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LOCALLY DEFINED OPERATORS IN THE
SPACE OF FUNCTIONS OF BOUNDED
¢~ VARIATION

Abstract
We prove that every locally defined operator mapping the space of
continuous and bounded p-variation functions into itself is a Nemytskij
composition operator.

1 Introduction.

Let I = [a,b] be a closed interval of the real line R (a,b € R, a < b) and let
G =G(I), H ="H(I) be function spaces ¢: I — R. An operator K: G — H is
called locally defined, or (G, H)-local or briefly local, if for every open interval
J C R and for all functions f,g € G, the implication

flinr = g9lunt = K(f)|snr = K(g)|nr

holds true. For some pairs (G, H) of function spaces the forms of local operators
K: G — H (or their representation theorems) have been established. For
instance, in [6] it was done in the case when G = C"(I) and H = C(I) or
H = C'(I), in [9, 10, 15] in the case when G and H are the spaces of n-times
and k-times, respectively, Whitney differentiable functions, in [17] in the case
when G is the space of Holder functions and H = C(I) (cf. also [16] and [1]).

Note that if a local operator K maps the space of continuous functions
C(I) into itself, then

K(p)(z) = h(z,o(x)), ¢eC), zel,
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80 M. WROBEL

for a uniquely determined continuous function h: I x R — R, that is K is
a Nemytskij composition operator ([6]). The same representation formula
remains true when G = H = C*(I) but, surprisingly enough, in this case the
function h need not be even continuous ([6], see also [1] p. 325).

In the present paper we give a representation formula for local operators
which are self-mappings of a Banach space of continuous functions of (gener-
alized) bounded ¢-variation.

2 Preliminaries.

Let I = [a,b] be a closed interval of the real axis. As usually, R? stands for
the set of all real functions f: I — R.

Denote by F the set of all convex functions ¢: [0,00) — [0, 00) such that
©(0) = 0 and (u) > 0 for u > 0. Note that ([4, Remark 2.1]), if ¢ € F, then
it is continuous, strictly increasing, uli)ngo ©(u) = oo and superadditive, i.e.,

o(u) + o) <pu+v); ©v>0, v>0. (1)

Indeed, the convexity of ¢ implies that the function (0,00) > t — @ is
nondecreasing, whence, for all > 0 and v > 0, we have

plutv) = 2, D), 2, ) )+ )
and
p(tu) <te(u); w>0, tel0,1]. (2)

Given a function ¢ € F, we say that f: I — R is a function of bounded
p-variation in I, and write f € BV, (I), if the p-variation of f on I, defined
by

Vo(f,I) :=sup{o(f,P): P P()}, (3)

is finite; here
m

a(f,P):=> o(|f(t:) = f(ti-1)]),

=1

and P(I) stands for the set of all partitions
P = (to,tl,...,tm_l,tm), a=1ty<t1 <...<tpmo1 <ty = b,

of the closed interval I.
Clearly, BV,(I) coincides with the classical concept of variation in the
sense of Jordan ([12, Chapter 8]) if ¢ = id;, and in the sense of Wiener [14]
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if o(u) = uP, uw >0, p > 1. The general definition was introduced by Young
[18].

It is known that BV, (I) is convex, but it is not necessarily a linear space.
Define the space W, (I) as follows:

f e Wy(I) if there exists A > 0 such that { € BV, (I).

The set W, () is a linear space. Indeed, if f; € W, (I), then V,, (fyj) < oo for
some \; > 0, j = 1,2, and, by the convexity of the functional V,,, we get

v, <f1+f2> <My <fl) Ly <f2>
A1+ A A+ A A1 A1+ A2 Ao
whence fi+ fo € W,(I). Obviously, A\f € W, (1) forall A\ € R and f € W,(I).
There is a vast literature concerning the space of functions of generalized
p-variation (see, for instance, [2, 3, 8, 13]).
Recall that Maligranda and Orlicz [8] proved that the space W, (I) endowed
with the norm || fll, = |f(@)] + p, (f), where

poh) =potrn =it fas 0, (§) <1}, rewan. @

is a Banach algebra. The seminorm defined by (4) is called the Luxemburg—
Nakano—Orlicz seminorm [7, 11, 12].

