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Abstract

Recent research has shown that there is a significant cleavage be-
tween the structure of w-limit sets for continuous functions, and the
structure of w-limit sets for Lipschitz functions. While every non-empty
nowhere dense compact set is an w-limit set for a continuous function,
most of these sets cannot be an attractor for a Lipschitz function. When
one considers the topological structure of these two classes of w-limit
sets, however, there is no such divergence. In this paper we investigate
the necessarily measure based structural differences between these two
classes of sets. We then use these results to work towards a characteri-
zation of w-limit sets for Lipschitz functions.

1 Introduction

A set E is called an w-limit set, or an attractor, for a continuous function f
mapping a compact interval I into itself if there exists an x in I such that
E = wy(x) is the cluster set of the sequence {f™(z)};2,. Recent work by
Bruckner, Ceder and Smital in [BC], [BS1] and [BS2] not only completely
characterizes w-limit sets for continuous functions, but also demonstrates how
the structure of these attractors is affected by imposing conditions on the
chaotic behavior of the function in question. In [BSt] we show that there
is a significant cleavage between the structure of attractors for continuous
functions, and the structure of attractors for Lipschitz functions. We furnish
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the class KC of non-empty closed subsets of I = [0, 1] with the Hausdorff metric
d, and from this complete metric space develop a dense Gg subset comprised
of Cantor sets that cannot be attractors for any Lipschitz function. This is in
marked contrast to the continuous case, since any Cantor set is an w-limit set
for some continuous function with zero topological entropy [BS2].

Our goal in this paper is to gain a better understanding of the structure of
attractors for Lipschitz functions. To this end, we develop a characterization
of homoclinic attractors for Lipschitz functions, as well as a sufficient condition
for a nowhere dense perfect set to be an attractor for a Lipschitz function with
zero topological entropy.

After a short preliminary section in which we develop a few basic defini-
tions, establish notation, and record some simple results, we lay the foundation
of our main results in section three. There we study necessary and sufficient
conditions for a nowhere dense compact set to be mapped onto another by a
Lipschitz function. We then apply these findings to the structure of w-limit
sets in section four, in which we develop our main results.

2 Preliminaries

In developing their characterization of w-limit sets for continuous functions,
Bruckner and Smital make extensive use of the notion of a homoclinic trajec-
tory. Let M be a nowhere dense compact set, with A = {ag,a1,...,a5-1} # 0
a set of limit points of M. For i = 0,1,...,k — 1, we take {M}}>°, to
be a system of non-empty pairwise disjoint compact subsets of M such that
M\ UM =Aand lim M} = a; for any i. Moreover, let f: M — M be a

in n—oo

continuous map with A a k-cycle of f such that f(a;) = a;—1 for i > 0 and
flag) = ap_1. If f(M?) = Mi~" for i > 0 and any n, f(M?) = M*~! for
n >0, and f(M{) = ar—_1, then M is called a homoclinic set (of order k) with
respect to f.

Since we will also be discussing attractors of Lipschitz functions with zero
topological entropy, we will have need to make use of the following theorem
due to Smital [S].

Theorem 2.1 (Smital’s Theorem) Let f: I — I be a continuous function
with zero topological entropy, and let E be an infinite attractor of f. Then
there is a sequence {Jy}72 | of f-periodic intervals so that, for any k,

(1) Ji has period 2%;
(2) Jeyr U 2 (Jisa) C Jas
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@5 o
(4) EN fi(Jx) # 0 for every i.

Both Smital’s Theorem and the notion of a homoclinic trajectory have
portions of the attractor mapping over other portions. Central to our inves-
tigation, then, is a development of necessary and sufficient conditions which
insure that, for two nowhere dense compact sets E' and F, there exists a Lip-
schitz function f : E — F so that f(F) = F. An important tool in this
investigation is the generalized Hausdorff measure. Let ® denote the set of
functions ¢ that are continuous and increasing on I = [0,1] with ¢(0) = 0.
For ¢ € P, set

ton(E) = inf{Zqﬁ(IiD B C UI"’ and I; is an open interval
1
of length |I;] < }
n

Then p1g = lim g, defines a measure on the Borel sets in /. In what follows,
n—oo

we are concerned primarily with closed sets.

