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Abstract

The definition of the L,-derivative is such that it involves only the
absolute value of the function and therefore the definition of L,-derivates
is not possible from the definition of L,-derivative. Therefore, a special
technique is used to define them and relations between L,-derivates and
Peano, approximate Peano and Borel derivates are studied.

1 Introduction

Let f:R — R and let z € R. If there exist polynomials P(¢) , Q(t) and R(t),
depending on f and z, of degree at most k such that

e+ 0) PO =t 35 00 o
h
/0 tlk [f(x+t) = Q)] dt = o(h) as h — 0, )

3 =

1 [k
(h/o |f(a:—|—t)—R(t)|pdt> =o(h*) as h—0,p >0, (3)
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then f is said to have respectively Peano derivative, Borel derivative, and L,-
derivative at x of order k where, we have assumed integrability of f in (2) and
f € L, in (3) in some neighbourhood of x. If %% is the coefficient of t* in P(t),
(respectively Q(t) and R(t)) then ay is called Peano derivative (respectively
Borel derivative and L,-derivative) of f at x of order k which is denoted by
Jay (@) (respectively BDy f(x) and fi) ,(x)). The definition of approximate
Peano derivative of order k is the same as in (1), but in this case we take the
approximate limit instead of the ordinary limit and the notation in this case
is f(r),a(z). It is clear from the definition that in each case if the derivative of
order k > 2 exists, then the derivative of order ¢, 0 < ¢ < k also exists.

The L,-derivative is defined by Calderon and Zygmund [4] for studying
local properties of partial differential equations. Since then, this derivative is
extended to higher order, and several authors have discussed various properties
of this derivative [1] [2] [3] [4] [5] [6] [7] [8] [10] [11] [12] [13] [14] [15] [16]. Tt
is known that the L,-derivative of order k is more general than the Peano
derivative of order k in the sense that there is a set E of positive Lebesgue
measure and a function having no limit at each point of F which has an
L,-derivative of order k for any k and for every positive p at each point of
E [2]. Therefore it is natural to ask, what are the relations between L,-
derivates and Peano derivates of order k7 Before answering this question, one
needs the definitions of L,- derivates of order k. Assuming the existence of
Jay (@), BDyf(x), and f(1) q(x) one can define the four derivates of order k+1
corresponding to fx)(x), BDy f(x), and f(z)q(x) respectively. But assuming
the existence of f(x) (), the definition of the L,-derivates of order k + 1 of
[ at x is not possible in this manner since the definition of f) () involves
only the absolute value. So we are to adopt a different approach. The purpose
of this paper is to define the L,-derivates and establish the relation between
L,-derivates and Peano, approximate Peano and Borel derivates. It may be
noted that the relation between Peano and Borel derivates is already known
[10]. The definition of L,-derivates will also enable us to define infinite L,-
derivatives.

In what follows we shall use the following notations: for any function A :
R — R, its positive and negative parts are defined as [A]; = max[A4, 0], [A]- =
max[—A, 0] respectively. Clearly,

A=Al - (Al (4)

Al = [A]l+ + [A]- (5)
If A:R—Rand B:R — R, then

[A+ Bls <[l +[Bl: and [A—B]_ < [A]_ +[Bl4 (6)
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and if A < B, then
[Al+ < [B]4 and [B]- < [A]- (7)

2 Peano and Borel derivates

Lemma 2.1. Let ¥(z,t) be a function of x,t € R,;t #0. Then the right hand
upper limit of ¢ at x ast — 04 is given by

4+ (@) = inf S
where
1 (z) = limsup(z,t)
t—04
and

S={a:aeR, W(x,t)—a]lr =0(1), as t - 04}
PROOF. Let x be fixed. Suppose ¢ (z) = co. We show that S is empty. If
possible, let @ € S. Then
lim [¢(x,t) —a]y = 0.

t—04
Since ¥ (z,t)—a < [¢(z,t)—al4, limsup(¥(x, t)—a) < 0 and so lim sup ¥ (z, t) <
t—04 t—04
a which is a contradiction since ¢"(x) = co. So, S is empty. Next, suppose
that ¢ (z) is finite and let ¢*(z) < M. Then there is a 6 > 0 such that
Y(x,t) < M for 0 < t < 6. So, [¢(x,t) — M]4 =0 for 0 < t < ¢ and hence
M € S. This shows that every a > ¢ (z) is a member of S. Again let
m < T (x). Then there is a sequence {t,} such that ¢, — 0, as n — oo and
¥(z,t,) > m+e for all n where m < m+e < 7 (x). Hence [¢(z,t,)—m]4 > €
for all n and so m ¢ S. This shows that if a < ¢ (z), then a ¢ S. There-
fore, 1T (x) = inf S. Finally, suppose 9" (x) = —oc. Thentl_i>r(r)1+ P(z,t) = —oo.

