval Jp € J having the property
that every J € T satisfies J C Jr and also such that

(8.5) >l g2
TeT
By iterating these two propositions, we obtain the following corollaries.

Corollary 8.3 Let i = 1,2,3 and J be a finite family of dyadic intervals.
Then, there exists a partition
J=Ja
nez
such that for every n € Z we have
sizeg’jn,i((af]i))J) < min(2_”energygvj((a((]i))J), sizeg’j((aff))J)).

Also, we can write each J™ as a disjoint union of subsets T € T¢ as before,
having the property that
>l S 2

TeTY,
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Corollary 8.4 Let J be a finite family of dyadic intervals. Then, there

exists a partition
J=7
nez

such that for every n € Z we have

. g 3 . —n j 3 - g 3
sized ;7 ((a5))s) < min(2 "energy} . ((a5))),size] ,, ,((a§).)).

Also, we can write each J" as a disjoint union of subsets T' € T,, as before,
having the property that
>l S 2

TeTy,

Having all these decompositions available, we can now start the actual
proof of Proposition 5.5. We will only present the proof of the first inequal-
ity (5.3), the proof of (5.4) being similar.

As in [11], since j is fixed anyways, we will write for simplicity S; :=
sizeij((a‘(})){]) and E; = energyzj(( ()) ), for © = 1,2,3. If we apply
Corollary 8.3 to our collection J, we obtain a decomposition

J=J7

such that each J™ can be written as a union of subsets in T¢ with the
properties described in Corollary 8.3. Consequently, one can estimate the
left hand side of our inequality (5.3) as

(8.6) ooy Y

ni,n2,ng3 TeT","2:"3 JeT

’J‘l/gyaJ HaJ ‘

where T2 .= T} NT2 N'T3 ..
Fix such a T" and look at the corresponding inner term in (8.6). It can
be estimated by

1/2 5o\ 1/2
I () _S“pr‘%ﬂ(nu ()i

i#j  JET JeT
(Hsme )) |Jr|,

by also using the John-Nirenberg inequality in Lemma 5.3.
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In particular, we can estimate (8.6) further by
(8.7) E\ExEs Y 27272 Ny Iy
ni,n2,n3 TeTn1m2:n3

where, according to the same Corollary 8.3, the summation goes over those
ni, N9, N3 € Z having the property that

S
8.8 27 < L
(539 SE

On the other hand, Corollary 8.3 allows us to estimate the inner sum in (8.7)
in three different ways, namely

S | S 2m a2
TeTn1:m2:m3
and so, as a consequence, we can also write
(8.9) Z |Ip| < 2mfrgnafz2gnabs
TeTn1 213
whenever 0 < 6y,05, 63 < 1 with 6; + 65 4+ 03 = 1. Using (8.9) and (8.8), one
can estimate (8.7) again by

E\E5FE; Z 9—11(1=01)9—n2(1—02) ) —n3(1-03)

ni,n2,n3

<E1E2E3<§11>1_91<%>1_02< >1 0 li[ li[ 0.

and this ends the proof.

9. Proof of Lemma 5.8

Case I: Estimates for size} ;((a®®),).

These are essentially known (see [8]). We include a slightly different
proof here for completeness and also since the same argument has enough
flexibility to also handle the case of sizeéko’ 7((a®),) later on. There are
two subcases.

Case I: j # 3.

Fix Jy € J. Clearly, to prove our estimates it is enough to show that

o (g H)”

JCJo

SN - 12X g

1,00

whenever 1 < p,q < oo with 1/p+1/q = 1.
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Let us now recall that af,g) is defined by

02 o =( 3 U @) (1 0107, 0.

IeTh;w3Nwi#£0;|wd | <|w?]

Define the collection Z to be the set of all dyadic intervals I € Z; for which
there exists J € J with the property that w3 Nw? # () and |w3| < |w?|. We
claim that

(9.3) af? = (B(f1, f1) 63)
where B(f1, f1) is defined by

(94) B(f1, fa) == Z ml/Q f17q31><f47(1)3>q)2( ).

1€
To check the claim, let us observe that for each I € 7
(@2, ®%) #£ 0 iff wNw?#0.