In order to establish some relations between the spaces W, (I), generated
by different functions ¢ € F, let us recall the following definition from [3].
Given ¢,9 € F, we write ¢ < ¢ and say that ¢ dominates ¥ near zero if
there exist » > 0, ¢ > 0 and to > 0 such that 1(t) < re(ct) for all ¢ € [0, to].

3 Local operators.

From now on, let CW,(I) = W,(I) N C(I), where C(I) stands for the space
of continuous functions defined on I.
Recall the following properties of the functional V,:

1. V., is nondecreasing, i.e., if Ji, Jo are sub-intervals of J and J; C Jo,
then Vi, (f, J1) < Vo, (f, J2);

2. V., is semi-additive, i.e., if J;, Jo are sub-intervals of J such that J; N Jy
is a singleton, then V,,(f, J1) + V. (f, J2) < Vi (f, J1 U J2);
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3. V,, is sequentially lower semicontinuous, i.e.,

Vo(f,I) < lirgianw(fmI),
if f, e RI, neN, and lim f,(z) = f(z) for all z € I.
n—oo

Remark 1. For P)Q S P(I)7 P = (p07p17 cee 7pm)7 Q = (QO7QI5 .. '7Q1’L)7 we
say that P < @Q if {po,p1,---,Pm} C {qo,q1,---,qn}. Of course, (P(I), =) is
partially ordered.

Chistyakov (2], p. 1459) observed that if f is an arbitrary bounded mono-
tonic function on I and P,Q € P(I), P < @, then

o(f.Q) < o(f,P),

o(f) - (251)
for all A > 0.

Lemma 2. Let I = [a,] CR (a,b € R, a <b), n € N, (zp,yr) € I xR,
k=0,...,n, such that

and, consequently,

a=20<21 < ...<Tp1<Tp=2>0

be fixed. If the function f: I — R is defined by
oy if t=x;, 1=0,...,n,
(1) = { affine  otherwise,

then
l

VoS I) = maX{ZsOﬂyjs =Y Le{L, o nds v, = Yo, vy, = ym}.

s=1

PRrROOF. Let (yjs)ls(]:m lo € {1,...,n}, be a subsequence of (yx)}'_, such that
Yjo = Yo, yjlo = Yn, and

lo
> ellys, — i, D)
s=1
l
= maX{Zw(lyjs g Le{L . n}s v, = v, Yy = yn}

s=1
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Since (j5)", is a partition of I, we have

lo
> ellys, = yiaal) S Vulfo D).
s=1

To prove the inverse inequality, take an arbitrary partition P = (¢;), €
P(I) and assume that f(to) < f(t1). Let k1 be the larger of the numbers
1,...,m such that

Yo = fto) < f(t1) < ... < f(twy)- ()

Then there exists j; € {1,...,n} such that z;, 1 <ty <z, orx; <ty <
Zj,+1 and

f(t’fl) < Yjy - (6)

Thus, by inequality (1) and the monotonicity of ¢, we get

lepof(ts)_f(tsfl)‘) S@(Z (f(ts)_f(tsl)>> (7)

— o (F(t) — F(t0)) < 0y — w0).

whence, if k&1 = m, then

> (£ (ts) = F(ta1)]) < 0(yn —0) = o (|yn — o)) (8)

s=1

If kv < m, then f(tx,) > f(tr,+1). Analogously, denoting by ks the larger
of numbers ky + 1, ..., m such that

fe) > fltiy11) 2 -0 = f(th,), 9)
by the definition of f, there exists j; such that
jee{n+1,...,n} it ty, € (xj,-1,25];
j2 € {j1,...,n} if tr, € (zjy, 2541],
fthy) = Y5, (10)
and either ¢y, € (xj,—1,z;,] or tg, € (Tj,, Tjp4+1]-

Hence, applying (6), (9), (10), inequality (1) and the monotonicity of ¢,
we obtain

ko ko
S o(17(00) = Fter)]) < (z (Fteur) - f<ts>>)