Let a € R. Then there is a § > 0 such that ¥(z,t) < a for 0 < t < §. so
[¢(z,t) —a]y =0 for 0 <t < 4. Hence a € S. Thus, every member of R is a
member of S and hence inf § = —o0. O

Corollary 2.2. Let f : R — R and x € R be fized. If the Peano derivative
Jar—1)(x), 7 being a fized positive integer, exists finitely, then the right hand

upper Peano derivate f?;)(z) is given by

r—1 ,;

-+ . 7! t
Fon (@) =limsup = | flz+1) = > = fio (@)

+ i=0

t—0
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—inf{a:aGR (x +1) Z f(z) 1 =o(t") as t%0+}
+
r—1 tl

PROOF. Putting ¢ (z, ) flx+1t) - Z i‘f(i)(x)] in Lemma 2.1 we have
i=0

:7! (f(93+t)— 4_ Zf(i)(@) —a] =o0(1) as t— O+}

; f(x+t)—ZZf(i)(x)—a] = o(t") ast—>0+}
(I +

O

Corollary 2.3. Let f : R — R and x € R be fixed. Let f be integrable in some
neighborhood of x. If the Borel derivative BD,_1 f(x), exists finitely, then the

right hand upper Borel derivate ﬁjf(a:) is given by

r—1 ;

fa+t -3 :,—'BDif(x) dt

i=0

1 [Py
h/0t< flz+1) Z BDf a> L

=o(1) as h — O+}

1Mol
BDrf(x) = lim sup 7/ =
h Jo

h—)0+ tT

inf{a:aeR;

1"
PrOOF. Putting ¢ (z, h) = E/ o
0

flx+1) Z BDf 1dt in Lemma
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2.1, we have

ﬁ:—f(x) =inf {a ta €R;

inf{a:aGR;

1 [P
ﬁ/o ﬂ(f(ert)Zi!BDif( )a> dtL

3 L,-derivates

Theorem 3.1. Let f : R = R andletx € R. Let f € L,, 1 < p < o0, in
some neighbourhood of x and let the Ly-derivative fr_1,(x) exist where r is a
positive integer. If

1

h r P
E. (f):= {a:aeR; (;L/O ([@(t)—ailh)pdt) =o(h") as h—>0+} (8)

and
h , b
B ()= {a:aeR; (2/0 ([(I)(t)—a:!]_)pdt> — o(h") as h—>0+} )
where
(1) = flx +1t) lefz),p (2)
=0
then

inf B, (f) > sup E_(f). (10)

Moreover, if
inf B (f) =sup E_(f) = X say, \ is finite, (11)
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then

=

(1 " |®(t) — At"/r!|P dt) =o(h") as h— 04 (12)
h Jo

and conversely, if (12) holds for some X then (11) holds.

PRroOF. If the set F,(f) is empty, we take inf B, (f) = oo and if E_(f) is
empty, we take sup E_(f) = —oc. So, we prove (10) if E,(f) and E_(f) are
non empty.

We write for ¢ > 0, W(a,t) := ®(t) — at”/r!. Let a = inf B, (f) and

B =supE_(f). Let a; € E4(f) and a; < az. Then W(ag,t) < W(ay,t) and
so by (7) [W(ag,t)]+ < [W(as,t)]+ and hence for h > 0 we have

h h
/uwmmmﬁﬁs/qummWﬁ
0 0

which shows that az € E,(f). From this we conclude that if @ > « then
a € Ey(f). Again if by € E_(f) and by < by then W (be,t) > W(b1,t) and so
by (7) [W(be,t)]- < [W(b1,t)]— and hence

h h
/GW@JﬁyﬁS/GW%JWV%
0 0

which shows that by € E_(f). So, if b < 8, then b € E_(f).