There are two possibilities: either |w3| < |w?| which is acceptable by (9.2),
or |w?| < |w3|. We then make the claim that this last situation cannot occur.
Indeed, since w? is symmetric with respect to the origin, that would imply
that 0 € 3w?3 which is clearly false, since by Definition 3.2 one has 0 ¢ 5w3.

Using now (9.3) together with Lemma 5.4 it follows that to prove (9.1)
it is enough to prove that

(9.5) | B(f1, f)X0

L S X - 11435

By scaling invariance, we may assume without loss of generality that | Jo| =1.
Our plan is to prove a slightly weaker version of (9.5), namely to prove that

(9.6) 1B foxally S X7, - [ £,

for every dyadic interval J C R of length 1. We now prove that if we
assume (9.6) then (9.5) follows quite easily.

To see this, consider a partition of the real line with disjoint intervals of
length 1 (J,,)nez+ so that

(U 5)u=

nez*
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Then, estimate the left hand side of (9.5) by

B RN S B faxal, + 2 (1BUA X5 v,

nez*

S HB f1, fa) XJOH1 + Z

nez*

wpelB sl

The first term clearly satisfies the desired estimates. The second one can be
further majorized using (9.6) by

2 yN/ LA o 115250,

nez*
1 N 1/p 1 N 1/(]
W\!flxjn Hp) : ( 7 11X, Hq)

< (Z
S(f1r(Z ) ) ([ N,ng”)dx)”q

nez*
nez* EZ*
S A - [1AXT |l

if N’ is big enough. It remains to prove (9.6).

Case I1,: suppfi, suppfs C 5J.

In this case, our inequality (9.6) follows from the known estimates on
discrete paraproducts (see for instance [11]).

Case Iy;: Either suppfi C (5J)¢ or suppfy C (5J)°.
Assume for instance that supp f1C (5J)¢. Then, we decompose B( f1,f4) as

B(f1, fa) = B'(f1, f1) + B"(f1, f4)

where

Bf)= Y s @) (f o) @)

T
€L, IN5J#D

and

1
B"(f1, f1) == Z W(ﬁ@}ﬂh@?)ﬁ

I€T;IN5J=0

By our reduction (|Jo| = 1) we observe that the lengths of our intervals I
are all smaller than 1.
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For h € L™, ||h|lco < 1 one can write

| [ B @) )ds]
S X gl eI ol o)

I€T;IN5J#0

=> > 2°2|(fr, 1) |I(fa @D {hxs, ©7))]

k=0 reZ;1n5J£0;|1|1=2—*

= > AT 2] s, 270

k=0 reZ;1n5J£0;|1|=2—F%

and observe that all the functions 27%/2@} 27%/23 and 27%/202 are L*-
normalized. Then, we estimate (9.7) by

S e el) (e et
k=0

IN5J#£Q;|I|=2—F IN5J#£0;|I|=2—F

TR DR )
I€T;IN5J#£0;|1|=2—*

o0

S 2% R - LAY T S AR - 114X g

k=0

Similarly, one can also write

[B @i
S X i ehica. e, o)

I€T;IN5J=0
=S M DI 2 (s, 203
k=0 1€T,1n5J=0;|I|=2—F

. . N dist(7, J)  _n
<> S dist(2L )N AR | AR (#) ’
k=0

I1€Z;IN5J=0;|I|=2—%

9.8) S IAXT o - 12X Mg - 22 (V=2 ST (dist(1, )

1€T;1N5.J=0;|T|=2—*
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Now, if N is much bigger than 2N then the inner sum in (9.8) is smaller than

o0

1 RN —2N) O 1
(1 + n2 k)N—2N — 2 Z (2F + n)N'—2N
=0 n=0

n

/ < 1
k(N'—2N) k
<2 /Qk NN dr < 2

and this makes the geometric series in (9.8) convergent. We are then left
with Case I, when j = 2 but this clearly follows by the same arguments.

Case II: Estimates for sizeéko’ j((aff))).

The argument follows the same ideas as before. There are several sub-
cases.

Case II;: j # 3.