We will call a portion P of a closed set E a nonempty set of the form
P = EnN.J, where J is an open interval. If J has rational endpoints, we will
call P a rational portion of E. We denote the class of Lipschitz functions on
I by Lip, and those f € Lip with Lipschitz constant M by Lip M. We use
AE to denote the Lebesgue measure of E, and let |E| be the diameter of E.
Finally, we let F — F' indicate the existence of f € Lip such that f(E) = F

if we have f € Lip M, we write £ 4 F.

3 Intermediate Results

The goal of this section is to develop necessary and sufficient conditions on
nowhere dense compact sets E and F' which insure the existence of a Lipschitz
function f : E — F so that f(E) = F.

We begin with the following elementary observation from [BSt]:

Proposition 3.1 If ¢ € ® and f € Lip M for some M € N, then puyf(E) <
Mupg(E) for every Borel set E.

From Proposition 3.1, we see that the p4 measures of £ and F' must be
closely related if E — F. In our next proposition we develop a much finer
bound on this growth in measure provided that the gauge function ¢ is concave.
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Proposition 3.2 Let ¢ € ® such that ¢ is concave, with f € Lip M. Then

S = %_}0 ¢((bj(\4f) exists, and pyf(E) < Spe(E).

ProOF. It suffices to show that ps(ME) = Sug(E). Since ¢ is concave,
i 2M9)
im

6—0 (;5((5)
N such that n > n(e) implies

exists and is bounded, so that for any ¢ > 0 there exists n(e) €

¢(M/n)

¢(1/n)
inf{z o(|L]) : E C UI“ and |I;] < 1} Fixing € > 0 thus yields pg . (ME)

< S + €. Recall that py,(E) =

N

Z¢(|MI ) < (S+ e)Z¢(|I |) for any = cover of E for which n > n(e).

Lettmg n go to infinity glves us
t(ME) < Spg(E). (1)

Suppose {I;} is a cover of M E such that |I;| < 2 for all i, so that {37 1;} isa -

cover of E. Since S = glrr(l) QS(ES](W;S) for any € > 0 there exists N(e) € N so that
—
o(M/n)

I;
n> N(e) implies > S —e Fixe>0. Then iy 1 (B) <35 6(570) <

¢(1/n)
(I;) for any A cover of ME such that n > N(e). Letting n go to
1nﬁnlty gives us p1g(E) < gpg(ME), so that
Sus(E) < o (ME). @)
Putting (1) and (2) together, we have Spg(E) = pg(ME). O

Our next two results show that given any ¢ € ®, there exists a <z~5 S
which is concave, and has the property that for any E € K, puo(E) = ,ud;(E).
Thus, when dealing with w-limit sets, we will be able to presume that our
gauge functions are concave, and make good use of our previous proposition.

Lemma 3.3 Let ¢ € ®. If the lower right Dini derivative of ¢ is finite, for
instance D1 ¢(0) = s < 00, and E € K for which A\E = ¢, then p4(E) = sc.

Proor. Let {x,} C [0,1] such that hm z, = 0, and lim Hlan) = 9(0) =

n—o00 Ty, — 0
lim M = s. Then, for any € > 0, there exists N € N so that m > N
n—oo I,

d)(xm)

m

implies < s+e€. Since A\E = ¢, for any § > 0 there exists an open cover
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M
{I,}M_, of E such that > A, < ¢+ d. Now, let us fix ¥ € N. Then there

n=1
exists Ny € N such that m > Ny implies x,,, < 1/k and M < s+ €. Now,

n

M
let {I,}} | be a sequence of open intervals that cover E, with > \I,, < ¢+,
n=1
and |I,,| = x;, for some j, > Nj and for alln =1,2,..., M. Then pgy x(E) <
M M M M M
ST o(L]) = 2 o(xy,) < (s+e€) > zj,, and since > xj, = Y, AL, < c+9,
n=1 n=1 1

= n= n=1 n=1

we have Lok (E) < (s+e€)(c+0) =sc+ s6+ec+ ed. Thus, pg(E) < sc. But
since A\E = ¢ and D1 ¢(0) = s, we've also that p4(E) > sc, so that, in fact,
we have py(E) = sc. O

Lemma 3.4 Suppose ¢ € ® with Dy $(0) = co. Then there erists bed, ¢
concave, such that pig(E) = pg(E) for all E in K.