These facts will be used in the following arguments. If possible let a <
B. Choose a < 71 < 72 < B. Then v1,72 € Ei(f)(VE-(f). Since 71 €
EL(f)NE-(f), by (8) and (9)

=o(h") as h — 04

/N
> =
S—
>
famm
=
2
—
~
=
+
S~—
=S
QU
SN
~
S =
—_
&

and

=o(h") as h— 04 (14)

/N
S| =
o\
>
-
)
=
.y
=
|
=
Q
~
~
3 =
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So, by (5) and by Minkowski’s inequality we get using (13) and (14)

1

(3 [ wenorar)’

h
= (ill/o (W, )]+ + [W(Vht)])pdt>

\ : .
< (; / qwm,tm)pdt) +<}L / <[Wm,t>1_>pdt>

=o(h") as h— 04.

T =

Sl=

This shows that v; is the Ly-derivative of f at x of order r. Similarly s is
the Ly,-derivative of f at x of order r. But this is a contradiction, since the
L,-derivative, if it exists, is unique [[10] ; p55]. So, o > 8 and (10) is proved.

For the second part, suppose that (11) holds. Let € > 0 be arbitrary. Let
h>0and 0 <t <h. Then

t’r‘ ‘s ' T

t t t
W (A t) = ®(t) — /\ﬁ = ®(t) — (/\Jre)ﬁ +eﬁ =WA+et)+ €
So, by (6) if t > 0 then

W1 < WO+ e 8)]5 + [e%h = WO+ e D)+ e

Applying Minkowski’s inequality, and since A + ¢ € E,(f) this gives

h % h 3

(,ﬁ / <[W<A,t>1+)pdt> < <}1L / <[W<A+e,t>}+>pdt>
h r %

(3 [ kra)

€ h"”
=o(h" — .
(h") + T

So

o1 (1 [ o\ e 1

Jim (h JRIUCN dt) < S (15)
Again
W) = 0(t) ~ A —d) (A= )b — el W —et) -l
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and so by (6) if £ > 0 then
t" t"
W Ol- < WA —et)l- +legle = WA —et)]- +ey.
Applying Minkowski’s inequality, since A — e € E_(f)

. : . :
(i / ([W(A,tn)?dt) < (i / ([W(/\—GJ)det))

K hr
(h ) | 1-
Wi 1)
So )
lim — 1/}L([W()\ plypar) <& L (16)
h—=01 h" \ b Jo T rrp+1)7
Applying (5) and Minkowski’s inequality and using (15) and (16) we have
1 (1 " b
1 _ _ p
s (2w
— lim — 1/h([W(>\ DL+ V) et )
= T WA A I =
1 1 h , % h , ;
< — —
Jim o (G [ owoonra) + (5 [ ovora
26 1
i rp+ )7

Since € is arbitrary,

hm< /|W)\t|pdt> =0
h—04 h"

d(t) — /\t this gives

(,11 /Oh <|<I>(t)>\i:|)pdt>; = o(h") as h— 0

and since W (A, t)
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completing the proof of (12).
To prove the converse, suppose that (12) holds, then by (5)

h % h
(2Aqwu@uw@ s(ilwwmwg o) (1)

as h — 04 and

(;Aqwu@1w@ s(;A|wumwg = o) (13)

as h — 04. From (17) and (18) A € EL(f) N E—(f). So applying (10), (11) is
proved. This completes the proof of Theorem 3.1. O

=

S =
S

Theorem 3.1 now helps us to define upper and lower L,-derivates.

Definition 3.2. Let f(,_1),(x) exist. Then the right upper and right lower L,

derivates of f at x of order r, denoted by ?(i)yp(x) and i?;) p(x) respectively,
are defined by

h
Ty pl) = inf{aeR: (111/0 <

r—1 ,; r p %
flz+1) 72 Ef(i)’p(x) atr'l ) dt)
— il ',

=o(h")ash — 0+}

and

h
7?;)71)(3:) = sup {a eR: (}IL/O <

r—1 ,; r p %
flx+1) _Z%f(i),p(x) —ai'] ) dt)
i=0 B

=o(h") ash — O+}

The definitions of the left upper and left lower L,-derivates of f at x of order
r are now obtained by considering f(t) = g(—t) for all ¢ € R and apply-
ing the above definitions for g. In fact, it can be verified that fu ,(z) =
(—l)ig(i)’p(—x) for ¢ = 0,1,2,...,7 — 1 and so the left upper and left lower
L,-derivates of f at x of order r are defined by

fryp(@) = ?E‘;)_’p(*x) if r is even

— gt (—p) ifris
= Q(r),p( x) ifrisodd
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and
i;r),p(x) = ?Etn),p(—x) if r is even
= _gz-),p(—fU) if 7 is odd

The both sided upper and lower derivates are

Ty p(@) = max(F oy (@), Frry (@]

and

f

iy, @) =minlf 0 (@), fo (@)

T (r),p
If ?(T),p(x) = i(r) p(x), the common value is the Ly-derivative of f at x of

order r, possibly infinite. In view of Theorem 3.1 it is clear that this definition
agrees with the previous one given in [[10], p. 55].