Fix as before J, € J. Clearly, to prove our estimates it is enough to
show that

9.9) H( 3

JCJo | ‘

(3

la$), 2 12

XJ(x)) :

S - 1 faxX g

1,00

whenever 1 < p,q < oo with 1/p+ 1/q = 1. Let us now recall that af,)go is

defined by the formula

0100 o=( ¥ mlh i ehee)),

I€Ty ;w5 Nwi #0;2%0 W |~ |wi|

Since the frequency intervals w? and w3 depend only on the scales || and |J]|
respectively (see Section 3) it follows that by a certain refinement we can
assume that given |J| there exists only one |I] so that w’, Nwh, # 0 and

2%Jwiy | ~ |wiy|. Fix now such a pair of dyadic intervals I and J. Then, by
Plancherel, we have

(9.11) (@2, 65) = (@2, 6%).

Since |J| ~ 2%0|I|, pick a Schwartz function ¥\ x, so that suppm C 2wy,

and Wy, = 1 on w),.
Then, (9.11) equals

—

(@3, 05 - V11ko) = (PF * V)11 ko, PT)

= 9 7R0/2(9ko /282 s Wy 4 BB) = 27R0/2(B2, )
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where
EIS% = 21@0/2(1)% * \If|]|7]€0
and it is not difficult to observe that 5? is an L2- normalized bump adapted

to I, where I is the unique dyadic interval of length 2% || which contains 1.

We also observe that for different scales, the supports of CTD% are disjoint.
Because of all these properties, we now observe that

(9.12) a$), = (Biy(fr. f2), ®3)

where
~ B 1 ~
Biy(f1, fa) =277 NilE (fr. 1) (f1, §F)®7.
I

As before, using now (9.12) together with lemma 5.4 it follows that to
prove (9.9) we just need to prove that

(9.13) 1By (Frs )X I S FsX5 o - 14Xl
By scaling invariance, we may assume also as before that |Jy| = 1 and

observe that then, for every I one has m < 1. Then, an argument similar
to the one before allows us to reduce (9.13) to

(9.14) 1Bro (1 fa)xalle S 15X 1o - 1£5 g

for every dyadic interval J C R of length 1. It is thus sufficient to prove (9.14).
We have, as before, several cases.

Case II,: suppfi, suppfs C 5J.
Let h € L, ||hllooc < 1. Then,

)/]Réka(fl’ fa)(x)h(x)x(x)dx
s2he Z mil/?Kflv SN ||( f1, D3| |(hxs, D3|

hy s, D2
= X1 el oG

. 2 . . . .
I 1
and since now ol 7217z 18 L*- normalized, the previous expression is smaller
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than
3 _ | qu)l H f47q)3>‘
Z‘ S DI f1, )| = Z u|1/2 ViEE ad

(.o [{f1, @

1/2 1/2
‘fl? ‘f47q)3
/ (Z ; I<a:>> (Z S >) dx

/ S()(@) - S(E)@)dz < ISl - 1S(D)lg

S Al falle S WAXT o 1435 g

using the fact that the square functions S(f;) and S(f,) are bounded on L"
for 1 < r < oo and also the fact that we are in the Case II,.

Case II,: Either suppf; C (5J)¢ or suppfy C (5J)¢
Assume as before that suppf; C (5J)¢. Then, decompose éko( fi1, f1) as

éko(fh fa) = §;/go(fb fa) + §;/g/o(fh f1)

where
1

By (fi, fa) =278 Y m—l/ﬂqu)})(f%q)%‘i?
IN5J#£0
and

By (fu fa) =270 37

IN5J=0

|I‘1/2 <f17 q)l><f47 CI)3>CI)2,

If h is as before, then we can write again

| [ B @@ S22 S 242 )

k=0 1.Tn5J#0;|1|=2—*
(9.15)
X |(fa, 27207 | [, 222742 07) |

and we observe that the functions 27%/2@1 275293 and 2k0/22-%/282 are all
L*>-normalized. Then, we estimate (9.15) by

2"“22%( sup |<f1,2—k/2<1>}>|)( sup |<f4,2"“/2<1>?>|>
0

P I:IN5J£0;| I|=2—F LIN5J#0;|I|=2F
~N
E , X7)|

LI€T;IN5J£0;| I|=2—F
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Since
~N k
‘<hXJ7 Z XI> 5207
LTe€Z;IN5J#0;|1|=2—*

the estimate follows as in the previous Case Iqp.
Finally, one can also write

| [ B siaha)s o)l
S Yl ehi s, )