PROOF. We first construct our function ¢. For any n, let A, = {z € [0,1] :
@ =n}, and let z,, = min 4,,. Now, let B,, = {y € [xp41,2,]: there exists
€ > 0 such that z € B.(y) implies @ > %y)} If B, # 0, let B, C B,
with y € B,/ if % < 2@ for every € By, and let x,/ = minB,’. If

B, =0,let x,) = x,. Let y; = 21/, y» = x5’ and let y3 be the first element of
{xn'}22 4 such that the slope between (y2, ¢(y2)) and (z,’, ¢(x,")) is greater
than the slope between (y1,é(y1)) and (ya,d(y2)). In general, if we have
defined y1,92,...yn = Tm', let Y41 be the first element of {x;'}<,, ,; such
that the slope between (y,, ¢(yn)) and (z;', ¢(x;")) is greater than the slope
between (yn—1,¢(Yn—1)) and (yn, d(yn)). Let ¢(z) = ¢(z) if x € {y,} and
extend ¢ linearly on the intervals (ynt1,y,). Finally, let ¢(z) = ¢(y1) for
x € [y1,1]. .

Now, since ¢(z) > ¢(x) on [0,1], it follows that py(E) > ps(E) for all E
in K. Similarly, since {y,} S [0,1], we've that pgg,,}(E) > pg(E) for all E
in K. Thus, we need only establish that ug)gy,}(E) = pg(E) for all £ in £
for our desired conclusion to follow.

To this end, let {z,} be any countable collection of points in [0, 1] that
have the origin as an accumulation point. It suffices to show that for any F
in K we have

>
>

131123 (B) = H|{y,y (E)-

Since we may assume that {y,} C {z,}, as the union of any two countable
sets is itself countable, we have that

13112y (B) < tg)1y,) (E) for any E in K. (1)
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To get the opposite inequality, fix k¥ € N and € > 0, and take {I,}\_; to
N N
be an open cover for a particular set E so that Y o(|I,|) = > &(|I.]) >
n=1

n=1
N
Pl {ynt .k (E) > > ¢(|In]) — €. Let p(k) € N such that ﬁ) < min{7,
n=1

n = 1,2,...,N}. Then, since ¢ is concave, we have “&\{zn},p(k)(E) +e >
tg|{y.}.k(E). As k goes to infinity, we have pg . 1(E) + € 2 pgj(y,}(E).
Since our € was arbitrary, we have M&I{zn}(E) > U {yn}(E). d

Suppose we have two nowhere dense compact sets E and F so that E Mp
From Proposition 3.2, we know that pe(F) < Sé”u¢(E) for all ¢ € @, where

M _ P(M3)
Sy = o =y
we have two sets that are non-trivially compatible for some o € ®, must they
then be compatible for all ¢ € ®? This is the subject of our next result.

A natural question for us to now ask is the following. If

Proposition 3.5 Let E and F be elements of K. If there exists ¢ € ® such
that py(E) and pe(F) are both non-zero and finite, then for all o € @, po(E)
and puo(F) are both either zero, non-zero and finite, or infinite.

PRrROOF. Let A and B be positive real numbers so that A < py(E) < B and
A < pug(F) < B. We prove our assertion by considering two cases.

CASE 1: Suppose there exists o € ® such that pu,(F) = 0, but o (F) > 0.
Since po(E) = 0 and po(E) = lm pion(E) where pq ,(E) increases as n
n— oo

increases, we have that o ,,(E) = 0 for all n. Thus,

M
Mqﬁoan 1nf{z¢oa|f| ECUIU|I|< }

=1 =1

1
FSMo(> " o(L)) : EC UL, L] < — }

since ¢ o a(|f;]) < ¢(Za(|[i\)) for all i. Now, since pq(F) > 0, we know

that Dia(0) > 0. Let f(x) = maz, where 0 < m < Dya(0). Thus, paf(E) <
Koo (E) = 0, but Proposition 2.4 of [BSt] implies py f(E) > 0 since py(E) > 0.
Therefore, pq(F) = 0, as well.