S:kl S:ktl

= o(f(tr,) = ftry)) < 0y — Us);
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as yj, > Yj,, and consequently, by (7),

ka

o[ f(ts) = F(tmn)]) < (i — vo) + 2 (W5 — ¥5)

s=1
= ¢y = vol) + ¢ (lvi — v ])-
Therefore, if ks = m, then

m

S o(£(ts) = ftan)]) < olvn = wol) + ¢ (|ys, — i |)-

s=1

If k3 < m, then f(tr,) < f(tg,+1), and we can repeat the above procedure
for ko. By the definition of f, after [ steps, we obtain

D o(£(t) = Fts-1)]) < e(lyin —wol) + (i = in]) +- - -+ 2(|Uirs —¥nl),
s=1
where | € {j2 +1,...,n} and y;, = y»; which completes the proof. O

Theorem 3. Let ¢ € F and I = [a,b], a,b € R, a < b, be a closed interval.
If a locally defined operator K maps CW,(I) into C(I), then there exists a
unique function h: I x R — R such that, for all f € CW,(I),

K(f)(s) = h(s, f(s)), sel. (11)

PROOF. First we show that for every f,g € CW,(I) and for every s¢ € int ]
the condition

F(s0) = 9(s0) (12)
implies that
K(f)(s0) = K(g)(s0)- (13)

To this end take an arbitrary pair of functions f,g € CW,(I) fulfilling
condition (12) and choose s¢ € int I arbitrarily. Define

| f@t) for te€]a,so]
V(t){ o) for te(so.b]

To prove that v € CW,(I), define fi,g1: I — R by

1)~ f(s0) Tor 1€ [as)

ht) = { 0 ’ for te (so,(l)J] '
{ 0 for t € [a, so]
g(t) —g(s0) for € (so,b]

g1(t)
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Since f,g € CW,(I), we get V,, ({) and V,, (%) are finite for some A, yu > 0.

Let P = (t;)1™, be a partition of I such that t;_1 < sg < ¢, for some 1 < k <
m. Then, by the property of ¢ that ¢(0) =0,

> (- =i:go(\§<ti>—§<ti_1> ) (£ e0-F )
and
g@( %(ti)_%(ti—l) ):W()Z(tk)—’i(so) )-l—i_i:;rl@(’z(ti)—Z(ti_l) )

Hence, applying the monotonicity of V.,, we have that V,, (%) and V,, (%)
are finite, and, finally, that fi + g1 € CW,(I) as CW,(I) is a linear space.

Thus
Vv<f1+gl><oo (14)

T

for some 7 > 0. Since (f14+91)(s) — (f1+g1)(t) = v(s) —~(t) for all s,t € [a, b],
condition (14) implies that v € CW,,(I).
Since

f|(7oo,so)ﬂl = ’7'(7oo,so)ﬂla g|(7oo,so)ﬂl = ’Y|(7oo,50)ﬁla

by the definition of a local operator, we get

K(f)l(foo,SU)ﬁI = K(W)'(foo,so)ﬂla K(g)l(foo,SU)ﬁI = K(’Y)|(7oo,so)ﬁl~

Therefore, by the continuity of K(f), K(v) and K(g) at sg, we get

K(f)(s0) = K(7)(s0) = K(g)(s0)-

Suppose now that sg is the left endpoint of the interval I (i.e., so = a). By
the continuity of f and g at sp, there exists a sequence (s, )nen such that

b*SO
S0 < Spt1 < Sn, |sn750|< pa— n €N,

and 1 1
|f(3n) - f(30)| < n2’ |g(5n) _9(50)| < n2’ neN. (15)