4 Relation between approximate Peano derivates , L,-
derivates and Peano derivates

Theorem 4.1. If the Ly-derivative fi._1),(x) exists , 1 < p < oo, then
the approzimate Peano derivative f(._1) .(x) also exists and they are equal.
Moreover

Fo @ S @) STl al@) < F @) (19)

with similar relations for left derivates.

PRrROOF. If r=1 then the theorem is true [[8], Theorem 2]. We suppose that
the theorem is true for » = ¢ and prove it for r =i+1. Let r =i+ 1 . Suppose
that f(;),(z) exists. Then f;_1),(x) exists [[10], p 56]. Since the result is
true for r =i, f(;_1) () exists and
—+ —+
,2;),;7(33) = fz),a(ﬂf) < fiya(®@) < fo)p@). (20)
Since f(;),p(z) exists , (20) shows that f(;) (7) exists and f(;) ,(z) = f).a().
We are to prove that
—+ —+
7?;_,_1)717(17) < i?;+1)7a(x) < f(i+1),a(x) < f(i—&-l),p(‘r) (21)
Let ?ZHM(m) = a,fzﬂ)’p(x) = f. If possible, suppose a« > . Choose
a >y > . Then by definition of « the set
i+ 1)! s
(i+1) fla+t)=> it (x)} > 7}
k=0
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has positive upper density in the right of the point ¢t = 0 . Hence there is
d > 0 and a sequence {h, } such that h,, — 0T as n — oo and

M > ¢ for all n.
hn,
Hence
w(E N0, hy,]) > dh, for all n. (22)
Also, by the definition of 3, there is 0,8 < o < 7 such that
» 1
1 (T i fit1 P -
- t) —_— dt| =o(h
h/o fla+ Z )= o(h™)
L +
as h — 04. So
1
1 e itk fitl P\ -
— t)—) — —0——Q dt ht 23
L[ > ffwrale) 0y (i) (23)
L = +

as n — o0o. Also, for fixed n we have by (7)

hn i t7,+1 b
t dt
/0 fle+ Z klf(k)yp U(i—|—1)! .
h i i+1 8
n tl
> —_— dt 24
_/0 Zk'f(k:),p TG . (24)

ti—‘rl

Lok
t
> )= > = fuyp(®) — v
/En{o,hn} kz:o fr7 e (i+1)! .

say. Then C' > 0. For, if C = 0, then by (5) and the property of Lebesgue
integral, the integrand of the last expression in (24) would vanish a.e. on
EN|0,h,]. This is a contradiction since E has positive upper density in the
right of the point ¢ = 0. Therefore

1 1 [
i lTn/o

dt =C,

p 1
it P

Zk'f(k”” IS

s =

1 1 /1 1 1
Zh?lcp W :Cpm%ooasnﬁoo
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which contradicts (23). This proves the last inequality in (21). The proof of
the first inequality in (21) is similar. Thus, (21) is proved and so (19) is proved
by induction. O

Remark 4.2. In [5], Evans proved that if f is the L,-derivative of a function
F' of order n and if ¢ is a primitive of F', then f is the Peano derivative of ¢
of order n 4+ 1 and hence concluded that f has all the properties of a Peano
derivative. The above theorem gives directly that every L,-derivative is the
approximate Peano derivative of the same function and of the same order and
hence satisfies all the properties of approximate Peano derivative [9].