CASE 2: Suppose there exists o € ® such that p,(E) = 0o, but u(F) <
0o. We assume that both ¢ and o are concave. Since uy(E) < B, we know
that for any n, pen(E) < B as well, as is the case with F. Since p,(E) = oo,
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for any M € N there exists an N € N so that n > N implies o, (E) > M. Let

o (F .
us fix € > 0, set r = #, and let N € N so that n > N implies p,(E) >

rB > r(iy(E) + €). Take ny > N, and let {I;} be a finite sequence of open
intervals such that | JI; 2 E and |;| < n%, for any ¢, with >~ ¢(|;]|) < B. Then

o(l1i7) 1
—< > r. Let no > —, and now take
1<f>(|11 ) 17|
{I;} so that |JI; 2 E and |I;| < — for any ¢, with >_ ¢(|;|) < B. Then there
i n2 i
o(|[127])
o(12"])

the sequence {|I;*|} so that lim;_, « |I;*| = 0, and for any i,

there exists I;* € {I;} such that

exists Is* € {I;} such that > r. We continue this process, developing

o(l1:"])
¢(IL"])
the proof of Lemma 3.4, we know that pg(E) = gz} (£) for any E € K,
where z; = [I;"| for each i. Similarly, we have u,(E) = py|(z,3(E) as well.
o(z;)

¢(zi)
o (F) = 0o as well. O

> r. From

But

> r for any 4 implies pg|2,1(F) > rug(F) > po(F). Therefore,

Now, let us suppose we have two compact nowhere dense sets E and F
so that f(F) = F for some f in Lip M. Let {F,,} be an enumeration of the
clopen portions of F'; that is, those portions which are both open and closed
in the relative topology of F. To each F), there corresponds f~*(F,) = E,, a
clopen subset of E, such that

(1) tro(Frn)

= < SM for all concave o € @, and
ta(En)

Bl _

Bl =

If, on the other hand, we suppose that (p,q) C (min F,max F') is a com-
plementary interval of F, then there exists (7, s) a complementary interval of
E so that (p,q) C f((r,s)), and |¢g — p| < M|s —r]| (3).

Let us take {FP} and {F?} to be subsequences of {F),} such that p € FP
and g € F? for each n in N, and |FP?| and |FJ| both go to zero as n — oo.
Then if f~1(FP) = EP, and we set EP = N2, EP, it follows that f~1(p) = EP.
Thus, for any « € EP and y € E?, we have that M|z —y| > |p — q|.

From our observation (3), we get the following interesting result.

(2)

Lemma 3.6 Let {b,} be an enumeration of the complementary intervals of
F such that |by] > |ba] > |b3] > -+, with {a,} an analogous enumeration
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for B. If E X F, then there exists a subsequence {amm)} € {an} so that
bn
[bn] < M for alln € N.

‘am(n)|

We are now in a position to develop the necessary and sufficient conditions

on two nowhere dense compact sets F and F' which insure F M F. From our
earlier discussion, we know that Lipschitz functions can only impose a certain
amount of growth on both the measure and the length of any portion in the
domain. The basic idea of our theorem, then, is to insure that the length and
measure of portions of F and F' are compatible with each other as well as with
the Lipschitz constant M.