Define the sequence of functions v, : [a,b] — R, n € N, in the following way:
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7k}
7k}

f(s26)=f(s0)
s (t—=50) + f(s0) for ¢ € [so, sax]
g(s2i—1)—f(s2:) ) _ P ;
S22 (E — s0;) + f(s2:) for t€ (s2;,82i-1], 1 € {1,...,k}
Yok (t) =
f(s2i)—g(s2it1) ) ) . 3 g _
e (t = s2iq1) + g(s2i41)  for £ € (s2i41, soi], i€ {1,...,k—1}
g(s1) for te€ (s1,b]
9(s2k—1)—g(s0)
Foe 22 (t = s0) + g(s0) for t € [so, s2k-1]
%(t — 527;_1) =+ g(SQi_l) fOI‘ te (521‘_1, 527;_2}, ) € {2, e
Yor-1(t) =
%(t —82i—2) + f(s2i-2) for t€ (s2i-2,82-3], 1 €{2,...
9(s1) for te (sq,b)]
for all kK € N.

We show that v,, € BV,(I), n € N. By the definition of v2z, k € N, the
triangle inequality, (12) and (15), we have

2
[yak(5i) — Y2r(s0)] < =
and
1 1 2
”Y%(Si) - ’)’zk(sj)’ < |72k(8i) - ’sz(so)| + |’sz(8j) - 72k(80)| < ) + 72 < 2

for all 7,5 € {1,...,2k}, i« < j. Hence, applying the monotonicity of ¢,
inequality (2) with t = %, i € N, we get

@ (2w (si) = v26(s0)]) < (;) < %290(2), ie{l,...,2k},
and

90(’7216(‘%) - ’YQk(Sj)’) < 2 <Z2) < %@(2)’ ivj € {17 . '72k}? 1< .7
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Therefore, taking into account Lemma 2 with n = 2k + 1 and

(1‘0, yO) = (507 f(SO))’
(331; yl) = (32k7 f(SQk))a
(w2,92) = (Szk—l,g(szkﬂ)),

(xn—lvyn—l) = (817.9(81)), (xn;yn) = (bvg(sl))a

we get, for all kK € N,

Vi (v2k, I) =max {¢(|V2k(80) =2 (55,)]) + o (|r2r(s5) — Y2 (s5,_,)]|)

+ ... —‘y—(p(|’)/2k(8j1) _’72k(81)’): le {1,...,2/{3}}

1 1 1
S5 @)+ 5= 0@+ + 5 0(2) +9(2),
Ji Jic1 Ji
and, finally,
2k
Vo (y2k: I) < (2) Z 2 (16)
i=1
Similar reasoning shows that
k-1 4
Vga(’}@k:—l,[) S 90(2) 2.727 k S N7

i=1

which together with (16) implies that v, € BV, (1) and
<
Velm D <9(2) )5, keN (17)
i=1

Let us note that, by the definition of ~,,,
Yok—1(80) = Y2k(s0) = f(s0) = g(s0), k€N, (18)
and, for all k,7 € N,

’)’2k(82k) = f(32k) = ’72k+i(82k),
’YQk—l(Szk—l) = g(SQk—l) = 72k—1+i(3k—1)~
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Moreover, let us observe that for every ¢ € I'\ {s,,: n € N} there exists nop € N
such that
Yn(t) = Yne(t), m>mng, n€N. (20)

Put
() == lim ~,(¢), tel.

n— oo

By (18), (19) and (20) the function 7 is well defined and

|v(t) =y (s21)| < |9(s2m41)—f(520)| < |g(s2041)—9(s0)|+| f(s26)— f(50)| (21)
for all t € [sas1, 52), and

[y ()= (s26)| < |g(s26-1)—F (s2)| < [9(s20—1)—g(50)|+|f (s20) = f(s0)| (22)

for all ¢ € [sak, Sak—1)-
To show that ~ is continuous at sg, fix € > 0. By the continuity of f and
g at sg, there exists ng € N such that

, |f(sn)—f(so)]<§; neN, n>ng.  (23)

Wl ™

|9(sn) — g(s0)] <

Take an arbitrary ¢ € (g, Spn,). There exists k € N such that 2k — 1 > ng
and either ¢ € [sor41, Sax) Or t € [Sog, Sok—1)-
Since, by the triangle inequality and (18),