Theorem 4.3. If f € L, in some neighbourhood of x and if the Peano deriva-
tive f_1y(x) exists finitely then for any p , 1 < p < oo

£ @) < I8 @) < Ty (@) < Tl (@), (25)

PROOF. Since f(,_1)(z) exists, the Ly-derivative f,._1) () exists and f;)(z) =
fayp(x) for 0 <i <r —1 (see [[10], p 130]). Let

h
- o1

r—1 ,; r p %
f(x+t)—z’;f(i),p(x)—aﬂ ) dt)
vark] ',

and
r—1 r
Fio(f) = {a ER: |flx+1)— Z %f(i)(x) - af"'} =o(t") ast — 0+}
— il ',
We show that F(f) C E4(f) let a € Fi(f). Let
r—1 4 4
V(t) = flx+1)— ﬁf(z)(x) —a—

and € > 0. Then since a € F(f) there is § > 0 such that X[V (t)]; < e for
0<t<d,andso [V(t)]+ <et” for 0 <t <. Hence

1

I o\ BT
(h/o ((V(®)l+) dt) < €m for 0 < h <.
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Since € is arbitrary

h ]
(iA(W“»”MQ =o(h") as h — 0. (26)

Since f)(x) = f5)p(x) for 0 <@ < r —1, (26) shows that a € E,(f). So,
F.(f) C EL(f). Hence from the definition of 7?_

T).p

(z) and from Corollary 2.2

-+ . . -+
[y p(@) =inf EL(f) <inf FLL(f) = [ (@)
proving the last inequality in (25). The proof of the first inequality in (25) is

similar. ]

Theorem 4.4. If f._1) () exists and 1 < q < p < 0o then f,_1),q4(v) evists
and

Foy @) S EL @) < Tl a(@) < Ty @), (27)

PROOF. Since f(,_1),p(x) exists, f_1)q(x) exists and f; ,(2) = f),q(x) for
0<i<r—1(see [[10]; p 58]) and so for any a € R

=(r),p

'

t
Z Zlf(Z ’q +a/7 Z Zlf(l 7p +Cl* w(t)’ say.

Since f € Ly, f(z+t) — (t
Hence ([f(z +t) — ¥(t)]4+)?

) € Ly, for fixed x and so [f(z +1t) —¥(t)], € Lyp.
€L». Smce le L by Holder’s inequality

q

aq
p
b—q

h h
/ ([f(z+1) = P()]4)%dt < </ ([f(z+1) —¢(t)]+)pdt> h.
0 0

Hence

. : . !
(;A<Uu+ﬂ—¢man) s<;A<uu+w—wwuVm)

which shows that

o

r—1 i r p %
flz+1t)— Z %f(i)’p(x) - ai!] ) dt)
+

=0

=o(h")ash — O+}
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is a subset of
1 h
R: |-
pem (i

Hence from the definition f(T) () < ??;)m(x), this completes the proof of the
last inequality of (27). The proof of the first inequality of (27) is similar. [

r—1 ,;

flz+1t)— Z %f(i),q(a:) - ai:] ) dt)
+

=0

=o(h") ash — O+}.

Theorem 4.5. If the Peano derivative f(,_1)(x) erists and 1 < q < p < 00
then

@ < gl @S fE @ S F @) S Tl al@)

-+
< f('r‘),q(x) < f(r),p(l‘) < fm (@)
The proof follows from Theorem 4.1, Theorem 4.3, and Theorem 4.4.

5 Relation between Borel derivates and L,-derivates

Theorem 5.1. If fi,_1),(7) , 1 < p < oo, exists then BD,_y f(x) exists and
they are equal. Moreover

-+ -+
[7,,@) < BDI f(x) < BD, f(x) < f) (). (28)
PRrROOF. The first part of the theorem is proved in [[10], p 140]. We prove (28).
Let fi—1)p(x) exists. Then BD,_ f(z) exists and BD,_1 f(z) = fr—1),p().
Let

1 [P
G+(f):{a€R:h/O i

1

tT‘
fla+1t) - Z —aT!] dt
+

—0

=o(1l) as h — 0+}
and
1 e 1\ L\’
B =qeer: (3 [ (@0 =X Ghose —aly| | @
i=0 1y

=o(h") ash — O+}.
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We show that Ey(f) C G4(f). Let a € E4(f). We write

r—1 i r
U) = flo+8) =3 = foppl@) —an.
=0

il 7!

Then since a € E(f)

h b
(/0 ([U(t)]+)pdt> — o(h)hF as h— 0.

Applying Holder’s inequality we get from (29)

151

h h % N
/[U(t)]+dt<</ ([U(t)]+)pdt> h'=% =o(h")h as h—0,. (30)
0 0

Hence there is a § > 0 such that

t%/o U(©]sde <1 for 0<t<d.