Theorem 3.7 Suppose E and F are both nowhere dense compact subsets of
the unit interval, with {F,} an enumeration of the clopen portions of F'. Then

EMF if and only if to every Fy € {F,} we can associate a clopen subset
E. C FE so that
F

(1) pro(Fr)
lffa(Ek)
| F%|
2) —— < M,
(2) Be] <
(3) a. if Fy, C F}, then Ey, C E;

b. ikaij :Q, then EkﬂEj =0

c. if F, = Fy UFj is a disjoint union, then E, = E), U E; is a disjoint

unton,

< SM for all concave a € ®,

lp —ql

(4) if v € EP = Nper, BEn and y € E9, then |v —y| > 7

PROOF. The necessity of our result is an immediate consequence of the ex-
istence of a Lip M function f such that f(E) = F. As for its sufficiency, we
first note that condition (3) allows us to well define the set E? in (4). Thus
we are able to define the function f: E — F where z € E' implies f(z) = t.
Condition (4) assures us that f is Lip M. O

4 Main Results

With Theorem 3.7 we are now able to gain a good understanding of what
it takes for a nowhere dense compact set to be a homoclinic attractor for a
Lipschitz function. The critical aspect of these sets is that we are able to
decompose them into compact subsets that not only develop a homoclinic
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trajectory but also can be mapped onto one another by a Lipschitz function
with a given constant.

Theorem 4.1 Let E C I be a nowhere dense compact set, with f : E — E a
Lipschitz function of constant N — e for some € > 0. Suppose E is homoclinic
with respect to f. Then there is a Lipschitz extension F : I — I of f with
constant N so that E = wp(x) is an w-limit set of F for some z € I.

PrROOF. From Theorem 2 and Lemma 2 of [BS1], it suffices to show that
there is a Lipschitz extension F' : I — I of f so that for any z € F and
any neighborhood U of z, the set F(U) is a neighborhood of F(x) = f(x),
with F' € Lip N. To this end, let {J,} be a sequence of open intervals such
that diam J,, < 1/n and J, N E # () for any n, and so that every open set
intersecting E contains some J,. Define by induction continuous extensions
{F,}5%, of f to I as follows: Let Fy be linear on every interval contiguous to
E, and put Ko = 0. If F},, and K,, are defined, let K,,11 = (@m+1,bmr1) be
a complementary interval of E contained in J,, — {KoUK; U---UK,,}. Let
Foi1(z) = Fp(z) if ¢ ¢ Kpg, and let |Fop1 (Kpg1)| = (N — €/2) (b1 —
(bm+1) + Fo(am+1)
2
Lip (N — €), we can take Fy, € Lip N for every m. Since ||Fq1 — Fpnl] < &,
we have that lim,_, ., F,,, = F uniformly, so that F' € Lip NV as well as having
the properties we desire. (I

Fi
Gm+1), With Fp, 41 (K1) centered around 0 . Since [ €

With Theorems 3.7 and 4.1 in mind, we can now state a corollary that gives
us both necessary and sufficient conditions for a set E in I to be a homoclinic
attractor for a Lipschitz function.

Corollary 4.2 Let E be a nowhere dense compact set in I. Then E is a
homoclinic attractor of order k for a Lipschitz function f : I — I if and only
if
(1) there exists a set of limit points A = {a1,a1,...,ak_1} of E, and for
eachi=0,1,...,k—1 a sequence { E} }°°, of non-empty pairwise disjoint
compact subsets of E so that E\ |J E!, = A, and nh_)rr;o E! = a; for each i;
i,m

Ai—1 — a; ) ap_1 —a
(2) ZTIZ <a;—a;_1 fori=1...k—2, leo < ag — ay, and
Ag—2 — Q-1

— < ag_1 — ag for some My € R;
M,y

(3) EX X2 Bi-1 for i > 0 and any n, and B0 % EF=1 forn > 0 for some
Ms € R; and
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(4) the function g : E — E given by g(a;) = a;—1 for i > 0, g(ag) = ag—1,
g(EL) = E=" for i > 0 and any n, g(E%) = E*"! forn > 0, and
g(E§) = ay_1 is Lipschitz, necessarily of constant M > max{M;, Ms}.

The second and third conditions of our corollary are clearly superfluous
in that condition (4) implies them both. The idea to note, however, is that
conditions (2) and (3), while necessary, are not themselves sufficient. For
FE to be a homoclinic attractor of a Lipschitz function, three things must
happen. First, we must be able to decompose E into sets A and E! that
develop a homoclinic trajectory. Second, we must be able to accommodate
that homoclinic trajectory in the piecewise fashion of conditions (2) and (3)
using Theorem 3.7. Finally, the function g : E — E implied by (2) and (3)
must itself be Lipschitz, that is, the pieces must fit together in such a way that
our Lipschitz condition is preserved. Theorem 4.1 then insures the existence
of an appropriate extension of g : E — F to all of our interval I.