[v(t) = v(s0)| < [v(t) = v(s28)| + |7 (s2k) — Y(50)]
= |v(t) = y(s2x)| + | f (s2%) — f(s0)],

therefore, by (21) and (23),
[7(t) = 7(s0)| < |g(s2r+1) = g(s0)| +2[f(s20) = f(s0)| <&
in the case when £ € [szp41,521), and, by (22) and (23),
[v(t) = ~(s0)| < |g(s26-1) — g(s0)| + 2| f (s26) — f(s0)| < &

in the case when t € [so, Sak—1). As the continuity of v at the remaining
points is obvious, 7 is continuous.
Moreover, by the lower semicontinuity of V,, and (17),

n—oo

1
Vi (7, 1) < lim inf ¢(2) E =
i
i=1
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and the convergence of the series > 7 implies that v € BV,,(I).

i=1
Thus there exists a function v € CW,(I) (with A = 1) and a sequence
(sk)ken such that

v(s2k—1) = g(s2k—1), Y(s2k) = f(s2x), sp €1, keN.

According to the first part of the proof, we have

K(v)(s26-1) = K(g)(s2k-1), K (7)(s2x) = K(f)(s2x), k € N.

Hence, by the continuity of K(v), K(f) and K(g) at s, letting k — oo, we
get (13).

When xg is the right endpoint of I, the argument is similar.

Now, we are in a position to construct the function h. For an arbitrary
Yo € R let us define a function Py, : I — R by

P, (t) =y, tel. (24)

Of course, P, as a constant function, belongs to CW,(I). To define the
function h: I x R — R, fix sg € I, yo € R arbitrarily and put

h(807 yO) = K(Pyo)(SO) (25)
Since, by (24), for all functions f,
f(50) = Pp(sq)(s0),
according to what has already been proved, we have
K (f)(s0) = K (Py(sy))(50) = (50, f(50))-
As the uniqueness of the function h is obvious, the proof is completed. O

As a by-product of the proof of the above theorem we obtain the following

Remark 4. By the construction of v it follows that if f(a) = g(a) (or f(b) =
g(b)) and f, g are continuous (not necessarily of bounded @-variation), then
there exist a sequence (x)ren convergent to a (or b, respectively) and v €
W, (I) such that

Y(x2k) = f(z2r) and  y(z2r-1) = g(w2k-1),

for all £ € N.
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Definition 5. Let X C R and a function h: X x R — R be fixed. The
mapping H: R¥X — R¥ given by

H(f)(z) = h(z, f(z)), »eRY, (z€X),

is said to be a composition (Nemytskij or superposition) operator. The function
h is referred to as the generator of the operator H. (Here RX denotes the set
of all functions f: X — R).

As an immediate consequence of Theorem 3 we obtain

Corollary 6. Let [ = [a,b] (a,b € R, a < b) be a closed interval. If a local
operator K maps CW,(I) into C(I), then it is a Nemytskij (composition)
operator, i.e., there ezists a unique function h: I x R — R such that

K(f)t)=h(t. f(t), tel,
for all f € CW,(I).

Now, let us consider locally defined operators acting between two spaces
of continuous functions of generalized bounded variation.

Let ¢, € F. Note that if a local operator K maps CW(I) into CWy,(I),
then, obviously, K maps CW,(I) into C(I). Therefore, by Theorem 3, we
have

Theorem 7. Let ,v € F and I = [a,b] (a,b € R, a < b) be a closed interval.
If a locally defined operator K maps CW,(I) into CWy(I), then there exists
a unique function h: I x R — R such that, for all f € CW,(I),

K(f)(s) = h(s,f(s)), sel.

Corollary 8. Let ¢,v € F and I = [a,b] be a closed interval. If a locally de-
fined operator K maps CW,(I) into CWy(I), then it is a Nemytskij operator.

4 A characterization of some generators of the Nemytskij
operator.

Definition 9. Let G;(X,Y) C YX with anorm ||-||; and G2(X,Y) C YX with
a norm || - ||2 be two Banach spaces. We say that an operator H: G;(X,Y) —
G2(X,Y) satisfies the (global) Lipschitz condition if there is a constant 0 <
1 < 1 such that

|H(f1) = H(f2)ll2 < pllfi = folli,  fi, f2 € Gi(X,Y). (26)
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Let us quote the following result.