I:1N5J=0

h
= 3 el on o

I:IN5J=0

SN
> D e ||f4,®3>|%

K:KN5J=0 1.T=K

N

dist (K, I\
s (M) X raehiaen
K:KN5J=0 I 1=K

1/2

5 () LG ) (5 )
K:KN5J=0 I.I=K I:I=K

dist(K, H\NN N
< ¥ (—%, )) AT - £
K:KN5J=0

by using Lemma 5.4. And this can be estimated further by

S (SIS

K:KN5J=0 ’K’

As in the Case Iy, one observes that the sum

> (B i

K:KN5J=0

is O(1) if N’ is much bigger than 2N and so we obtain in the end the desired
estimate.

Case Ily: j = 3.
This is actually easier, follows the same ideas and is left to the reader.
This completes the proof of Lemma 5.8.
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10. Proof of Lemma 5.9

We are therefore left with proving Lemma 5.9 in order to complete the proof
of our main theorem.

Case I: Estimates for energy? ,((a®),).

There are, as before, two subcases.
Case I: j # 3.

Let n € Z and D be so that the suppremum in Definition 5.2 is attained.
Then, since the intervals J € D are all disjoint, we can write

energy} 7((a®) ) ~ 2" (Y 1IN =21 Y xulh =11 ) 2"xs oo

JeD JGD Jeb

S| Sl )

As in Section 9, define the collection 7 to be the set of all intervals I having
the property that there exists J € D and J' C J with w3 Nw? # @ and
|w3,] < |w?|. Then, we observe as before that

(10.2) a§) = (B(f1, f1), ®%)

where B(f1, f1) was defined by (9.3). Using this fact together with Lemma 5.4
one can majorize (10.1) by

|B(f1, f1)IxX dx)
JGD(U‘/ B

(10.3) NZ’W (Fr @D @D R, @)

1€l

(10.1) X

1,00

1,00

I LT Y A

for a certain h € L™, ||hl|o < 1. Since \IT% is an L'-normalized function,
it follows that (10.3) is smaller than

(10.4) DL DI

IeT

Since both of the families (®}); and (®%); are lacunary, by a similar argu-
ment used to prove Proposition 5.5, one can estimate the expression (10.4) by

(size, 2 @) (sireaz (4 880)0))
(10.5) X <energylj((<f1> ®}>)1))01 <energy2§(((f1, ‘I’%)I))g2

1-05



PARAPRODUCTS WITH FLAG SINGULARITIES I. A CASE sTUDY 741

for any 0 <6;,05 <1 with 6+6,=1 where size, 7(((f1,%}))1), size, 7(((f1,2%)) ),
energy, 7(((f1,®1))r) and energy, z(({fi, ®7))1) are naturally defined as in
Definition 5.2.

Using now the upper bounds for sizes and energies provided by Lem-
mas 5.6 and 5.7, (10.5) can be estimated by

1791 1*92
(sup | = d:c) (sup | = dm) AR
I E1 I El

which is the desired estimate.
Case I,: j = 3.

This is easier. Pick again n € Z and D so that the suppremum in
Definition 5.2 is attained. Then,

energy’ 7 ((a®)) ~ 2 ( > 1) =2"

< (1/
=\l

S, =2,

dx) XJ

1 ~
’ > m—1/2<f1a 1) (f1, P77 |XY

I'w%ﬁu%#@;\w%\gwﬂ

=

1,00

o

< _ q)?) ~Nd

< KD(J/R [ @I 21 ) D x>xj -
3 X

= (;\ fis @DII(f, ) I‘) N

< Z\ Fu @1 fa ) X m

< L DI(fa @)

and from here we can continue as befo‘re.

To obtain the estimates for energys, 7((a®) ), one argues in the same
way. The j = 3 case is identical to the corresponding previous one, while
j # 3 follows also similarly. The only difference is that instead of (9.3) one
o]

has to use (9.12) and then to observe that for every interval I, SFO72| 172 is

an L'-normalized function. This ends our proof.
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