Prior to discussing attractors for Lipschitz functions with zero topological
entropy, we should recall the following result due to Bruckner and Smital.

Theorem 4.3 ([BS2]) The set W is an w-limit set for some continuous func-
tion f with zero topological entropy if and only if W is either finite with car-

dinality a power of two, or of the form W = Q U C where Q is a Cantor set,
C is countable and, if C' # 0, then

(1) W = C, the closure of C, and

(2) card (C'NJ) <2 for every interval J complementary to Q, and card (C' N
J)<1lifJneconv@ = 0.

Since Lipschitz functions are continuous, we know that those sets which
are attractors for Lipschitz functions with zero topological entropy must have
the form described in Theorem[BS2, 4.3]. Our final theorem tells us that, so
long as we can find a sequence of closed intervals {T}} and Lip M functions
{fr} that behave in a fashion similar to what was found in Smital’s Theorem,
then our nowhere dense perfect set is an attractor for some f € Lip M with
zero topological entropy.

Theorem 4.4 Suppose W is a nowhere dense perfect subset of the unit inter-
val. Then W is an w-limit set for a Lipschitz function f of constant M and
zero topological entropy if there exists a sequence of closed intervals {T}} and
a sequence of Lip M functions {fi} defined on [0,1] so that

(1) for each k, {f,z(Tk)}fil are pairwise disjoint and Ty = f,?k (Tx);

(2) for each k, Ti1 U 2y (Tri) € Ts
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2k

(3) for each k, W C U f,i(Tk);
i=1

(4) for each i and k, W N fi(Ty) # 0;

(5) for each i, | fi(Ty)] — 0 as k — oo.

PrOOF. We begin by noting that since fi is already a Lipschitz function
with constant M for any k, our sequence of functions {f;} is both uni-
formly bounded and equicontinuous on [0,1]. From the Ascoli-Arzela The-
orem, then, there exists a uniformly convergent subsequence {f,,} C {fn};
say, limy,, oo fn, = f. Then f also satisfies conditions (1) through (5), and
f(W) = W. Since the set {g € C(I,I) : g has zero topological entropy} is
closed in C(I,I), f also has zero topological entropy. Now, let € > 0. From
condition (5) there exists an N € N so that n > N implies |f*(T},)| < € for
each i. Moreover, since T}, = f2"(T},), there exists x,, € T}, that is periodic
with period 2". It follows, then, that d(ws(x,), W) < €, where d is the Haus-
dorff metric and wy(2,) = {zn, f(@n), ..., fZ "1 (2n)} is the w-limit set of f
generated by z,. We know from [BBHS], however, that the family of w-limit
sets of f is closed with respect to the Hausdorff metric. Since wy(z,) = W
as n — 0o, our conclusion follows. O

It is worth noting that the requirements of Theorem 4.2 impose a strong
measure condition on the set W:

Suppose W satisfies the hypotheses of Theorem 4.2, and o (W) is either
zero, finite, or infinite for a € ®. Then together with W, u.(P) is either zero,
finite, or infinite for any portion P of W.

PRrROOF. Suppose P is a portion of W. Then there exists k in N and j €
{1,2,...2F1} so that f/(T, N W) C P, and C C {1,2,...2*71} so that
Ujec f7(Ty " W) D P. Since f7(T}) is mapped onto f*(T}) by a Lipschitz
map for any ¢ € C, it follows that p,(P) and ps (T N W) are together either
zero, finite, or infinite for any a € ®. But Uy<;<or-1f(Tx) 2 W, so by the
same argument we have that i, (P) and (W) are together either zero, finite,
or infinite. (]

This is in marked contrast to the continuous case, since for any two Cantor
sets E and F' there exists an order preserving homeomorphism f : I — I so
that f(E) = F.
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