Theorem 10 ([4, Theorem 3.1, Remark 3.6]). Let (X,]|- |x),(Y,| - |y) be
real normed spaces and let C' be a closed convexr subset of X. Suppose that
0, € Fand h: IxC — Y. If a composition operator H: C1 — YT generated
by h maps W, (I,C) into Wy (I,Y) and is uniformly continuous, then the left
reqularization of h, i.e., the function h™: I~ x X =Y, defined by

h=(t,y) := liglh(s,y), tel ; yed,

exists and
h™(ty) = Alt)y+B(t), tel; yeC,

for some A: 1= — L(X,Y)! and B € BVy(I~,Y). Moreover, the functions
A and B are left continuous in I~. (Here L(X,Y) stands for the space of all
linear mappings A: X =Y and I~ :=1I\ {inf I}).

Thus, under the additional assumption that the locally defined operator
is uniformly continuous, we get a complete characterization of its generating
function h. Namely, we get the following

Theorem 11. Let p,v0 € F and I = [a,b] (a,b € R, a < b) be a closed
interval. If a local operator K: CW,(I) — CWy(I) is uniformly continuous,
then there exist a,b € CWy(I) such that

K(f)(s) = a(s)f(s) +b(s), feCW,(I), (sel). (27)

Moreover, if 1 < ¢ and an operator K: RT — R is defined by (27)
for some functions a,b € CWy,(I), then the operator K maps CW,(I) into
CWy(I), is locally defined and satisfies the global Lipschitz condition (so it is
uniformly continuous).

PrOOF. By Theorem 7 there exists a unique function h: I x R — R such that
(11) holds for all f € CW,(I). Fix (zo,y0) € I xR, take an arbitrary sequence
(xy), for n € N and z,, € I, convergent to z¢ and the function Py, : I — R
defined by (24). Since, by (25),

|h(2n,y0) — h(z0,y0)| = |M(@n, Pyy(xn)) — h(x0, Py, (20)]
= |K(Pyo)(xn) - K(Pyo)($0)|7

applying the continuity of K(P,,) at x¢, we get the continuity of h with respect
to the first variable. Thus, by Theorem 10,

h(t,y) =a(t)y +0(t), tel, yeR,
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for some a,b: I — R. Since h(-,y0) = K(Py, (")) € CW,(I) for all y € R
(where Py, : I — R is defined by (24)) and b(t) = h(t,0); a(t) = h(t,1) — b(t),
the functions a,b € CWy,(I) which together with (11) gives the required claim.

Since every operator defined by (27) is local, we get the inverse statement
by [2, Theorem 7(b)], which completes the proof. O

Remark 12. Every Lipschitzian local operator acting from CW,(I) into
CW,y(I) is an affine mapping.

5 An application.

The composition operator plays an important role in the theory of functional
equations of the iterative type

flx) = h(a:,f(a(a:)), rel, (28)

where ao: I — I and h: I Xx R — R are given and f is unknown. Note that,
taking into account the definition of composition operator H, equation (28)
can be written as

f=(HoF)(f),

where the operator F(f) := f o o, under some fairly general assumptions on
a, is linear and ||F|| < co. Since the existence and uniqueness of solutions
of equation (2) depends on the class of the unknown function, the fixed point
theory is frequently used in this field (cf. for instance [5]).

An application of the classical Banach principle to equation (28) requires
HoF to be a contraction mapping. This usually implies that H is Lipschitzian
(with a constant p such that p||F|| < 1). In particular, to apply this method
to find a solution f in the class CW,(I) it is necessary to assume that H
satisfies condition (26) and, according to our Theorem 11, that the generator
h of the operator H is of form (27). Consequently, the study of solutions
f € CW,(I) of equation (28) with the aid of the Banach metod is possible
only if f is linear, i.e., if it is of the form

f(@) =a(x)f(a(x) +b(z), xel
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