Integrating this we have

h 1 t
/tm/[U(fS)hdfdmh for 0<h<é.
0 0

Let h,0 < h < 6, be fixed . By (30), for any € > 0

/0 (U()]ade = oY) as 0,

Hence X ]
67,T/O[U(f)]+df—>0 as €— 0.

So, there is d1,0 < d; < h, such that

1 €
Erﬁ/[U(f)hdfa for 0<e<d,
0

which gives

/G[U(f)hdf <t for 0<e<dy.
0

(31)
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Hence
h _r+1 r+1
€ € 1 1
/ tr+l +d£dt < /e tr+l dt = r <6T - hT)
for 0 < e < ;1. So, lettmg €— O+
€1_1}161+ prsy / &)]4+dedt = 0.

Also by (31)

€ t
/Otr%/o[U(f)]erfdt<e for 0<e<?.

Hence letting € — 04
€ 1 t
61_1)%1+/0 W/o [U(§)]4d€dt = 0.

Now
/HH/ 6)] dédt = (/ /)trﬂ/ &) dédt
_ /0 L /0 ()], dedt + / o ( /0 + / ) (U(€)) dédt
- /O t% /0 t[U(g)]+d§dt+ / ' tr1+1 OE[U(f)hdfdt

+ / — &) dedt.
Letting € — 04, we get from (32), (33) and (34)

h 1 t
/ T / et = tm [ [0 e

For 0 < € < h, integrating by parts

h
1
/ tfr[U( )]+dt h Z +dt+7‘/ tr-‘,—l +d£dt

Letting € — 0, in (36) we get from (35),

A +dt 7/ +dt+r/ t+1/ +d§dt

Ray

—~

34)

(35)
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From (30) and (37)

/h i[U( 1)), dt = ! o(h") - h+r/h L o(t™Tyat
0 tr + h 0 tr+l

=o(h) +ro(h) = o(h) as h — 0. (38)
Since f(;)p(x) = BD;f(x) for i =0,1,..r — 1, (38) gives

I
o 1"
This shows that a € G4 (f) and therefore E (f) C G4 (f). Hence inf G4 (f) <
inf £, (f). Hence, from Corollary 2.3 and from the definition of f?;)p(a:),

ﬁjf(m) < ?;)’p(x), proving the last inequality in (28). The proof of the
first inequality is similar. O

-1,
t'l”
flx+1)— Z —ar!] dt =o(h) as h — 0.
=0 +

Now we show that the theorem analogous to Theorem 4.1 does not hold
when a L,-derivative is replaced by a Borel derivative.

Theorem 5.2. For every v > 1 and for every x € R there is a function
f : R — R such that the Borel derivative BD,. f(x) exists finitely, but the
approzimate Peano derivative f(,y , does not erist.

PROOF. Let r and x be fixed. Without loss of generality we may take z = 0.
Divide the interval [0,1) by the points 1, 1 3 22 s %, ... to get the collection
of intervals {I,, = [52rr, 5) : n = 0,1,2,...}. Choose n and fix it. Divide the
interval I,, by the points 2,1% =a1 <bp=ay <by=..=as, < bzn =
into 2n equal subintervals J; = [a;,b;), i =1,2,...,2n. Define f,(t) =
t € Jy; and fn(t) = —Y2i—1, Y2i—1 > 0, for t € Jy;_1 such that

[ Bas [ a0 iz (39)
J2i-1 t Jzi t

Clearly this gives

1
27L
zm for

/ fzist)dtz() for n=0,1,2,.... (40)
I,

Let fn(t) = 0 for t ¢ I,. Now that f, is defined on R for each n, define
Z fn(t). From (39)

S
Yo - ~Z =0
y2l ' /(;21'—1 tT + QnT /1127', tr
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and so
1 bei dt
2n7 Jag; tT
Y2i—1 = ﬁ (41)
azi—1 t7
Now L
bo; az;—1+ 2742n+1 1 1
a2;—1 az;i—1 * ag;—1 n2ntl (42)
and
= 1 1
ag;—1 = Z | Ik | +% 27'+1 (2Z — 2)
lc:(:;H (43)
B 1 1—1 1 i—1 n+i—1
- k—zng-l 9k+1 nan+l1 - on+1 nan+l - non+l1
From (43)
1 1 n2nt1 1 1

. = - . = - —0 as n — o0
agi_1 n2"tl n4i—1 n2ntl p4i-—1 ’

and therefore we get from (42)

log — 0 as n — oo. (44)
a2;—1
Let » =1, Then from (41)
L log 221
Y2i—1 = ?Tf (45)
a4 —1
Since bgi = ag; + ﬁ . TL%, Zzl 1+ am . 2% . Qnﬂ Slmllarly7 ;—1 =
1+ — ﬁ 2n+1 Hence, 1 < bii < Z? L. and so by (45) y2;-1 < 2”. Hence
1
| fu(t) |< on for all n and for all ¢t € Ja;_1 U Jo;. (46)
Let 0 < h < 1. Then h € I, for some n. If h € Jo;—1 U Jo;, then by (39), (40),
(44), (46)
h h bas
1 n(t 1 1 2 dt
O I O R
h o t B Joy . t 2n h Jo,. t

bo;
2ot log —— 50 as n — o0
2n agi—1

| /\
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Now as h — 04, n — oo and so this gives
h
4
/ @dt =o(h) as h— o+
0
Since f(0) = 0, this shows that BD; f(0) exists and BD;f(0) =0

Now let » > 2. Then trl 1 is a strictly convex function in
for any n and any i, since ag;—1 < bo;—1 = ag; < by;, we have

(0,1). Therefore,
L ) >

a5y

—L_ and hence

21

1 1 1 1
r—1 r—1 r—1  gr—1° (47)
Qg1 b2i—1 Ag; by
From (47) and (41)
1 1 1
arv—l br,il
Y2i-1 = gnr 21Z 211 onr
a;_—ll b;i_—ll
So 1
| fn(t) ‘S 2? for all n and for all ¢ € Jgi_l ] JQZ‘. (48)

If 0 < h <1, then h € Jy;—1 U Jy; for some n and some i. So applying (39),
(40) and (48)

h h ba;
) t| = l f”(t)dt < 1 l @
h azi—1 tr 2nr h a2i—1 tr
(49)
< % -2m - rl 1 rl—l
2 r—1 \ay -y by
From (43), agi—1 = Zznﬂ . Similarly by; = ngﬂl and so
1 1 n2ntl L fpontiN T
a’;zll bgi_lz(nJril) _(n+i)
1 1
_ (n2n+1)r71 < : _ . )
n+i—1)r-1 n+4)r—1
( ) (n+1) (50)

o)) —(nti 1)t
(n+i—1)"1(n+4r1

— (n2n+1)
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From (49) and (50)

h _ n+z‘—_1 r—1
1/ f(t) dt < i X 2n+1 . 1 A (n2n+1)r—1 ( .nJr% )
hl)y t 2nr r—1 (nt+i—1)r1

B (2n+1)7‘ . 1 e 1— (n:j;l)rfl
oy 1 (nti—1)1

r—1 . r—1
P ( n ) (1_<"+Z—_1> )60
r—1\n+i—1 n+1

as n — oo. Therefore

h
t
/ f(.)dt =o(h) as h — 04
o 1
and so BD, f(0) exists and BD, f(0) = 0.

Now we are to show that the approximate Peano derivative f(,) ,(z) of f
at x of order r does not exist. Let r = 1. If ¢ € (0,1) then there is an n such
that ¢ € I,,. If t € Jy; for some 4, 1 < i < n, then f(t) = fu(t) = 5 and since

t
ﬁ§t<%,¥>%-2":1 and hence

GOJQiC{t:tE(O,l);fit)>1}. (51)

n=01i=1

If t € Joj—1 for some ¢, 1 < i < n, then f(t) = f(t) = —y2—1 < 0 and so
@ < 0 and hence

(oo} n t

U Ui c {t € (0,1); %) < 0} (52)
n=0i=1

Both the sets in the left hand side of (51) and (52) have positive right upper

density at 0. So ?(+1),a(0) > 1 and i?'l) ,(0) <0, and therefore, f(1),(0) does

not exist.

Now suppose that r > 2. Let 1 <k <rand 0 <t < 1. Thent € I, for
some n and so by (48), since QL% <t< ﬁ,

I

o —0 as n — o©

fn (t) 1 (
< co(n+l)k _
tk — 9nr 2 on(r—k)
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t
and so lim f) = 0. This shows that f;)(0) exists and is zero for k =
t—0, tk
1,2,...,r — 1. As in the case of r = 1, ft(f) > 2,,1”, 22" =1 for t € Jyy
o —+
and L8 = =821 < 0 for t € Jo;_1 and s0 f(),(0) > 1 and iz;m(o) <0.
Therefore, f(y,(0) does not exist. O
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